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A new consensus protocol of the multi-agent 

systems 

Xin-Lei Feng a ' 5 * Ting-Zhu Huang 6 ^ 

a College of Mathematics and information Science, Leshan Normal University 
Leshan, Sichuan, 614000, P. R. China 
^School of Mathematical Sciences, 
University of Electronic Science and Technology of China, 
Chengdu, Sichuan, 611731, PR China 

Abstract 

In consensus protocols of multi-agent system, we can often find state dif- 
ferences between some agents and a reference agent. However, we find that 
taking the relative states value may not be best. Conversely, using the dif- 
ferences between some agents states and several times state of the reference 
agent can achieve quickly convergence by choosing a appropriate parameter 
r. Therefore, in this paper a new consensus protocol taking r times state of 
reference agent is proposed. Based on this idea, two convergence protocols 
of single-integrator kinematics are considered, and some sufficient conditions 
on consensus protocols of double-integrator dynamics are derived. Finally, 
numerical examples illustrate these theoretical results. 

Keywords: Consensus protocol; Multi-agent system; Graph; Continuous- 
time system; Time-delay 

1 Introduction 

Recently, multi-agent systems have received significant attention due to their 
potential impacts in numerous civilian, homeland security and military applications, 
etc. Consensus plays an important role in achieving distributed coordination. The 
basic idea of consensus is that a team of vehicles reaches an agreement on a common 

* E-mail: xinlfcng@126.com 
^E-mail: tingzhuhuang@126.com 
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value by negotiating with their neighbors. Consensus algorithms are studied for both 
single-integrator kinematics [1-5] and high-order- integrator dynamics [6-10]. 

Formal study of consensus problems in groups of experts originated in manage- 
ment science and statistics in 1960s. Distributed computation over networks has a 
tradition in systems and control theory starting with the pioneering work of Borkar 
et. al. Vicsek et. al [11] provided a formal analysis of emergence of alignment in 
the simplified model of flocking, which has an important influence on the devel- 
oping of consensus theories of multi-agent systems. On the study of consensus of 
continnuous-time systems, classical model of consensus is provided by Olfati-Saber 
and Murray [12], which can be described by the following linear dynamic system: 

Xi(t)=Ui(t), (1) 

the consensus protocol is given as 

Ui(t)= an(t)^j(t)-Xi(t)), (2) 

jeA/J(t) 

and the model with time-delays is given as 

«<(*) = Yl a ni t )i X 3( t - T ij) ~Xi(t- Tij)). (3) 

However, in the movement of agents for protocol (2) and (3), in order to achieve 
quick convergence, taking the relative state may not be the best, conversely, taking 
several times state values of reference agents may quickly achieve convergence (in 
Section 4, this phenomena can be verified by simulation experiments). In this paper, 
on basis of (2) and (3), we present the following protocol: 

= CLij(t){xj{t) -rxi{t)), r > 1, (4) 

and the corresponding time-delayed protocol is given as 

Ui(t) = ^2 aij(t)(xj(t - t) - rxi(t - r)), r > 1, (5) 

respectively, where Xi(t) = Xi(0), for t G [— r, 0), % — 1, • • • ,n. Next we consider 
double-integrator dynamics consensus protocols based on (4) and (5), respectively. 

The paper is organized as follows. In Section 2, we introduce basic concepts and 
preliminary results. In Section 3, we firstly derive sufficient conditions on protocols 
for two single-integrator kinematics, then we obtain some sufficient conditions on 
consensus protocols for double-integrator dynamics. In Section 4, numerical exam- 
ples are presented to illustrate our theoretical results. Conclusions are drawn in 
Section 5. 

2 
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2 Preliminaries 

Suppose that the multi-agent system under consideration consists of n agents. 
If there exists an available information channel from the agent j to the agent i, 
then agent j is a neighbor of agent i. The set of all neighbors of agent % is denoted 
by Mi{t). A directed graph (digraph) G = (V,E) of order n consists of a set of 
nodes V = {v±, . . . ,v n } and a set of edges E = V x V. is an edge of G if 

and only if G E. Each agent is regarded as a node in a directed graph G. 
Each available information channel from the agent i to the agent j corresponds to 
an edge (i,j) G E. The weighted adjacency matrix A G M riXn is defined as an = 0 
and a,ij > 0. > 0 if only and if (j, %) G E. In this paper, we only consider that the 
weight a>ij,i,j = 1, • • • , n, of digraph of multi-agent systems are unchanged. The 
Laplacian matrix L G M nxn is defined as 



A graph with the property that (i,j) G E implies (j, i) G E is said to be undirected. 
Moreover, matrix L is symmetric if an undirected graph has symmetric weights, i.e., 
A directed path is a sequence of edges in a directed graph with the form 
{y i, v 2 ), (i>2, ^3), • • • , where ^ € V. A directed graph has a directed spanning tree if 
there exists at least one node that has a directed path to all other nodes. 

Lemma 1 [12,13]. 

(i) All the eigenvalues of Laplacian matrix L have nonnegative real parts; 

(ii) Zero is an eigenvalue of L with l n (where l n is the n x 1 column vector 
of all ones) as the corresponding right eigenvector. Furthermore, zero is a simple 
eigenvalue of L if and only if graph G has a directed spanning tree. 

Lemma 2. If L G M. nxn is a Laplacian matrix with the directed graph G that has a 
directed spanning tree, and D G R nxn is a diagonal matrix with di < 0 (i — 1, • • • , n), 
then all the eigenvalues of —L + D have negative real parts. 

Proof. Notice that the directed graph has a directed spanning tree, it follows from 
Lemma 1 that L has a simple zero eigenvalue and all other eigenvalues have positive 
real parts. With the definition of L, we know that la = Ylj^i a ij- Let Aj, i — 1, • • • , n, 
be eigenvalues of — L + D. By Gerschgorin disk theorem, 

\Xi + In - di\ < la, i = l,---,n. (6) 

It follows from (6) that all the eigenvalues of — L + D lie on a circle with center at 
(di — la, 0) and radius In. Therefore, Aj, i — 1, • • • , n, have negative real parts. □ 
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Lemma 3. Let A e IR nxri with eigenvalue 7, and associated right and left eigen- 
vectors Si and qi, respectively. Let B — ^ ® n J^ n ^ ^ ( a > ^ en ^e 
eigenvalues of B are given by 



_ -a - 74 + a/(7» - «) 2 + 47^ 
&-i - g 

wra£/i associated right and left eigenvectors (sf , ^2i-i«f ) T {^^qT y a I) T ^ respec- 
tively, and 

-a - 7i - a/ (7i - a) 2 + 4^ 

witt associated right and left eigenvectors (sf,£ 2 «sf) T and (^o[ , of ) T , respectively, 
i — 1, • • • , n; (agf , gf ) T is a /e/t eigenvector of zero eigenvalue of B. 

Proof. Suppose that £ is an eigenvalue of 5 with an associated right eigenvector 
(f T ,9 T ) T , where f,g E C n . It follows that 

Onxn -^n \ I f \ £ I f 



A A - al n J \ g J \ g 
which implies 

g = if and Af + Ag - ag = £g. 

Thus 

(1 + £)Af = -aOf- 

Let / = Si. By Asi = jiSi, we get 7,(1 + £) = £ 2 — a£. That is, each eigenvalue of 
A, 7,, corresponds to two eigenvalues of £>, denoted by 

-a - 7i ± a/ (7i - a) 2 + 4^ 

?2j-l,2i — ^ • 

Because <? = £/, it follows that the right eigenvectors associated with £21-1 and £21 
are, respectively, (sf , £ 2 i-isf ) T and (sf , £ 2 i<sf ) T . A similar analysis can be used to 
find the left eigenvectors of associated with £ 2 i-i and £ 2 »- 1=1 



Lemma 4 [14]. Le£ p± = a+7 " ±v ^ 7 " a ^±^ ; w/iere p,u £ C If a > 0,Re(u) < 0 
and 7 > , /— — — — -ne(u) u , R e (p±) < 0; where Re(-) represents the real 

V l«l|cos(f-arctan /m(u) )| 

part 0/ a number. 



13 



Xin-Lei Feng et al 10-26 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



3 Consensus of continuous-time systems 

In this section, we give our main results. In Subsection 3.1, two convergence 
protocols of multi-agent systems with single-integrator kinematics are considered. 
In Subsection 3.2, sufficient conditions on consensus protocols of multi-agent systems 
with double-integrator dynamics are derived. 

3.1 Convergence protocols of multi-agent systems with single- 
integrator kinematics 

Firstly, we consider the protocol (4). The result is given as follows: 

Theorem 1. Assume that there are n agents with n > 2. For the protocol (4), 
the state x(t) of agents converge exponentially to zero if the directed graph G has a 
directed spanning tree. 

Proof. From (1) and (4), we can obtain 

±i(t)= ai3(t)(xj(t)-rxi(t)), r>\. (7) 

jeA/i(t) 

We take the vector form of the above equation: 

x(t) = -Lx(t) - (r - l)diag(/n, • • • , l nn )x(t), (8) 
(8) can be rewritten as 

x(t) = (-L + D)x(t), (9) 

where D = — (r — l)diag(/n, • • • , l nn ). By Lemma 2, all the eigenvalues of — L + D 
have negative real parts. Therefore, the system is stable. Then we get 

x(t) = e^ L+D ^x(0). 

So x(t) converges exponentially to zero, and the convergence is asymptotically 
achieved. □ 

Below we consider the following equation with time-delay: 

Xi{t)= Yl aij(t)(xj(t-T)-rXi(t-T)), r>l. (10) 

jeA/i(t) 

Furthermore, (10) can be rewritten as 

x(t) = (-L + D)x(t-r), (11) 
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where D = — (r — l)diag(/n, • • • , l nn ). We obtain the following result: 

Theorem 2. Assume that there are n agents with n > 2 and the directed graph G has 
a directed spanning tree. For the system (11), the state x(t) of agents asymptotically 
converge to zero if 

Q 7T 

r < min 1 2 , i — l,---,n, (12) 

i \K\ 

where \ is the eigenvalue of —L + D and 6i e (| , ^) denotes the phase of \. 



Proof. Let L = L — D. By Lemma 2, the eigenvalues of — L have negative real 
parts, so we can assume that 0, e (|, ^). Moreover, (11) can be rewritten as 

= -Zx(t-r). (13) 

Taking the Laplace transform of the system (13), and let x(0) = 0, we get 

sX(s) = -e- ST LX(s), (14) 

where X(s) is the Laplace transform of x(t). Thus, we get the characteristic equation 
about X(s) as follows: 

det(s7 + e- ST L) = 0. (15) 

Moreover, (15) is equivalent to 

n 

Y[( s - e- ST \) = 0, (16) 

where \ is the eigenvalue of — L + D, % — 1, • • • , n. Since all the eigenvalues of — L 
have negative real parts, obviously, s = 0 is not a root of the above equation. Thus, 
we consider the roots of the following equation 

1 _ e __± = o. (17) 
s 

Based on the Nyquist stability criterion, the roots of (17) lie on the open left half 
complex plane if and only if the Nyquist curve — e . w Xi does not enclose the point 
(-1J0) for wel. 

When u G (0,oo), I - §=^| = M anc i arg (_£l!^Ai) = q UT + z are a \\ 
monotonously decreasing, where arg(-) denotes the phase, and 6i G (|, ^) denotes 
the phase of Aj. Since — e crosses the negative real axis for the first time at 
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arg(— e ™ TXi ) = 0 i — ujqt + I = 7r, the roots of (17) all lie on the open left half 



JW0 



complex plane if and only if ^ < 1. So we get 

n n 
Vi — o 

T < 



I Ai| 

Similarly, when u G (— oo, 0), we get 



T < 



5n n 

■y - Oi 



IA 



By 0j G (|, : y) and the above analysis, it is clear that 



r < mm 



I Aj| 

Therefore, the system (11) asymptotically converge to zero if (12) is satisfied. So 
the proof is completed. □ 



3.2 Consensus protocols of multi-agent systems with double- 
integrator dynamics 

In this subsection, for the second-order multi-agent system, based on (4) and 
(5), we consider the following dynamics equations: 

Xi(t)=Vi(t), (18) 

Vi(t) = Ui (t), (19) 

where Xi(t) G M.,Vi(t) G K. and Ui(t) G R are the position, velocity and acceleration. 
We consider the following dynamical consensus protocols: 

Ui (t)= a lJ (t)(x J (t)-x l (t))+ a ij (t)(v j (t)-rv i (t)),r>l, (20) 

jeATi(t) jeMi(t) 

Ui(t)= ^ a ij (t)(x j (t-T)-x i (t-T))+ ^ <Hj(t)(v j (t-T)-rv i (t-T)),r>l, 

(21) 

where Xi(t) = Xi(0),Vi(t) — 0, t G [— r, 0), i — 1, • • • ,n. 
Furthermore, (18), (19) and (20) can be rewritten as 

x(t)=v(t), (22) 
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v(t) = -Lx(t) + (-L + D)v(t), (23) 

where D = — (r — l)diag(/n, ■ • • ,l nn ). For the consensus protocol (20), we obtain 
the following theorem: 

Theorem 3. Assume that there are n agents with n > 2 and the directed graph G 
has a directed spanning tree. For the consensus protocol (20), consensus is achieved 
if hi — I22 — • • • — Inn and 



max /— < 1 (when A, ^ 0), i = 1, • • • , n, 

1 V |Ai||cos( 2 - arctan 7Mfcr)l 

where la is the diagonal element of Laplacian matrix L and Aj is eigenvalue of —L. 
The state convergence values of agents are 

Xi (t) = (r - l)l u wjx(0) + wjv(0), Vi(t) = 0, t -> 00, 

where Wi is a left eigenvector of zero eigenvalue of L, and (r — l)/ n wfl„ = 1. 
Proof. Equations (22) and (23) can be rewritten in matrix form as 

Onxn In \ I x(t) \ (OA\ 

-L -L-(r- l)hJ n ) V v(t) J ■ [ZV 

Let r = ( ® nxn /" > J , a — (r — l)ln and Aj be eigenvalue of — L 

\ —Li — Li — (r — ifhUn J 

with associated right and left eigenvectors qi and Wi, respectively, % = 1, • • • ,n. 
We can assume without loss of generality that Ai = 0 and Aj, i — 2, • • • ,n, have 
negative real parts. Note from Lemma 3 that each eigenvalue Aj of L corresponds to 

two eigenvalues of T given by £21-1,21 = Q g) + 4A i^ Moreover, we get £1 = 0 

and £ 2 = (1 — r)lu. By Lemma 4, if 




I A,- 1 1 cosf^ — arctan 



-Re(Xj) ■ 



< 1, 



2 ""-^uu^i Im(Xi) 



then ^2i-i 2i have negative real parts with associated right and left eigenvectors given 
by 

(qL &i-iq[) T , (q[,&iqf) T , {-^wj , wJ) T and (^-wf, wJ) T , 

?2i-l ?2i 

respectively, i — 2, • • • , n. 

Moreover, V can be written in Jordan canonical form as SJS^ 1 , where the 
columns of S, denoted by s&, k — 1, • • • , 2n, can be chosen to be the right eigen- 
vectors or generalized right eigenvectors of T associated with eigenvalue h%, k = 
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1, • • • , 2n, which are the rows of S* -1 can be chosen to be the left eigenvectors or 
generalized left eigenvectors of satisfing h^Sk = 1, h^si = 0 (k ^ I), and J is 
the Jordan block diagonal matrix with being the diagonal entries. Thus, we can 
choose si = (1^, 0^) T and hi = ((r — l)/ n u;f , uj\ ) T . Moreover, we can get 




which implies that — > (r — l)Znwfx(O) + wff (0) and — > 0 as t — > oo. So 
the theorem is proved. □ 

Remark 1. Our consensus protocol (20) has the following advantages compared 
with the classic one which is consensus protocol (20) at r = 1: 

1) In (20) , if r > 1, then our consensus protocol can include the classic one as 
a special case; 

2) Our consensus protocol has quicker convergence speed; 

3) Our consensus protocol has wider convergence range. 

The advantages of 2) and 3) can be seen in Example 1 and 3 of Section 4, 
respectively. 

Recently many new protocols [4,5,7] are proposed on basis of the protocols in [12]. 
Though our protocol is got by modifying the protocols in [12], these new protocols 
can also be modified according to our method to improve convergence speed. This 
will be further considered in our future work. 



Theorem 4. Assume that there are n agents with n > 2, and the undirected 
graph G is connected and symmetric. For the protocol (21), consensus is achieved 
if hi — I22 — ■ ■ ■ — Inn, 

r<^ lsr and max V*? +^(A, + (r - JW <1{ ^ Qi } 
2(r-l)/n • ^ 



where uj 0 = — 1 , la and \ are the diagonal element and eigenvalue of 

Laplacian matrix L, respectively. The state convergence values of agents are 



Xi (t) = (r - l)luw{ x(0) + w{ v(0), Vi(t) = 0, t -> 00, 



9 
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where W\ is a left eigenvector of zero eigenvalue of L, and (r — l)Z 11 u»fl n = 1. 

Proof. (18), (19) and (21) can be rewritten as 

x(t)=v(t), (25) 

v(t) = -Lx(t - t) + (-L + (1 - r)l u I n )v(t - r), r > 1. (26) 
Taking the Laplace transform of the equation (25) and (26), we get 

sX(s) = V(s), (27) 

sV(s) = -LX(s)e- ST + (-L + (1 - r)l 11 I n )V(s)e- ST , (28) 

where X(s) and V(s) are the Laplace transforms of x(t) and v(t), respectively, and 
let x(0) = v(0) = 0. The above equation can be rewritten as 

s 2 X(s) = -LX(s)e' ST + (-L + (1 - r)l n I n )sX(s)e- ST . (29) 

Thus, we get the characteristic equation about X(s) as follows: 

det(s 2 / n + Le~ ST - (-L + (1 - r)l u I n )se- ST ) = 0. (30) 

By the undirected graph G is connected and symmetric, we get L is positive semidef- 
inite. Without loss of generality, we can assume that the eigenvalues of L, Ai = 0 
and Aj > 0, i — 2, • • • ,n. Thus, (30) equals 

n 

]J(s 2 + e- ST X l - (-A* + (1 - r)l n )se- ST ) = 0. (31) 
i=i 

Furthermore, we consider the roots of the following equation 

s 2 + e- ST \i - (-Ai + (1 - r)l u )se- ST = 0, i = 1, • • • , n. (32) 
When Ai = 0, (32) becomes 

s 2 -(l-r)/ n se- sr = 0. (33) 

Obviously, s = 0 is a root of the above equation. When s ^ 0, we consider the roots 
of the following equation 

1 _(l-r)l„«- =a (34) 
s 

By Nyquist stability criterion, the roots of (34) lie on the open left half complex plane 
if and only if the Nyquist curve — ^~ r ^ e J — does not enclose the point (— 1, jO) for 
uo E K. Similar to the proof of Theorem 2, we get 

71 

T< 2(r-l)/ n - 

10 
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When Aj 7^ 0, we consider the roots of the following equation 

1 + A,-M(A, + (r-l)i„) e _, r = 0 
s 2 

Similarly, the roots of (35) lie on the open left half complex plane if and only if 
the Nyquist curve z = A »+^(A^+(r-i); 11 ) e _ J w doeg nQt encloge the point (_l ; j0) for 

uo G K. We can get 

_ y/Af + ^(A t + (r-l)/ n )^ 

( x , , . ^(A, + (r-l)/ n ) 

arg(z) = —our + 7r + arctan . 

Aj 

Obviously, \z\ is monotonously decreasing for c<j G (cj 0 , 00). Since curve z crosses the 
real axis for the first time at 

arctan( "" (A ' + ^ 1);il) ) 

LU 0 = 1 

T 

and we can find arg(z) is monotonous function, the roots of (35) lie on the open left 
half complex plane if we let 



VA t 2 + c 0 2 (A, + (r-l)/ 11 ) 2 



max 

i LU£ 



According to the above analysis, the roots of (30) all lie on the open left half 
complex plane except for a root at s = 0. Therefore, x(t) and v(t) of the system 
converge to a steady state, and consensus is achieved. 

Equations (25) and (26) can be rewritten as 

X ( f ) 1 _ ( °nxn 4 \ f x(t ~ t) \ , v 

v v(t) )~\- L -L-{r- l)kJ n )\ v(t - t) ) ■ ^ 
Let 



r — I Onxra In \ (,\ _ ( x \t) 

\ ~L -L - (r - l)hJ n ) ' Z( - t} ~ \v(t) 
Taking the Laplace transform of the equation (36) 

sZ(s) -z(0) = e~ ST TZ(s), (37) 

where Z(s) is the Laplace transform of z(t). Moreover, by the Proof of Theorem 

3, T can be written in Jordan canonical form as SJS^ 1 — S ( _ ^ xn ) S^ 1 , 

\ U n xi to / 

11 
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where S is the same as one in the Proof of Theorem 3, and the eigenvalues of T 0 
only have negative real parts. Thus 

lim z(t) = lim sZ(s) = lim s(sl n - e^r)" 1 ^) 

t >oo s >0+ s >0+ 



= lim S(I n 

s >0+ 



0 0i> 

Unxl "^T" 



0 



,. c , i 1 Oixn 

= hm S [ , 

s — >0 + \ U„xl [ln-1 — 



= («! 



-ro)- 1 ) S ~ lz{0) 

( hi \ 
V h\ n J 



2n ) n n 

' u nxl u nxn 



which implies that Xi(t) — > (r — l)/nwfa;(0) + wfv(0) and f j(t) — > 0 as t — > oo. So 
the theorem is proved. □ 



4 Simulation 

In this section, several simulation results are presented to illustrate the proposed 
protocols introduced in Section 3. 

Example 1. We consider a system with three agents under the protocol (4) and 
(20). The corresponding Laplacian matrix and initial value are chosen as 




,x(0) 



3 
2 



, and v(0) 



Moreover, the values of parameter r are shown in Figure 1. Note that the digraph G 
has a directed spanning tree. Figure 1 is the state trajectories of multi-agent system 
under (4) with different parameters r. From Figure 1, we can see the convergence 
speed is quicker when parameter r increases. In addition, the protocol (4) has an 
exponential convergence. 

Figure 2 is the state trajectories of multi-agent system under consensus protocol 
(20) with different parameters r. From Figure 2, we can see that the convergence 
speed of our consensus protocol with parameter r = 1.5 is quicker than r = 1. That 
is to say, the convergence speed of our consensus protocol is quicker than the classic 
one. 
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r=3 
- r=5 



8 10 



Figure 1: State trajectories of multi-agent system under protocol (4) with different 
parameter r 





(a) Position trajectories (b) Velocity trajectories 

Figure 2: State trajectories of multi-agent system under consensus protocol (20) 





(a) Under protocol (4) 



(b) Under protocol (5) 



Figure 3: State trajectories of multi-agent system 
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- - r=1.2 




(a) Position trajectories (b) Velocity trajectories 

Figure 4: State trajectories of multi-agent system under consensus protocol (20) 

Example 2. We consider a system with four agents. In Figure 3, we consider the 
protocol (4) and (5). The corresponding Laplacian matrix and initial values are 
chosen as 



2 


0 


-2 


0 


\ 




/ 


-3\ 


-1 


1 


0 


0 




,x(0) = 




2 


0 


-2 


3 


-1 






4 


0 


0 


-4 


4 


/ 




V 


- 1 / 



Then D = diag(— 2, —1, —3, —4). Note that the digraph G has a directed spanning 
tree, then the conditions of Theorem 1 are satisfied. Figure 3 (a) is state trajectories 
of multi-agent system under protocol (4). By (12), if r < 0.1706, then global 
convergence is achieved. Figure 3 (6) is state trajectories of multi-agent system 
under protocol (5) with different parameters r. In Figure 3 (b), it can be seen that 
multi-agent system is divergent with r = 0.182. It is clear from Figure 3 that the 
convergence can be asymptotically achieved under the conditions given by Theorem 
1 and 2. 

Example 3. We consider a system with four agents. In Figure 4, we consider the 
consensus protocol (20). The corresponding Laplacian matrix and initial values are 
chosen as 



/ 2 

-2 
0 

V o 



0 

2 

-1 
0 



-2 0 \ 

0 0 

2 -1 

-2 2/ 



x(Q) 



/-3\ 
2 
4 

V- 1 / 



and v(0) 



/ 2 \ 
1 

3 

V" 1 / 



The values of parameter r are shown in Figure 4. Easy to verify, = 1, ■ ■ ■ ,3, 
namely, when r\ = 1.2, r2 = 1.55, and r% = 3, respectively.) has a zero eigenvalue 
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Figure 5: State trajectories of agents under consensus protocol(21) 



and three nonzero eigenvalues which have negative real parts. Accordingly, the left 
eigenvectors of zero eigenvalue of L are taken W\\ = ( 0.5 0.5 1 0.5 ) , Wu = 

( 0.1818 0.1818 0.3636 0.1818 ) T and w 13 =( 0.05 0.05 0.1 0.05 ) T , respec- 
tively. The position consensus convergence values x« = (r — l)l\\Wu,i = 1, ■ ■ ■ ,3, 
of agents are 5.2, 2.6545, and 1.6. It is clear from Figure 4 that consensus can be 
asymptotically achieved under the conditions given by Theorem 3. 

In Figure 4, note that the consensus protocol (20) is not convergent when r = 1. 
According to Figure 4, we also obtain that the convergence speed is not quicker when 
parameter r increases. In this example, by plentiful simulations, we find that the 
convergence speed is quicker when parameter r is equal to 1.5 or so. Therefore, we 
can choose appropriate parameter r in order to accelerate convergence of consensus 
protocol. As to how to choose r to obtain the maximal consensus speed, it will be 
investigated in our future work. 



Example 4. We consider a system with four agents. In Figure 5, we consider the 
consensus protocol (21). The corresponding Laplacian matrix and initial values are 
chosen as 





3 


-2 0 




-2 


3 -1 




0 


-1 3 




-1 


0 -2 



-1 \ 

0 

-2 
3 / 



,x(0) 



/ "I \ 

5 
2 

V "3 / 



and v(0) 



/3\ 
1 

2 

v 3 y 



The values of parameter are r = 4/3 and r = 0.2. We get maxj 
0.9643 < 1 when Aj = 6. Easy to verify, the conditions of Theorem 4 can be satisfied. 
It is clear from Figure 5 that consensus can be asymptotically achieved under the 
conditions given by Theorem 4. 
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5 Conclusion 

In this paper, a kind of new consensus protocol of the multi-agent systems is 
presented. We study two protocols of multi-agent systems with single-integrator 
kinematics, and consider the consensus protocols of multi-agent systems with double- 
integrator dynamics. We derive some sufficient conditions on consensus. Also we 
find parameter r play an important role in convergence speed. Especially, for con- 
sensus protocol (20), we can choose appropriate parameter r in order to accelerate 
its convergence. How to choose r to obtain the maximal consensus speed is inter- 
esting and challenging, which will be further studied in our future work. Finally, 
numerical examples illustrate our theoretical results. 
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ALMOST DIFFERENCE SEQUENCE SPACES DERIVED BY USING A GENERALIZED 

WEIGHTED MEAN 

ALi KARAiSA AND FARUK OZGER 

Abstract. In this study, we define the spaces fs(u, v, A), f(u, v, A) and fo(u, v, A) that consist of all sequence 
whose G(u, v, A)— transforms are in the set of almost convergent sequence and series spaces. Some topological 
properties of the new almost convergent sets have been investigated as well as 7- and /3-duals of the spaces 
f(u, v, A) and fs(u,v, A). Also, the characterization of certain matrix classes on/into the mentioned spaces 
has exhaustively been examined. Finally, some identities and inclusion relations related to core theorems are 
established. 



1. Introduction 

To investigate the topological properties of the almost convergent sequence and series spaces and the studies 
connected with their duals are very recent (see [1, 16, 25, 29]) since the background information about these 
spaces have not known properly; nevertheless, the role played by the algebraical, geometrical and topological 
properties of the new Banach spaces which are the matrix domains of triangle matrices in sequence spaces is 
very well-known (see [7, 8, 9, 10, 11, 12, 13, 14]). 

The sets /(G) and fo(G) which are derived by the generalized weighted mean have recently been introduced 
and studied in [29]. Matrix domains of the double band B(r, s) and triple band B(r, s, t) matrices in the sets of 
almost null /o and almost convergent / sequence spaces have been investigated by Basar and Kiri§gi [16] and 
Sonmez [2] , respectively. They have examined some algebraical and topological properties of certain almost null 
and almost convergent spaces. Following these authors, Kayaduman and §cngonul have subsequently introduced 
some almost convergent spaces which are the matrix domains of the Riesz matrix [26] and Cesaro matrix of 
order 1 [25] in the sets of almost null f 0 and almost convergent / sequences. Recently, Karaisa and Karabiyik 
studied some new almost convergent spaces which are the matrix domains of A r matrix [1]. 

The general aim of this study is to fill a gap in literature by extending certain topological spaces and to 
investigate some topological properties in addition to some core theorems. 

The paper is divided into six sections. The next section contains a foreknowledge on the main argument 
of this study. Section 3 introduces the almost convergent sequence and scries spaces which are the matrix 
domains of the G{u 1 v 1 A) matrix in the almost convergent sequence and series spaces fs and /, respectively, 
in addition to give certain theorems related to behavior of some sequences. Section 4 determines the beta- 
and gamma-duals of the spaces fs(u,v,A) and /(u,w,A) and contains some stated and proved theorems on 
the characterization of the matrix mappings on/into the sequence spaces fs(u, v, A), f(u, v, A) and /o(u, v, A). 
The final section examines and compares the present results in the context of Banach sequence spaces as studied 
by other authors. 

2. Preliminaries and notations 

In this section, we start with recalling the most important notations, definitions and make a few remarks 
on notions which are needed in this study. 

By w, we shall denote the space of all real or complex valued sequences. We shall write £oo, c and Co for 
the spaces of all bounded, convergent, and null sequences respectively. Also by bs and cs, we denote the spaces 
of all bounded and convergent series. Let /i and 7 be two sequence spaces and A = (a n k) be an infinite matrix 
of real or complex numbers a n k, where n, k € N. Then, we say that A defines a matrix mapping from /i into 
7, and we denote it by writing A : fi — > 7, if for every sequence x — (x k ) € \i the sequence Ax = (Ax) n , the 
A— transform of x, is in 7; where 

(2.1) (Ax) n =^2a nk x k (neN). 

k 

The notation (/x : A) denotes the class of all matrices A such that A : fj, —¥ X. Thus, A £ (fj, : X) if 
and only if the series on the right hand side of (2.1) converges for each n £ N and every x £ fi, and we have 
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Ax = {(Ar)„}„ e N e A for all x € fi. For simplicity in notation, here and in what follows, the summation 
without limits runs from 0 to oo. We write e = (1, 1, • • • ) and U for the set of all sequences u — (u k ) such that 
Ufe 7^ 0 for all k € N. For u £ U, let ^ = (^)- Let u,v £ U and define the matrix G(w, v) — (g n k) by 

{M„w fc , (k < n), 
u n v n , (k = n), 
0, (fc > n) 

for all A; €E N, where u n depends only on n and v k only on k. The matrix G(u,v), defined above, is called as 
generalized weighted mean or factorable matrix. 

The matrix domain \xa of an infinite matrix A in a sequence space fi is defined by 

(2.2) [i A = {x = (x k ) e lo : Ax e /ti} 

which is a sequence space. Although in the most cases the new sequence space ha generated by the limitation 
matrix A from a sequence space /i is the expansion or the contraction of the original space \x. 

A sequence (b k ) in a normed space X is called a Schauder basis for X if and only if for each x <G X, there 
exists a unique sequence (a k ) of scalars such that x — X^fcLo "fc^. 

Let K be a subset of N. The natural density S(K) of K C N is lim„ n _1 |{{/c < n : k e provided 
it exists, where denotes the cardinality of a set E. A sequence x = (x k ) is called statistically convergent 
(st— convergent) to the number Z, denoted st — lima;, if every e > 0, 5({k : \x k — l\ ^ e}) = 0, [32]. We 
write 5 and So to denote the sets of all statistically convergent sequences and statistically null sequences. The 
statistically convergent sequences were studied by several authors (see [32, 6, 5]). The concepts of the statistical 
boundedness, statistical limit superior (or briefly st — limsup) and statistical limit inferior (or briefly st — liminf) 
have been introduced by Fridy and Orhan in [32] . They have also studied on the notions of the statistical core 
(or briefly st— core) of a statistically bounded sequence as the closed interval [st — liminf, st — limsup]. 

We list the following functional on i?^: 

l(x) = liminf x k , L(x) — \imsnpx k , 

fe^oo fe^oo 
m 

q a (x) = limsup sup y^av (n ), 



' i=0 



L* (x) = lim sup sup ^ 

The u — core of a real bounded sequence x is defined as the closed interval [—q a (—x),q a (x)} and also the inequality 
q a {Ax) < q a {x) holds for all bounded sequences x. The Knopp-core (shortly K— core) of x is the interval 
[l(x),L(x)] while the Banach core (in short B— core) of x defined by the interval [— L* (—x), L* (x)}. In particular, 
when (j{n) = n + 1 because of the equality q a {x) = L*(x), a— core of x is reduced to the B— core of x (see 
[21, 27]). The necessary and sufficient conditions for an infinite matrix matrix A to satisfy the inclusion 
K — core(Ax) C B — core(x) for each bounded sequences x obtained in [4]. 

We now focus on the sets of almost convergent sequences. A continuous linear functional <fi on £oo is called 
a Banach limit if (i) <p(x) ^ 0 for x = (x k ),x k ^ 0 for every k, (ii) <j)(x a ( k )) = <p(x k ) where a is shift operator 
which is defined on uj by a(k) = k + 1 and (in) 4>(e) = 1 where e = (1, 1,1,.. .). A sequence x = (x k ) <G too 
is said to be almost convergent to the generalized limit a if all Banach limits of x are a [22] and denoted by 
/ — lima; = a. In other words, / — lima^ = a uniformly in n if and only if 



lim > x k+n uniformly in n. 

%^oo m + 1 

fe=0 



The characterization given above was proved by Lorentz in [22]. We denote the sets of all almost convergent 
sequences / and series fs by 

/ = \ x — (x k ) G lo : lim t mn (x) — a uniformly in n \ , 

where 



^mn(^) / , , *£fc+n> ^— l,n 0 



and 



ra n+k ^ 



fs = ^ x = (x k ) G u : 3/ G C 3 lim ^ ^ = I uniformly in n 
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We know that the inclusions c C / C loo strictly hold. Because of these inclusions, norms ||.||/ and || - ||oo 01 the 
spaces / and 1^ are equivalent. So the sets / and /o are BK-spaces with the norm ||x||/ = sup TO „ |t mn (ar)|. 

Remark that the 7- and /3-duals of the set fs were found by Ba§ar and Kiri§gi. Now, we give a theorem 
about non-existence of Schauder basis of the space fs. 

Theorem 2.1. The set fs has no Schauder basis. 

Proof. Let us define the matrix S — (s nk ) by s nk = 1 (0 ^ k < n), s nk = 0 (n > k). Then x G fs if and only if 
(Sx) n G / for all n. As a result, since the set / has no basis the set fs has no basis too. □ 



3. The sequence space fs(u,v,A), f(u,v,A) and their topological properties 

For a sequence x — (xk), we denote the difference sequence space by Ax = (xk — x k -i). Let u = (?ifc)^° =0 
and v = (ffc)fcLo ^ e sequence 01 real numbers such that u k ^ 0 and v k 7^ 0 for all k e N. Recently, the difference 
sequence space of weighted mean /j,(u,v,A) have been introduced in [23], where \i — c 0 ,c, and £ 00 . These 
sequence space defined as the matrix domains of the triangle W in the space Co,c, and £oo , respectively. The 
matrix G(u, v, A) = W = (w nk ) is defined by 

{u n (v k - v k+1 ), (k<n), 
u„v n , (k = n), 

0, (k>n). 

In this section, we define the new sequence space fs(u, v, A) and f(u, v, A) derived by using the generalized 
weighted mean and topological properties of the sets. Much of the study given in this section is, by now, classical 
and not very difficult, but it is necessary to give. Now, we introduce the new spaces f(u, v, A), fo(u, v, A) and 
fs(u, v, A) as the sets of all sequences such that their G(u, v, A)— transforms are in the spaces /, / 0 and fs, 
respectively, that is 



f(u, v, A) = < x e uj : 3a E C 3 



^ m k-\-n \ 

lim — V* V" u k+n v i {x l - Xi-i) = a uniformly inn , 

ro->oo m + 1 ^— ' I 
k=0 i=0 ) 

m k-\-n \ 

x e uj : lim Y^ Y^ u k + n Vi{xi - Xi-i) = 0 uniformly in n > 

k=0 i=0 ) 

and 

m n+k j I 

x = (x k ) e uj : 31 e C 3 lim } } } UjVi(xi — a;,_i) = Z uniformly in n > . 

k=0 3=0 i=0 J 

We can redefine the spaces fs(u,v,A), f(u,v,A) and fo(u,v,A) by the notation of (2.2) 

/o(u,u,A) = (/o)g(u,„,a), f(u,v,A) = f G ( u ,v,A) and fs(u,v, A) = (/s) G(twA) . 

Define the sequence y = (j/fe), which will be frequently used, as the G(u, v, A)-transform of a sequence x — (x k ), 
i.e. 

k k 

(3.1) y k = YJ u k ViAxi = YJ UhVviXi, (Vv = v { - v i+ i) (k e N). 



i=0 i=0 

Theorem 3.1. TTie spaces f(u,v,A) and fs(u,v, A) has no Schauder basis. 

Proof. Since, it is known that the matrix domain fj,A of a normed sequence space \i has a basis if and only if 
\i has a basis whenever A = (a nk ) is a triangle [7, Remark 2.4] and the space / has no Schauder basis by [28, 
Corollary 3.3] we have f(u, v, A) has no Schauder basis. Since the set fs has no basis in theorem 2.1, fs(u, v, A) 
has no Schauder basis. □ 

Theorem 3.2. The following statements hold. 

(i): The sets f(u,v,A) and fo(u,v,A) are linear spaces with the co-ordinatewise addition and scalar 
multiplication which are BK-spaces with the norm 

_^ m k 

— — Y] Y] u k wvix n+l . 

k=0 i=0 



(3-2) INI/(u,„,A) = sup 
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(ii): The set fs(u, v, A) is a linear space with the co-ordinatewise addition and scalar multiplication which 
is a BK-space with the norm 



\m\fs(u,v,A) = SUP 



m n+k j 



fe=0 k=0 j=0 i=0 



Proof. Since the second part can be similarly proved, we only focus on the first part. Since the sets / and /o 
endowed with the norm ||.||oo are Sif-spaces (see[30, Example 7.3.2(b)]) and the matrix W = (w nk ) is normal, 
Theorem 4.3.2 of Wilansky [3, p. 61] gives the fact that the spaces f(u, v, A) and fo(u, v, A) are BK-spa,ces with 
the norm in (3.2). □ 

Now, we may give the following theorem concerning the isomorphism between our spaces and the sets /, 
/o and fs. 

Theorem 3.3. The sets f(u, v, A),f 0 (u, v, A) and fs(u, v, A) are linearly isomorphic to the sets f, f 0 and fs 
respectively; i.e. f(u, v, A) = /, fo{u, v, A) = f 0 and fs(u, v, A) = fs. 

Proof. To prove the fact that f(u, v, A) = / we should show the existence of a linear bijection between the 
spaces f(u, v, A) and /. Consider the transformation T defined with the notation of (2.2) from f(u, v, A) to / 
by x y = Tx = G(u, v, A)x. The linearity of T is clear. Further, it is clear that x = 9 whenever Tx — 9 and 
hence, T is injective. 

Let y = (yk) G f(u, v, A) and define the sequence x = (x k ) by 



(3.3) 

Then, since 

(3.4) 

we have 



k 1 

5^ 



Ik 

Ui 



Vi-i 

Ui-l 



i=0 



1 

Vi+1 



(Ax) i+n = 



Vn+i 



Un+i 



Ui-l 



y. t H — y k for each k G N. 

u k v k ' 



for each ieN 



m k 

fG(u,v.A) - lima; = lim V -Vv,(A4 + , uniformly in n 

fc=0 J=0 



iim y^— y 

m^tx) TO + 1 

k=0 i=0 

_^ m 

lim — V y k+n uniformly in 

m->oo TO + 1 -' 



2/n+i-l 

n 



uniformly in n 



k=0 

= /-hmy 

which implies that x G f(u,v,A). As a result, T is surjective. Hence, T is a linear bijection which implies 
that the spaces f(u, v, A) and / are linearly isomorphic, as desired. In the same way, it can be shown that 
fo(u, v, A) and fs(u, v, A) are linearly isomorphic to f 0 and fs, respectively and so we omit the details. □ 

Theorem 3.4. Let the spaces fo{u, v, A) and f(u,v,A) be given. Then, 

(i) : fo(u,v,A) C f(u,v,A) strictly hold. 

(ii) : // (m„) G c and (v k — v k +i) G l\, then C f(u, v, A) holds. 

Proof, (i) Let x = (x k ) G fo(u,v,A) which means that G(u,v,A) G /o- Since f 0 C /, G(m, w, A) G /. This 
implies that x G f(u, v, A). Thus, we have fo{u, v, A) C f(u, v, A). 

Now, we show that this inclusion is strict. Let us consider the sequence z — {z k } define by, 



z k 



i=0 



1 

Vi+1 



1 

UkVk 



for each fceN 



we have that 



fa(u,v,A) - hmz = lim 



m 1 k 

Y^—Y 

m->oo -^-^ TO + 1 ^ — ' 

fe=0 i=0 



u k v l (Az) n 



lim V __= e = (l,l,...) 

i-s-oo TO + 1 



fc=0 



which means that z G f(u, v, A) \ fo{u, v, A) that is to say that the inclusion is strict. 

(ii) Let (u n ) G c and (v k — v k +i) G £\, then we have G(u,v, A) G c for all x G ^oo- Hence, since c G /, 
G(u,v, A) G / which implies that a; = (x k ) G f(u,v, A). This completes the proof. □ 
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4. Certain matrix mappings on the sets fs(u,v,A) and f(u,v,A) and some duals 

In this section, we shall characterize some matrix transformations between the spaces of generalized differ- 
ence almost convergent sequence and almost convergent series in addition to paranormed and classical sequence 
spaces after giving [3— and 7 duals of the spaces fs(u, v, A) and f(u, v, A). We start with the definition of the 
beta and gamma duals. 

If x and y are sequences and X and Y are subsets of uj, then we write x ■ y = {xkyk)'kL a , * Y = {a G 
uj : a ■ x G Y} and 

M(X, Y) = p| x- 1 * Y = {a : a ■ x G Y for all x G X} 

x£X 

for the multiplier space of X and Y; in particular, we use the notations X 13 = M(X,cs) and X 1 = M(X,bs) 
for the j3— and 7— duals of X. 

Lemma 4.1. [31] A = (a nk ) G (/ : i^) if and only if 

(4.1) su pE \ a nk\ < 00. 

n k 

Lemma 4.2. [31] A = (a nk ) G (/ : c) if and only if (4-1) holds and there are a, otk € C such that 

lim a n k — ctk for all k G N, 



lim a nk = a, 

k 

lim V" A(a nk ~ a k ) = 0. 

n— >oo * — ' 



Theorem 4.3. Let u,v G U , a = (a k ) € w. 

TTie 7— dwa/ 0/ i/ie space f(u, v, A) is i/ie intersection of the sets 



bi = < a = (a k ) € u> : sup^ 



1 



b 2 = a = (a fe ) G w : sup 



a. 



Ok 
Vk 

< OO 



1 1 



E ai 

i=k+l 



< OO 



Proof. Take any sequence a = (a k ) € w and consider the following equality 



n 



n 



^2a k x k = y^q fc 

fe=o fe=o 

n-l 



'fc-1 



E-t 1 -- 



(4.2) 
(4.3) 



" 1 

E 2 

7/., 

fc=0 



=0 

Ok 
Vk 



u k \v 

1 



+ 



1 



Vi + 



-2/fc 



E a 

i=k+l J 



2/fe H Vn 



J_ 



«ii 4. f J_ L^l V a 



(0 ^ fc sC n - 1), 
; 4 (k = n), 

0," " (fc > n) 

for all fc, n G N. Thus, we deduce from (4.2) that aa; = (a k x k ) G 6s whenever a; = (x k ) G f(u,v, A) if and only 
if £7y G £00 whenever y — (y k ) G / where E — (e nk ) is defined in (4.3). Therefore with the help of Lemma 4.1 
{/(n,v,A)}T = 6 2 n6i. □ 

Theorem 4.4. The 13— dual of the space f(u,v, A) is the intersection of the sets 

b 3 = \a= (a k ) G u> : lim e nk exists} , 

f " ] 

fe 4 = < a = (a k ) G uj : lim > e nk exists } , 

n->oo — ' i 
I k=0 ) 

b 5 = <a = (a k ) G uj : lim V" A [e nk - a k ] < 00 } , 

I ™T J 

w/iere a k = limn^co e nk . Then, {f(u, v, A)}' 3 = n| =1 6 fe . 

5 
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Proof. Let us take any sequence a <E u>. By (4.2) ax = (a k x k ) e cs whenever x = (x k ) € f{u,v, A)) if and only 
if Ey € c whenever y = (y k ) G / where _E = (e„fc) defined in (4.3), we derive the consequence by Lemma 4.2 
that {f(u,v,A)Y 3 =n| =1 6 fe . □ 

Theorem 4.5. T/ie 7— dtiaZ 0/ i/ie space /s(u,v, A) is t/ie intersection of the sets 



= | a = (afe) G w : supj^ |Ae„ fe | < 00 j , 
= ^ a = (a fe ) e w : lim e„fe = 0 > . 



m ot/ier words we have {fs(u, v, A)} 7 = 6 6 H 67. 

Proof. This may be obtained in the similar way as mentioned in the proof of Theorem 4.3 with Lemma 4.1 
instead of Lemma 4.12(viii). So we omit details. □ 



Theorem 4.6. Defined the set bg by 

k 



{a = (a k ) G lo : lim } \A 2 e nk \ < 00 > . 
™T J 



T/ien, {/s(u, u, A)}^ = 6 3 n b 6 n 6 7 n 6 8 . 

Proof. This may be obtained in the similar way as mentioned in the proof of Theorem 4.4 with Lemma 4.2 
instead of Lemma 4.12(vii). So, we omit details. □ 

For the sake of brevity the following notations will be used: 

^ m n 

a(n,k,m) = — V"a„ +ijfc , a(n, k) = Y^a^, 

i=0 i=0 
^ m n 

c(n,k,m) = — y^c„ +iifc , c(n, fc) = V] c lfe , 

i=0 i=0 

where c„fc is defined in (4.9) and a„fe = Y^^. t a "' 3+1 (-7 — — ^— ) for all k.m.n G N. 

* — 'j — ™ "i + l ^fc "fc — 1 

Assume that the infinite matrices E = (e n k) and A = (a nk ) map the sequences x = (x k ) and y = (y k ) 
which are connected with the relation (3.1) to the sequences £ = (£„) and a = (o~ n ), respectively, i.e., 

(4.4) £„ = (Ex) n = enkXk for all n e N, 

fe 

(4.5) a n = (Ay) n = ^ a nk y k for all n G N. 

k 

One can easily conclude here that the method E is directly applied to the terms of the sequence x — (x k ) while 
the method A is applied to the G(u, v, A)-transform of the sequence x — (x k )- So, the methods E and A are 
essentially different. 

Now, suppose that the matrix product AG(u, v, A) exists which is a much weaker assumption than the 
conditions on the matrix A belonging to any matrix class, in general. It is not difficult to see that the sequence 
in (4.5) reduces to the sequence in (4.4) as follows: 

k 

a n = ^ y~] u k VviXia nk 

k i=0 

= y^y^ Uia ni Vv k x k = £„ , 

k i—k 

where S7v k = v k — v k -i- Hence, the matrices E — (e nk ) and A = (a nk ) are connected with the relation 



or 



(4.6) a nk = £(1- J-)-^ 

f-f V k V k -l U i+ l 
i=k 

(4.7) e nk = ^ Uia ni Vv k x k for all k, n € N. 

i—k 

Note that the methods A and E are not necessarily equivalent since the order of summation may not be 
reversed. 
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We now give the following fundamental theorems connected with the matrix mappings on/into the almost 
convergent spaces f(u, v, A) and fs(u, v, A): 

Theorem 4.7. Let /z be any given sequence space and the matrices E = (e n k) and A = (a n k) are connected 
with the relation (4-6). Then, E £ {f(u, v, A) : fj,) if and only if 

A £ (/ : M) 

and 

(4.8) (e„ fc ) fceN £ [/(«, w, A)]^ /or oil neN. 

Proof. Suppose that E — (e n k) and A = (a n k) are connected with the relation (4.6) and let \i be any given 
sequence space and keep in mind that the spaces f(u, v, A) and / are norm isomorphic. 

Let E £ (/(it, u, A) : fi) and take any sequence x £ f(u,v,A) and keep in mind that y = G(u,v, A)x. 
Then (e n k)ken <= [f( u , v , A)]' 3 that is, (4.8) holds for all n £ N and AG(w, u, A) exists which implies that 
{a n k)keN € ^i = f 3 for each neN. Thus, Ay exists for all y £ f. Hence, by the equality (4.6) we have 

On the other hand, assume that (4.8) holds and A £ (/ : /u). Then, we have (a n k)keN € £i for all n e N 
which gives together with (e n k)keN € [/(u,v, A)]' 3 for each neN that Ex exists. Then, the equality Ex = Ay 
in (4.6) again holds. Hence Ex e \i for all x e f(u, v, A), that is E e (.f(n, v, A) : /i). □ 

Theorem 4.8. Let u fee any given sequence space and the elements of the infinite matrices F — (f n k) and 
C = (c n k) are connected with the relation 

n 

(4.9) c nk = u nVt- k (f t -k,k - fi-k-i,k) for all k, n e N. 

i—k 

Then, F = (f nk ) e (ji : f(u, v, A)) if and only if C £ (u : /). 
Proof. Let t — (t k ) £ [i and consider the following equality 

n 

{G(u,v,A)(Ft)} n = 

u n v i A(Ft) l 

i=0 
n 

= u n vj y^(fi,k-fi-i,k)tk 

i=0 k 
n 

= ^ ^ u n v i-k(fi-k,k — fi-k-l,k)tk 
k i—k 

for all neN. Whence, it can be seen from here that Ft £ f(u, v, A) whenever t £ u if and only if Ct £ f 
whenever t £ u. This completes the proof. □ 

Theorem 4.9. Let u be any given sequence space and the matrices E = (e n k) and A = (a n k) are connected 
with the relation (4-6). Then, E £ (fs(u,v, A) : u) if and only if A £ (fs : u) and {e n k)keft <= [/ s ( u j v i A)]' 3 for 
all neN. 

Proof. The proof is based on the proof the Theorem 4.7. □ 

Theorem 4.10. Let u be any given sequence space and the elements of the infinite matrices F — (f n k) and 
C = (c n k) are connected with the relation (4-9). Then, F = (f n k) £ (" : f s ( u , v , A)) if and only if C £ (u : fs). 

Proof. The proof is based on the proof the Theorem 4.8. □ 

By Theorem 4.7, Theorem 4.8, Theorem 4.9 and Theorem 4.10 we have quite a few outcomes depending 
on the choice of the space u to characterize certain matrix mappings. Hence, by the help of these theorems 
the necessary and sufficient conditions for the classes (f(u,v,A) : u), (n : f(u,v,A)), {fs(u, v, A) : u) and 
(ji : fs(u, v, A)) may be derived by replacing the entries of E and A by those of the entries of A = EG^ 1 (u, v, A) 
and C = G(u,v, A)F, respectively; where the necessary and sufficient conditions on the matrices F and C are 
read from the concerning results in the existing literature. 

Lemma 4.11. Let A = (a n k) be an infinite matrix. Then, the following statements hold: 
i: A £ (c a (p) : f ) if and only if 

(4.10) 3N>\3 sup V \a{n,k,m)\N- 1/pk < oo for all neN, 

men k 

(4.11) 3afe e C for all k £ N 3 lim a(n, k, m) — a k uniformly in n. 

m— ►oo 
7 
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ii: A E (c(p) : f) if and only if (4.10) and (4.11) hold and 
(4.12) 3a e C 3 lim a(n, fc, to) = a uniformly in 



n. 

fc 



iii: A £ (4o(p) : /) if and only if (4.10) and (4.11) hold and 
(4.13) 3N > 1 3 lim V \a(n, fc, m) - a k \ N 1/pk = 0 uniformly in n. 



m— >oo ' 

fc 



Lemma 4.12. Let A = (a n k) be an infinite matrix. Then, the following statements hold. 
i: [Duran, [33]/ A e (t^ : f) if and only if (4-1) holds and 

(4.14) / — lima„fe = a k exists for each fixed k, 

(4.15) lim > \a(n, k,m) — a k \ = 0 uniformly in n, 

k 

ii: [King, [34]] A e (c : /) if and only if (4-1), (4-14) hold and 

(4.16) /-lim^a nfe = a 

k 

iii: [Ba§ar and Qolak, [19]/ A e (cs : /) if and only if (4-14) holds and 

(4.17) sup V] |Aa„fc| < oo , 

iv: [Basar and Qolak, [19]/ A e (6s : /) if and only if (4-M), (4-17) hold and 

(4.18) lima„fe = 0 exists for each fixed n, 

1 9 

(4.19) lim ^ 7 | A [a(n + i, k) — ctk]\ = 0 uniformly in n, 

k H i=0 

v: [Duran, [33]/ A € (/ : /) i/ and on/y if (4.1), (4. 14), (4.16) hold and 

(4.20) lim |A [a(n, k,m) — Qfc]| = 0 uniformly in n, 



m— >oo ' 

fc 



vi: [Basar, [18]/ A € (fs : f) if and only if (4. 14), (4.18), (4.20) and (4.19) hold. 
vii: [Duran, [15]/ A <= (.fs : c) if and on/y if (4.2), (4.17), (4.18) hold and 

(4.21) lim V |A 2 a„J = a, 

n— >oo * — ' 

fc 

viii: A € (fs : i'co) i/ and only if (4-17) and (4-18) hold. 

ix: [Basar and Solak, [17]/ A e (6s : /s) if and or% i/ (4-18), (4-19) hold and 

(4.22) sup V|Aa(n, k)\ < oo , 

™ eN fc 

(4.23) / — lim a(n, k) = a k exists for each fixed k, 

x: [Basar, [18]/ A G (/s : /s) if and only if (4.19), (4-22), (4.23) hold and 



1 q 

(4.24) lim | A 2 [a(n + i,k) - a k ] \ =0 uniformly 

q— 7-co ^ — ' (7+1 ^ — ' 1 1 

fc 



in n, 



xi: [Basar and Qolak, [19]/ 4 e (cs : fs) if and only if (4-22) and (4.23) hold. 
xii: [Basar, [20]/ A £ (/ : cs) if and onZy i/ 

(4.25) supY^ |a(n, fc)| < oo , 

neN fc 

(4.26) a„fe = afe exists for each fixed k, 



(4.27) J2J2 a " k = a ' 

n k 

(4.28) lim V \A[a(n,k)-a k ]\ = 0. 



m— >oo ' 

fc 
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Now, we give our main results related to matrix mappings on/into the spaces of almost convergent series 
fs(A^) and sequences f(A^). 

Corollary 4.13. Let A = (a n k) be an infinite matrix. Then, the following statements hold: 

i: A e (fs(u,v,A) : /) if and only if {a nk } keN g [f(u,v, A)} 13 for all n g N and (4.14), (4.18) hold with a nk 
instead of a nk , (4.20) holds with a(n,k,m) instead of a(n,k,m) and (4.19) holds with a(n,k) instead 
of a(n, fc). 

ii: A g (fs(u, v, A) : c) if and only if {a nk } keN g [f(u, v, A)f for all n g N and (4.2), (4.17), (4.18) and ( 

4.21) hold with a nk instead of a nk . 
iii: A g (/s(A< m )) : t x ) if and only if {a nk } keN g [f(u,v,A)f for all n g N and (4.17) and (4.18) hold 

with a nk instead of a nk . 

iv: A g (fs(u, v, A) : /s) if and only if {a nk } keN g [/(it, u, A)]' 3 for all n g N and (4.19), (4.22), (4.23) 

and (4.24) hold with a(n, fc) instead of a(n, k). 
v: A g (cs : /s(u, u, A)) if and only if (4.22) and (4.23) hold with c(n, k) instead of a(n, k). 
vi: A g (bs : fs(u, v, A)) if and only if (4.18) holds with c nk instead of a nk , (4.19), (4.22) and (4.23) hold 

with c(n, k) instead of a(n, k). 
vii: A g (/s : fs(u,v,A)) if and only if (4.19), (4.22), (4.23) and (4.24) hold with c(n, fc) instead of a(n, k). 

Corollary 4.14. Let A = (a nk ) be an infinite matrix. Then, the following statements hold: 

i: A g (c(p) : f(u,v,A)) if and only if (4.10), (4.11) and (4.12) hold with c(n,k,m) instead of a(n,k,m). 

ii: A g (co(p) : /(«, u, A)) if and only if (4.10) and ( 4.11) hold with c(n, fc, to) instead of a(n, k, to). 

iii: A g : /( u i v : A)) if and only if (4.10), (4.11) and (4.13) hold with c(n, fc, to) instead of o(n, fc, m). 

Corollary 4.15. Let A = (a nk ) be an infinite matrix. Then, the following statements hold: 

i: A g (f(u,v,A) : l^) if and only if {a nk } ke ^ g [f(u,v, A)] 13 for all n g N and f^.i^ ZioZds wrat/i a„fe 
instead of a nk . 

ii: ^4 g (f(u,v,A) : c) if and only if {a nk }ken € [/(ujfjA)] 13 /or all n e N and (4-1), (4-2), (4-2) and 

(4-2) hold witha nk instead of a nk . 
iii: A g (/(u, u, A) : 6s) z/ and only if {a n fc}fc6N g [/(«, u, A)]^ /or all n G N and (4-22) holds with a(n, fc) 

instead of a(n, fc). 

iv: ^4 g (f(u,v,A) : cs) if and only if {a n k}keft g [/(w, u, A)]' 3 for all n g N and (4-2)-(4-25) hold with 
a(n, fc) instead of a(n, fc). 

Corollary 4.16. Let A = (a n fc) 6e an infinite matrix. Then, the following statements hold: 

i: A g (£co : f(u,v,A)) if and only if (4-1), (4-H) hold with c nk instead of a nk and (4-15) holds with 

c(n,k,m) instead of a(n,k,m). 
ii: A g (/ : f(u,v,A)) if and only if (4-1), (4-14), (4-20) hold with c(n, fc, to) instead of a(n,k,m) and 

(4-16) hold with c nk instead of a nk . 
iii: A g (c : f(u,v,A)) if and only if (4-1), (4-M) an d (4-16) hold with c nk instead of a nk . 
iv: A g (bs : f(u,v,A)) if and only if (4-M), (4-17), (4-18) hold with c nk instead of a nk and (4-19) holds 

with c(n, fc) instead ofa(n,k). 
v: A g (fs : f(u,v,A)) if and only if (4-14), (4-18) hold with c nk instead of a nk , (4-20) holds with 

c(n, fc,m) instead of a(n, fc, m) and (4-19) holds with c(n, fc) instead of a(n,k). 
vi: A g (cs : f(u,v, A)) if and only if (4-17) and (4-18) hold with c nk instead of a nk . 

Characterization of the classes (f(u, v, A) : /oo), (/oo : f(u, v, A)), (fs(u, v, A) : /oo) and (/oo : /s(n, u, A)) 
is redundant since the spaces of almost bounded sequences /oo and £oo are equal. 

5. Some core theorems 

Let us start with the definition of G(u, v, A)— core of x. Let x £ then G(u, v, A)— core of x defined by 
the closed interval \G(x),g(x)], where 



m ^ k 

G(x) = lim sup sup — u k VviX n+i , 

m ^ fc 

ff(or) = liminfsupY] — - Y] u fc V^x n+i . 

™^°° «PNfH TO + 1 ^ 



Hence, it is easy to see that G(u, v, A)— core of a; is a if and only if f(u, v, A) — lima; = a. 
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Theorem 5.1. G(u, v, A) — core(Ax) C K — core(x), (G(Ax) < L(x)) for all x € l^ if and only if A E (c : 
f(u,v,A)) reg and 



(5.1) 



lim sup — - — 



^2u k ^2Vvia n+iij 



k=0 i=0 



= 1. 



Proof. Assume that G(u,v,A) — core(Ax). Let x — (x k ) be a convergent sequences, so we have L(x) = l(x). 
By this assumption, we have 

l(x) < g(Ax) G(Ax) sC L(x) 

Hence, we obtain G{Ax) = g(Ax) = lima; which implies that A e (c : f(A^)) reg . Now, let us consider the 
sequences B — bij (n) of infinite matrices defined by 



^ m k 



j=0 i=0 



Since ^4 e (c : /(u, u, A)) res , it is easy to see that the conditions of Lemma 2 (see Das, [21]) are satisfied for the 
matrix sequence A. Hence, there exists y € loo such that ||y|| < 1 and 



(5.2) 



G(Ay) = lim sup sup ^ \bij(n) 



m— >oo n 



Hence, x = e = (1, 1, 1 . . .), by using the hypothesis, we can write 

1 = g(Ae) < liminf sup ^ \bij(n)\ < limsupsup } |b i7 - (t 



nSN' 



G(Ay) < Lfo) sc |M| ^ 1. 



Which proves necessity of (5.1). 

On the other hand, let A e (c : /(w, w, A)) reff and (5.1) hold for all x e 4»- We define any real number /z 
we write [i + = max{0, and n~ = max{— [i, 0} then, = fi + + ^ and \i = [i + — Hence, for any given 
e > 0, there exists a j 0 e N such that Xj < L(x) + e for all j > j 0 . Then, we can write 

3 3<3o j^jo 3^30 

< ikiioo ]r im»)I + \ L ( x ) + e i S im»i + 11*11°° S ii bi ^ n )i - M»)i- 

Thus, by applying the limsup m sup„ gN above equation and using hypothesis, we have G(x) < L(x) + e This 
completes the proof, since e is arbitrary and x £ loo- □ 



Theorem 5.2. 4e (5 fl loo ■ f{u, v, A)) reg if and only if A e (c : / (u, u, A)) 



Ireg 



(5.3) 



lim V ^— 

m->oo z — ' m+1 



fe=0 i=0 



0. 



/or every ECU wit/j 5(E) = 0. 



Proof. Firstly, suppose that Ae (STl^o : f(u, v, A)) reg . Then ^4 e (c : f(u, v, A)) reg immediately follows from 
the fact that c C 5 fl £oo- Now, define sequence s — (s k ) for all 



or fe , fc e E, 
0, fc ^ £, 



where E any subset of N with 5(E) — 0. By our assumption, since s € So, we have As <G f(u,v,A). On the 
other hand, since As = ^2 keE a n kSk, the matrix C = (c n k) defined by 



C-nk 



a nk , keE, 
0, k i E 



for all n, must belong to the class (loo '■ f(u,v, A)). Hence, the necessity (5.3) follows from Corollary (4.16)(i). 
Conversely, let A <G (c : f(u,v,A)) reg and (5.3) hold for all x € ^oo- Let x any sequence in S n ^ with 

10 
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st — lim x = s and write E — {i : \xi—p\ > e} for an given e > 0, so that 6(E) = 0. Since A e (c : f(u,v, A)) reg 
and f(u, v, A) — lim^ fe a nk — 1, we have 

f(u, v, A) - lim(Ax) = f(u, v, A) - lim f ^ a nk (x k - p) + p ^ a„ fc 

V k k ) 

= f(u,v,A) - lim a nk (x k -p)+P 



^ m k 

= lim supV" — V^Mfc V" Vv i a n+i j(x j - p) +■ 



fe=0 



On the other hand, since we have 



j fc=o i=o ie-E 



j fc=0 i=0 

the condition (5.3) implies that 



Wfc ^ ^ v i a n+i,j (Xj - p) 



k=0 i=0 



+ 4M 



lim — "V] u k "V] Vvia n+i j(xj -p)=0 uniformly 



m + _ 

j k=0 i=0 



n. 



Therefore, f(u, v, A) — lim (Ax) = st — limx that is A £ (Sflloo : f(u, v, A)) reg which completes the proof. □ 

Theorem 5.3. G(u, v, A) — core(Ax) C st — core(x) for all x € ^ i/ and oniy if A £ (S C\ : /(it, v, A)) reg 
and (5.1) ZioZds. 

Proof. Assume that the inclusion G(u, v, A) — core(Ax) C st — core(x) holds for each bounded sequence x. 
Then, G(Ax) ^ st — sup(x) for all x e loo- Hence one may easily see that the following inequalities hold: 

st — inf(x) ^ g(Ax) ^ G(Ax) ^ st — sup(x). 

If x € (S fl foo), then we have si — inf(x) = st — sup(x) = st — limx. Which implies that st — sup(x) = g(x) = 
G(x) = f(u, v, A) - lim(,4x) that is A e (c : f(u, v, A)) reg . 

On the other hand, let Ae (S n loo ■ f(u, v, A)) reg and (5.1) hold for all x G £x>- Then st — sup(x) is 
finite. Let E be a subset of N defined by E = {k : x k > st — sup(x) + e} for a given e > 0. Then obvious that 
6(E) = 0 and x k < st — sup(x) + e, if k E. 

We define any real number p we write p + = max{0,^i} and p~ = max{— p, 0} then = /i + + p~ and 
/Lt = /i + — p~ , then for fixed positive integer m we can write 



3<3o 



3>3o 



3>3o 
k£E 



3>3o 



< ll^llco X! + I st _ sup(x) + e] X! 



3<3o 



3>3o 
HE 



Whence, applying limsup m sup„ eN to the above equation and using the hypothesis, we obtain G(x) < st — 
sup(x) + e. This completes the proof since e is arbitrary and x £ loo- □ 

6. Conclusion 

The general aim of this study is to fill a gap in literature by extending certain topological spaces and to 
investigate some topological properties in addition to some core theorems. 

Domain of the generalized difference matrix B(r, s) in the almost convergent spaces / and /o was introduced 
by Ba§ar and Kiri§ci in [16]. One of the nice part of their paper was to find beta- and gamma duals of the set 
of almost convergent series fs. As a generalization of the spaces Basar and Kiri§gi, the sequence space f(B) 
which is matrix domain of the triple band matrix B(r,s, t) in the almost convergent space / has been examined 
by Sonmez. 

n 
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In the present paper, we study the domains of the triangle matrix G(u, v, A) in the almost convergent 
sequence spaces / and /o and series space fs. Nevertheless, the present results does not compare with the results 
obtained by Sonmez [2] and Ba§ar and Kiri§gi [16]. But our results are more general and more comprehensive 
than the corresponding results of Kayaduman and §engonul [25, 26], since the space /(it, v, A) and fo(u, v, A) 
reduce in the cases Vk — Ufc-i = r^, u n — and Vk — Vfc-i = 1, u n = ^ to the Riesz sequence space /, /o and 
to the Cesaro sequence space /, / 0 , respectively. 
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Abstract 

In this paper, we consider discrete nonlinear Schrodinger equations with periodic 
potentials and bounded potentials. Under a more general super-quadratic condition 
instead of the classical Ambrosetti-Rabinowitz condition, we prove the existence of 
ground state solutions of the equations by using the critical point theory in combina- 
tion with the Nehari manifold approach. 

Key words Solitons; Discrete nonlinear Schrodinger equations; Nehari manifold; Ground 
state solutions; Critical point theory. 

2000 Mathematics Subject Classification 39A10, 39A12. 

1 Introduction 

In this paper, we study discrete solitons for the discrete nonlinear Schrodinger (DNLS) 
equation 

itp n = -Aij; n + v n ip n - f(n,ip n ), n G Z, (1.1) 

where 

is the discrete Laplacian in one spatial dimension, potential V = {v n } is a sequence of real 
number. 

We assume that f(n,0) = 0 and the nonlinearity f(n,u) is gauge invariant, i.e., 

f(n,e ie u) = e ie f(n,u), 6 e R. 
* Corresponding author. E-mail address: sunkanry@163.com 
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Since solitons are spatially localized time-periodic solutions and decay to zero at infinity. 
Thus ip n has the form 

and 

lim ^ n = 0, 

\n\ — >oo 

where {«„} is a real valued sequence and u G K. is the temporal frequency. Then (1.1) 
becomes 

-Au n + v n u n - uu n = f(n,u n ), neZ, (1.2) 

and 

lim u n = 0 (1.3) 

\n\— >oo 

holds. Naturally, if we look for discrete solitons of equation (1.1), we just need to get the 
solutions of equation (1.2) satisfying (1.3). 

DNLS equation is one of the most important inherently discrete models, having a crucial 
role in the modeling of a great variety of phenomena, ranging from solid state and condensed 
matter physics to biology (see [1-4, 11] and reference therein). For example, Davydov ( 
[1]) studied the discrete nonlinear Schrodinger in molecular biology and Su et al. ( [11]) 
considered the equation in condensed matter physics. 

In the past decade, the existence of discrete solitons in DNLS equations has been con- 
sidered in a number of studies. If the potential is unbounded, the existence of nontrivial 
solitons of DNLS equations was obtained in [12,16, 17] by Nehari manifold method and in [5] 
by the mountain pass theorem and the fountain theorem, respectively. If the potential is 
periodic, the existence of discrete solitons for the periodic DNLS equations has been studied, 
see [6-10,15] and the reference therein. In our paper, we consider two cases of the potentials, 
one is periodic; the other is nonperiodic corresponding to a potential well in the sense that 
lim v n exists and is equal to sup z V . 

|rt|^oo 

In some paper (see, e.g. [14]), the following classical Ambrosetti-Rabinowitz superlinear 
condition is assumed: 

0 < fiF(n,u) < f(n,u)u, for some fi > 2 and u ^ 0, (1.4) 

where F(n,u) is the primitive function of f(n,u), i.e., 

r-u 

F(n,u) = / f(n,s)ds. 
Jo 

It is easy to see that (1.4) implies that F(n, u) > C\u\^, for some constant C > 0 and \u\ > 1. 
In this paper, instead of (1.4) we assume the following super-quadratic condition 

lim F(n, u)/u 2 = +oo uniformly for n E Z. (1.5) 
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It is well known that (1.4) implies (1.5). It is also well known that many nonlinearities such 

as 

f(n,u) = u\n(l + \u\), 

do not satisfy (1.4). A crucial role that (1.4) plays is to ensure the boundedness of Palais- 
Smale sequences. We obtain the existence of ground state solutions without Palais-Smale 
condition. 

This paper is organized as follows: In Section 2, we establish the variational framework 
associated with (1.2). We consider two cases of the potentials in Section 3 and in Section 4, 
respectively. 



2 Preliminaries 

In this section, we establish the variational framework associated with (1.2). Let 

A = -A + V - u and E = / 2 (Z), 

and 

l p = F(Z) = | u = K}nez:VneZ,u n el 1 Hip = ^ K| p j < oo j . (2.1) 

Then the following embedding between V spaces holds, 

l q C F, \\u\\iv < \\u\\ lq , l<q<p<oo. (2.2) 

Consider the functional J defined on E by 

J{u) = l - (Au,u)-J2F(n,u n ). (2.3) 

where (•, •) is the inner product in I 2 . Then J G C 1 (i?, R) and the derivative of J we have 
the following formula, 

(f( U ),v) = (Au,v)-J2f(^ U n)Vn, VvEE. (2.4) 

Equation (2.4) implies that (1.2) is the corresponding Euler-Lagrange equation for J. Thus, 
we have reduced the problem of finding a nontrivial solution of (1.2) to that of seeking a 
nonzero critical point of the functional J on E. 

We define the Nehari manifold 

N = {u e E \ {0} : J'{u)u = 0}, (2.5) 

and 

c= inf J(u). (2.6) 

We are concern with the existence of ground state solutions, i.e., solutions corresponding to 
the least positive critical value of the variational functional. 
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3 The periodic potential case 



Now, we present the following basic hypotheses in order to establish the main results in this 
Section: 

(Vi) The discrete potential V = {v n } is assumed to be T— periodic in n, i.e., v n +r = v n and 
v n — oj > 0 for all n. 

(/i) / G C(Z x R, R) and f(n, u) = f(n + T,u), and there exist a > 0, p G (2, oo) such that 

\f(n,u)\ < a(l+ for all n G Z and iiGl 

(^2) lim f(n,u)/u = 0 uniformly for n G Z. 

|u|->0 

(/ 3 ) lim F(n,u)/u 2 = +00 uniformly for n G Z, where F(n,u) is the primitive function of 
/(n,w), i.e., 



F(n,u) = / f(n,s)ds. 
Jo 



(^4) -u t-> /(n, is strictly increasing on (—00, 0) and (0, 00) for each n G Z. 

Under the above hypotheses, our results can be stated as follows. 

Theorem 3.1. Assume that conditions (Vi),(/i) — (/k) hold. Then equation (1.2) has a 
ground state solution. 

By the condition (Vi), we may introduce an equivalent norm in E by setting 

||m|| 2 := (Au, u), 
then the functional J can be rewritten as 

J(u) = \ HI 2 -/(«), 

where I{u) = F(n,u n ). 

We assume that (Vi) and (/1) — (/ 4 ) are satisfied from now on. 

Lemma 3.1. (a) F(n,u) > 0 and \ f(n,u)u > F(n,u) for all u ^ 0. 
(b) J{u) > 0, for all ueN. 

Proof, (a) From (/ 2 ) and (/ 4 ), it is easy to get that 

F(n,u)>0, forallw^O. (3.1) 

Set H(n,u) = ^f(n,u)u — F(n,u), by (/ 4 ), we have 

u f u u fin u) f u 
H(n,u) = -f(n,u) - / f(n,s)ds > -f(n,u) — / sds = 0. 

^ Jo ^ u Jo 
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So \f(n,u)u > F(n,u) for all m ^ 0. 
(b) For all u G N, by (a), we have 

J(u) = J{u) - l -J\u)u = (\f(n,u)u - F(n,u)\ > 0. □ 

Lemma 3.2. (a) I'(u) = o(\\u\\) as u — > 0. 

(b) s i— >■ I'(su)u/s is strictly increasing for all u ^ 0 and s > 0. 

(c) I(su)/s 2 — >■ oo uniformly for u on the weakly compact subsets of E \ {0} 7 as s — >■ oo. 

Proof, (a) and (6) are easy to be shown from (/ 2 ) and (/ 4 ), respectively. Next we verify 
(c). Let C E \ {0} be weakly compact and let {u^} C W. It suffices to show that 
if — > oo as k — > oo, then so does a subsequence of I(s^u^)/(s^) 2 . Passing to a 
subsequence if necessary, ^ u £ E \ {0} and — > u n for every n, as k — > oo. 

Since \s^Un^\ — > oo and ^ 0, by (/ 3 ) and (3.1), we have 

Lemma 3.3. For eacn w E E \ {0}, there exists a unique s w > 0 suc/i taai s w w G iV. 

Proof. Let a(s) := J(sw), s > 0. Since 

</(s) = J'(sw)w = s(\\w\\ 2 — s~ 1 I'(sw)w), 

from (b) of Lemma 3.2, then there exists a unique s w , such that g'( s ) > 0 whenever 0 < s < 
s «>) fi^s) < 0 whenever s > s w and g f (s w ) = J'(s w w)w = 0. So s w w e iV. □ 

Remark 3.1. By (a) and (c) of Lemma 3.2, g(s) > 0 for s > 0 small and g(s) < 0 for s > 0 
large. Together with Lemma 3.3, we have s w is a unique maximum of g(s) and s w w is the 
unique point on the ray s i— )■ (s > 0) which intersects TV. That is, u G iV is the unique 
maximum of J on the ray. Therefore, we may define the mapping rh : E \ {0} — > N and 
m : 5 — > N by setting 

m(w) := s w u> and m := m\s, 
where S = {u G E : ||u|| = 1}. 

Lemma 3.4. For each compact subset V C S, there exists a constant Cy such that s w < Cy 
for all w G V. 



Proof. Suppose by contradiction, s^ — >■ oo as k — > oo. By Lemma 3.1 and (/ 3 ), we have 

J(si fc) w) 1., 2 F(n, S^Wn) 2 
0 < ttt — = - \\w\\ — > ttt w n — >■ — oo, as A; — >• oo, 

this is a contradiction. □ 
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Lemma 3.5. (a) The mapping rh is continuous. 

(b) The mapping m is a homeomorphism between S and N, and the inverse of m is given 
by nT 1 ^) = pjr. 

Proof, (a) Suppose w n — > w ^ 0. Since rh(tu) = m{u) for each t > 0, we may assume 
w n G S for all n. Write m{w n ) = s Wn w n . By Lemma 3.3 and Lemma 3.4, {s Wn } is bounded, 
hence s Wn — > s > 0 after passing to a subsequence if needed. Since N is closed and m{w n ) = 
s Wn w n sw, sw G N. Hence sw = s w w = rh(w) by the uniqueness of s w of Lemma 3.3. 

(6) This is an immediate consequence of (a). □ 

Lemma 3.6. J is coercive on N, i.e., J{u) — » oo as \\u\\ — » oo ; u G N . 

Proof. Suppose by contradiction, there exists a sequence {u^} C N such that ||«^|| — > oo 
and J(u^) < d, for some d G [c, oo). Let = ^Jm, , then there exists a subsequence, still 

denoted by the same notation, such that v ^ — ^ v and Vn — > v n for every n, as — >■ oo. 

First we know that there exist 5 > 0 and G Z such that 

|i>i?l>* (3-2) 
Indeed, if not, then v {k) -» 0 in Z°° as fc —7- oo. For q > 2, 

IP ||/9 ^ |P |||oc |P ||/2 

we have v ^ — >• 0 in all l q , q > 2. 

Note that by (fi) and (/ 2 ), for any e > 0, there exists c £ > 0 such that 

\f(n,u)\ < e\u\ +c £ \u\ p ~ 1 and \F(n, u)\ < e\u\ 2 + c £ \u\ p . (3.3) 

Then for each s > 0, we have 

^F(n,S7J«) < £S 2 ||7J«||2 + CeS P||7j( fe )||f p 

which implies that F(n, su^ ) — > 0 as /c — > oo. Therefore 

2 2 

d > J(w (fe) ) > J(su^) = ^||^ {/c) || 2 - ^F(n,s7jW) -> i-, (3.4) 

as — >■ oo. This is a contradiction if s > \/2d. 

Due to periodicity of coefficients, we know J and N are both invariant under T-translation. 
Making such shifts, we can assume that 1 < < T — 1 in (3.2). Moreover, passing to a 
subsequence, we can assume that = n 0 is independent of k. 
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Next we may extract a subsequence, still denoted by {v^}, such that — > v n for 
all n G Z. Specially for n = n 0 , inequality (3.2) shows that |n no | > 5, so v ^ 0. Since 
\un \ — > oo as k — > oo, it follows again from (/ 3 ) and Lemma 3.1 that 



0 < 



J(n«) 1 v^Ffn,^), m , 2 

„ ' ' = - - > tta — -(v K n K) Y ->■ — oo as k ^ oo, 
Mfc) 2 2 ^ (S/^V 



a contradiction again. □ 

We shall consider the functional * : E \ {0} ->■ R and ^ : 5 ->■ R defined by 

* := J(m(w)) and * := (3.5) 

Lemma 3.7. (a) * G C 1 ^ \ {0}, R) and 

'(u;)* = ^l /(m(ic))z for all w,2 6E,w^0. 

(6) * G C^R) and 

#'(iu)z = \\m(w)\\J'(m(w))z for all z G 7^(5) = {n G E : (w, n) = 0}. 

(c) 7/ {u>„} is a Palais- Smale sequence for \I> if and only if {m(w n )} is a Palais-Smale 
sequence for J. 

(d) w is a critical point of^fr if and only ifm{w) is a nontrivial critical point of J. Moreover, 
the corresponding values of ^ and J coincide and inf s ^ = mf N J. 

Proof.(a) Let w G E \ {0} and z G E. By Remark 3.1 and the mean value theorem, we 
obtain 

ty(w + tz) - if(w) = J(s w+tz (w + tz)) - J(s w w) 

< J(s w+tz (w + tz)) - J{s w+tz (w)) 

= J'(s w+t z(w + T t tz))s w+tz tZ, 

where \t\ is small enough and r t G (0, 1). Similarly, 

V(w + tz)-V(w) = J{s w+tz {w + tz)) - J{s w w) 
> J(s w (w + tz)) - J(s w (w)) 

= J'(s w (w + T) t tz))s w tZ, 

where r\ t G (0, 1). From the proof of Lemma 3.5, the function w >->■ s w is continuous, com- 
bining these two inequalities that 

hm = s w J (s w w)z = — n — n — J (m{w))z. 

t^o t v ' \\w\\ v v n 
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Hence the Gateaux derivative of \l/ is bounded linear in z and continuous in w. It follows 
that if? is a class of C l (see [14], Proposition!.. 3). 

(6) follows from (a). Note only that since w G S, m(w) = rh(w). 

(c) Let {w n } be a Palais-Smale sequence for and let u n = m(w n ) G N. Since for every 
w n G S we have an orthogonal splitting E = T Wn S © Ww n . Using (6) we have 

||*'(w n )|| = sup V(w n )z = \\m(w n )\\ sup J'(m(w n ))z = \\u n \\ sup J'(u n )z, 

zdzTw n S z^T Wn S z^T V j n S 

\\z\\=l \\z\\=l \\z\\ = l 



Using (b) again, then 

^'(•uOII < \\uA\\J'(ur. 



. .. J'(u n )(z + tw) 

\u n \\ sup — — 

zeT Wn s,teR \\z + tw\\ 

z+tw^0 



J'(u n )(z) .. T , , 
< IKII sup V v ' = \\V(w r , 

zer Wn s\{0} If II 



Therefore 



||*'K)|| = |K||||J'K)||. (3.6) 

Noticing that c < J(u n ) = \ ||wn|| 2 — I(u n ) < \ \\u n \\ 2 , then ||u n || > \[2c. Together with 
Lemma 3.6, \/2c < \\u n \\ < sup n ||u n || < oo. Hence {w n } is a Palais-Smale sequence for ^ if 
and only if {u n } is a Palais-Smale sequence for J. 

(d) By (3.6), <f'(w) = 0 if and onl Y if J'{rn{w)) = 0. The other part is clear. □ 

Proof of Theorem 3.1. If u 0 G iV satisfies J(u 0 ) = c, then m _1 (-u 0 ) G S is a minimizer of ^ 
and therefore a critical point of so Uq is a critical point of J by Lemma 3.7. It remains to 
show that there exists a minimizer u G N of J\n- Let {k/^} C S be a minimizing sequence 
for iff. By Ekeland's variational principle we may assume *ff(w^) — > c, ^'(u^) — > 0 as 
fc ->■ oo, hence J(w (fc) ) ->■ c, J'(w (fc) ) ->■ 0 as A; ->■ oo, where w (fc) := m(w^ k >) G iV. 

First, we know that {u^} is bounded in N by Lemma 3.6, then there exists a subse- 
quence, still denoted by the same notation, such that weakly converges to some u G E. 
We claim that there exist 8 > 0 and n k G Z such that 

W^\>S. (3.7) 

Indeed, if not, then — > 0 in l°° as /c — > oo. From the simple fact that, for q > 2, 

|| 7/ W|i? < || T/ (*)||9- 2 || T/ (*)||2 0 
II" ||/9 — || u ||;°o II" II; 2 

we have — > 0 in all Z 9 , q > 2. By (4.6), we know 

£/(*,«?>)«« < eEi«f ) i-i«f ) i + ^EW ) i p " 1 -i«? ) i 

neZ neZ ngZ 

< ^i^iip-ii^iip + ^n^iif- 1 -!!^!!^ 

< e || u (*>|u.M„W|| + c JkWiif- 1 -!!^!!, 
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which implies that ^ f(n, k — > oo. Therefore, we have 

0 (|| U (*)||)= (j'( U (*)), U ( fc )) = \\u^\\ 2 -J2f(n,U ( n k) W n k) = \\U^\\ 2 -0(\\ U ( 



,. „ 

/ v"' "'n / n II II v II 

So ||m^^|| 2 — > 0, as fc — > oo, contrary to tx^ G AT. 



Since J and J' are both invariant under T-translation. Making such shifts, we can assume 
that 1 < Uk < T — 1 in (3.7). Moreover passing to a subsequence, we can assume that = no 
is independent of k. Extract a subsequence, still denoted by {u^}, we have — -u and 
ttn' — >■ -u n for all n G Z. Specially, for n = n 0 , inequality (3.7) shows that |u no | > 5, so u ^ 0. 
Hence u E N. 

Finally we need to show that J(u) = c. By Lemma 3.1 and Fatou's lemma, we have 
c = lim (j(u<*>) - ^ jV*V fe) ) = £m £ (^/(n, «?>)«?> - F(n, u^)\ 

> ^2 \\f( n ' U n) U n ~ F(n,U n )J = J(u)- ^J'(u)u — J(u) > C. 

Hence J(u) = c. Theorem 3.1 is complete. □ 



4 The potential well cases 

Now we consider 

-Au n + v n u n -uu n = f(u n ), n G Z, (4.1) 

for the case where V = {v n } is nonperiodic corresponding to a potential well. Since the 
nonlinearity is autonomous, the conditions on / needs modified slightly. More precisely, we 
make the following assumptions. 

(V2) 0 < infz V < sup z V = Voo < 00 with V^, := lim v n and v n — u> > 0, for all n. 

\n\— >oo 

(/() / G C(R, R) and there exist a > 0, p G (2, 00) such that 

l/HI < a(l + l^l^" 1 ), for all u G R. 

(/£) hm /(«)/« = 0. 

|u|-)-0 

(^3) lim F(u)/u 2 = +00, where is the primitive function of f(u), i.e., 

F(u) = / f(s)ds. 
Jo 

Wa) u ^ f( u )/\ u \ 1S strictly increasing on (— 00, 0) and (0, 00). 
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Theorem 4.1. Assume that conditions (V2), (/() — (/Q ZioZrf. T/ien equation (4-1) has a 
ground state solution. 

Consider the functional J defined on E by 

J(u) = l (Au,u)-J2F(un). (4.2) 

By the condition (V2), we may introduce an equivalent norm in E by setting 

||m|| 2 := (Au, u), 
then the functional J can be rewritten as 

J(u) = \ H 2 -/(«), 

where J(-u) = X] F(u n ). 

We define the Nehari manifold 

N = {u G E \ {0} : J'{u)u = 0}, (4.3) 

and 

5= inf J{u). (4.4) 

We assume that (V2) and (/{) — (/^) are satisfied from now on. The argument is the same as 
in Lemma 3.1-3.7 with f(u) which does not depend on n, except that the proof of Lemma 
3.6 needs to be slightly modified. 

Lemma 4.1. J is coercive on N, i.e., J{u) — > 00 as \\u\\ — > 00, u G N . 

Proof. Suppose by contradiction, there exists a sequence {u^} C N such that — > 00 
and J(u^) < d, for some d G [c, 00). Let v ^ = jjf^yjj" > then there exists a subsequence, still 
denoted by the same notation, such that v ^ — 1 v and — > v n for every n, as k — > 00. 
First we claim that there exist 5 > 0 and G Z such that 

Ivffl^- (4-5) 
Indeed, if not, then — > 0 in /°° as k — > 00. For g > 2, 

|| T ,(*)||9 < ||7i( fc )||9- 2 || 7 ,( fc )|l 2 0 

\\V \\iq S IP Hjoo |P ||;2 

we have w (fc) ->■ 0 in all / 9 , q > 2. 

Note that by (/{) and (/j), for any e > 0, there exists c e > 0 such that 

\f(u)\ < e\u\ +c £ \u\ p ~ 1 and \F(u)\ < e\u\ 2 + c £ \u\ p . (4.6) 
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Then for each s > 0, we have 

J2 F ( sv n ] ) <es 2 \\v^\\ 2 2 + c £ s p \\v^\\^ 



which implies that ^2 F(sv^) — > 0 as k — > oo. Therefore 



d > J(« (fc) ) > J(sv^) = S -^\\v^\\ 2 -Y^F(sv^) -> ^, (4.7) 



as k — > oo. This is a contradiction if s > v2d. 

Making shifts v {k) = {v ( n k) } = {v^J such that v (k) -^v ^ 0 and v { n ] ->■ w n for all n G Z. 
Since — > oo, as — > oo, it follows again from (/g) and Lemma 3.1 (b) that 

as k — > oo with IZ^ := {m^} = {u^l Zk }- This is a contradiction again. □ 
Proof of Theorem 4.1. We consider an associated equation 

-Au n + V 0O u n = f(u n ), neZ, (4.8) 

we define the energy functional by replacing V with V^, = inf Noc J^u), here = 
{u G E\ {0} : J'^v^u = 0}. Since is constant, by Theorem 3.1, Coo > 0 is attained at 
some Moo G N^. 

If V < Voo, for all t > 0, we have 

C ^ J {ttioo) ^ ^00(^^00) ^ ^00(^00) ^oo • 

So we may assume that c < Coo, since otherwise c = and the assertion follows from 
Theorem 3.1. 

Let {t«W} C 5 be a minimizing sequence for By Ekeland's variational principle we 

may assume ^(w^) — > c, ^'(u^) — > 0 as A; — > 00, hence J(u^) — >■ c, J'{u^>) — )• 0 as 
— )> 00, where := m{w^). 

First, we know {u^} is bounded by Lemma 4.1, making shifts = {wi^} = {wi+ 2fc } 
such that ti( fc ) — 1 w 7^ 0, then {z^} is bounded. If not, up to a subsequence if needed, Zk — > 00, 
then it is a critical point of Joo and 

~c = hm ( J(„W) - ^(uW)u«) = lim £ (^/(t#>)«?> - >)) 

> ^2 (\f{Un)u n ~ F(u n ) J = Joo(m) - ^J^(u)w = ^ocH > Coo, 
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this contradicts c < Ox,. Hence the sequence {zk} is bounded, without loss of generality, we 
may assume that Zf- = 0 and therefore u^ k ' = for all k. Then u^O and u G N. 

Finally we need to show that J(u) = c. By Lemma 3.1 and Fatou's lemma, we have 
c = hm (j(u«) - \j'{u^)u^ = hm £ (±/(«?>)r#> - F(i#>) 



- (\f( U n) u n ~ F(u n ) \ = J(u) - ^J'(U)U = J{u) > C. 

Hence J{u) = c. Theorem 4.1 is complete. □ 
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On fuzzy approximating spaces * 
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Abstract: In this paper, we introduce the concept of fuzzy approximating 
spaces and obtain a decision condition that fuzzy topological spaces are fuzzy 
approximating spaces. 

Keywords: Fuzzy set; Fuzzy approximation space; Fuzzy topology; Fuzzy 
approximating space; (CC) axiom. 

1 Introduction 

Rough set theory, proposed by Pawlak [5, 6], is a new mathematical tool 
for data reasoning. It may be seen as an extension of classical set theory and 
has been successfully applied to machine learning, intelligent systems, inductive 
reasoning, pattern recognition, mereology, image processing, signal analysis, 
knowledge discovery, decision analysis, expert systems and many other fields. 

The basic structure of rough set theory is an approximation space. Based on 
it, lower and upper approximations can be induced. Using these approximations, 
knowledge hidden in information systems may be revealed and expressed in the 
form of decision rules (see [6] ) . 

Topological structure is an important base for knowledge extraction and 
processing. Therefore, an interesting and natural research topic in rough set 
theory is to study the relationship between rough sets (resp. fuzzy rough sets) 
and topologies (resp. topologies). 

The purpose of this paper is to investigate fuzzy approximating space, i.e., 
a particular type of fuzzy topological spaces where the given fuzzy topology 
coincides with the fuzzy topology induced by some reflexive fuzzy relation. 
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2 Preliminaries 

Throughout this paper, U denotes a finite and nonempty set called the 
universe. I denotes [0, 1]. F(U) denotes the set of all fuzzy sets in U. For a E I, 
a denotes the constant fuzzy set in U. 

We recall some basic operations on F(U) as follows [10]: for any A,Be 
F(U), {Aj :jEJ}C F(U) and A e I, 

(1) A = B A(x) = B(x) for each xEU. 

(2) A C B <^=> A(x) < B(x) for each xEU. 

(3) A = B c A(a;) = 1 - B(a:) for each igf/. 

(4) ( P| A)(x) = A for cach a; e J7. 

jeJ je.J 

(5) ( U A )( x ) = V -4(a;) for each xGU. 

jeJ jeJ 

(6) (XA)(x) = A A A(a;) for each xeU. 

A fuzzy set is called a fuzzy point in U, if it takes the value 0 for each y e {/ 
except one, say, x G [/. If its value at a; is A (0 < A < 1), we denote this fuzzy 
point by x\, where the point x is called its support and A is called its height 
(see [3]). 

Remark 2.1. i = \J (A(x)x 1 ) (A e F(U)). 

xeu 

Definition 2.2 ([2]). r C F(U) is called a fuzzy topology on U, if 
(i) For each a € I , a e r . 
(m) Aet, Bet imply AC\B Et. 
{Hi) {Aj : j e J} C t implies [J Aj E t. 

In this case the pair (U, r) is called a fuzzy topological space. Every member 
of t is called a fuzzy open set in U. Its complement is called a fuzzy closed set 
in U . 

We denote t c = {A E F(U) : A c E r}. 

It should be pointed out that if (i) in Definition 2.2 is replaced by 
(i)' 0,1st, 

then t is a fuzzy topology in the sense of Chang [lj. We can see that a fuzzy 
topology in the sense of Lowen must be a fuzzy topology in the sense of Chang. 
In this paper, we always consider the fuzzy topology in the sense of Lowen. 

The interior and closure of A denoted respectively by int(A) and cl(A) for 
each A E F(U), are defined as follows: 

int T (A) = \J{B Et-.BCA}, cl T {A) = f]{B E t c : B D A}. 

3 Fuzzy approximation spaces and fuzzy rough 
sets 

Recall that R is a fuzzy relation on U if R E F(U x U). 
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Let R be a fuzzy relation on U. R is called reflexive if R(x, x) = 1 for each 
x e U. R is called symmetric if R(x, y) = R(y, x) for any x,y € U. R is called 
transitive if R(x, z) > R(x, y) A R(y, z) for any x,y,z e [7. i? is called preorder 
if i? is reflexive and transitive. 

Definition 3.1 ([7]). Let R be a fuzzy relation on U. The pair (U,R) is called 
a fuzzy approximation space. For each A e F(U), the fuzzy lower and the fuzzy 
upper approximation of A with respect to (U, R), denoted by R(A) and R(A) are 
respectively, defined as follows: 

R(A)(x) = f\(A(y)V(l-R(x,y))) (x e U) and R{A){x) = \J (A(y)AR(x,y)) (x e U). 
y eu yeu 

The pair (R(A),R(A)) is called the fuzzy rough set of A with respect to (U,R). 

Remark 3.2. (1) R{x 1 )[y) = R{y,x), R((xi) c )(y) = 1 - R(y,x) {x,y e U). 

(2) For each a € I, R(a) C a C i?(a); 

(3) If R is reflexive, then for each a € I , R(a) = a = R(a). 

Let (U,R) be a fuzzy approximation space. (U,R) is call reflexive (resp. 
preorder) if R is reflexive (resp. preorder). 

Theorem 3.3 ([7, 8]). Let (U,R) be a fuzzy approximation space. Then for any 
A,B € F(U), {Aj : j e J}C F{U)_and X el, 

(1) ACB =>_R(A) C_R(B), R(A) C i?(B). 

(2) #(,4 C ) = (i?(A)) c ; i?(A c ) = {_R(A)) C . 

(3) fl(i4 nB) = eU) n R(B)^R(A U B) = R(A) U i?(5). 

(4) e( n a,-) = n (5(^)), jz( u Aj) = u (^0). 

(5) #(A U A) = X U R(A), R(XA) = XR(A). 

Theorem 3.4 ([4, 7, 9]). Lei (U,R) be a fuzzy approximation space. Then 

(1) R is reflexive <^=> Vie F(?7) ); R(A) C A. 

<^=> Vi€F((/),4c]{(4 
(2) i? is preorder => Vie F(C/), R(R(A)) = R(A), R(R(A)) = R(A). 

4 Fuzzy approximation spaces and fuzzy topolo- 
gies 

In this paper, we denote 

t r = Fix{R) {i.e., {A G F(t/) : A = 0 fl = {R(A) : A e F(U)}. 
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4.1 Fuzzy topologies induced by approximation spaces 

Proposition 4.1. Let (U,R) be a fuzzy approximation space. If R is preorder, 
then T R = e R . 

Proof. Obviously, t r C 9 r . By Theorem 3.4(2), t r D 9 r . So t r = 6 R . □ 

Theorem 4.2 ([7]). Let (U,R) be a preorder fuzzy approximation space. Then 

(1) 9 R is a fuzzy topology on U . 

(2) R is the interior operator of 6 R . 

(3) R is the closure operator of 9 R . 

Theorem 4.3. Let (U, R) be a reflexive fuzzy approximation space. Then the 
following properties hold. 

(1) t r is a fuzzy topology on U. 
(2) 

int TR (A) C R(A) UC R(A) C cl TR (A) (A e F(U)). 

(3) Ae (t r Y ^A = R(A). 

(4) For each a E I, a e (t r ) c . 

Proof. (1) This holds by Remark 3.2, Theorem 3.3 and Theorem 3.4(1). 

(2) For each A e F(U), by Theorem 3.3(1), 

int TR (A) = \J{Ber R :BCA}c\J{BeT R :R(B)CR(A)} 
= [J{B G F(U) : B = R{B) C R{A)} C R(A). 

By Theorem 3.3(2), d TR {A) = (int Tn (A c )) c D (R(A C )) C = R(A). By Theorem 
3.4(1), R(A) UC R(A). 
Thus 

int TR {A) C R(A) UC R(A) C cl TR (A). 

(3) This holds by Theorem 3.3(2). 

(4) This holds by (3) and Remark 3.2. □ 

Definition 4.4. Let {U, R) be a reflexive fuzzy approximation space. t r is called 
the fuzzy topology induced by (U, R) or R on U . 

4.2 Fuzzy approximation spaces induced by fuzzy topolo- 
gies 

Definition 4.5. Let r be a fuzzy topology on U . Define a fuzzy relation R T on 
U by 

R T {x,y) = cl T {yi){x) {{x, y) e U x U). 

Then R T is called the fuzzy relation induced by r on U and (U,R T ) is called the 
fuzzy approximation space induced by t on U. 
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Theorem 4.6. Let r be a fuzzy topology on U and let R T be the fuzzy relation 
induced by t on U . Then the following properties hold. 

(1) R T is reflexive. 
(2) 

Rt(A) C int T (A) UC d T (A) C R T (A) (A e F(U)). 
Proof. (1) For each x e U, 

R T (x,x) = cl T (xi)(x) > (xi)(x) = 1. 

Then R T is reflexive. 

(2) For each A e F(U), by Remark 2.1, 

cl T (A) = cl T ( |J = |J cl T (A(y) yi ) = \J cl T {My)^ yi ) 

yeu yeu yeu 

C |J (cl T (A(y))ncl T ( yi )) = |J (A(y)n C / T (yi)) = (J (A(y)d T ( yi )). 

yet/ yec/ yeu 

Then for each x € J7, 

cZ T (^)(z) < V (^(?/)^r(yi))(x) - \/ (A(i/)Ad T (i/i)(a;)) = \/ (A^AJ^^.y)) = 
y£E/ yeu yeu 

Thus cZ T (A) C R^(A). By Theorem 3.3(2), 

*nt T (A) = (cl T (A c )) c D (i?7(^ c )) c = Rr(A). 

Hence 

^(A) C mt T (A) UC d T (A) C i^T(A). 

□ 

5 Fuzzy approximating spaces 

As can be seen from Section 4, a reflexive fuzzy relation yields a fuzzy 
topology. In this section, we consider a interested problem, that is, under which 
conditions can the given fuzzy topology coincides with the fuzzy topology in- 
duced by some reflexive fuzzy relation? 

Definition 5.1. Let (U,o~) be a fuzzy topological space. Lf there exists a re- 
flexive fuzzy relation R on U such that tr = a, then (U, a) is called a fuzzy 
approximating space. 

The following condition for a fuzzy topology r on U is called (CC) axiom, 
(CC) axiom: for any A e I and A e F(U), cl T (XA) = \cl T (A). 

Proposition 5.2. Let r be a fuzzy topology on U. Lf t satisfies (CC) axiom, 
then R T is the closure operator of t. 
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Proof. For each A e F(U), by Remark 2.1 and (CC) axiom, 

d T {A) = cl T { [J (A(y) yi )) = |J cl T (A(y) yi ) = (J (A(y)d T ( yi )) . 

yEU y£U yEU 

Then for each x e [7, 

cZ T (A) (a;) = \/ (A(y)d T (i/i))(x) = \J (A(y)Acl r ( yi )(x)) = \f (A(y)AR T (x,y)) = R^(A)(x). 

yEU yEU y£U 

Thus R T (A) = cl T (A). Hence R T is the closure operator of r. □ 

Proposition 5.3. Let R be a preorder fuzzy relation on U . Then tr satisfies 
( CC) axiom. 

Proof. For any A € I and A E F(U), by Theorem 3.3(5), Proposition 4.1 and 
Theorem 4.2(3), 

cl TR (XA) = clg R (XA) = R{XA) = \R(A) = \clg R {A) = Xcl TR (A). 
Thus t r satisfies (CC) axiom. □ 

Proposition 5.4. Let t be a fuzzy topology on U , let R T be the fuzzy relation 
induced by r on U and let tr t be the fuzzy topology induced by R T on U. Then 

tr t = t if and only if t satisfies (CC) axiom. 

Proof. Necessity For each A e F(U), by Theorem 4.6(2), cl T (A) C R^(A). By 
Theorems 4.6(1) and 4.3(2), 

cl T {A) = cl TRT {A)^R;{A). 

Then cl T (A) = R T (A). So R is the closure operator of r. For any a £ I and 
A e F(U), by Theorem 3.3(5), 

cl T (XA) = R~ T {XA) = XR~ T {A) = Xcl T (A). 

Thus t satisfies (CC) axiom. 

Sufficiency. By Theorem 4.6(1), R T is reflexive. For any x,y,z € U, put 
cl T (zi)(y) — X. By Remark 2.1, 

Xcl T (yi) = cl T (Xyi) = cl T (cl T (z 1 )(y)y 1 ) 

C cl T (y_j(cl T (z 1 )(t)t 1 )) = d T {d T {z-s)) =d T (z 1 ). 
teu 

Then 

R T (x,y) A Rr(y,z) = d T (y\)(x) Ad T (z\)(y) = d T (yi)(x) A A 
= AAd T (3/i)(or) = (Ad T (j/i))(or) 
< d r (^i)(a;) = Rr(x, z). 

6 
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Then R T is transitive. 

So R T is preorder. For each A e F{U), by Propositions 4.1 and 4.2(3), 
cI TRt {A) = c1 6rt (A) = R^(A). By (CC) axiom and Proposition 5.2, R^(A) = 
cl T (A). So cI TRt \A) = d T (A). Thus t Rt = t. □ 

Theorem 5.5. Let (U,t) be a fuzzy topological space. If Y satisfies (CC) axiom, 
then (U, t) is a fuzzy approximating space. 

Proof. This holds by Proposition 5.4. □ 
Example 5.6. {a : a e /} is a fuzzy approximating space. 
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Abstract. Recently, the existence of solution for the fractional self-adjoint equation A^_ 1 (pAy)(t) = h(t) for 
order 0 < v < 1 was reported in [9]. In this paper, we investigated the self-adjoint fractional finite difference 
equation A"_ 2 {pAy){t) = h(t,p(t + v — 2)Ay(t + v — 2)) via the boundary conditions y{v — 2) = 0, such that 
Ay(y — 2) = 0 and Ay(y + b) = 0. Also, we analyzed the self-adjoint fractional finite difference equation 
A v u _ 2 {pA 2 y){t) = h(t,p(t + u- 3)A 2 y(t + v - 3)) via the boundary conditions y{v - 2) = 0, Ay{v - 2) = 0, 
A 2 y(y - 2) = 0 and A 2 y(v + b) = 0. Finally, we conclude a result about the existence of solution for the 
general equation A v v _ 2 (pA m y)(t) — h(t,p(t + v — m — l)A m y(t + v — m — 1)) via the boundary conditions 
y(y - 2) = Ay(y - 2) = A 2 y{v - 2) = • • • = A m y{v - 2) = 0 and A m y{v + b) = 0 for order 1 < v < 2. 

1 Introduction and Preliminaries 

One of the trends in fractional calculus [1, 2, 3, 4] is the discrete version of it ( see for example Refs.[5, 6, 
7, 8, 7, 19, 9, 11, 12, 13, 14, 15, 16, 17]and the references therein). Some recent applications of the discrete 
fractional calculus revealed its huge potential applications to solve real world problems (see for example 
Refs.[19, 20, 21, 22] and the references therein). 

Very recently, Awasthi provided some results about the fractional self-adjoint equation A^_ 1 (pAy)(t) = 
h(t) for order 0 < v < 1 ([9]). In this paper we investigate the fractional finite difference equation A^_ 2 (pAy)(t) = 
h(t,p(t + v — 2)Ay(t + v — 2)) in the presence of the boundary conditions y(u — 2) = 0, Ay(i> — 2) = 0 
and Ay{v + b) = 0, such that b e N 0 . t G N^+ 2 , 1 < v < 2 and h : N b v t v 2 x K -> R is a map. In 
addition, we discuss the existence of the solution corresponding to the fractional finite difference equation 
Al_ 2 {pA 2 y){t) = h(t,p(t + u- Z)A 2 y{t + v - 3)) with the boundary conditions y(v - 2) = 0, Ay(v - 2) = 0, 
A 2 y(v - 2) = 0 and A 2 y(v + b) = 0, such that 1<^<2, kN 0 Je E b 0 +3 and h : represents 
a map. For the second equation we provided an example. 

We recall that t- := r^^l^ for all i,c6R provided that the right-hand side is defined (see for example 
Ref.[15] and the references therein). In the following we use the notations N a = {a, a + 1, a + 2, . . .} for all 
a € M and = {a, a + 1, a + 2, . . . , 6} for all real numbers a and b such that b — a denotes a natural number. 
Let v > 0 with m — 1 < v < m for some natural number m. Then the u-th fractional sum of / based at a is 
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defined by A~ v f(t) = ^ El=a0 ~ °(k))—f(k) for all t G N a+U , where a(k) = k + 1 is the forward jump 
operator (see [15]). Similarly, we define A v J(t) = Efcta(* - o{k))=^±f(k) for all i G N a+ Ar_„. 

Lemma 1.1. /P/ Let h : N a — > R fee a mapping and m a natural number. Then, the general solution of 
the equation A^ +U _ m y(t) = h(t) is given by y(t) = E*li Ci{t — a)^—^+ A~ v h(t) for all t G N a +, y _ m , where 
C\, ■ ■ ■ , C m are arbitrary constants. 

Let h : N„_ m x R — > R be a mapping and to a natural number. By using a similar proof, one can check 
that the general solution of the equation A"_ m y(t) — h(t, y(t + v — to + 1)) is given by 

m 

v (*) = S + A ""M*> y(< + f - m + 1)) 

i=l 

for all t G N^_ m . In particular, the general solution has the following representation 

m ~ t— v 

y(t) = £ dt^i + — - £(t - (7(5)^(5, y( S + !/ - m + 1)) (1. 1) 

i=l ^ ' s=0 

for all t G N„_ m . By considering the details, note that Efc= a (^ — a (k))^-f(k) = 0 whenever b < a. 
Also for > 0 with to — 1 < < m and n — 1 < /x < n, the domain of the operator A is given 
by 2>{A-"/} = N a+ „ P{A-/} = N a+m _„ D{A-;„_^A£/} = N a+ „+,_ M , V{A^A~^f} = N a+At+m _„ 
^{A^+„_„A^/} = N a+n _ M+m _„ and ©{A^A""/} = N a+ „ +M (for more details see [9], [14] and [15]). One 
can find next result about composing a difference with a sum in [19]. 

Lemma 1.2. Let f : N a — > R fee a map, fceNo andn>k with n - 1< pt < n. Then A k A^f{t) = A k ~^f{t) 
for all t G N a+f , and A k A% f(t) = A*+"/(t) /or * £ N a+ „_^. 

By making use of (1. 1) and the last Lemma for k = 1, we finally report that 

m t — u+1 

Ay(t) = Y,Ci(v-i)t!^+— — (t-a(s))^h(t,y(t + u-m+l)), 

i=l ^ ' s=0 

which will be used in proving the main results. Let (X, d) be a metric space, T : X —> X be a self-map and 
\T/ be the family of nondecreasing functions ip : [0, oo) — > [0, oo) such that E^Li < 00 f° r an i > 0. We 

recall that T is an a-V'-contractive mapping whenever there exists ip € * and a : X x X — >• [0, oo) such that 
a(x,y)d(Tx,Ty) < tp(d(x,y)) for all x,y G X. Also, T is called a-admissible whenever a(x, y) > 1 implies 
that a{Tx,Ty) > 1. In our proofs we used the next result which have been proved in [18]. 

Theorem 1.3. [18] Let (X,d) be a complete metric space, T : X — > X an a-admissible a-ip- contractive map 
such that a(xo,Txo) > 1 for some xq G X . If x n is a sequence in X such that a(x n ,x n +i) > 1, for all n and 
x n — > x for some x G X, then a(x n , x) > 1 for all n. Then T has a fixed point. 

2 Main results 

In this section we present the main results of this manuscript. 

Lemma 2.1. Let b e No, t E No +2 , 1 < v < 2 and h : x M — > R fee a map. Then yo is a solution of the 

problem A"_ 2 {pAy)(t) = h(t,p{t + v — 2)Ay(t + v — 2)) via the boundary conditions y{u — 2) = 0, Ay{v — 2) = 0 
and Ay(v + b) = 0 if and only if yo is a solution of the fractional sum equation 

b 

y(t) = G(t, s)h(t,p(t + v- 2)Ay{t + v - 2)), 

s=0 

2 
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where 



G(t,s) 



r(iz) 



E ■ 

k=v-2 



-k^zl(v + b- <t(s))H=± 



p{k)(v + b) 



+ E 



k— 5+1/ 



p(fc) 



-fc*=i(l/ + b - <7(s))^i 



E ■ 

k=v-2 



p(k){v + b)^ 



s < t — V — 1, 



t — ^ < s. 



Proof. Let yo be a solution of the problem A^_ 2 (pAy)(t) = h(t,p(t + v — 2)Ay(t + f — 2)) via the boundary 
conditions y(v — 2) = 0. Ay(i/ — 2) = 0 and Ay(v + b) = 0. If x(t) = (pAy)(t), then x 0 = pAyo is a solution 
of the equation A^_ 2 x(t) = h(t,x(t + v — 2)). By using Lemma 1.1, we get 

t— V 

x 0 (t) = dt^ + C 2 t^ + — - J2(t - a(s)y-±h{s, x 0 {s + v- 2)) 

\ V > s=0 

and so Ay 0 (i) = ^ [dt^l + C 2 t^l + ^ E* s =o(* - v{s))^h(s,p(s + v- 2)Ay 0 (s + v- 2))] . Since 
Ay 0 {u — 2) = 0, we have 

, , [y-2)-v 

0= V J^^ Cl{ "- 2) — +C2{ "- 2) — + TM S ((^-2)-^))^(^^ + ^-2)Ayo( S + ^-2))]. 



Since (zv - 2)^ = 0 and E7=o((^ - 2 ) - ^C 5 ))— H s ,p( s + "~ 2)Aj/ 0 (s + z/ - 2)) = 0, C 2 = 0. Hence, 

Ayo{t) = W) ^ Clt ~ + fjyj E ( * " a(s)) — h(s ' p(s + v ~ 2)Ayo(s + v ~ 2))] • 

Since Ay Q {v + b) = 0, G x = {v+h ^_ v{v) ELo(^ + b ~ o-(s))^h{s,p(s + u- 2)Ay 0 (s + v-2)) and so 

Ayo{t) = W) [^T^r>) E (i/ + 5 ~ a{3)) — h{s > p{s + v 2)Ayo(s + v 2)) 

1 

+ f^) I> - v(s))^h(s,p(s + v - 2)Ay 0 ( S + v - 2))] . 



s=0 



Thus, we obtain 



t-i 



t-1 6 



!«)(*) -1/0(1/ -2)= ^ Ay 0 (k) = f ±- E 

z — v / z — e— n 



-k--l{v + b- a{s))t 



k=v-2 x ' k=v-2 s=0 

t—1 h—v /r i \\ v — \ 



p(k)(u + b} 



v-l 



~-h(s,p{s + v- 2)Aj/ 0 (s + v-2)) 



+ f£) E E ^ !S ) ~ ^M>(.s + ^-2lA, / „(, + ,-2)). 



p(fc) 



fc=i/-2 s=0 

But, we have yo(v — 2) = 0. Thus by interchanging the order of summations, we get 



2/o (i) 



p(k){ v + b)^l 



h(s,p(s + v- 2)Ay 0 (s + v-2)) 



E E • 

s=0 fc=i/-2 

' E ~ri?~ M^,P(« + " - 2)Ay 0 ( 8 + i/ - 2)) 



r(iz) 



s=0 k=s+v 



p(k) 
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,p(s + v — 2)Aj/ 0 (s + v - 2)). 



s=0 



Now, let yo be a solution of the fractional sum equation y(t) — ^2 S=0 G(t, s)h(s,p(s + v — 2)Ay(s + v — 2)). 
Then, we have 



2/0 



i 41 * 

(*) = pm £ E 



-k^Hv + b - a(s))^- , \ k / 



+ 



1 



r(iz) 



k=v-1 s=0 
t-l k-v 

E E 



p{k){ V + b)± 



p(k) 



v-1 



~-h(s,p(s + i>- 2)Ay 0 {s + v- 2)). 



k=v-1 s=0 

By using the mentioned details, we get y${v — 2) = 0. Since 

t-l k-v 



v y fe=i^-2 s=0 



(fc -a( S )> 
p(fc) 



L/-1 



~-h{s,p(s + v- 2)Ay 0 (s + i/ - 2))] 



t-2 fc-i 



= n^TT E E Pffc h( B ,p( a + »/-2)A W) ( J + y -2)), 

V ; k=v-2 s=0 FK > 

we obtain Ay§(y — 2) = 0. By using a similar calculation, one can get that Ayo(v + b) = 0. Moreover 

t-l b 



A v (pAy 0 )(t)=A v 



P (t)A 



E E „av„ I M.-i h ^ s + " - 2 ) A ^( S + v 2 » 



fc=i/-2 s=0 



p(fc)(i/ + 



t-i fc- 



H,A E E 



(fc-a(s))^ 



A" 



p(t) ^ ^ -{v-i)k»-i(v + b-<j{ s )y-± 



VVO \ " \ - 

r(i/-i) 



k=v-1 s=0 



p{k){v + b)^- 



h(s,p(s + v- 2)Ay 0 (s + v-2)) 

h(s,p(s + v- 2)Ay 0 (s + v - 2)) 



+A V 



t-2 

E ^A-"fc(*,p(fc + i/-2)Ai,o(fc + i/-2)) 



Since A"t 



A v 



V(v-v-l) 
t-2 



k=v-2 

0 and 



/i(t,p(t + i/-2)Aift)(t + i/-2)) ) 
a simple calculation shows us that A" (p A yo)(t) = h(t,p(t+v — 2)Ayo(t+v — 2)). This completes the proof. □ 



It is important to note that the sum G(i, s) is bounded, where G is the Green function in last result. 



s=0 



Denote the upper bound of X) s =o l^(*> s )l by Mq 



4 
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Theorem 2.2. Suppose that ip G * has this property that ip(2t) < 2ip(t) for all t > 0 and p : N^ R+ * s 
a bounded function such that p(t) < C for all t G N^t^. Let h : N*+2 x R — s> R fee a map swcft iftai 

|M*,a)-M*,&)l<2^V'(|a-6|) 

for all a, 6 G R and t G N^- ^ften ifte problem A»_ 2 (pAy){t) = h(t,p(t + v - 2)Ay(t + v - 2)) ma ifte 
boundary conditions y(y — 2) = 0, Aj/(i/ — 2) = 0 and Ay(f + &) = 0 has at least one solution. 

Proof. Suppose that X is the space of real valued functions on No via the norm \\y\\ = max{\y(t)\ : t G No}. It 
is known that X is a Banach space. Define T : X ^ X by Tx(t) = £° =0 s)h(s,p(s + v - 2)Ax{s + v - 2)). 
By using Lemma 2.1, we know that yo G X is a solution of the problem if and only if yo is a fixed point of T. 
Let x, y G X and t 6 No. Hence, 

b b 

\Tx{t) - Ty{t)\ = | G(t, s)h(s,p(s + v- 2)Ax(s + v - 2)) - G(t, s)h(s,p(s + v- 2)Ay(s + v- 2))| 

6 

< ^ |G(t, s)||ft(i,p(s + v - 2)Ax(s + u -2))- h{t,p(s + v- 2)Ay(s + u-2))\ 

s=0 

<M G x -^^-i)(\p{s + v-2)Ax{s + v-2)-p{s + v-2)Ay{s + v-2)\) 
- l>[ ~ " ' 2 ^{\x(s + v-l)-x{s + v-2)- y(s + v - 1) + y(s + v - 2)|) 



2C 



< - v\\ + \\x - y\\) <1>(\\x- y\\ 



for all x, y G X. If we define the function a : X x X — >• [0,oo) by a(x,y) = 1 for all x,y G X, then we 
have a(x,y)d(Tx,Ty) < ipd{x,y) for all x,y & X. Thus, T is an a--0-contractive mapping. It is clear that 
&{x,y) > 1 implies that a(Tx,Ty) > 1 for all x, y G A 1 and so T is a- admissible. Also, a(x 0 ,Tx 0 ) > 1 for all 
xo G X. Also, for each sequence {x„} in X with a(x n ,x n +i) > 1 and x„ — > x, we have a(x n ,x) > 1 for all n. 
By using Theorem 1.3, T has a fixed point yo € X and so yo is a solution of the problem. □ 

Now, we consider the fractional finite difference equation A^_ 2 (pA 2 y)(t) = h(t,p(t + u — 3)A 2 y(t + v — 3)) 
via the boundary conditions y(y - 2) = 0, Ay{v - 2) = 0, A 2 y{v - 2) = 0 and A 2 y{v + b) = 0, where 6 G No, 
i G Nq +3 , 1 < ^ < 2 and ft : x R ^ R is a map. First, we give next key result. 

Lemma 2.3. Let h : xl^lfca mapping, & G No, t G Nq +3 and I < v <2. Then y 0 is a solution 

of the problem A^_ 2 (pA 2 y)(t) = h(t,p(t + v — 3)A 2 y(t + v — 3)) u«a the boundary conditions y(y — 2) = 0, 
Ay[y — 2) = 0, A 2 y(y — 2) = 0 and A 2 y(y + b) = 0 if and only if yo is a solution of the fractional sum equation 
V(t) = ELo s)h(t,p{t + v- i)A 2 y{t + v- 3)), wftere 

^ ^ -k^±(v + b-a( S ))^± ^ ^ (k-a(.s))^l 



G(t,s) 



0 
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Proof. Let yo be a solution of the problem A"_ 2 {pA 2 y)(t) = h(t,p(t + v — 3)A 2 y(t + v — 3)) via the boundary 
conditions y{v - 2) = 0, Ay{v - 2) = 0, A 2 y{v - 2) = 0 and A 2 y(v + b) = 0. If ar(i) = (pA 2 y)(t), then 
xo = pA 2 yo is a solution of the equation A^_ 2 x(t) = h(t, x(t + v — 3)). By using Lemma 1.1, we get 

t-v 

x Q (t) = C 1 t^+C 2 t^ 2 + —- J2(t - o{s)y-±h{s, x 0 (s, v - 3)). 

^ ' s=0 

By using the conditions A 2 y 0 (i i — 2) = 0 and A 2 y 0 {v + b) = 0. we conclude that Ci = 0 and 

6 



Cl = ( v + b )^T{v) E^ + 6 ~ <?(s))—Hs,p(s + " 3)A 2 y 0 (.s + v 3)). 



Thus, we obtain 



A2yoit) = W) [ V+W^W) ^ + 5 " a W— h ( a > p ( a + " - 3)A2yo(s + " - 3)) 

1 t — v 

+rn E(* " a{s)) — h{s ' p{s + v ~ 3 ) A2 f°( fl + " - 3 ))] 

and so by applying the condition Ay${v — 2) = 0 and interchanging the order of summations, we get 
+ f^)"E E {k -^— Hs,p(s + v-3)A 2 y o{ s + »-3)). 

s — 0 ft — s~\~u 

Again, by applying the condition yo(f — 2) = 0 and interchanging the order of summations, we get 

v ' s=0 r=i/-2 fe=i^-2 J"WV ; 

+fi) t "E E E ^p M^»^-3)AV. +y -3)) 

' s=0 T =s+l + u k=s+v Py ' 

b 

= s)h(s,p(s + v- 3)A 2 y 0 (s + v- 3)). 

s=0 

Now, let yo be a solution of the fractional sum equation y(t) = X)s=o s)h(s,p(s + v — 3)A 2 y(s + f — 3)). 
Then, we have 

»>(*) = i4E E E ~ k ~! v J i\^ ] ~ h ^ s + " - 3 > A2 ^ S + " - 3 » 

+ffe) E" E E ^ M^.^-3)AV»^-3)). 

Similar to proof of Lemma 2.1, one can conclude that y{u - 2) = 0, Ay(u - 2) = 0, A 2 y(v - 2) = 0 and 
A 2 yO + 6) = 0. Also A^_ 2 (pA 2 y 0 )(t) = h(t,p(t + v- 3)A 2 y 0 (t + v - 3)). This completes the proof. □ 



6 
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b 

Similar to above results one can get that G(t, s) is bounded, where G is the Green function in last 



result. Denote the bound of the Green function by M' G . Also, we can provide next result. 



Theorem 2.4. Suppose that ip € "J has this property that ip(4t) < 4-0(i) for all t > 0 and p : N„" 



b+v 



a bounded function such that p{t) < C for all t e N„_2- Let h : N„_2 x M -> 1 fc a map such that 

\h(t,a)-h{t,b)\<-^-1>(\a-b\) 

G 

for all a,b el and t e Nj±2- Then the problem A^_ 2 (pA 2 y)(t) = h(t,p(t + v- 3)A 2 y(i + v - 3)) ma ifte 
boundary conditions y(v — 2) = 0, At/(z/ — 2) =0, A 2 y(v — 2) = 0 and A 2 y{v + b) = 0 /ias ai feasi o«e solution. 

Here, we present an example for the second problem. 

Example 2.1. Consider the problem 

sm(e 1 - 5 - t A 2 y(t - 1.5)) 4 



Aig.ste-'AV*)) =tant+- 



cosh(i + 11) 



4-i 2 



ma £/ie boundary conditions y{— 0.5) = 0, Ay(— 0.5) = 0, A 2 y(-0.5) = 0 arid A 2 y(4.5) = 0. Lei f = 1.5, 
p(z) = e~ z , h(t,a) = taut + cos ^"° n) - and 6 = 3. iVoie iftai, 0 < p(z) < e 05 /or all z e N^. 5 . Pm£ 
e 0 5 . TVow, we s/iow i/iai Mq = 527.9447. /« /aci, i/ie Green function is given by 



C - ,0.5 



G(t,s) 



r(i.5) 



t-i 



r-l 



_ fc aj>(4, 5 -a( s ))^ ~ ^ (k-a(s))^ _ 



r=-0.5fc=-0.5 
t-1 r-l 

E E ■ 

l. r=-0.5fc=-0.5 



p(A)(4.5)M 

-A£S(4.5 - <r(a))S^ 
p(A)(4.5)M 



t=s+2.5 fe=s+1.5 



p(fc) 



t - 2.5 < s. 



77nu, G(2.5,0) = Er=-o. 8 E^io.! 



0^5 „ c 05 



-fc^3.5- 



2 X 



-1.4655. 



.5 r(1.5)p(fc)(4.5)<^ — ^ ^ r(1.5)p(-0.5)(4.5)2^ r(1.5)p(0.5)(4.5)2^ 

By some calculations, one can get all values of the Green function which we have arranged those in next table. 



t 


2.5 


3.5 


4.5 


5.5 


6.5 


G(t,0) 


-1.4655 


-44239 


-9.4107 


-16.6908 


-23.9512 


G(t, 1) 


-1.2560 


-7.6338 


-19.2329 


-36.3505 


-53.467 


G(t, 2) 


-1.0048 


-6.1071 


-25.1322 


-55.1956 


-85.2591 


G(t,3) 


-0.6699 


-4.0714 


-16.7548 


-58.8741 


-100.9934 



Table 3.1: Values of the Green function 

Thus, M' G = J2t=o\ G (^ s )\ = 527.9447. Now, define the non- decreasing function ip : [0, 00) — > [0, 00) by 
ip(t) = e~ l t. Then ip e * and 

\h(t, a) — h(t, 6)| = — t- — -— I sina — sin6 < 



,t+n 



cosh(t + 11) 

Since -0.5 < t < 4.5, e 10 5 < e*+ n < e 15 5 and so 

IM*, a) - b)\ <^\a-b\< 4e o.5 x e 527.9447 |a " &l 
Hence by using Theorem 2.4, the problem has at least one solution. 

7 



2 2 
— zr-ii> -&l < ^TTil a - 5 l- 



4CM, 



-1>(\a-b\). 
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By using the provided technique, one can get the next general result. 
Suppose that V G * has this property that ip(2 m t) < 2 m ip(t) for all i > 0 and p : N b v t v 2 ^ K+ is a bounded 
function such that p(t) < C for all t G N^- Let h : xR^Rbea map such that 

\h(t, a) - h(t, b)\ < \ m _ 1 M W - b\) 

for all a, b G K and t G N b v t v 2 - Then the problem A^_ 2 (pA m y)(t) = h(t,p(t + v-m- l)A m y(t + v-m-\)) 
via the boundary conditions y{y - 2) = Ay(v - 2) = A 2 y(i/ - 2) = • • • = A m y(z/ - 2) = 0 and A m y(v + b) = 0 
has at least one solution. Here, Mg 1-1 ' is the bound of the related Green function. 
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Local shape control of a weighted interpolation surface 

Jianxun Pan 1 Fangxun Bao 2, * 
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2 School of Mathematics, Shandong University, Jinan, 250100, China 



Abstract 

This paper proposes a new weighted bivariate blending rational interpolator only based on 
function values. The interpolation function with some free parameters has simple and explicit 
mathematical representation, and it is C 1 -continuous for any positive parameters and weighted 
coefficient. More important, the shape of the interpolating surfaces can be modified by selecting 
suitable parameters and weighted coefficient. In order to meet the needs of practical design, a 
local shape control method is employed to control the shape of interpolating surfaces. In the 
special case, the method of "Central Point Value Control" is discussed. 

Keywords: rational spline, bivariate blending interpolation, weighted interpolation, shape con- 
trol, computer-aided geometric design 

1 Introduction 

In various applications such as industrial design and manufacture, atmospheric analysis, geology 
and medical imaging, etc., it is often necessary to generate a smooth surface that interpolates a 
prescribed set of data. For most applications, C 1 smoothness is generally sufficient. There are 
many ways to tackle this problem [2, 3, 4, 9, 12, 13, 18], such as the polynomial spline method, the 
NURBS method and the Bezier method. These methods are effective and applied widely in shape 
design of industrial products. However, one of the disadvantages of the polynomial spline method 
is that curve and surface can not be adjusted locally for unchanged given data. The NURBS and 
Bezier methods are the so-called "no-interpolating type" methods; this means that the constructed 
curve and surface do not fit with the given data, so the given points play the role of the control 
points. 

Here, we are concerned with the C 1 bivariate rational spline interpolations with a simple and 
explicit mathematical representation, which can be modified by using new parameters. In fact, 
in recent years, motivated by the univariate rational spline interpolation [1, 5, 10, 11, 14, 15, 17], 
the C 1 bivariate rational spline, which has a simple and explicit mathematical representation with 
parameters, has been studied [6, 7, 8, 19]. Since the parameters in the interpolation function are 
selective according to the control constrains, the constrained control of the shape becomes possible. 
However, in order to maintain smoothness of these interpolating surfaces, the parameters of in- 
direction must be restricted, these parameters can not be selected freely for different interpolating 

'Corresponding author: fxbao@sdu.edu.cn 
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subregion. To overcome this problem, in this paper, a new weighted bivariate blending rational 
spline is constructed, and a local shape control technique of the interpolating surfaces is also 
developed. 

This paper is arranged as follows. In Section 2, a weighted bivariate blending rational inter- 
polator only based on the function values is constructed. Section 3 gives the basis and matric 
representation of this interpolation. In Section 4, the error estimate formula of the interpolation is 
derived. Section 5 deal with the local shape control of the interpolating surface, in the special case, 
the "Central Point Value Control" technique is developed, and numerical examples are presented 
to show the performance of the method. 



2 Interpolation 

Let SI : [a, b; c, d] be the plane region, and {(xj, yi, fij,i = 1, 2, • ■ ■ , n + l;j = 1, 2, ■ ■ ■ , m + 1} be a 
given set of data points, where a = x\ < x 2 < • • • < x n+ \ = b and c = y\ < y 2 < • • • < y m +i = d are 
the knot spacings, fij represent f(xi,yj) at the point (xj, yj). Let hi = Xi + \ — Xi, and lj = yj + \ — yj, 
and for any point (x, y) G [xi, x«+i; yj, yj+i] in the xy-plane, let 9 = (x — Xi)/hi and rj = (y — yj)/lj- 

Denote A^ = (f i+ ij - fi,j)/hi, A^ = (/jj+i - fi,j)/lj- First, for each y = yj, j = 1, 2, ■ ■ ■ , m + 1, 
construct the x-direction interpolant curve in [xj,Xj+i]; this is given by 

n M (i - <>r«;,J), + - + 0 2 (i - e)w id + q'l.i.j 1,, 

Pi ' j[X) ~ (1 - 9fa hj + 29(1 -9) + 9 2 f3 l:J ' W 

where 

Wij = (2 + Ptj)f i+1 j - PijhAfXp 

with «jj > 0, Pij > 0. This interpolation is called the rational cubic interpolation based only on 
function values which satisfies 

Pi,j{xi) = fij, Pi,j(x i+ i) = ft+ij, Pij(xi) = Ag } , Pij(x i+1 ) = 

For each pair of (i,j), i = 1, 2, • • • , n — 1 and j = 1, 2, • • • ,m — 1, using the x-direction in- 
terpolation function pij(x), define the interpolation function P l (x,y) on each rectangular region 
[xi,Xi +1 ;yj,y j+1 \ as follows: 

Plj(x, y) = (1 - v) 3 Pi,j{x) + 7/(1 - rifVlj + r/ 2 (l - 77)^ + r? 3 p i)J+ i(x), 

i = 1,2, ■ ■ ■ ,n - 1; j = 1,2, • • • ,m - 1, 

where V^- = 2p i:j (x) + p iij+1 (x), = 3p iJ+1 (x) - lj(p ijj+2 {x) - p iij+1 (x))/l j+1 . It is easy to 
prove that P^j(x,y) is C 1 -continuous in the interpolating region [xi, x n ; yi, y m ], no matter what 
the parameters ai tS ,(3i tS (s = j,j + l,j + 2) might be, and which satisfies 

-, dP}Ax r ,y s ) 1 x dP}Ax r ,y s ) , , 

Pl j (x r ,y s ) = f r , s , -^p = Ag, ^ =*Pl r = i,i + l, s = j,j + l. 
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The interpolating scheme above begins in x-direction first. Now, let the interpolation function 
begins with y-direction first. For each x = Xj, i = 1, 2, • ■ ■ , n+1, denote the y-direction interpolation 
in [yj,y j+ i] by 



(1 - >/) : S.;/;.,; + VP- ~ r,) 2 V* 3 + r? 2 (l - r,)W? d + . , 7,, ; 

(1 - V) 2 li,j + 2r/(l - r?) + rj 2 Ti,j 



where 

V* d = 2f id +jijf ijj+ i, 

W* j = (2 + ^)^+1-1^^, 

with 7jj > 0, Tjj > 0. 

For each pair = 1, 2, • • • , n — 1 and j = 1, 2, • • • , m — 1, define the bivariate blending 

rational interpolation function P?j(x,y) on [xi, Xj+i; yj, Vj+i] as follows: 

P? d {x,y) = (1 - #) 3 p*,(y) + 0(1 - tf) 2 ^ 2 / + 6 2 (1 - 9)W 2 f + e*p* +ld (y), 

i = l,2,---,n-l; j = 1, 2, ■ ■ ■ , m - 1, 

where ^ 2 j* = 2p* J (y) + p* +1J (y), Wfj* = 3p* +lj (y) - hi(p* i+2 j (y) - p* i+1J (y))/h i+1 . 

Similarly, the interpolation function P 2 j(x,y) is C 1 -continuous in the interpolating region 
[xi, x n ; y\, y m ], no matter what the parameters 7r,j,7" r j (r = i, i + 1, i + 2) might be, and which 
satisfies 

„ dP 2 Ax r ,y s ) , x dP?Ax r ,y s ) , , 

Where, we let 

Pij(x, y) = XijPljix, y) + (1 - A^)i^(x, y), (5) 

with the weighted coefficient \j <G [0, 1], then Pi,j(x, y) is called the weighted bivariate blending ra- 
tional interpolation on [xj, Xj+i; yj, yj+i]- It is obvious that Pij(x, y) defined by (5) is C 1 -continuous 
in the interpolating region [x±, x n ; y±, y m ], no matter what the parameters ai tS ,(5i tS (s = j, j+1, j+2) 
and 7rj, T r j (r = i, i + 1, i + 2) might be, and which satisfies 

D / \ * dPjjjXr^ys) a(x ) dPjjjXr^s) () . . 

Pi,j(x r ,y s ) = f rta , J — = A ( r J, J — = AW, r = t,i + 1, 8 = 3,3 + 1. 

Example 1. Let the interpolated function be f(x, y) = sin(x 2 — xy + y), (x, y) G [0.2, 1.2; 0.2, 1.2]. 
Thus, the interpolation function of /(x, y) can be defined in [0.2, 1; 0.2, 1] by (5). Let hi = lj = 0.2, 

Oii,j = CXi,j+l = ®i,j+2 = 0.4, Pij = Pij+l = Pi,j+2 = 0.8, Jij = = li+2,j = 0.2, Tij = n+ij = 

T i+2,j = 0.6, Xij = 0.5, and P(x,y) is the interpolation function defined in (5). Figure 1 and Figure 
2 show the graphs of the surfaces /(x,y) and P(x,y), respectively. Figure 3 is the graph of error 
function /(x,y) — P(x,y) with aj iS = 0.4, Pi >s = 0.8, j r j = 0.2, r r j = 0.6, Ajj = 0.5. Figure 4 
shows the graph of error function f(x,y) — P(x,y) with ai jS = 1250, (3i >s = 325, j r j = 202, r r j = 
186, Ajj = 0.5. Figure 3 shows that the interpolator defined by (5) has a good approximation to 
the interpolated function /(x,y). From Figure 3 and Figure 4, it is easy to see that the errors of 
the interpolation have only a small floating for a big change of the parameters, it means that the 
weighted bivariate blending rational interpolation defined by (5) is stable for parameters. Thus, 
we can finely adjust the surface shape by selecting suitable parameters. 
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Figure 1: Graph of f(x,y). 
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Figure 2: Graph of P(x,y). 




Figure 3: Graph of f(x,y) — P(x,y) with Figure 4: Graph of f(x,y) — P(x,y) with 
at,. = 0.4, (3 i>s = 0.8, 7nj = 0.2, T r j = = 1250, (3 i>s = 325, 7rJ = 202, r rJ = 

0.6, Aij = 0.5. 186, Ay = 0.5. 

3 Basis and matrix representation of the interpolation 

In the following of this paper, for the interpolation defined by (5), consider the equally spaced 
knots case, namely, for all % = 1, 2, ■ • • , n and j = 1, 2, • • • , m, hi = hj and li = lj. From (l)-(5), the 
interpolation function defined in (5) can be written as follows: 

2 2 

Pi,j(x, y) = ^rA 0 ' rffi+rj+s, (6) 

r=0s=0 

where 

Wl , 0 (M) = A^Jf &S;f + (i - A,,;,,;";>;f . 

^2,0(^,77) = A^ajf &J;f + (1 - X^a^f, 
^0,1(0,77) - \j a i ,j+i b i,j + K 1 ~ b i,j > 

^(M) = A^-ag^f + (1 - AyJaSSft^, 
-*-'2. \[0 . ij) = \^J%bff + (1 - A^^Af . 
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u, 0 , 2 (M) = ^afjMf + (1 - A M )aJf 6jf , 



, , (ft „\ _ \ J*, 2 ) , (x,3) n > x (j/,3) ,(2/,2) 



u», 2 (M) = A^ag^g, 3 ) + (1 - A,^) 6? ,3) 



with 



(*,D = (i-flr(2fl + (i-0Kj) 

(1 _ 0)2^. + 2^(1 - 0) + 02fc t j 



a 



( X ,2) = 9(1 - 9) 2 a h] + 9 2 (2 - e)0 itj + 29 2 (1 - 9) 
iJ (1 - 9fa lyj + 20(1 -9) + 9 2 (3 h3 

12/ 



„{*A_ 9\l-9)p id 

tl, 



a 



(l-9fa hj +29(l-9) + 9 2 ^/ 
(y,i) = (l-v) 2 (2 V + (l-y) ll , J ) 
i,J {i_ rj )2 1 .. +2 r 1 (l-r 1 ) + n 2 T i y 

2„, i J2(n x_ , r. 2/ 



(i/,2) = g(l ~ vVlij + V 2 (2- y)r iyj + 2 V 2 (1 - rj) 
iJ (1 - V) 2 li,j + 277(1 - r?) + r? 2 r, j 



a 



(j/,3) rf(\-rj)T h 



(1 - J7) 2 7 i)j + 2f](l -7]) + 7] 2 TiJ ' 



»,j 


= 6& 1} W 


= (l_ r? )2 ( l + ??)) 


z>,2) 
»,j 




= 7/(1 + 2r/ - 27/ 2 ), 


z>,3) 
»J 




= -7/ 2 (l - 7?), 




= ^'>) 


= (l-0) 2 (l + 0), 


»j 




= #(l + 2#-20 2 ), 


h (».3) 


= 6 g,3) W 


= -0 2 (1 -0). 



The terms co r ,s(9, i]), (r = 0, 1, 2; s = 0, 1, 2) are called the basis of the bivariate interpolation defined 
by (5), which satisfy 

EEM^) = i. (7) 



r=0s=0 

Denote 



(x) _ / (x,l) (x,2) (x,3) \ (x) _ / (x,l) (x,2) (s,3) \ 

m ~~ V a *.i a M a «.i / ' m +1 ~~ v a «,i+i a « J+i a i,j+i / ' 

0 s ) f (M) (x,2) (x,3) \ c,(x) Iff f \ T 

a i,j+2 = { a\j+2 a ij+2 a ij+2 ) > F l = ( /<J A+iJ /i+2J J . 

^2^ = ( fi,j+l /i+lj+l fi+2,j+l ) , = ( /ij+2 Zi+lj+2 fi+2,j+2 ) 

0 (w) _ ( _(»,!) _(y,2) (i/,3) \ (y) _ ( (y,l) (y,2) (y,3) \ 

a i,j - \ a i,j a i,j a i,j J ' a i+lJ - \ a i+l,j a i+l,j a i+l,j J ' 



a i+2,j 



(y) _( fl (».i) Jy> 2 ) M \ F (y)-( f .. f . _ f . . J _„ V 

^2^ = ( fi+l,j+2 ) , = ( fi+2,j fi+2,j+l fi+2,j+2 ) 

T / ix /-.ox ...ox \T 



^-(^ "& 2) "if) ■ B S' = (".%" "If O) - 
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and let 



A*) - ( _(*) _(x) (x) \ Ay) _ ( (y) (y) (y) \ 

~ { a i,j Q i,j+1 a i,j+2 ) ' ~ \ a i,j a i+l,j a i+2,j J ' 



(x) _ 



( f[ x) 0 



V 



i x) o 

0 Ft ] J 



( F<f ] 0 0 \ 



F yy> = 



\ 



J 



then the interpolation function Pij(x,y) defined by (5) can be represented by matrices as follows: 
P id (x,y) = X^F^bQ + (1 - K 3 )^]F%B^. 
Furthermore, Denoting 

M = max{|/ i+rj - +s |, r = 0, 1, 2; j = 0, 1, 2}. 

From (6), it follows that 

2 2 2 2 

\Pi,j(x,y)\ <J2J2\ U; rA°iV)fi+r,j+s\ < l W r,«(M)l 
r=0s=0 r=0s=0 

k=0 k=0 k=0 

+m|(i - E i«S fe) i + |6& 2) i E + i^ 3) i E l«&fi-D- 



fc=0 



fc=0 



fc=0 



It is easy to obtain that 

2 



El" 

fc=0 
2 

5> 



(X,fe) I 



(l/.*) I 



1 + 



1 + 



20 2 (1 - 0)fl 



(i - ey aiJ+s + 20(1 - 6) + 02 Aj+s 

2r / 2 (l-7?)r M - 



fe=0 (1 - V) 2 li+r,j + 2r?(l -rj) + v 2 n+r,j 

\b\f ) \ = (i-O 2 0- + Z)<1, Z = x,V, 
|&§ 2) | = £(l + 2£-2£ 2 )<l, £ = s,y, 



< 3, s = 0,1,2, 
<3, r = 0,l,2, 



(8) 



Thus, the following bounded theorem can be obtained. 

Theorem 1. For f/ie bivariate blending interpolation Pij(x,y) defined in (6), no matter what 
positive values the parameters oii tS ,Pi jS and j r j,T r j take, the values of Pij(x,y) satisfy 

\PiAx,y)\<^M. 
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4 Error estimates of the interpolation 



For the error estimation of the interpolator defined in (6), note that the interpolator is local, 
without loss of generality, it is only necessary to consider the interpolating region [x^, x^+i; yj, yj+i] 
in order to process its error estimates. Let f(x,y) £ C 2 be the interpolated function, and Pij(x,y) 
is the interpolation function defined by (6) over [xi,Xi+i;yj,yj+i]. 
Denoting 



I — I 
dy 



max 

(x,y)€D ' 



j 9f(x,y) 
dy 



dP 

dy 



max 

(x,y)€D ' 



fiP itj {x,y) 
dy 



where D = [xi, Xi+i; yj, yj+i]- By the Taylor expansion and the Peano-Kernel Theorem [16] gives 
the following: 



\f{x,y) - Pij(x,y)\ < \f{x,y) - f{x,yj)\ + \Pij(x,yj) - P i:j (x,y)\ + \ f(x,yj) - P iyj {x,yj)\ 



< I 



lKll dy- 
df 



,dp, 



*+ 2 d 2 f(r, yj ] 



xi dx 2 
d 2 f(x,yj 



Rx[(x - r) + ]dr\ 



(9) 



^(11^11 + 11^11) + " dx 2 



fXi+2 

/ \R x [(x-r)+]\dT, 

JXi 



where = max, 6[lj , Xi+l] R x [(x-r) + ] = A i ^[(x-r) + ] + (l-A iJ )i^[(x-r) + ], 

and 



(x-t) - aff\x i+ i - t) - aff\x i+2 - r), x« < r < x, 



R 1 x [(x-t) + ] = 



-a 



(*.2), 
>.3), 



- r) - aff\x i+2 - r), x < r < x i+1 , 



d\ ■ ;~'(Xi+2 - r), X i+1 <T<X i+2 , 



4(r), 



Xi < T < X, 
X < T < X i+ l, 
Xi+1 <T < X i+2 , 



R 2 x [(x-r) + ] = { 



(X-T)- b\f ] (X l+1 - T) - b\f ] (x i+2 - T) , X t < T < X, 



-bff (X i+1 - T) - tiff* {x i+2 - T) , X < T < X l+1 , 



l(j/,3) , 



-b^f\x i+ 2 - r), x i+ i < t < x 



i+2, 



rl(r), Xi<T <x, 

= < sI(t), X < T < Xi+1, 

> *x( r )) X i+l <T < X i+2 , 

Thus, by simple integral calculation, it can be derived that 

rxi + 2 



where 



\Rl[(x - r)+}\dr = h 2 Bi(a i:j ,(3 i:j ,e), 

J X; 



(10) 
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with 



U(aij,Pij,9) = ((1 - eyaij + 20(1 - 6) + e'foM 1 ~ 0) <Xi,J + 20 (! - 9) + 0ft j); 

r +2 i J R'[(^-T)+]idr=/ i fi? 2 ^), 



where 



Let 



0(1 - 30 3 + 20 4 ) 



B$ = max { A j j Si (a j j , Aj, + (1 - A^)5 2 (0)}. (12) 
This leads to the following theorem. 

Theorem 2. Let f(x,y) € C 2 be the interpolated function, and Pij(x,y) be its interpolator defined 
by (6) in [x{, ajj+i; yj, Whatever the positive values of the parameters oti jS ,0i tS and Jr,ji T r,j 

might be, the error of the interpolation satisfies 

\f(x,y) - P h] {x,y)\ < /,(||f II + ||f ||) + hU^^WB^, 

where defined by (12). 



h3 

It is easy to derive that 



B^^i^O) < 1; B 2 (0) < 0.150902. 



Thus, we have the following theorem. 

Theorem 3. 

bounded, and 



(x) 

Theorem 3. For any positive parameters tti, s ,Pi,s,7r,j,T r j and weight coefficient Ajj, B\ J are 

0 < bQ < 1. 



Similarly, denoting || 9 ^gffi" 1 " 1 ^ II = max xe[xi,x i+1 ] I ~ \ i then the following theorem holds. 

Theorem 4. Let f(x,y) G C 2 be the interpolated function, and Pij(x,y) be its interpolator defined 
by (6) in [xi, Xj+i; yj, yj+i]- Whatever the positive values of the parameters aj )S ,/9j )S and J r ,j,Tr,j 
might be, the error of the interpolation satisfies 

\f(x,y) - P tA x,y)\ < Z, ( ||||| + II^H) + Jt\\ * f{ ™ i+l) \\B<$ +1 , 

where B$ +1 = max ee[0)1 ]{A ij jBi(Q;i j j + i, 9)+(l-X ijj )B 2 (9)}, B 1 (a i:j , Pij,0) defined by (10). 

Note that the interpolator defined by (6) is symmetric about two variables x and y, we denote 

II 9/ II _ | df(x,y) | ||frP|i _ \ dPjj{x,y) i A i d 2 f(x r ,y) i _ l d 2 f(x r ,y) \ 

II fell _ max (x,j/)eD I a x h II II - max (x,s/)ez? I 55 I, ana II II - max 2/e[%-,%+i] I ap l> 

r = 1, 2, then the following theorem can be obtained. 
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Theorem 5. Let f(x,y) E C 2 be the interpolated function, and Pij(x,y) be its interpolator defined 
by (6) in [x{, Xi+i; yj, yj+i]. Whatever the positive values of the parameters a.i tS ,j3i tS and ^/r,j^T r j 
might be, the error of the interpolation satisfies 

\f( X ,y) - P hJ (x,y)\ < Mllf II + ll^ll) + in^^W^, r = 1,2, 

where = max r , e[0)1 ]{Ai J Si(7 rj -, r r j, rj) + (1 - X iij )B 2 {r})}, B^aij, (3 i:j ,6) is defined by (10), 
B 2 (0) is defined by (11). 



5 Local shape control of the interpolation 

The shape of the interpolating surface on the interpolating region depends on the interpolating 
data. Generally speaking, when the interpolating data are given, the shape of interpolating surface 
is fixed. However, for the interpolation defined by (6), since there are parameters and weighted 
coefficient, the shape of the interpolating surface can be modified. 

For any point (x, y) in the interpolating region [xi, Xj+i; yj, 2/7+1], let (6, rj) be its local coordinate. 
We consider the following local point control issue: the practical design requires the value of the 
interpolation function at the point (x, y) be equal to a real number M, where M € (min{/j +r j +s , r = 
0,1; j = 0, l},max{/ i+rij+s ,r = 0,1; j = 0,1}). Thus 

2 2 

H ^rA 6 ' V)fi+r,j+s = M, (13) 
r=0 s=0 

where the local coordinate {9, n) is given, for the given weighted coefficient only the parameters 
Q!j,s) Pi,s (s = j, j + 1, j + 2) and J r ,j,T r j (r = i, i + 1, i + 2) are unknown. If there exist parameters 
an d 7r,j,Tr,j which satisfy Eq. (13), then the problem is solved. 
For example, the central point is more important than other points for shape control of the 
interpolating surface, we consider the "Central Point Value Control" problem. Assume cti j = 
a itj+ i = aij +2 ,Pij = = Pi,j+2, and denote by a; and A respectively; assume jij = 'Ji+ij = 

7i+2,j,Ti t j = Tj+ij = Tj_|_2j, and denote by 7j and Tj respectively. Let the weighted coefficient 
Ajj = \. Since ix,y) is the central point in [xi, Xj+i; yj, yj+i], 9 = \,r} = \. In this case, Eq. (13) 
becomes 

2(/ci - 32M)a» + 2(k 2 - 32M)& + 2(/ci - 32M) 7i + 2(k 3 - 32M)tj 
+k 1 aa j + k 3 ctiTj + k 2 Paj + kifiiTj + k Q = 0, 

where 

kl = 6fi,j + 9/j,j+l — fi,j+2 + 9/j+l,j + 12/j+lj+l - /i+lj+2 - fi+2,j - fi+2,j+l, 

^2 = 3fij + 3/jj+i + 15/j + ij + 24/ i+ ij + i — 3/j + ij + 2 — 4/j +2 ,j - 7fi+2,j+i + fi+2,j+2, 

^3 = (3/jj + 15/ij+i - 4/jj +2 + 3/j+ij + 24/j + i J+ i - 7/j + ij + 2 — 3/i +2 j+i + fi+2,j+2), 

^4 = (9/ij+i - 3/jj+2 + 9/i+ij + 36/j+ij+i - 9/i + ij +2 - 3/i +2 ,j - 9fi+2,j+i + 2fi+2,j+2), 

k 0 = 24/ij + 36/ iJ+ i - 4/ iJ+2 + 36/i+ij + 48/ mj+ i - 4/ mj+2 - 4/ i+2 j - 4/ i+2j -+i - 128M. 

If there exist positive solutions aj,/3j and jj,Tj which satisfy Eq. (14), then the interpolation 
Pij(x,y) defined in (6) with these parameters is the solution of "Central Point Value Control" 
problem. This can be stated in the following theorem. 
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Theorem 6. The sufficient condition for "Central Point Value Control" problem having solution 
is that the number of the variation sign of the sequence {ki,i = 0, 1, • • • ,4; kj — 32M,j = 1, 2, 3} 
are not equal to zero. 

Example 2. Let : [0, 2; 0, 2] be plane region, and the interpolating data are given in Table 1. 



Table 1. The interpolating data 



( x i,Vj) 


(0,0) 


(0,1) (0,2) 


(1,0) (1,1) (1,2) (2,0) 


(2,1) 


(2,2) 


fi,j 


2.5 


1.5 1 


2 1 0.5 1 


1.5 


0.5 



Then the interpolation function Pij(x,y) defined by (5) can be constructed in [0,1; 0,1] for the 
given positive parameters ati >s , f3i >s , r y r j,T r) j and the weighted coefficient \j. In general case, one 
can select any positive real numbers as the values of Qj )S ,/3j )S and J r ,j,T r j- 

Let Ajj = 2 and a« = 0.5, /3j = 0.8, jj = 0.4, Tj = 0.6, for the given interpolation data, denote 
the interpolation function by Pi(x,y) which is defined over [0, 1;0, 1]. Figure 5 shows the graph of 
the weighted bivariate blending rational interpolation surface P\(x,y). In this case, the function 
value of central point is that Pi(^, \) = isi§§ = 1-63532 




Figure 5: Graph of Pi (x, y). Figure 6: Graph of P%(x, y). 

From the "Central Point Value Control" equation (13), the value of central point can be con- 
trolled through modifying the parameters. For example, if the practical design requires P{\, \) = 
1.65. It is easy to test that ctj = 0.5, /3{ = §§,7j = 0-25 and tj = 0.25 satisfy Eq. (14). Denote the 
interpolation by P2(x,y). Figure 6 shows the graph of the surface P2(x,y). 

Furthermore, if the practical design requires P(^,^) = 1.6. It is easy to examine that oti = 
0.5, Pi = H,7j = 0.25 and Tj = 1.5 satisfy Eq. (14). Denote the interpolation by P^(x,y). Figure 
7 shows the graph of the surface P^{x,y). 

6 Concluding remarks 

An explicit representation of a weighted bivariate blending rational interpolator is presented. The 
interpolation function is C 1 -continuous in the interpolating region [x\, x n ; yi, y m ]. In this inter- 
polation, there are some parameters Q<i,j, Aj'?7ij? r i,j an d weighted coefficient Xij. These positive 
parameters and weighted coefficient can be freely selected according to the needs of practical design. 
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Figure 7: Graph of P^{x,y). 

The local shape control method of the interpolating surfaces is also developed in this paper. 
And from (13), there are varied expressions, so manifold control scheme can be derived similar to 
the process for "Central Point Value Control" problem. 
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GENERALIZED ADDITIVE FUNCTIONAL INEQUALITIES IN 

C*- ALGEBRAS 

JUNG RYE LEE AND DONG YUN SHIN* 

Abstract. In this paper, we investigate isomorphisms and derivations in real C*- 
algebras associated with the following generalized additive functional inequality 

\\af(x) + bf(y)+cf(z)\\ < \\f(ax + l3y + <yz)\\. (0.1) 

We moreover prove the Hyers-Ulam stability of homomorphisms and derivations in 
real C*-algebras associated with the generalized additive functional inequality (0.1). 



I. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [50] 
concerning the stability of group homomorphisms. Hyers [12] gave a first affirmative 
answer to the question of Ulam for Banach spaces. Th.M. Rassias [38] provided a 
generalization of Hyers' Theorem which allows the Cauchy difference to be unbounded. 

Theorem 1.1. [38] Let f : E — >■ E' be a mapping from a normed vector space E into 
a Banach space E' subject to the inequality 

\\f{x + y)- f(x) - f(y)\\ < e(\\x\\*> + \\y\n (1.1) 

for all x,y G E, where 9 and p are positive real numbers with p < 1. Then there exists 
an unique additive mapping L : E — >■ E' satisfying 

99 

for all x G E. Also, if for each x G E the mapping f(tx) is continuous in t 6 R, then 
L is Wi-linear. 

Th.M. Rassias [39] during the 27 th International Symposium on Functional Equa- 
tions asked the question whether such a theorem can also be proved for p > 1. Gajda 
[8] following the same approach as in Th.M. Rassias [38], gave an affirmative solution 
to this question for p > 1. It was shown by Gajda [8], as well as by Th.M. Rassias 
and Semrl [45] that one cannot prove a Th.M. Rassias' type theorem when p — 1. 
The counterexamples of Gajda [8], as well as of Th.M. Rassias and Semrl [45] have 
stimulated several mathematicians to invent new definitions of approximately additive 
or approximately linear mappings, cf. Gavruta [9], who among others studied the 
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Hyers-Ulam stability of functional equations (cf. the books of Czerwik [3, 4], Hyers, 
Isac and Th.M. Rassias [13]). 

Gavruta [9] provided a further generalization of Th.M. Rassias' Theorem. Isac 
and Th.M. Rassias [16] applied the Hyers-Ulam stability theory to prove fixed point 
theorems and study some new applications in Nonlinear Analysis. In [14], Hyers, 
Isac and Th.M. Rassias studied the asymptoticity aspect of Hyers-Ulam stability of 
mappings. Several papers have been published on various generalizations and applica- 
tions of Hyers-Ulam stability to a number of functional equations and mappings (see 
[1, 5, 6, 18, 19, 20, 21, 23, 24, 26, 28, 29, 30, 32, 34, 40, 41, 42, 43, 47, 48, 49]). 

Beginning around the year 1980, the topic of approximate homomorphisms and their 
stability theory in the field of functional equations and inequalities were taken up by 
several mathematicians (cf. Hyers and Th.M. Rassias [15], Th.M. Rassias [42] and the 
references therein). 

Definition 1.2. Let A and B be real C*-algebras. 

(i) An M-linear mapping H : A — > B is called a C* -algebra homomorphism if 
H(xy) = H(x)H(y) and H(x*) = H(x)* for all x,y G A. If a C*-algebra homo- 
morphism H : A — > B is bijective, then the C*-algebra homomorphism H : A — > B is 
called a C* -algebra isomorphism. 

(ii) An M-linear mapping D : A — > A is called a derivation if D(xy) = D{x)y+xD{y) 
for all x,y E A. 

A real C*-algebra A, endowed with the Lie product [x,y] := xy ~ yx on A, is called a 
Lie C* -algebra (see [25, 27, 33]). 

Definition 1.3. Let A and B be Lie C*-algebras. 

(i) An M-linear mapping H : A — > B is called a Lie * -homomorphism if H([x, y\) = 
[H(x), H(y)] and H(x*) = H(x)* for all x, y G A. If a Lie *-homomorphism H : A — >■ B 
is bijective, then the Lie *-homomorphism H : A — > B is called a Lie * -isomorphism. 

(ii) An M-linear mapping D : A — > A is called a Lie derivation if D([x,y]) = 
[x,D(y)\ + [D(x),y] for all x,y G A. 

Gilanyi [10] showed that if / satisfies the functional inequality 

||2/(x) + 2/(y) - f(x -y)\\< \\f(x + y)\\ (1.2) 

then / satisfies the quadratic functional equation 

2f(x) + 2f(y) = f(x + y) + f(x-y). 

See also [46]. Fechner [7] and Gilanyi [11] proved the Hyers-Ulam stability of the func- 
tional inequality (1.2). Park, Cho and Han [31] investigated the Jordan-von Neumann 
type Cauchy- Jensen additive mappings and prove their stability, and Cho and Kim 
[2] proved the Hyers-Ulam stability of the Jordan-von Neumann type Cauchy- Jensen 
additive mappings. 

The purpose of this paper is to prove the Hyers-Ulam stability of generalized additive 
functional inequalities associated with homomorphisms and derivations in C*-algebras. 

In Section 2, we investigate isomorphisms in C*-algebras associated with the func- 
tional inequality (0.1). 

In Section 3, we investigate derivations on C*-algebras associated with the functional 
inequality (0.1). 
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In Section 4, we prove the Hyers-Ulam stability of homomorphisms in C*-algebras 
associated with the functional inequality (0.1). 

In Section 5, we prove the Hyers-Ulam stability of derivations on C*-algebras asso- 
ciated with the functional inequality (0.1). 

Throughout this paper, we assume that a, b, c, a, (3, 7 are nonzero real numbers. Let 
A be a real C*-algebra with C*-norm || • H^, and let B be a real C*-algebra with 
C*-norm || • \\ B . 

2. Isomorphisms in C*-algebras 
Consider a mapping / : A — >■ B satisfying the following functional inequality 

\\af(x) + bf(y) + cf(z)\\ B < \\f(ax + 0y + 7 z)||b (2.1) 
for all x,y,z G A. 

In this section, we investigate isomorphisms in C*-algebras associated with the func- 
tional inequality (2.1). 

Theorem 2.1. Let p 7^ 1 and 9 be nonnegative real numbers, and let f : A — >■ B be a 

nonzero bijective mapping satisfying (2.1) and linu, eKit _> 0 f(tx) = 0 for all x G A such 
that 

\\f(xy)-f(x)f(y)\\ B < 0(|M|?+||y||?), (2.2) 
\\f( x *)-f( x )*\\ B < 29\\x\\ p A (2.3) 

for all x,y G A. Then the bijective mapping f : A — >■ B is a C* -algebra isomorphism. 

Proof. By Theorem 2.7 of [22], the mapping / : A — > B is M-linear. 

(i) Assume that p < 1. By (2.2), 

\\f(xy)-f(x)f(y)\\ B = Jim ^11/(4"^) -/(2»x)/(2»i/)||b 

Anp 

< Mm —6(\\x\\% + \\yfj) = 0 

for all x, y G A. So 

f(xy) = f(x)f(y) 

for all x,y G A. 
By (2.3), 

\\f(x*) - f(x)*\\ B = Jim -||/(2"**) - f(2"xy\\ B < Jim — 9\\x\ft = 0 
for all x G A. So 

/(**) = / W 

for all x & A. 

(ii) Assume that p > 1. By a similar method to the proof of the case (i), one can 
prove that the mapping / : A — >■ i? satisfies 

/M = f(x)f(y), 
/(**) = /(x)* 

for all ije A 

Therefore, the bijective mapping / : A — >■ B is a C*-algebra isomorphism. □ 
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Theorem 2.2. Let p ^ 1 and 9 be nonnegative real numbers, and let f : A B be a 

nonzero bijective mapping satisfying (2.1), (2.3) and lim^K^o f(tx) = 0 for all x G A 
such that 

\\f(xy) - f{x)f(y)\\ B < e.\\x\\\-\\y\\\ (2.4) 
for all x,y G A. Then the bijective mapping f : A — >■ B is a C* -algebra isomorphism. 

Proof. By Theorem 2.7 of [22], the mapping / : A — > B is M-linear. 

(i) Assume that p < 1. By (2.4), 

\\f(xy)-f(x)f(y)\\ B = \im^\\f(A n xy)-f(2 n x)f(2 n y)\\ B 

< lim ——9 ■ \\x\\ P a ■ \\y\\ P A = 0 

— n->oo 4" 11 11/1 "^"^ 

for all x, y G A. So 

f(xy) = f(x)f(y) 

for all x,y G A. 

(ii) Assume that p > 1. By a similar method to the proof of the case (i), one can 
prove that the mapping / : A — >■ B satisfies 

f(xy) = f(x)f(y) 

for all x, y G A. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Remark 2.3. If we replace \\f\xy) - f(x)f(y)\\ B by \\f([x,y}) ~ [/(*), /(y)]||s in the 
statements of Theorem 2.1 and Theorem 2.2, then we can show that / : A — > B is a 
Lie *-isomorphism instead of a C*-algebra isomorphism, respectively. 

3. Derivations on C*-algebras 
Consider a mapping / : A — > A satisfying the following functional inequality 

\\af(x) + bf(y) + cf(z)\\ A < \\f(ax + (3y + ^z)\\ A (3.1) 
for all x,y,z G A. 

In this section, we investigate derivations on C*-algebras associated with the func- 
tional inequality (3.1). 

Theorem 3.1. Let p ^ 1 and 9 be nonnegative real numbers, and let f : A — >■ A be a 
nonzero mapping satisfying (3.1) and lim ie R^o f(tx) = 0 for all x G A such that 

\\f(xy)-f(x)y-xf(y)\\ A < 6(\\x\\% + \\y\\%) (3.2) 
for all x,y G A. Then the mapping f : A — >■ A is a derivation on a C* -algebra. 

Proof. By Theorem 2.7 of [22], the mapping / : A ->■ A is M-linear. 
(i) Assume that p < 1. By (3.2), 

||/M-/(z)y-z/(y)|U = \im^\\f(4 n xy)-f(2 n x)-2 n y-2 n x-f(2 n y)\\ A 

Anp 

< lim — 0(IMI^+IMIa p )=o 

— n->oo 4" v " 11/1 PM y 
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for all x, y G A. So 

fM = f(x)y + xf(y) 

for all x, y G A. 

(ii) Assume that p > 1. By a similar method to the proof of the case (i), one can 
prove that the mapping / : A — > A satisfies 

f(xy) = f{x)y + xf{y) 

for all x, y G A. 

Therefore, the mapping / : A — > A is a derivation on a C*-algebra, as desired. □ 

Theorem 3.2. Let p ^ 1 and 9 be nonnegative real numbers, and let f : A — >■ A be a 
nonzero mapping satisfying (3.1) and lim t6K)t _>. 0 f(tx) = 0 for all x G A such that 

\\f(xy)-f(x)y-xf(y)\\ A < 6- \\x\\ p A ■ \\y\\ p A (3.3) 

for all x,y G A. Then the mapping f : A — >■ A is a derivation on a C* -algebra. 

Proof. By Theorem 2.7 of [22], the mapping / : A ->■ A is R-linear. 

(i) Assume that p < 1. By (3.3), 

||/0ry)-/0r)y-z/(y)|U = Jim ^ll/(4 B sy) - • 2 n y - Tx ■ f(2 n y)\\ A 

< lim ——6 ■ \\x\\ p A ■ \\y\\ P A = 0 

— n^oo 4" 11 11/1 

for all x, y G A. So 

/M = f(x)y + xf(y) 

for all rr, y G A. 

(ii) Assume that p > 1. By a similar method to the proof of the case (i), one can 
prove that the mapping / : A — >■ A satisfies 

fM = f{x)y + xf{y) 

for all x, y G A. 

Therefore, the mapping / : A — > A is a derivation on a C*-algebra, as desired. □ 

Remark 3.3. If we replace \\f(xy) - f(x)y - xf(y)\\ A by \\f([x,y]) - [f(x),y] - 
[x, /(y)]|U m ^ e statements of Theorem 3.1 and Theorem 3.2, then we can show that 
/ : A — > B is a Lie derivation instead of a derivation on a C*-algebra, respectively. 

4. Stability of homomorphisms in C7*-algebras 

In this section, we prove the Hyers-Ulam stability of homomorphisms in C7*-algebras. 

Theorem 4.1. Let f : A — >■ B be a mapping satisfying \im te ^ t ^. 0 f (tx) = 0 for all 
x G A. When \a\ > \(3\ and 0 < p < 1, or \a\ < \(3\ and p > 1, if there exists a 6 > 0 
satisfying (2.2) and (2.3) such that 

hf(x)+/3f(y)+ 1 f(z)\\ B < ||/(aa; + /fy + 7*)l|ii 

+ 0(\M p A + \\y\\ p A + \\z\\ p A ) (4.1) 
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for all x,y,z G A, then there exists a unique C* -algebra homomorphism H : A — >■ B 
satisfying 

ll/W-gWII^ HiS^^ NR («) 

/or all x E A. 

Proof. Let £ = — §. By Corollary 3.7 of [22], there exists a unique M-linear mapping 
H : A ^ B satisfying (4.2). The mapping H : A — > B is defined by H(x) := 
linin-Hx, for all x <E A. 



By (2.2), 



-#(*)#(</) || B = Jim — ||/(£ 2 ^)-/(r^)/(ry)b 



for all x,y E A. So 



if (xj/) = H(x)H(y) 



for all x, y G A. 
By (2.3), 



|ff(x*) - #(x)*||b = hm HI/(rO - f(Cx)*\\B < lim ^—26 ■ \\x\\ p A = 0 



for all x e A. So 



for all x E A. 

Therefore, the mapping H : A — > B is a unique C*-algebra homomorphism, as 
desired. □ 

We prove another stability of generalized additive functional inequalities. 

Theorem 4.2. Let f : A ^ B be a mapping satisfying \im te ^ t ^ 0 f(tx) = 0 for all 
x G A. When \a\ > \(3\ and p > 1, or \a\ < \(3\ and 0 < p < 1, if there exists a 6 > 0 
satisfying (2.2), (2.3) and (4.1), then there exists a unique C* -algebra homomorphism 
H : A — >■ B satisfying 

ii/w-gwii^ i aNg igpL fl S M 'WR (43) 

/or a// x E A. 

Proof. Let £ = — By Corollary 3.10 of [22], there exists a unique M-linear mapping 

H : A ^ B satisfying (4.3). The mapping H : A — > B is defined by if(x) := 
lim n ^ 00 £ n /(^) for all x E A. 
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By (2.2), 



\\H(xy)-H(x)H(y)\\ B = lim£ 



2n 



1 \e n , 



f L n J / Ln 



2n 



for all x, y G A. So 

for all x, y G A. 
By (2.3), 

\\H(x*) -H(x)*\\ B = lim f 
for all x G A So 



< fe ) ^(ll« + lly|l?) = o 

if (xy) = #(x)tf(y) 



./ 



x 



H(x* 



f 



x 



#(x)* 



< lim —26 • \\x\ 

— n->oo 11 1 



for all x G A 

Therefore, the mapping H : A — > B is a unique C*-algebra homomorphism, as 
desired. □ 

Remark 4.3. If we replace \\f(xy) - f(x)f(y)\\ B by ||/([x,y]) - [f(x),f(y)]\\ B in the 
statements of Theorem 4.1 and Theorem 4.2, then we can show that there is a unique 
Lie *-homomorphism instead of a unique C*-algebra homomorphism, respectively. 

5. Stability of derivations on C*-algebras 

In this section, we prove the Hyers-Ulam stability of derivations on C*-algebras. 

Theorem 5.1. Let f : A — >■ A be a mapping satisfying lim t6 ]R !t _>.o f(tx) = 0 for all 
x G A. When \a\ > \(3\ and 0 < p < 1, or \a\ < \(3\ and p > 1, if there exists a 9 > 0 
satisfying (3.2) such that 

hf(x)+/3f(y) +1 f(z)\\ A < \\f(ax + /3y + 1 z)\\ A 

+ o(\\xr A + \\ y r A + \\zr A ) ( 5 .i) 

for all x,y,z G A, then there exists a unique derivation D : A — >■ A satisfying 

»^-°w»^ mwP-Em) i|j|R (5 ' 2) 

/or a// x G A 

Proof. Let £ = — |. By Corollary 3.7 of [22], there exists a unique M-linear mapping D : 

A — > A satisfying (5.2). The mapping D : A — > A is defined by D(x) := lim n ^oo -^"^ 
for all x & A. 
By (3.2), 

||D(xy) - D(x)y - xD(y)\\ A = Jim - /(f*x) • £»V - ^ • /(£"y)IU 
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for all x, y G A. So 

D(xy) = D{x)y + xD{y) 

for all x,y G A. 

Therefore, the mapping D : A — > B is a unique derivation, as desired. □ 

We prove another stability of generalized additive functional inequalities. 

Theorem 5.2. Let f : A — >■ B be a mapping satisfying lim te ^ t ^ 0 f (tx) = 0 for all 
x G A. When \a\ > \(3\ and p > 1, or \a\ < \(3\ and 0 < p < 1, if there exists a 6 > 0 
satisfying (3.2) and (5.1), then there exists a unique derivation D : A — >■ A satisfying 

"^-^"^ MI^-Sm " (5 ' 3) 

/or a// x E A. 

Proof. Let £ = — |. By Corollary 3.10 of [22], there exists a unique R-linear mapping 
D : A — > A satisfying (5.3). The mapping D : A — > A is defined by D(x) := 
lim„_ >00 ^ ri /(| r ) for all x E A. 
By (3.2), 

||D(xj/)-D(a;)y-a:D(j/)||A = hm C 





< lim — - — 
for all x, y G A. So 

D(xy) = D{x)y + xD(y) 

for all 

Therefore, the mapping D : A — > A is a unique derivation, as desired. □ 

Remark 5.3. If we replace \\f(xy) - f(x)y - xf(y)\\ A by \\f{[x,y}) - [f{x),y] - 
[x, f{y)} \\a i n the statements of Theorem 5.1 and Theorem 5.2, then we can show 
that there is a unique Lie derivation instead of a unique derivation on a C*-algebra, 
respectively. 
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Approximation reductions in IVF decision 
information systems * 

Hongxiang Tang' 1 " 
February 14, 2014 

Abstract: Rough set theory is a mathematical tool to deal with imprecision 
and uncertainty in data analysis. The lower and upper approximations of a set 
respectively characterize the non-numeric and numeric uncertain aspects of the 
available information. In this paper, we study upper and lower approximation 
reductions in IVF decision information systems by using rough set theory. 

Keywords: IVF; Decision information system; Similarity relation; Lower 
approximation reduction; Upper approximation reduction. 

1 Introduction 

The concept of rough set was originally proposed by Pawlak [1] as a math- 
ematical tool to handle imprecision, vagueness and uncertainty in data analysis. 
This theory has been amply demonstrated to have usefulness and versatility by 
successful application in machine learning, intelligent systems, inductive reason- 
ing, pattern recognition, mcrcology, image processing, signal analysis, knowledge 
discovery, decision analysis, expert systems and many other fields [2, 3, 4, 5]. 
Rough set theory of deals with the approximation of an arbitrary subset of a 
universe by two definable or observable subsets called lower and upper approx- 
imations. By using the concept of lower and upper approximation in rough 
sets theory, knowledge hidden in information systems may be unravelled and 
expressed in the form of decision rules. 

In traditional rough set approach, the values of attributes are assumed to 
be nominal data, i.e. symbols. In many applications, however, the decision 
attribute- values can be linguistic terms (i.e. interval value fuzzy sets). The 
traditional rough set approach would treat these values as symbols, thereby 
some important information included in these values such as the partial ordering 
and membership degrees is ignored, which means that the traditional rough set 
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approach cannot effectively deal with interval value fuzzy initial data. Thus a 
new rough set model is needed to deal with such data. 

Interval- valued fuzzy information systems are the combination of traditional 
rough sets theory and interval-valued fuzzy sets theory. The purpose of this 
paper is to investigate attribute reductions in interval-valued fuzzy decision 
information systems. 



2 Preliminaries 

In this section, we briefly recall some basic concepts about IVF sets and 
IVF decision information systems. 

Throughout this paper, " interval- valued fuzzy " denote briefly by " IVF ". 
U denotes a finite and nonempty set called the universe. 2 U denotes the family 
of all subsets of U . F(U) denotes the set of all fuzzy sets in U. I denotes [0, 1] 
and [I] denotes {[a,b] : a,b £ I and a < b}. For a £ I, denote a — [a, a]. 



2.1 IVF sets 

Definition 2.1 ([7]). V a, b £ [I], define 

(1) a = b ^=> a~ = b~, a + = b + . 

(2) a < b a~ < b~ , a+ < b+ ; a <b -^=4> a < b, a ^ b. 

(3) a c = I- a = [1 - a+, 1 - a~\. 

Definition 2.2 ([7]). V {a, : i e J} C [I], define 

(1) Voi = [Var- V«+]- 
ie.J ieJ ie.J 

(2) A«» = [A«," 5 A 4]. 
ie.J ieJ ie.J 

Definition 2.3 ([7]). A mapping A : U — > [I] is called an IVF set on U. Denote 

A(x) = [A-(x),A+(x)] (xeU). 

Then A~(x) (resp. A + (x)) is called the lower (resp. upper) degree to which x 
belongs to A. A~ (resp. A + ) is called the lower (resp. upper) IVF set of A. 

The set of all IVF sets in U is denoted by F^(U). 
U represents the IVF set which satisfies U(x) = 1 for each x e U . 
Similar to fuzzy sets, some basic operations on F^(U) as follows: V A,B £ 
F®(U), 

(1) A = B A(x) = B(x) for each x £ U. 

(2) A C B A(x) < B(x) for each x £ U. 

(3) (3) B = A c or U-A B(x) = A(x) c or U(x)-A(x) for each xeU. 

(4) (A n B)(x)=A(x) A B(x) for each xeU. 

(5) (A U B)(x)=A(x) V B(x) for each xeU. 
Obviously, 

A = B A~ = B~ and A + = B + . 
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2.2 IVF decision information systems 

Definition 2.4 ([8]). (U, AU D) is called an IVF decision information system, 
where U = {x 0 , X\, ■ ■ ■ , x n _ 1 } is the universe, A is a condition attribute set and 
D = {dk e F( l \U) : k = 1, 2, • • • , r} is a decision attribute set. 

Denote 

d k (xi) = D ik (i = 0, 1, • • • ,n - 1, k = 1,2, • • • ,r), 

D(xi) =— + — + ••• + —. 

Example 2.5 ([8]). Ta&fe i g'wes an 7VF decision information system where 
U = {xq,xi,--- ,x 9 }, A= {fli,a 2 ,a 3 }, D = {rfi, d 2 , d 3 }. 



Table 1: An IVF decision information system 





a\ 


CL2 


03 


di 


d 2 


d 3 


x 0 


2 


1 


3 


[0.7,0.9] 


[0.15,0.2] 


[0.4,0.5] 


Xi 


3 


2 


1 


[0.3,0.5] 


[0.5,0.7] 


[0.35,0.4] 


X2 


2 


1 


3 


[0.7,0.8] 


[0.3,0.4] 


[0.1,0.2] 


X3 


2 


2 


3 


[0.15,0.2] 


[0.5,0.8] 


[0.2,0.3] 


X4 


1 


1 


4 


[0.05,0.1] 


[0.2,0.3] 


[0.65,0.9] 


X 5 


1 


1 


2 


[0.1,0.2] 


[0.35,0.5] 


[1.0,1.0] 


X 6 


3 


2 


1 


[0.25,0.4] 


[1.0,1.0] 


[0.3,0.4] 


X 7 


1 


1 


4 


[0.1,0.2] 


[0.25,0.4] 


[0.5,0.6] 


X S 


2 


1 


3 


[0.45,0.6] 


[0.25,0.3] 


[0.2,0.3] 


Xg 


3 


2 


1 


[0.05,0.1] 


[0.8,0.9] 


[0.05,0.2] 



Obviously, 



n , , D 01 D„ 2 D 03 [0.7,0.9] [0.15,0.2] [0.4,0.5] 
D(x 0 ) = — — + — — + — — = + + . 

di 0,2 Q3 d\ d2 tt3 



Definition 2.6. Let (17,411 D) be an IVF decision information system. Then 
B C A determines an equivalence relation as follows: 

R B = {{x, y) eU xU : a(x) = a(y) (a e B)}. 

Rb forms a partition U/Rb = {[x]b ■ x G U} of U where [x]b — {y € U : 
(x,y) £ R B }- 

The lower and upper approximations of X £ F^ l \U) with regard to (U,Rb) 
as follows: 

Rb(X)(x) = f\ X(y), Rb~(X)(x) - \f X(y) (x e U). 

v£[x]b ye[x] B 
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Remark 2.7. If y e [x] B , then [y] B = [x] B . So R B {X){y) = R B {X){x) and 
RE(X)(y) = R B ~(X)(x). 

Denote Rb(X)([x] b ) = Rb(X)(x), Rb~(X)([x} b ) = Rb~(X)(x) (*) 

Proposition 2.8. Let (U, AU D) be an IVF decision information system and 
letCCB C^A. Then Vie F^(U), 

(1) Rb{U -X) = U- Rb~(X)^_ 

(2) Rc{X) C Rg(X) CXC R B (X) C R c {X). 

Proof. (1) Vie U, 

R B (U-X)(x)= f\ (U-X)(y) = f\ (U(y)-X(y)) 
9£[i]b ye[x] B 

= A v(y)- v 

seWii ye Mb 

= U(x)- V X(y) = (^-i^(X))(x). 

Then Rb{U - X) = U - RH{X). 
(2) Since C C B,y x eU, [x] c 2 [x] B . Then 

fic(X)(.x)= /\ X(y)< /\ X(i,)= ; Rb(A:)(x). 
ye[x]c v£[x]b 

So Rc(X) CR^X). 

Similarly, R B (X) C i? c P0- 

Vi e [/, x e [x] B . ThcnRB(X)(x) = /\ X(y) < X(x). So Rb(X) C X. 

!I6[i]b 

Similarly, X C i^(JT). 
Hence 

JfcPO C Rb(X) CXC Rs(X) C ifc(A-). 

□ 

3 Approximation reductions in IVF decision in- 
formation systems 

3.1 The similarity relation Rr> 

Definition 3.1. Let S = (U, A U D) be a IVF decision information system 
where U — {x 0 , X\, • • • , x n }, , A is a condition attribute set D = {di,d 2 , • • • , d r }. 
Denote 

d k {xi) = D ik (i = 0,1, • • • ,n- 1, k = 1,2, • • • ,r), 
For i, j e {0, 1, • • • , n — 1}, define 

R D {xi,Xj) = /\{T- D ik AD jk \ : k = 1,2,- •• ,r}. 
4 
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Obviously, Ru(xi,Xi) = 1, Rr){xi,Xj) — R]j(xj,Xi). Then Re> is a similar- 
ity relation on U . We can obtain the following similar decision class Sd{x): 

S D (x)(y) = R D (x,y) (yeU). 

Denote 

Xq Xl X2 X3 X4 X5 3 



S D (x t ) 



Sn(ii)(io) So(xi)(xx) So (x» ) (X2 ) So(xi)(x 3 ) Sr>(xj)(x4) Sd(x»)(x5) SD(xi)(x6) 

X7 Xq 
S D (X«)(X 7 ) S£>(Xi)(x s ) So^XjJ^Xg) 

C//iJ D = {S D (x) :x£U}. 



Example 3.2. In Example 2.5, 
S D (x 0 )(xi) = R D (x 0 ,Xi) 

= (I - Doi A £> n ) A (I - A)2 A Di 2 ) A(T - ^03 A D13) 
= (T - [0.7, 0.9] A [0.3, 0.5]) A(T - [0.15, 0.2] A [0.5, 0.7]) 

A(l - [0.4,0.5] A [0.35,0.4]) 
= (T - [0.3, 0.5]) A(T - [0.15, 0.2]) f\(l - [0.35, 0.4]) 
= [0.5, 0.7] A[0-8, 0.85]) A[0.6, 0.65] 
= [0.5,0.65]. 

Similarly, 

S D (x 0 )(x 0 ) = l, S D (x 0 )(x 2 ) = [0.2,0.3], S D (x 0 )(x 3 ) = [0.7,0.8], 

S D {x Q ){x 4 ) = [0.5,0.6], S D (x 0 )(x 5 ) - [0.5,0.6], S D {x 0 ){x e ) = [0.6,0.7], 
5d(x 0 )(x 7 ) = [0.5,0.6], S D (x 0 )(x 8 ) = [0.4,0.55], S D (x 0 )(x 9 ) = [0.8,0.85]. 
Thus 

S ( x ) - X ° Xl I X2 I X3 Xi X '' Xe X7 XS X9 

° T [0.5,0.65] [0.2,0.3] [0.7,0.8] [0.5,0.6] [0.5,0.6] [0.6,0.7] [0.5,0.6] [0.4,0.55] [0.8,0.85]' 

We can also calculate Soixi) (i = 1,2,3,4,5,6,7,8,9). They record in Table 

2. 

3.2 Upper and lower approximation reductions 

Definition 3.3. Let S = (U, AU D) be a IVF decision information system. 
Denote U/R D = {S D (x) : x E U}. V B C A, 

(1) // V x € U, Rb{Sd{x)) — Ra{Sd{x)), then B is called a lower ap- 
proximation consistent set of S; If B is a lower approximation consistent set 
of S and V C C B,x € U, Rc(Sd{x)) ^ Ra(Sd(x)), then B is called a lower 
approximation reduction of S. 
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Table 2: S D (xi) 





x 0 


X\ 


X2 


%3 


X4 


i~>D 




1 


[0.5,0.65] 


[0.2,0.3] 


[0.7,0.8] 


[0.5,0.6] 


i~>D 




\C\ CT A ftl 

[0.5,0.65] 


1 


rn c n Tl 

[0.5,0.7] 


rn o n cl 

[0.3,0.5] 


Tn c n £?cl 

[0.6,0.65] 






\f\ o n ol 

[0.2,0.3] 


rn r n Tl 

[0.5,0.7] 


1 


[0.6,0.7] 


Tn t n ol 

[0.7,0.8] 


<->£> 




1-7 r\ ol 

[0.7,0.8] 


[0.3,0.5] 


[0.6,0.7] 


1 


Tn ^7 n 0 1 

[0.7,0.8] 


C n 
"D 




[0.5,0.6] 


[0.6,0.65] 


\f\ T f\ Ol 

[0.7,0.8] 


[0.7,0.8] 


1 


e_ 

»->£> 




[0.5,0.6] 


[0.5,0.65]] 


[0.6,0.7] 


[0.5,0.65] 


Tn 1 n 0 rl 

[0.1,0.35] 


*->£> 




[0.6,0.7] 


[0.3,0.5] 


[0.6,0.7] 


[0.2,0.5] 


Tn n rrl 

[0.6,0.7] 


'in 


'tv) 


rn c n £?1 

[0.5,0.6] 


[0.6,0.65] 


\f\ A C\ TCl 

[0.4,0.75] 


\c\ a A TCl 

[0.6,0.75] 


Tn /( n cl 

[0.4,0.5] 


*~> D 


'x*\ 


Tn A n rrl 

[0.4,0.55] 


[a r a rrl 

[0.5,0.7] 


\c\ A n r rl 

[0.4,0.55] 


rn t n tet1 

[0.7,0.75] 


Tn i"7 n ol 

[0.7,0.8] 


S D 


[xs) 


\r\ 0 n orl 
[U.8,U.5Dj 


rn 0 n rl 

[U.OjU.oJ 


[U.o,U. (\ 


rn 0 n Kl 
[U.ZjU.oJ 


[U. /,U.»J 








x 6 


x 7 


^8 


Xg 


S d 


^o) 


[0.5,0.6] 


[0.6,0.7] 


[0.5,0.6] 


[0.4,0.55] 


[0.8,0.85] 


Sd 


[xi) 


[0.5,0.65] 


[0.3,0.5] 


[0.6,0.65] 


[0.5,0.7] 


[0.3,0.5] 


S d 


^2) 


[0.6,0.7] 


[0.6,0.7] 


[0.4,0.75] 


[0.4,0.55] 


[0.6,0.7] 


Sd 


^3) 


[0.5,0.65] 


[0.2,0.5] 


[0.6,0.75] 


[0.7,0.75] 


[0.2,0.5] 


Sd 


[xi) 


[0.1,0.35] 


[0.6,0.7] 


[0.4,0.5] 


[0.7,0.8] 


[0.7,0.8] 


Sd 


^5) 


T 


[0.5,0.65] 


[0.4,0.5] 


[0.7,0.75] 


[0.5,0.65] 


Sd 


[xe) 


[0.5,0.65] 


T 


[0.6,0.7] 


[0.6,0.75] 


[0.1,0.2] 


Sd 




[0.4,0.5] 


[0.6,0.7] 


T 


[0.7,0.75] 


[0.6,0.75] 


Sd 




[0.7,0.75] 


[0.6,0.75] 


[0.7,0.75] 


T 


[0.7,0.75] 


Sd 


'^9) 


[0.5,0.65] 


[0.6,0.75] 


[0.6,0.75] 


[0.7,0.75] 


T 



(2) //Vie U, Rb(Sd(x)) = Ra(Sd(x)), then B is called a upper ap- 
proximation consistent set of S; If B is a upper approximation consistent set 
of S and V C C B,x G U, Rc(Sd(x)) 7^ Ra(Sd( x )), then B is called a upper 
approximation reduction of S. 

Theorem 3.4. Let S — (U, A U D) be a IVF decision information system. 
Denote U/R D = {S D (x) : x G U}. 

(1) B C A is a lower approximation consistent set of S //V x, y, z £ U, 
RA(S D (x))(y) ? Ra{S d {x)){z), then [y] B n [z] B = 0. 

(2) B C A is a upper approximation consistent set of S //V i,|/,z€ U. 
RX(S D (x))(y) + Ra(S d (x))(z), then [y] B n [z] B = 0. 

Proof. (1) " =^> " Let -B be a lower approximation consistent set of S 1 . 
Then y xeU, R B (S D (x)) = Ra(S d (x)). Thus V x, y, z e U, 

RB(S D (x))(y) = RA(S D (x))(y), Rb(S d (x))(z) = Ra(S d (x))(z). 

Since Ra{S d (x)) {y) ^ Ra{S d {x)){z), we have Rb(Sd(x))(v) + Rb(S d (x))(z), 
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Then 

/\ S D (x)(u) 56 /\ S D (a;)(u). 

»6[»]b "£[z]b 

Thus [y] B n = 0 

" <*= " Since = U{[z]a : z E [y] B }, we have 

RB(S D (x))(y) = A S D (a;)(«) = A{&(x)(u):«e U Ma} 

= A : u e [z] A ] - A A S D (x)(u) 

z£[v]b ze[y] B ue[z] A 

= A Ra(S d (x))(z). 

ze[y] B 

If z e [y] B , then n [z] B ^ 0- By the Hypothesis, R A (S D (x))(y) = 
Ra(S d (x))(z). So 

RB(S D (x))(y) = flA(S D (i))(»). 



Thus V a; G E7, Rb{S d {x)) = Ra(S d (x)). 
Hence £? is a lower approximation consistent set of S. 
(2) The proof is similar to (1). □ 

Definition 3.5. Let S = (U, A U D) be a IVF decision information system. 
Denote U/R D = {S D (x) : x G U}. 
V x,y, z G U , denote 

n( ,,_j {«(£ A : 04(1/) ^ 0i (z)}, ^(Sct^W/flxlSDWlW, 
— j ~ 1 A, ^(Sd(i))(!,) = flA(S D (x))(z). 

5(2/,*)-/ {«i e A : Oi(i/) ^ 0i (z)}, flI(Sr.(x))(i/) # iU(S D (x))(z), 



{J 1 



i?A(S D (a;))(y) = R A (S D (x))(z). 



D(y, z) and D(y, z) are called the lower and upper approximation attribute 
set of y and z in S, respectively. 

Theorem 3.6. Let S = (U,A\JD) be a LVF decision information system. 
Denote U/R D = {S D (x) : x G U}. Then V B C A, 

(1) B is a lower approximation consistent set of S V y, z G U , B n 

(2) B is a upper approximation consistent set of S ^=^> V y, z G U , B n 
D(y,z)^<D. 

Proof. (1) " " Suppose B is a lower approximation consistent set of S. 

If RA(S D (x))(y) + Ra{S d {x)){z), then by Theorem 3.4(1), [y] B n [«] B = 0. 
So there exists a io G -B such that di 0 (y) ^ a io (z). Then 

tt, o eBn{a,eA: <n(y) ^ a,(z)} = B n I>(y, «). 

Thus B n £>(y, z) ^ 0. 

If RA(S D (x))(y) = : R A (5 I) (x))(z), then B n z) = Bni = B^0. 
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" <= " Suppose B n D(y, z) + 0. If Ra{S d {x)){ V ) ± Ra{S d {x)){z), then 
B n D(y, z) = Bn{ ai eA: a t (y) + a t {z)} + 0. 

So [y] B n [z] B = 0- 

By Theorem 3.4(1), B is a lower approximation consistent set of 5*. 
(2) The proof is similar to (1). □ 

Example 3.7. Consider Example 3.2. 
(1) U/R A = {X 1 ,X 2 ,X 3 ,X i ,X 5 } 

= {{xo, x 2 ,x s }, {xi, x 6 , x 9 }, {x 3 }, {x 4 , x 7 }, {x 5 }}. 

We need to calculate RA (Sp(xo))(Xi). 

RAjSpixo))^!) = /\ S D (xo)(y) = Sd(xo)(xo)/\Sd(xo)(x 2 )/\Sd{xo){xs) 
= Ta [0.2,0.3] A [0.4,0.55] = [0.2,0.3]. 

Similarly, Ra{S d {x 0 )){X 2 ) = [0.5,0.65], Ra(S d (x 0 ))(X 3 ) = [0.7,0.8], 

Ra(Sd(x 0 ))(X 4 ) = [0.5,0.5], Ra(S d (x q ))(X 5 ) = [0.5,0.6]. 

Denote 

X-\ X? X>i Xa Xk 

Ra(S d (x 0 )) = ^ - \ - + ^ - \ ' + r „ - I - + rn r * r1 + 



[0.2,0.3] [0.5,0.65] [0.7,0.8] [0.5,0.5] [0.5,0.6] 

We can also calculate RA(So{xi)) (i — 1,2,3,4,5,6,7,8,9). They record in 
Table 3. 

(2) Put B = {ai,a 2 }. Obviously, 

U/R B = {X 1 ,X 2 ,X 3 ,X 4 {JX 5 } = {{x 0 ,x 2 ,x$},{x 1 ,x 6 ,x 9 },{x 3 },{x 4 ,x 5 ,x 7 }}. 

We can calculate Rs(SD(xi)) (i = 0,1,2,3,4,5,6,7,8,9). They record in 
Table 4- 

By table 3 and table 4, B = {a\,a 2 } is not a lower approximation consistent 
set of S. 

Thus B is not a lower approximation reduction of S. 

4 Conclusions 

In this paper, we have researched lower approximation rcducts and upper 
approximation reducts in IVF decision information systems. In future work, we 
will investigate knowledge acquisition in IVF decision information systems.. 
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Table 3: RA(S D {xi)) 





x 1 


x 2 


X 3 


Xi 


X 5 


R A (S D (x 0 )) 


[0.2,0.3] 


[0.5,0.65] 


[0.7,0.8] 


[0.5,0.5] 


[0.5,0.6] 


Ra(S d ( Xi )) 


[0.5,0.65] 


[0.3,0.5] 


[0.3,0.5] 


[0.6,0.65] 


[0.5,0.65] 


Ra{S d {x 2 )) 


[0.2,0.3] 


[0.5,0.7] 


[0.6,0.7] 


[0.4,0.75] 


[0.6.0.7] 


Ra( s d(x 3 )) 


[0.6,0.7] 


[0.2,0.5] 


T 


[0.6,0.75] 


[0.5,0.65] 


R A {S D {xi)) 


[0.5,0.6] 


[0.6,0.65] 


[0.7,0.8] 


[0.4,0.5] 


[0.1,0.35] 


RA{S D {x b )) 


[0.5,0.6]] 


[0.5,0.65] 


[0.5,0.65] 


[0.1,0.35] 


T 


R A (S D (x 6 )) 


[0.6,0.7] 


[0.1,0.2] 


[0.2,0.5] 


[0.6,0.7] 


[0.5,0.65] 


Ra(S d (x 7 )) 


[0.4,0.6] 


[0.6,0.65] 


[0.6,0.75] 


[0.4,0.5] 


[0.4,0.5] 


Ra(S d (x 8 )) 


[0.4,0.55] 


[0.5,0.7] 


[0.7,0.75] 


[0.7,0.75] 


[0.7,0.75] 


Ra(S d (x 9 )) 


[0.6,0.7] 


[0.3,0.5] 


[0.2,0.5] 


[0.6,0.75] 


[0.5,0.65] 



Table 4: R B (S D ( Xl )) 





x 1 


x 2 


X 3 


X 4 UX 5 


R B (S D (x 0 )) 


[0.2,0.3] 


[0.5,0.65] 


[0.7,0.8] 


[0.5,0.5] 


Rb(Sd(xi)) 


[0.5,0.65] 


[0.3,0.5] 


[0.3,0.5] 


[0.5,0.65] 


Rb(Sd(x 2 )) 


[0.2,0.3] 


[0.5,0.7] 


[0.6,0.7] 


[0.4,0.7] 


Rb( S d(x 3 )) 


[0.6,0.7] 


[0.2,0.5] 


T 


[0.5,0.65] 


Rb(Sd(X4)) 


[0.5,0.6] 


[0.6,0.65] 


[0.7,0.8] 


[0.1,0.35] 


Rb(S d (x 5 )) 


[0.5,0.6]] 


[0.5,0.65] 


[0.5,0.65] 


[0.1,0.35]] 


Rb(S d (x 6 )) 


[0.6,0.7] 


[0.1,0.2] 


[0.2,0.5] 


[0.5,0.65] 


Rb(S d (x 7 )) 


[0.4,0.6] 


[0.6,0.65] 


[0.6,0.75] 


[0.4,0.5]] 


Rb(S d (x s )) 


[0.4,0.55] 


[0.5,0.7] 


[0.7,0.75] 


[0.7,0.75]] 


Rb(S d (x 9 )) 


[0.6,0.7] 


[0.3,0.5] 


[0.2,0.5] 


[0.5,0.65] 
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The covering method for attribute reductions of 

concept lattices * 

Neiping Chen t Xun Ge* 
February 14, 2014 

Abstract: This paper investigates methods for attribute reductions of con- 
cept lattices. We establish the relationship between attribute reductions of the 
object oriented concept lattice generated by a formal context and covering reduc- 
tions of the covering approximation space induced by the same formal context, 
and then present the covering method to compute all attribute reductions of 
this object oriented concept lattices. Moreover, we give an example to compute 
all attribute or object reductions of the object oriented concept lattice and all 
reductions of a formal context by using this method, which illustrates that this 
method is effective and simple. 

Keywords: Formal context; Reduction; Concept lattice; Covering method; 
Covering approximation space. 

1 Introduction 

Formal concept analysis (FCA), proposed by Willc [7, 12], is an important 
theory for data analysis and knowledge discovery. Two basic notions in FCA 
are formal contexts and formal concepts. The set of all formal concepts of a 
formal context forms a complete lattice, called the concept lattice of the formal 
context, to reflect the relationship of generalization and specialization among the 
concepts. Up to now, FCA has been applied to information retrieval, database 
management systems, software engineering and other aspects (see [2, 4, 6, 9, 13]). 

Attribute reductions of concept lattices are one of the key issues in FCA 
or concept lattice theory and there have been many studies on this topic. For 
example, Ganter et al. [7] discussed the knowledge reduction issue by removing 
the reducible objects and attributes of a formal context. Zhang et al. [18] 
proposed a knowledge reduction method in formal contexts from the viewpoint 
of lattice isomorphism. Liu et al. [10] put forward reduction method for concept 

*This work is supported by the National Natural Science Foundation of China (No. 
11226085, 11061004). 

t School of Mathematics and Statistics, Hunan University of Commerce, Changsha 410205, 
China, ncipingchcnl00@126.com 

t Corresponding Author, School of Mathematical Sciences, Soochow University, Suzhou 
215006, China, zhugcxun@163.com 
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lattices based on rough set theory. Wei et al. [15] investigated the problem of 
knowledge reduction in decision formal contexts by defining two partial orders 
between the conditional and the decision concept lattices. Based on granular 
computing, Wu et al. [14] presented a novel reduction method for decision 
formal contexts. 

The purpose of this paper is to give the covering method for attribute re- 
ductions of concept lattices. 

2 Preliminaries 

In this section, we recall some basic concepts of formal contexts, concept 
lattices and covering approximation spaces. 

Definition 2.1 ([7]). Let U be a finite set of objects, A be a finite set of features 
or attributes, and R be a binary relation onU x A (i.e., RC U x A). The triple 
(U, A, R) is called a formal context. 

Remark 2.2. Let (U, A, R) be a formal context. Ln this paper, we use the 
following notations. 

(1) (u,a) e R is also written as uRa, which means that the object u possesses 
the feature or attribute a. 

(2) Let u E U and a E A, uR = {a E A : uRa} C A and Ra = {u E U : 
uRa} C U. Thus, uRa a E uR u E Ra. 

(3) Let X E2 U and B C A. XR = \J{uR : u E X} and RB = \J{Ra : a E 

B}. 

(4) Let B C A. (U,B,R') denotes a formal subcontext of (U, A, R) , where 
R' = Rf](U x B). 

In this paper, all formal context arc assumed to be regular, where a formal 
context (U, A, R) is regular if for each u E U and each a E A, uR ^ 0, uR ^ A, 
Ra^% and Ra ^ U. 

Definition 2.3. Let(U,A,R) be a formal context. Then a pair of approximation 
operators □ : 2 U — > 2 A and 0 : 2 A — > 2 U are respectively defined as follows, 
where X E2 U and B C A. 

X a = {a E A:VuE U{uRa => u E X)} = {a E A : Ra C X}. 

B<> = {u E U : 3a E A(uRa f\a E B)} = {u E U : uRf]B^ 0} = \J{Ra : 
aE B} = RB. 

Definition 2.4 ([16, 17]). Let {U,A,R) be a formal context, X E 2 U and B C A. 

The ordered pair (X, B) is called an object oriented concept , if X = B^ and 
B = X a . X and B are called the extension and the intension of the object 
oriented concept (X,B), respectively. 

In other words, an object oriented concept is an ordered pair {X, B), where 
X is the set of objects, each of which possesses at least one attribute in B, and 
B is the set of attributes, each of which is possessed by one or some objects only 
in X. 

2 
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Remark 2.5. Let (U, A, R) be a formal context and X G 2 U . It is clear that X is 
the extension of an object oriented concept of (U, A, R) if and only if X a ^ = X . 

Definition 2.6 ([16]). Let (U,A,R) be a formal context. Put 

T>(U,A,R) = {(X,B) : (X,B) is an object oriented concept of (U,A,R)}. 

Then T>(U, A, R) forms a complete lattice and is called an object oriented concept 
lattice generated by (U,A,R), in which the meet V and the join f\ of any two 
object oriented concepts are respectively defined as follows: 

(Xi.-Bi) \/(*2, B 2 ) = (X, |J X 2 , (X 1 \JX 2 ) n ) = (X 1 \JX 2 , (B 1 |J B 2 f n ), 

(X 1 ,B 1 ) f\(X 2 ,B 2 ) = ((^pl^O^n^) = ((X^X^^B^BJ. 

Definition 2.7 ([10]). Let (Xi,Bi) and (X 2 ,B 2 ) be two object oriented con- 
cepts of a formal context (U,A,R). If Xi C X 2 , which is equivalent to B\ C B 2 , 
(Xi,Bi) is called a sub-concept of (X 2 ,B 2 ), and (X 2 ,B 2 ) is called a super- 
concept of (Xi,Bi), i.e., (Xi,Bi) < (X 2 ,B 2 ). The relation < is the hierar- 
chical order of the concepts. Furthermore, an object oriented concept (X, B) G 
V(U,A,R) is said to be minimal , if X = X' and B = B' whenever (X',B') G 
V{U,A,R) and {X',B') < (X,B). 

Definition 2.8 ([10]). Let V(U, A 1 , i?i) and V(U,A 2 ,R 2 ) be two object ori- 
ented concept lattices. If there exists a bijective function h : T>(U, A\, R\) — ► 
V{U,A 2 ,R 2 ) such thath{{X 1 ,B 1 )\J(X 2 ,B 2 )) = h{{X 1 ,B 1 ))\Jh((X 2 ,B 2 )) and 
h{{X u Bi) MX 2 , B 2 )) = h{{X u Bx)) A h((X 2 , B 2 )) for whenever (Xi, B\), (X 2 ,B 2 ) G 
T>(U,Ai,Ri), then T>(U,Ai,Ri) and V(U,A 2 ,R 2 ) are said to be isomorphic, 
which is denoted by T>(U, A\, R\) =V(U,A 2 ,R 2 ). 

Remark 2.9 ([10]). According to Definition 2.8, we have that the structures 
and the hierarchical orders of two isomorphic concept lattices are identical. 

Definition 2.10 ([10]). Let T>(U, A, R) be an object oriented concept lattice. 

(1) Let [3 G A. Then attribute (3 is said to be dispensable in T>(U, A, R) , 
ifV(U,A,R) = V(U, A - {(3},Rf](U x (A - {/?}))); otherwise, attribute a is 
indispensable in T>(U, A, R). 

(2) Let attributes set B C A. Then B is called a consistent set ofD(U, A, R) 
, ifV(U,A,R) = V(U,B,Rf](U x B)). 

(3) Let attributes set B C A be a consistent set of T>(U, A, R) . Then B is 
called an attribute reduction ofV(U, A, R) , if for whenever (3 G B, T>(U, A, R) ^ 
V(U, B -{/?}, Rf)(U x (B -{/?}))). 

Definition 2.11 ([10]). Let V(U,A,R) be an object oriented concept lattice. 

(1) Let u G U. Then object v is said to be dispensable in T>(U,A,R) , if 
T>(U,A,R) = V(U - {v}, A,Rf]((U - {v}) x A)); otherwise, object v is indis- 
pensable in T>(U, A, R). 

(2) Let objects set V C U. Then V is called a consistent set ofV(U,A,R) , 
if V(U, A, R) = V(V, A,Rf](V x A)). 
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(3) Let objects set V C U be a consistent set of T>(U, A, R) . Then V is 
called an object reduction of T>(U, A, R) , if for whenever v € V, T>(U, A, R) ^ 
V(V-{v},A,Rr\((V-{v})xA)). 

Definition 2.12 ([10]). Let (U,A,R) be a formal context, V C U and B C A. 
then formal context (V, B,Rf](V x B)) is called a reduction of (U, A, R) , ifV 
and B are an object reduction and an attribute reduction of the object oriented 
concept lattice T>(U,A,R), respectively. 

Remark 2.13. Note that there is a dual relation between attribute reductions 
and object reductions in the object oriented concept lattice T>(U, A, R). So this 
paper only gives some investigations for attribute reductions in T>(U, A, R). All 
results for object reductions in T>{U, A, R) can be obtained by the same methods. 

Definition 2.14 ([1]). Let U, the universe of discourse, be a finite set and C 
be a family of subsets of U . 

(1) C is called a covering ofU, if U is the union of elements of C. 

(2) The pair (U,C) is called a covering approximation space, ifC is a covering 
ofU. 

Definition 2.15 ([8]). Let (U,C) be a covering approximation space. Put 2? = 
{{J J- : T C C}. Then 2? is called the generalized topology on U induced by C 
and C is called a base for 3* . 

Definition 2.16 ([19, 20]). Let (U,C) be a covering approximation space. 

(1) Let K e C. K is called a reducible element of C , if K — \\ T for some 
T C C — {K}; otherwise, K is called an irreducible element of C. 

(2) C is called irreducible , if K is an irreducible element ofC for each K e C; 
otherwise C is called reducible. 

Let (U,C) be a covering approximation space. It is known that C — {K} 
is still a covering of U if K is a reducible element of C [20]. It follows that a 
reduction of a covering can be computed by deleting one reducible clement in a 
step [19]. 

Definition 2.17 ([19, 20]). Let (U,C) be a covering approximation space. If K\ 
is a reducible element of C, K 2 is a reducible element of C — {-f^i}, ■ ■ ■, K n is a 
reducible element of C — {Ki,K2, ■ ■ ■ ,K n -\} and C = C — {K\,K2, ■ ■ ■ , K n } is 
irreducible, then C is called a reduction (more precisely, covering reduction) of 
C. 

In particularly, C is a reduction of C if C is irreducible. 

Definition 2.18. (1 ) Let (U, A, R) be a formal context. Put C = {Ra : a e A}. 

Then (U,C) is a covering approximation space and it is called to be induced by 
(U,A,R). 

(2) Let (U,C) be a covering approximation space, where C — {K a : a € A}. 
Give a binary relation R on U x A: uRa if and only if u e K a . Then (U, A, R) 
is a formal context and it is called to be induced by (U,C). 
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Remark 2.19. There is such a case for a formal context (£7, A, R): "Ra = R(3 

for some a, f3 € A". So, for the sake of conveniences, we allow that K = K' for 
some K',K' G C for a covering approximation space (U,C) in the discussion of 
this paper. 

3 The main results 

In this section, based on the relationship between attribute reductions of 
T>(U, A, R) and covering reductions of (U, C) where (U, A, R) is a formal context, 
T>(U, A, R) is the object oriented concept lattice generated by (U, A, R), (U, C) is 
the covering approximation spaces induced by (U, A, R), we present the covering 
method to compute all attribute reductions of V{U, A, R). 

Let (U,C) be a covering approximation space, where C = {K a : a G A}. For 
B C A, we denote 

C B = {K a :aeB} and {JC B = \J{K a :aeB}. 

Obviously, C A = C and {JC A = U. 

Proposition 3.1. Let (U,A,R) be a formal context and let (U,C) be a covering 
approximation space. 

(1) If (U, A, R) is induced by (U,C), then (U,C) is induced by {U,A,R). 

(2) If {U,C) is induced by (U,A,R), then {U,A,R) is induced by (C/,C). 

Proof. (1) Let (U,A,R) be induced by (U,C), where C = {K a : a e A}. Then, 
for each u £ U and each a € A, uRa if and only if u G K a . Let (U,C) be a 
covering approximation space induced by (U, A, R). Then C = {Ra : a G A}. 
We only need to prove that C = C . Let a G A, it suffices to show that Ra = K a . 
In fact, u G Ra if and only if uRa if and only if u G K a , so Ra = K a . 

(2) Let (U,C) be induced by (U,A,R). Then C = {Ra : a G A}. Let 
(U, A, R') be a formal context induced by (U, C) . It suffices to show that R — R'. 
In fact, for each u G U and each a G A, (u, a) G R if and only if u G Ra if and 
only if (u, a) G R' , so R = R' . □ 

Remark 3.2. Let (U,A,R) be a formal context, and let (U,C) be a covering 
approximation space induced by (U,A,R), where C = {K a : a G ^4}. Then 
K a = Ra for each a G A and [J{K a : a G B} = RB for each B C A. 

Proposition 3.3. Let (U,C) be a covering approximation space and (U,A,R) 
be a formal context induced by (U,C). Then the following are equivalent for 
X G 2 U . 

(1) X is the extension of an object oriented concept of (U, A, R). 

(2) X G ST , where £? is the generalized topology on U induced by C. 

Proof. Let C = {K a : a e A}. Since {U,A,R) is induced by (U,C), (U,C) 
is induced by (U, A, R) by Proposition 3.1. So K a — Ra for each a G A by 
Remark 3.2. 
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(1) (2): Assume that A is the extension of an object oriented concept 
of (U,A,R). Then A = X a<) by Remark 2.8. Note that A D C A So X = 
[j{Ra : a G X a } = {J{K a : a G X a }. This proves that X is the union of some 
elements of C, and hence le J. 

(2) (1): Assume that X G ST. Since X u = {[3 G A : R/3 C X}, 
X a< > = \J{R/3 : (3 G A n }. For each /3 G A D , C X, hence A D<> = U{#/3 : 
(3 G A D } C X. Sine X G then there exists a subset B of A such that 
X = \J{K a : a E B}. For each a G B, Ra = K a C A, so a G X n , hence 
K a = RaC \J{R(] : /3 g A a } = A D °. It follows that X = \J{K a : a G B} C 
A n< \ Consequently, A 0 ^ = A. By Remark 2.8, A is the extension of an object 
oriented concept of (U, A, R). □ 

By the proof of Proposition 3.3, we have the following remark. 

Remark 3.4. Let (U,A,R) be a formal context, and let (U,C) be a covering 
approximation space induced by (U, A,R). If X G 2 U and B C A, then (A, B) G 
V(U, A, R) if and only ifX = {JC B 

Lemma 3.5. Let (U,A,R) be a formal context and (U,B,R') be a formal sub- 
context of (U, A, R). For X G 2 U and D C B, put 

A° = {a G B : Vx G U{xR'a x G A)} = {a G B : R'a C A}; 

D% = {x G U : 3a G B{xR'a/\a G £>)} = {x G C/ : xR' f| D ^ 0} = 
U{i?'« : en G D} = R'D. 

Then the following hold. 

(1) A° = X n f]B. 

(2) D% = D*. 

Proof. (1) Let a G Xjj. Then a G B. For each a; G U, if (a;, a) G -R, then 
{x,a) G i?f|(^ x B) = R', i.e., a:i?'a, hence .t G A. It follows that a E X a . So 
a G A D P| B. Conversely, let a G A D f| 5, then a E B. Since a G A D , for each 
a; € 17, if (x, a) G i?' C i?, then a; G X. It follows that a G A§. Consequently, 

x° = A°ns- 

(2) It is suffices to prove that R'a = Ra for each a G D. For each a G 
D C B, (x,a) E R if and only if (a;, a) G 7? P|(C7 x B), so R'a = {x : (x,a) G 
Rf](U x B)} = {x : (x, a) G R} = Ra. □ 

Theorem 3.6. Let {U,Ai,R\) and (U,A 2 ,R 2 ) be two formal contexts, and let 
(U,Ci) and (U, C 2 ) be two covering approximation spaces induced by (U,A\,R\) 
and (U,A 2 ,R 2 ) respectively. Then the following are equivalent. 

(1) V(U,A 1 ,R 1 ) = V(U,A 2 ,R 2 ). 

(2) 2?\ = .^2, where .9\ and ,^ 2 are the generalized topologies on U induced 
by Ci and C 2 respectively. 

Proof. By Remark 2.9, we can use the following equivalent definition of isomor- 
phism between two object oriented concept lattices T>(U, A\,R\) and T>(U, A 2 ,R 2 ) 
in the following proof, which was given by Zhang et al. in [18]. T>(U, A\, R\) and 
T>(U, A 2 ,R 2 ) are said to be isomorphic if whenever A G 2 U , X is the extension 
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of an object oriented concept of T>{U, A\, i?i) if and only if X is the extension 
of an object oriented concept of T>(U, A 2 , R 2 ). 

(1) =*> (2): Assume that V{U,A U R{) = T>(U,A 2 ,R 2 ). Let X x e then 
Xi is the extension of an object oriented concept of (U, Ax,Ri) by Proposition 
3.3. Since T>(U,A\,Ri) = T>(U, A 2 , R 2 ), there exists the extension X 2 of an 
object oriented concept of (U, A 2 ,R 2 ) such that X\ = X 2 . By Proposition 3.3, 
X 2 e ^2, and hence X 1 e 2f 2 . This proves that ST\<^ ST 2 . Similarly ST 2 C ^. 
It follows that = 

(2) =>■ (1): Assume that = 2? 2 . By Proposition 3.3, X is the extension 
of an object oriented concept of (U, Ax, Rx) if and only if X <G and X is the 
extension of an object oriented concept of (U,A 2 ,R 2 ) if and only if X e 2? 2 . It 
follows that X is the extension of an object oriented concept of {U,A\,R\) if 
and only if X is the extension of an object oriented concept of (U, A 2 , R 2 ). So 
V(U,A 1 ,R 1 )=V(U,A 2 ,R 2 ). ' □ 

Corollary 3.7. Let (U,A,R) be a formal context and let (U,C) be a covering 
approximation space induced by the (U, A, R). Then the following are equivalent 
for B CA. 

(1) B is a consistent set of the object oriented concept lattice T>(U, A, R). 

(2) Cb is a base for , where ,^ is the generalized topologies on U induced 
byC. 

Lemma 3.8. Let {U,C) be a covering approximation space, where C = {K a : 
a G A}, and let (U,A,R) be a formal context induced by the (U,C). Then the 
following are equivalent for (3 G A. 

(1) (3 is a dispensable attribute in the object oriented concept lattice V(U, A, R) . 

(2) Kp is a reducible element of C. 

Proof. (1) (2): Assume that (3 is a dispensable attribute in T>(U, A, R). By 
[10, Property 3.1], there exists B C A - {/3} such that R(3 = RB It follows that 
Kp — [J{K a : a e B} from Remark 3.2. That is Kp is a reducible clement of 
C. 

(2) (1): It is obtained by reverting the proof of the above (1) (2). □ 

Lemma 3.9. Let (U,C) be a covering approximation space where C = {K a : 
a e A} and let B C A. Then the following are equivalent. 

(1) Cb is a reduction of C. 

(2) Cb is an irreducible base for 3~ , where £f is the generalized topologies 
on U induced by C. 

Proof. Let & be the generalized topologies on U induced by C. 

(1) (2): Assume that Cb is a reduction of C. Let Cb = C—{K\,K 2 , - ■ ■ , K n } 
described as in Definition 2.14. Then Cb is irreducible. Clearly, we only need to 
prove that Ki is the union of some elements of Cb for each i E {1, 2, • • • , n}. In 
fact, since K n is a reducible clement of C — {K\, K 2 , • • • , if n _i}, K n is the union 
of some elements of (C — {K\, K 2 , ■ ■ ■ , K n _\\) — {K n } = Cb- Similarly, since 
K n _i is a reducible element of C — {K\,K 2 , ■ ■ ■ ,K n _ 2 }, K n _\ is the union of 
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some elements of (C - {K 1 ,K 2} ■■■ , K n _ 2 }) - {K n -x} = C B [}{K n }. Note that 
K n is the union of some elements of Cb ■ So K „_ i is the union of some elements of 
Cb- And so on, Ki is the union of some elements of Cb for i = n— 2, n— 3, • • • , 2, 1. 
Thus, the proof is completed. 

(2) =>■ (1): Assume that Cb is an irreducible base for 3~ . Let C — Cb = 
{Ki,K 2l • • • , K n }. For each i £ {1, 2, • • • , n}, since C C 2? and Cb is a base for 
3T, Ki is the union of some elements of C^. It follows that is a reducible ele- 
ment of C — {i^i, K 2 , ■ ■ ■ , -fQ-i}- On the other hand, Cb =C — {K\,Ki,---, K n } 
is irreducible. So Cb is a reduction of C. □ 

The following theorem gives the relationship between attribute reductions 
and covering reductions. 

Theorem 3.10. Let (U,A,R) be a formal context and let (U,C) be a covering 
approximation space induced by the (U,A,R), where C = {K a : a e A}. Then 
the following are equivalent for B C A. 

(1) B is an attribute reduction of the object oriented concept lattice T>(U, A, R) . 

(2) Cb is a reduction of C. 

Proof. Let & be the generalized topologies on U induced by C. 

(1) => (2): Assume that B is an attribute reduction of the object oriented 
concept lattice T>(U,A,R). By Lemma 3.9, we only need to prove that Cb 
is an irreducible base for . Note that B is a consistent set of T>(U, A, R). 
By Corollary 3.7, Cb is a base for It suffices to prove that Cb is irre- 
ducible. Whenever (3 £ B. Since B is an attribute reduction of T>(U, A, R), 
V(U,A,R) ^ V(U,B - {(3},Rf){U x (B - {/?}))), i.e., p is a indispensable 
attribute in T>(U, A, R). By Lemma 3.8, Kp is a irreducible element of C. Fur- 
thermore, Kp is a irreducible element of Cb- So Cb is irreducible. 

(2) (1): Assume that Cb is a reduction of C. By Lemma 3.9, Cb is 
an irreducible base for 3~ . By Corollary 3.7, B is a consistent set of the ob- 
ject oriented concept lattice T>(U, A, R) It suffices to prove that T>(U, A, R) 
V(U, B-{f3},Rf)(Ux(B-{f3}))) for whenever /3 e B. In fact, if not, then there 
exists 13 € B such that V(U,A,R) V(U, B -{/?}, Rf](U x (B -{/?})))• Note 
that £>(£/, A, i?) = ©(^B^fK^ x So £>(£/, B, i?f|(^ x B )) - V{U,B- 
{0},Rf)(Ux (B — {/?}))). i.e., /? is a dispensable attribute in £>({/, B, x 
B)). By Lemma 3.8, Kp is a reducible element of Cb. This contradicts that Cb 
is irreducible. □ 

Lemma 3.11. Let (U,C) be a covering approximation space. If C\ and C 2 are 
two reductions of C, then C\ = C 2 . 

Proof. Let C\ and C 2 be two reductions of C and & be the generalized topologies 
on U induced by C . Then C\ and C 2 are two irreducible base for 3~ from Lemma 
3.9. Let K e Ci, then there is T C C 2 } such that if = \}T. Since Ci is 
irreducible, K is not a reducible element of Ci, i.e., K is not a union of some 
elements of C\ — {K}. It follows that there is K' e T such that K' is not 
a union of some elements of C\ — {K}. Note that C\ is a base. So there is 
T 1 C Ci} such that = 1J J"' and K e J 7 ' . Thus, we have KD K' DK, hence 
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K = K' C T C C 2 . This proves that C\ C C2. By the same way, we can prove 
that C2 C Ci . Consequently, Ci = C2 . □ 

Corollary 3.12. Let (U,A,R) be a formal context. If Bi and B 2 are two at- 
tribute reductions of the object oriented concept lattice T>(U, A, R) , then £%B\ = 
2%B 2 , where MBi = {R/3 : (3 e B t } for i = 1, 2. 

In particularly, if Bi and B 2 are two attribute reductions ofT>(U,A,R), then 
\Bi\ = \B 2 \, where \A\ denotes the cardinal number of A for a set A. 

By Corollary 3.12, we have the following theorem, which give the covering 
method to compute all attribute reductions of the object oriented concept lattice 
V(U,A,R). 

Theorem 3.13. Let ([/, A, R) be a formal context and let £ be the family of 
all attribute reductions of the object oriented concept lattice T>(U,A,R). If B = 
{01,02, • • • 7 Pn} is an attribute reduction ofV(U, A, R), then £ — {{oil, a 2 , • • • , ot n } : 
Rcti = Rf3i, i = 1,2, • • • ,n}. 

Just as stated in Remark 2.13, all results for object reductions of the object 
oriented concept lattice T>(U, A, R) can be obtained by the same method, and 
we omit these results. 

The following is an example of a formal context (U,A,R), which comes from 
[10, Table 1]. As an application of results in this paper, we use the covering 
method to compute easily attribute or object reductions of T>(U,A,R) and re- 
ductions of (U, A, R), where T>(U,A,R) is the object oriented concept lattice 
generated by (U, A, R). 

Example 3.14. A formal context (U,A,R) is described as the following Table 
1, where U = {1,2,3,4,5,6}, A = {a,b,c,d,e, /}, and the number, which lies 
in the cross of the row labeled by i (i — 1,2,3,4, 5, 6) and the column labeled by 
t (t = a, b, c, d, e, f), is 1 or 0 by (i, t) G R or (i, t) £ R. 



Table 1: A formal context (U,A,R) 


a 


b 


c 


d 


e 


f 


1 1 


0 


0 


1 


0 


1 


2 1 


1 


0 


1 


1 


1 


3 0 


0 


0 


1 


0 


0 


4 0 


0 


1 


0 


1 


0 


5 1 


1 


0 


1 


1 


1 


6 0 


0 


1 


0 


1 


0 


(1) (U,A,R) induces a 


covering approximation space (U,C), where K a 




{1,2,5}, K b - 


{2,5}, K c -- 


= {4,6}, K d = 


{1,2,3,5}, K e = 


= {2,4,5,6}, K f 




{1, 2, 5}, and C 


= {K a : a 


€ A}. It is easy to see that K e 


= K b U K c , K f 




K a , and {K a , K b , K c , K d } 


is irreducible. 


So {K a , K b , K c , 


Kd} is a base for 
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the generalized topology induced by C. By Theorem 3.9, {K ai Kf,, K c , Kd} is a 
reduction ofC. It follows that {a, b, c, d} is an attribute reduction of the object 
oriented concept lattice T>(U, A, R) . Put £ is the family of all attribute reductions 
ofV{U,A,R). By Theorem 3.13, £ = {{a, b, c, d}, {b, c, d, /}}. 

(2) (U,A,R) induces a covering approximation space (A Ja f), where L\ = 
{a,d,f}, L 2 = {a,b,d,e,f}, L 3 = {d}, L 4 = {c,e}, L 5 = {a,b,d,e,f}, L 6 = 
{c, e}, and J? = {L u : u G U}. It is easy to see that L 2 = L$, L4 = Lq, and 
{Li, L 2 , £3, £4} is irreducible. So {Li, L%, £3, L4} is a base for the generalized 
topology induced by ^ . By Theorem 3.9, {L\, L 2 , £3, L4} is a reductions of J 1 . 
It follows that {1,2,3,4} is an object reduction of the object oriented concept 
lattice T>(U, A, R). Put Q is the family of all object reductions of T>(U,A,R). 
Then Q = {{1,2, 3, 4}, {1,2, 3, 6}, {1,3, 4, 5}, {1,3,5,6}}. 

(3) By the above (1) and (2), we can obtain eight reductions of (U,A,R), 
i.e., we can obtain a reduction (V, B, Rf](V x B)) of (U, A, R) for each V € Q 
and each B e £. For example, if we pick {1,2,3,6} G Q and {b,c,d,f} G £, 
then the following reductions of (U, A, R) is obtained. 



Table 2: A reduction of the formal context (U, A, R) 





b 


c 


d 


f 


1 


0 


0 


1 


1 


2 


1 


0 


1 


1 


3 


0 


0 


1 


0 


6 


0 


1 


0 


0 
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Abstract 

In this paper, a new iterative method for solving nonlinear equations is developed 
by using modified homotopy perturbation method. The convergence analysis of 
the proposed method is also given. The validity and efficiency of our method is 
illustrated by applying this new method along with some other existing methods 
on various test problems. 
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1 Introduction 

The construction of numerical methods for solving nonlinear equations has 
been a sweltring subject for many researchers. Consequently, many techniques 
like modified Adomian decomposition, fixed point, homotopy perturbation etc. 
have been developed for the purpose. [1-14]. 

Homotopy perturbation method(HPM) is to continuously transform a simple 
problem(easy to solve) into the under study problem(diflicult to solve). Be- 
cause of this fact, scientists and engineers have applied HPM extensively to 
linear and nonlinear problems. HPM was proposed first by He [15] in 1999 and 
systematical description which is, in fact, a coupling of traditional pertubation 
method and homotopy in topology [16]. This method then further improved 
by He and applied to nonlinear oscillator with discontinuities [17], nonlinear 
wave equation [18], asymptotology[19], boundary value problem [20], limit cy- 
cle and bifurcation of nonlinear problems [21] and many other fields. Thus 
He's method can be applied to solve various types of nonlinear equations. 
Subsequently, many kinds of linear and nonlinear problems have been dealt 
with HPM [22-28]. 

This paper presents a new numerical technique based on modified homotopy 
perturbation method to solve linear and nonlinear algebraic equations. The 
proposed method and a few existing methods are applied for comparison pur- 
pose to several test problems in order to reveal the accuracy and convergence 
of our method. 

We need the following results in the sequal. 

Theorem 1 [29]. Suppose f is continuous on [a, b] and differentiable in 
(o, b). Then there exists a point 5 G (a, b) such that 

f(y) = f(x) + (y- x)f'(x) + \{y - xff'{5). 

For the solution of nonlinear equation by fixed point iterative method, the 
equation / (x) — 0 is usually rewritten as 

x = g(x), (1) 

where 

(i) there exists [a, b] such that g (x) G [a, b] for all x G [a, b], 

(ii) there exists L > 0 such that \g' (x) \ < L < 1 for all x G (a, b). 
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Considering the following iterative scheme: 



x n+1 =g(x n ), n = 0,l,2,..., (2) 

and starting with a suitable initial approximation Xo, we build up a sequence 
of approximations, say {x n } , for the solution of the nonlinear equation, say 
a. The scheme will converge to the root a, provided that 

(i) the initial approximation xo is chosen in the interval [a, b] , 

(ii) g has a continuous derivative on (a, b) , 
(hi) \g' (x) | < 1 for all x G [a, b] , 

(iv) a < g(x) < b for all x G [a, b}. (see [30]) 

The order of the convergence for the sequence of approximations derived from 
an iterative method is defined in the literature as: 

Definition 1. Let {x n } converges to a. If there exists an integer constant p 
and real positive constant C such that 

(x n - af 

then p is called the order and C the constant of convergence. 

To determine the order of convergence of sequence {x n } , let us consider the 
Taylor expansion of g (x n ) : 



lim 

n^oo 



g (x n ) = g(x) + (x n - x ) + ^LA_1 ( Xn _ x f + ... + ^L_p ( Xn _ x f + ... 

(3) 

using Eq.(l) and Eq.(2) in Eq.(3), we have 

I ( \ ( \ I 9" ( x ) ( \2 , , g( k \x) / \fc , 

X n -\.\ X g \X) \X n X) "T 2] X J ~r ■■■ ~r g] -^J "T 

and state the following theorem: 

Theorem 2 [4]. Suppose g G C p [a,b}. If g (fc) (x) =0, for k = 1,2, and 
(x) 7^ 0, then the sequence {x n } is of order p. 



3 
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Definition 2. If an iterative method has order of convergence k with number 

i 

of evaluations in a single iteration e, then (A;) e is called the efficiency index 
of the method. For example, the efficiency index of Newton Raphson methed, 
Javidi method [31], Noor et al. method [32], Rafiq and Rafiullah method [11] 
and Algorithm 2 of the present paper are 1.41421, 1.31607, 1.44225, 1.44225 
and 1.44225 respectively. 



2 Modified homotopy perturbation method 

Consider the nonlinear algebraic equation 

f(x)=0, xe R. (4) 



We assume that r is a simple zero of Eq.(4) and a is an initial guess sufficiently 
close to r. Using Theorem 1 around a for Eq.(4), we have 



/ («) + (x-a) f (a) + \ (x - af f" (5) = 0. (5) 

where 5 lies between x and a. 

We can rewrite Eq. (5) in the following form 

x = c + N(x), (6) 

where 



/'(a) 



and 



1 f" (5) 

To illustrate the basic idea of modified homotopy perturbation method, we 
construct a homotopy 0 : (R x [0, 1]) x it! — > R for Eq.(6), which satisfies 



4 
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Q(w,P,6) = zu-c-(3N(zu)+[3 2 (l -(3)6 = 0, 8,zueR and (3 G [0, 1] , 

(9) 

where 8 is unknown real number and (3 is embedding parameter. It is obvious 
that 



Q(w,0,8) = zu-c = 0, (10) 



Q(zu,l,8)=zu-c-N(zu) = 0, (11) 

The embedding parameter (3 monotonically increases from zero to unity as 
the trivial problem 0 (zu, 0,8) = zu — c = 0 is continuously deformed to 
original problem G (zu, 1,8) = w — c — N (zu) = 0. The modified HPM uses 
the homotopy parameter (3 as an expanding parameter to obtain (see [15] and 
the references there in) 



w = x 0 + /3x! + (3 2 x 2 + ... (12) 
The approximate solution of Eq.(4), therefore, can be readily obtained: 



r = lim zu = xr, + Xi + X2 + ■■■ (13) 

/3-»l 

The convergence of the series (13) has been proved by He [33]. 

For the application of modified HPM to Eq.(4), we can write Eq.(9) as follows 
by expanding N (zu) into a Taylor series around xq : 



w -c-P{N (x 0 )+(zu - x 0 ) ^p^+(w - x 0 ) 2 ^Jpl + ...} + [3 2 (1-/3)0 = 0. 

(14) 

Substituting Eq.(12) into Eq.(14) yields 

N' (x 0 ) , 



x 0 



+ pxi + f3 2 x 2 + ... - c - (3{N (x 0 ) + (x 0 + f3xi + (3 2 x 2 + ...-x 0 ) — j 
(x 0 + (3x, + (3 2 x 2 + ... - x 0 ) 2 ^p± + ...} + ^(1-^)8 = 0. (15) 
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By equating the terms with identical powers of f3, we have 

P° = Xq - c = o, (16) 

(3 1 = Xl - N (x 0 ) = 0, (17) 

p 2 = x 2 - XiN' (x 0 ) + 6 = 0, (18) 

f = x 3 - x 2 N' (x 0 ) - l -x\N" (x 0 ) -6 = 0. (19) 

We try to find parameter 9, such that 

x 2 = 0. (20) 

Hence by substituting x± = N (x 0 ) from Eq.(17) into Eq.(18), we have 

x 2 -N (x 0 ) N' (x 0 ) + 9 = 0. (21) 

Setting X2 = 0 into Eq.(21), we have 

9 = N (x 0 ) N' (x 0 ) . (22) 
Using Eq.(22), x\ — N (xq) , and x 2 = 0 into Eq.(19), we obtain 



xs = \n 2 (x 0 ) N" (x 0 ) + N (x 0 ) N' (x 0 ) . (23) 



where 



l [f(a)] 2 f" (6) 

2 if («)r 



^w = -;™, (24) 
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[/'(«)]' 

f" QT 
r (a) ' 



N "^) = -^r\- ( 26 ) 



Combining Eq.(7) and Eq.(16), we get 

*o = c = o:-— . (27) 
Now using equations(24)-(26) in Eq.(17) and Eq.(23), we have 



*, = -il/WlTW (28) 

and 



_ = _i f [/M] 4 [/"Wf + 4[/(«)f[/Mf[rWf \ f29 v 

Using equations(20), (27), (28) and (29) into Eq.(13), we obtain the solution 
of Eq. (4) as follows: 

r - x+x+x+x+ - a /(«) 1 I! («)] 2 g (S) 
r — xq + X\ + ^2 + + ••• — oe — — - — — — ttt, — 773 



/' («) 2 [/' (a)] 4 

1 ( [f (a)] 4 [f (6)f + Mf (a)f [f (a)] 2 [f" (d)] 2 ' 
8 V [/'(a)] 7 



(30) 



This formulations allows us to suggest the following iterative method for solv- 
ing nonlinear Eq.(4). 

Algorithm 1 [32] For a given w 0 , calculate the approximate solution w n+ \ by 
the iterative scheme 

W n +1 - W n fl{wn) 2 [f'(w n )] a ' 

y n = w n -j^; rw^o. 

Algorith 1 has sbeen suggested by Norr et al. [32] which we derive in this 
paper by using modified HPM. 
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Algorithm 2. For a given wq, calculate the approximate solution w n+ \ by 
the iterative scheme 

„, _ ... /K0 i \f{^)?f"{y n ) i ( f/(^)] 4 [/"fa»)] 3 +4[/( w »)] 3 [/'(^»)] 2 [r(i/n)] 2 



3 Convergence analysis 



We discuss the convergence analysis of algorithm 2. 

Theorem 3. Consider the nonlinear equation / (x) = 0. Suppose / is suffi- 
cently differentiable. Then for the iterative method defined by Algorithm 2, 
the convergence is at least of order 3. 

Proof: For the iteration function defined as in Algorithm 2, which has a 
fixed point r, let us define 



y = x - 



/'(*)' 



(31) 



and 



, _l(x) l[f(x)] 2 f"(y) 4 [f(x)f[f'(x)] 2 [f"(y)\ + [f(x)f [f"(y) 

g[x) — x 



fix) 2 [f( x )Y 



8 [/'(*)]' 



(32) 



We obtain the derivatives and the values of derivatives at r by using the 
software Mathematica. 



_ f{x) f"{x) _ f(x)f"(y) mx)] 2 f"{x)f"{y) 
g [x ) — r _ , r _ , -f- r _ , vn/i -f- 



2 [/'(*)]' 



7/"(*)(4[/(*)] 3 [/' (x)] 2 [/"(y)f + [/(x)] 4 [/"(^l 3 ) 



8 [/'(*)]' 



[/Wl'WHy) (12[/(x)] 2 [f (^)] 3 [/"(|/)] 2 + 8[/(x)] 3 /'W/"(x) [/"(</) 



8[/'(x)] 7 
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4[/(x)f/'W f"(y) 



+ 8 [f(x)f f"{x)f\y)f^{y) + 3[/WlV Wfa)l 3 /^>fa) 



(33) 



/'(*) 



2/' 3 (x) 



(4 [f\x)f [f{x)f [f"(y)} 2 + [/"(y)] 3 )(^g^ + ^) 



2[/"(x)] 2 / (3) (*K ntt w „ w-3/'W(v) , /(*)/"(x)/( 3 )(y) 



[/'(*)]* [/'(*)]' 



+ 



-)+ 



(7f"(x)(12[f(x)} 2 [f'(x)} 3 f"(y)- + S[f(x)rf(x)f"(x) f"(y) 



4[/(x)] 3 /'W /"(y) 



4 [/'(*) 



6/(3=) 


1/ 

f (*) 


2 

/ (3) (y) „ ,„., 


2/W 


a 

f (*) 


2 

/0O/ (3) (*)/ (3) (!/) 


1/ 

f (a) 


V>(») 


[/'(*) 


B 1 /'(a) 




[/'(*) 


3 [Z'M] 2 


[/'(a)] 


4 



-)) 



[/'(*)r 



(4 [/' (x)r (e/(x) [/' (x)] 31 + 3 [/(aor /"(x)) r (y) " + (12 [/wi 2 [f (*)f + 4 t/^r r^)) [/"(*)] 



8f' 7 (x) 
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24[f(x)]V»W^( B )]V(')( B ) + 24 [f{x)] 2 f{x){2f{x)r{x) [r{y) f + 2f(x)f"(x)f"(y)p\y)) 

8f' 7 (x) 



3/"(x) 



/ (y) 



f (3) (y) 6/(«) 



/'(*) 



[/'(*)] 



/ (f) 
3 — 



/Wfe) 3/(x) 
+ 



/'(v) 



V (3) (*)/ (3) (v) 



[7W 



+ 



8[/'(x)] 7 



6[/(^)] 2 


A*)" 


2 /"(?/)[/ (3) (?/)] 2 | 3[/(x)] 2 [/"(x)] 2 


'/"(*)' 




[/'(x)] 4 ' [/'(x)] 4 



4 [/(^)] 3 ( [/" (y)l 2 (2 [/" (ar)l 2 2f> (x)f^ (x)) + 



8/(x) 



f"(y)f (3) (y) 



f_M 



+ 



8[/'(*)] 7 



[fix)? { VWfM _ ^ 



f"(y)f (3) (y) 
■3 



8[/'(^)] 7 



2f(x)f"(y)f( 3 H^)f (3 Hy) , 2[/(a;)]2 




V^)]* ( 2[/(z)] 2 


/"(«)' 


V(y)/ (4) (v) 


[/'(x)] 2 ' [/'(x) 


[/'(x)] 4 



8[/'(^)] 7 



)))• (34) 



T) _ 3jfflf / (3) (s) , r(^)(-6/ / (^)/ // (^)-2/(x)/( 3 )(x)) w 2[/"(s)] 2 /^(x) , 



[/'(x)] 2 /'(*) 



2[/'(^)] 



3(-2 [/'(x)] 2 - 2/(,)f(,))(-™ + 



^n?^ + ]jf)( 12 ^)] 2 [f'M] 2 + 8 ^)] 3 /WW [/"(y) 



10 
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4 [/(*)] 3 /'(*) [/" (y)] 3 + 8 [f(x)] A f"(x)f" (y)/(3) (y) 



+ 



3[f(x)ff"(x) 



f"(y) 



ifET 



-)) 



W(x)f[f(x)] 2 



f"(y) +[/W] 4 /"(y) 



3 ^ - 504 lf"(x)] 3 _ 168rQr)/( 3 >Qr) 7/W(^ 
[/'(a:)] 1 " [/'(z)f ^ 8 J 



[f(*)] 4 [/'(*)]* [/'(*)]' 



f"(x)\ 3f^(x) 
lf'(x)f [f'{x)f 



6f(x) [/"(*)] 2 / (3) (y) 



rw/( 3) fo) 2/w 



/"(«) 



/'(*) [/'(*) 



-) + 



[/'(*)]' 



lf'(x)Y 



(21 f" (x) (4 [/' (x)] 2 (6/(x) [/'(x)] 2 + 3 [f{x)f f'{x)) f"(y) 



s [/'(*)]" 

(12[f(x)] 2 [f(x)f A[f{x)f f"(x))\f"(y) 



8 [/'(*)]' 



2A[f{x)] 4 f"{x) 


'/'(»)" 


2 / (3) fe) 


/'(*) 



8 [/'(*)]" 

24[/(x)] 2 /'W(2/'(x)r(x) f/'(y)l%2/(s)/'(y)^ s >(y)) 



[/^)] 4 ( 



3/"(x) 



/(») 



/ (3) fe) 6/(x) 



/'(*) 



/ (1/) 



/ (3) (?/) 3/(x) 
+ 



/"(V) 



[/'(*)] 



/( 3 'W/ (3) M 

2 



8 [/'(*)]' 



11 
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6[/(*)] 2 



fix) 



[/'(*)] 



/ (y) 

3 



/ iv) 



+ 



3[/(z)] S 



fix) 



f(y) 

s 



f w (y), 



■if'(x)r 



4[f(x)] 3 ([f"(y)} (2[f(x)] +2f(x)f( 3 \x)) 
8[/'(*)] 8 



fix) 



f"iy)f ) iy) 



fix) 



+ \f'(x)f 



' 2f"ix)f"(y)f( 3 )(y) 
fix) 

S[f'(x)] S 



4/(x) 



fix) 



f"iy)fHy) 



IfjxW 



+ 



2fix)f"(y)^Hx)f^(y) 2[f(x)] 2 [f"(x)] 2 [f^(y)} 2\f(x)] 2 \f'(x)] 2 f"(y)fW(y) m) 
[fix)] 2 _ [fix)] 4 [fjx)f >!!> 

8[f(x)f 



([/( 



3/(x)/"(x)(- 



+ /"(v)(— 



[/'(*)] 



36/"Qr)/( 3 >(:r) 
_ [fix)? 



3 fix) ) 
JfixY ) 



9/"(x)( 



/"M/ (3) (y) 
/'(*) 



L J , fML^lMf^lM^ 

[/'(*) 3 ' [f'(*)\ 2 

[fjxT 



f (*) 



/( 4 >(j/) 



-) + 



-3 


II 

f (*) 


2 

/( 3 )(y) 6/ (a) 

1 


II 

f (*) 


V 3 >(y) 


[/'(*)] 2 ' [/'(*) 


4 



2/( 3 )(z)/( 3 )(y) 


6/(x)/ (z)/( 3 >(aO/ (3) (v) /(x)/( 3 )( !/ )/( 4 )(a ; ) 


II 

f W 


2 

/( 4 )(j,) 6[/(x)] 2 


tt 

f (*) 


V 4 >(j,) 


/'(«) 


[/'M] 3 [/'(*)]" 


[/'(«) 


3 


/'(*)]' 





2 



f/'Ml 4 



[/'(*)] 



[/(^)] 3 [/"(^)] 3 / (5) fa) N 

[Zm! )) 



•(4 [/'(x)] 2 ([/" (2/)] 2 (6 [/'(^)] 3 +18/(x)/' (*)/" (*)+ 
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3 [f(x)] 2 f(V( x ))+\f"(y)} 3 (24/(x) [/'(*)] 3 +36 [f(x)} 2 f'(x)f(x)+A [f(x)f f^(x)) + 



9f(x)f"(x)(12 [f(x)] 2 [f{x)f + 4 [f(x)] 3 f"(x) \f"(y)} 2 f^(y) 



[f'(x)Y 



l2{Qf{x)[f{x)] 2 +^[f{x)] 2 f\x)){2f\x)f"{x) \f"(y)} 2 +2f(x)f"(x)f"(y)f^(y)) + 



i2[f(x)rr(x)( 



„ „3f u (x) [f"(y)} 2 f^(y) 6/(x) [f{x)f [f"(y)] 2 /W(y) 



f'(x) 



[/'(*)]' 



3/(x) [f"(y)] 2 f< s WHv) 6 [f(x)] 2 \f{x)} 2 f"(y) [f^(y) 



+ 



[/'(*)] 



3[/(x)] 2 [/"(x)l [r(2/)] 2 / (4) (?/) 



[/'(*) 



f 36 [/(x)] 2 /'(*)([/" (rf (2 [r(x)] 2 +2/'(x)/( 3 )(x)) + 



8/(x) [/" (x)] 2 /" + [//( ^ )]2 ( 2/» J"(y) /(%) Af{x)[f" {x)f f'(y)f®(y) | 



/'(*) 



/'(*) 



[/'(*)]' 



2/(x)r(2/)/ (3) (^)/ (3) (2/) , 2[/(^)] 2 [r(^)] 2 [/ (3) (2/)] , 2[f{x)f[f"{x)] 2 f"{y)f^{y) 



)) + 



[/'(*)] 



[/'(*)] 



[/(*) 



-9 [/''(*)] V(v)]/ (s) (v) , i8/(x)[r(^)] 3 [r(?/)] 2 / (3) (?/) , 6[r(?/)] 2 / (3) (^)/ (3) (?/) 



[/'(*)r 



/'(*) 



18/(x)/"(^) [r(2/)] 2 / (3) (^)/ (3) (?/) 18 /(^) [/"(^)] 2 / ,/ (2/) [/ (3) (?/) 



[/'(*)]' 



+ 



/'(*) 



13 
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36[/(x)] 2 [f"(x)f f"(y) [/(S)(y)l 18[f(x)]"f"(x)f"(y)f^(y) [/(=%) 



[/'(*)r 



+ 



[/'(*)]' 



6[f(x)f[f"(x)] i f"(y)[f( 3 \y)\ 3f(x)[f"(y)] 2 f^(y)f^(x) 



9/(x) [f'(x)] 2 [/" (y)] 2 18 [f(x)] 2 [f"(x)f [f"(y)] 2 /(%) 



[/'(*)] S [/'(^)] 5 

9[/(^)] 2 r(^)[r(^)] 2 / (3) (^)/ (4) (^) 



is [/(*)] 3 [/"(*)] 3 nv)f (s) (x)f w (v) + 3[Mlf(j [r(y)] 2 / (5) (y) }| 



[/'(*)r 



[/'(s)r 



8[f>(x)} 7 



'(rr\ tii(„\( V"{x)f"{v)f (3 Xv) _ if(x)if"(x)] 2 f"(y)f (3) (y) 

[7W 



6/'(^)/"W( ^ — — 



2/(^)/"(i/)/ (3) fr)/ (3) fa) 
[/'(*)f 



[/'(z)f 



[/'(*)f 



8[/'W] 7 



\J_ [ [f'(x)f + + 



/'(*) 



8[/'(*)f 



12/(x)/''(x)/"fa)/( 3 >(x)/( 3 >fo) , 6/(x)[/"(x)] 2 /"fa) [/W fa)] 2 _ 12[/(x)] 2 [/" (x)] 3 [/( 3 >fa)f 



[/'tor 



8[/'(*)] 7 



14 
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&[f(x)] 2 f"(x)f^(x){f^)(y)} 2f(x)f"(y)f^(y)f^(x) ef(x)[f"(x)] 2 f"(y)fW(y) _ 12[f(x)] 2 lf"(x)] 3 f"(y)f^(y) 

[/'Mf _ WW _ WW WW ~ , 



&[f(x)?f"(x)f"{y)f^{x)f^(y) 6\f(x)f[f"(x)] 3 f( 3 )(y)fW(y) 2\f(x)f[f"(x)ff''(y)f( 5 )(y) ] , ] 

WW ' WW " WW }>) 

8[/'(*)] 7 

(35) 

Now, one can easily see that 



a(r)-r a'ir) - 0 - a"(r) 9>) -!M_^_ 3f(r)( !M_M 
g{r) -r, g{r)-0-g (r), g (r) - ^ 3/ (r)( ^ ^ )]2 ). 

(36) 

But g"'(x) 7^ 0 provides that 

G[f"(r)] 2 _ /< 3 >(r) o f //„ w 2[/"(r)f _ [/(r)] 3 v , n 
[/'(r) 2 ] /'(r) ^ " n W [7W^ 

and so, in general, the Algorithm 2 is of order 3. Based on result Eq.(36), by 
using Taylor's series expansion of g(x n ) about r and with the help of Eq.(2), 
we obtain the error equation as follows: 



X n +l — g(%n) 



:g(r)+gf(r)(x x -r) + ^-{x a 



rf + ^(x x -rf + 0(x x -m 



from Eq.(36) and Eq.(37),we get 
x n+ i = r + q^el + 0{ei) 

- r + 6 { [fl{r)2] fW <y i r n [77^3 ww )) n + 1 J 

V [/'(r) 2 ] 6/'(r) 2/ VA [77(^p LfWT^ " l nJ 

= r + + 0(c*) 

wnere e n — x n r ana c x - [//(r)2] - 6/ , (r) - 3/ l r Jl [77^ — [/'(r)] 2 ' ' 
e n+ i = Cl e 3 n + 0(e*) 
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Which shows that Algorithm 2 has convergence order at least 3. 



4 Test problems 

In this section, we present some examples to illustrate the efficiency of the 
Algorithm 2 derived in section 2. For each problem, the comparison of our 
algorithm with Newton- Raphson method (NR), the method of Javidi (JM) 
[31], the Noor et al. method(NM) [32] and the method of Rafiq and Rafiullah 
(RR) [11] is given in the form of the tables. 

Example 1. x 5 + x A + 4a; 2 — 15 = 0 with xq = 1.5. The numerical re- 
sults obtained are given in Table 1. The exact solution prospected is x = 
1.34742809896830498171. 
Table 1 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


DifT. of two iterations 


Evaluations 


NR 


5 


1.3474280989683050 


6.851044e-16 


6.616654e-14 


10 


JM 


3 


1.3474280989683050 


6.851044e-16 


1.317722e-10 


12 


NM 


3 


1.3474280989683050 


6.851044e-16 


1.606799e-06 


9 


RR 


3 


1.3474280989683050 


6.851044e-16 


8.567259e-08 


9 


ALG02 


3 


1.3474280989683050 


6.851044e-16 


1.510379e-06 


9 



Example 2. sin( x) — |x = 0 with xq = 1.9. In Table 2, we present the 
numerical results. 
Table 2 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


DifT. of two iterations 


Evaluations 


NR 


5 


2.2788626600758283 


1.249294e-17 


6.302925e-12 


10 


JM 


4 


2.2788626600758283 


1.249294e-17 


2.108617e-ll 


16 


NM 


3 


2.2788626600758283 


1.249294e-17 


9.493745e-07 


9 


RR 


3 


2.2788626600758283 


1.249294e-17 


1.286399e-06 


9 


ALG02 


3 


2.2788626600758283 


1.249294e-17 


2.454444e-06 


9 



Example 3. lOxe x —1 = 0 with xq = OThe exact solution prospected is 
x = 0.10102584831568519737 and the numerical solutions obtained are given 
in Table 3. 
Table 3 
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Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


4 


0.1010258483156852 


2.552517e-17 


3.167545e-14 


8 


JM 


3 


0.1010258483156852 


2.552517e-17 


1.387112e-14 


12 


NM 


3 


0.1010258483156852 


2.552517e-17 


1.261299e-08 


9 


RR 


3 


0.1010258483156852 


2.552517e-17 


1.838993e-08 


9 


ALG02 


3 


0.1010258483156852 


2.552517e-17 


1.266315e-08 


9 



Example 4. e x +x+2 — 1 = 0 with xq = 2.1. The numerical results are given 
in Table 4 and the exact solution prospected is x = 2.00000000000000000000. 
Table 4 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


4 


1.9999999999999969 


9.300000e-15 


5.172728e-08 


8 


JM 


3 


2.0000000000000001 


3.000000e-16 


2.520513e-06 


12 


NM 


3 


2.0000000000000000 


0.000000e+00 


8.242000e-07 


9 


RR 


3 


2.0000000000000000 


0.000000e+00 


9.466958e-10 


9 


ALG02 


3 


2.0000000000000000 


0.000000e+00 


1.093701e-06 


9 



Example 5. In (x 2 + x + 2) — x + 1 = 0 with xq = —1. The exact solution 
prospected is x = 4.15259073675715827500 and the comparison of numerical 
results is given in Table 5. 
Table 5 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


5 


4.1525907367571608 


1.520771e-15 


2.047030e-07 


8 


JM 










Diverges 


NM 


3 


4.1525907367571584 


7.528743e-17 


2.424885e-05 


18 


RR 


4 


4.1525907367571583 


1.505894e-17 


5.115773e-08 


9 


ALG02 


3 


4.1525907367571576 


4.065405e-16 


4.809359e-05 


9 



Example 6. cos (x)—x = 0 with xq = 1. The numerical solutions obtained are 
given in Table 6 and the exact solution prospected is x = 0.73908513321516064166. 
Table 6 
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Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


4 


0.7390851332151606 


2.770350e-18 


1.701233e-10 


8 


JM 


3 


0.7390851332151606 


2.770350e-18 


1.634240e-08 


12 


NM 


3 


0.7390851332151606 


2.770350e-18 


4.833743e-ll 


9 


RR 


3 


0.7390851332151606 


2.770350e-18 


1.997531e-09 


9 


ALG02 


3 


0.7390851332151606 


2.770350e-18 


5.244611e-ll 


9 



Example 7. e x + cos(z) = 0 with x 0 = 1.75. In Table 7, we present the nu- 
merical results. The exact prospected solution is x = 1.74613953040801241765. 
Table 7 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


3 


1.7461395304080124 


2.045916e-17 


7.679900e-13 


6 


JM 


2 


1.7461395304080124 


2.045916e-17 


2.016449e-08 


8 


NM 


2 


1.7461395304080124 


2.045916e-17 


1.080398e-08 


8 


RR 


2 


1.7461395304080124 


2.045916e-17 


1.341787e-08 


8 


ALG02 


2 


1.7461395304080124 


2.045916e-17 


1.080322e-08 


8 



Example 8. sin _1 (x 2 — 1) — \x + 1 = 0 with x 0 = 0.3. The exact solu- 
tion prospected is x = 0.59481096839836917752. and the numerical results 
obtained are given in Table 8. 
Table 8 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


4 


0.5948109683983692 


2.622997e-18 


9.482505e-10 


8 


JM 


3 


0.5948109683983692 


2.622997e-18 


8.222903e-08 


12 


NM 


3 


0.5948109683983692 


7.964943e-18 


2.068484e-06 


9 


RR 


3 


0.5948109683983692 


2.622997e-18 


4.993354e-07 


9 


ALG02 


3 


0.5948109683983692 


7.964943e-18 


2.185594e-06 


9 



Example 9. x — 2 — exp(— x) = 0 with xq = 2.0. The numerical solu- 
tions obtained are given in Table 9 and the exact solution prospected is 
x = 2.12002823898764122948. 
Table 9 
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Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


3 


2.1200282389876412 


3.302368e-17 


3.651460e-08 


6 


JM 


3 


2.1200282389876412 


3.302368e-17 


1.106344e-12 


12 


NM 


3 


2.1200282389876412 


3.302368e-17 


1.652310e-14 


9 


RR 


3 


2.1200282389876412 


3.302368e-17 


9.357932e-15 


9 


ALG02 


3 


2.1200282389876412 


3.302368e-17 


1.650296e-14 


9 



Example 10. x 2 — (1 — x) 5 = 0 with x 0 = 0.2. In Table 10, we present the nu- 
merical results. The exact solution prospected is x = 0.34595481584824201796. 
Table 10 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


5 


0.3459548158482420 


3.280895e-18 


1.213571e-12 


10 


JM 


4 


0.3459548158482420 


3.280895e-18 


2.047864e-14 


16 


NM 


4 


0.3459548158482420 


3.280895e-18 


2.528477e-13 


12 


RR 


4 


0.3459548158482420 


3.280895e-18 


7.789585e-15 


12 


ALG02 


4 


0.3459548158482420 


3.280895e-18 


2.329867e-13 


12 



Example 11. \n(x) = 0 with xq = 0.5. The exact solution prospected is 
x = 1.00000000000000000000 and the numerical results obtained are given in 
Table 11. 
Table 11 



Method 


No.of Ite. 


x[k] 


|f(x[k])| 


Diff. of two iterations 


Evaluations 


NR 


5 


1.0000000000000000 


0.000000e+00 


3.001887e-09 


10 


JM 


4 


1.0000000000000000 


0.000000e+00 


6.191414e-07 


16 


NM 


4 


1.0000000000000000 


0.000000e+00 


3.906397e-09 


12 


RR 


4 


1.0000000000000000 


0.000000e+00 


1.942042e-10 


12 


ALG02 


4 


1.0000000000000000 


0.000000e+00 


3.639530e-09 


12 



5 Conclusion 



In order to find the solution of linear and nonlinear algebraic equation, we 
have introduce a new two-step iterative method based on homotopy perturba- 
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tion method. The comparison of the proposed method with Newton-Raphson 
method (NR), the method of Javidi (JM) [31], Noor et al. method(NM) [32] 
and the method of Rafiq and Rafiullah(RR) [11] in the previous section reveals 
the efficiency of our method. 
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Unisoft Filters in i?o-algebras 
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Department of Mathematics, University of Tabuk, Tabuk 71491, Saudi Arabia 
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Abstract. The notion of uni-soft filters in i?o-algebras is introduced, and some related properties are 
investigated. Characterizations of a uni-soft filter are established, and a new uni-soft filter from old one 
is constructed. 



To solve complicated problem in economics, engineering, and environment, we can not successfully 
use classical methods because of various uncertainties typical for those problems. Uncertainties can not 
be handled using traditional mathematical tools but may be dealt with using a wide range of existing 
theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of 
interval mathematics, and theory of rough sets. However, all of these theories have their own difficulties 
which are pointed out in [!■)]. Maji et al. [<S] and Molodtsov [9] suggested that one reason for these 
difficulties may be due to the inadequacy of the parametrization tool of the theory. 

To overcome these difficulties, Molodtsov [9] introduced the concept of soft set as a new mathematical 
tool for dealing with uncertainties that is free from the difficulties that have troubled the usual theoret- 
ical approaches. Molodtsov pointed out several directions for the applications of soft sets. At present, 
works on the soft set theory are progressing rapidly. Maji et al. [8] described the application of soft set 
theory to a decision making problem. Maji et al. [7] also studied several operations on the theory of soft 
sets. Chen et al. [2] presented a new definition of soft set parametrization reduction, and compared this 
definition to the related concept of attributes reduction in rough set theory. 



i?o-algebras, which are different from i?L-algebras, have been introduced by Wang [ ] in order to 
an algebraic proof of the completeness theorem of a formal deductive system [12]. The filter theory in 
i?o-algebras is discussed in [10]. 
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2 G. Muhiuddin and Abdullah M. Al-roqi 

In this paper, we apply the notion of uni-soft property to the filter theory in i?o-algebras. We introduced 
the concept of (normal) uni-soft filters in i? 0 -algebras, and investigate related properties. We establish 
characterizations of a (normal) uni-soft filter, and make a new uni-soft filter from old one. We provide a 
condition for an uni-soft filter to be normal, and construct a condensational property of a normal uni-soft 
filter. 



2. Preliminaries 

2.1. Basic results on i?o-algebras. 

Definition 2.1 ([11]). Let L be a bounded distributive lattice with order-reversing involution -i and a 
binary operation — > . Then (L, A, V, -i, — >) is called an R^-algebra if it satisfies the following axioms: 

(Rl) x — > y = ~^y — > -ix, 

(R2) 1 ->• x = x, 

(R3) (y -> z) A {{x y) -> (x -> z)) = y ->• z, 

(R4) x — > (y — > z) — y — > (x — >• z), 

(R5) i->()/Vz) = (i->f/)V(i4 z), 

(R6) (a; -> y) V ((a; -> y) -> (-.a; V y)) = 1. 



Let L be an i?o _ algebra. For any x,y £ L, we define i0i; = ^(i-> -iy) and x © y = ^x — > y. It is 
proven that 0 and © are commutative, associative and x(By = ^(^x 0 ->y), and (L, A, V, 0, — >, 0, 1) is a 
residuated lattice. In the following, let x™ denote x 0 x 0 • • • 0 x where x appears n times for n G N. 

We refer the reader to the book [.'>] for further information regarding i?o-algebras. 

Definition 2.2 ([10]). A nonempty subset F of L is called a filter of L if it satisfies 

(Fi) l e F, 

(F2) (Vx € F) (Vy G L) (x -> y G F y G F). 

Lemma 2.3 ([ ]). Let F be a nonempty subset of L. Then F is a filter of L if and only if it satisfies 

(1) (Vx G F) (Vy G L) (x < y => y G F). 

(2) (Vx,yGF) (x 0 y G F). 

Lemma 2.4 ([ ]). Let L be an R^-algebra. Then the following properties hold: 
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2.1) (Vx, y e L) (x < y x y = 1) , 

2.2) (Vx, y G L) (x < y -> x) , 

2.3) (Vx £L)(nI = l40), 

2.4) (Vx, y G L) ((x ->■ y) V (y -> re) = 1) , 

2.5) (Vx, y G L)(x < y y — !• z < x — > z, z — > x < z — >• y) , 

2.6) (Vx, i/el) (((x -> y) -> y) -> y = x -> y) , 

2.7) (Vx, y G L) (x V y = ((x -> y) -> y) A ((y -> a) -> x)) , 

2.8) (Vx G L) (x 0 ^x = 0, x © ^x = 1) , 

2.9) (Vx, y G £) (x 0 y < x A y, x 0 (x -> y) < x A y) , 

2.10) (Vx, y, 2 G L) ((x 0 y) -> z = x -> (y -> z)) , 

2.11) (Vx,yeL)(x<y^ (x 0 y)) , 

2.12) (Vx, y, z G L) (x 0 y < z x < y ->• z) , 

2.13) (Vx,y, z G L) (x < y =>■ x 0 z < y 0 z) , 

2.14) (Vx, y, z G L) (x -> y < (y ->• z) ->• (x ->• z)) , 

2.15) (Vx, y, z G L) ((x ->• y) 0 (y ->• z) < x ->• z) . 



2.2. Basic results on soft set theory. Soft set theory was introduced by Molodtsov [9] and Qagman 
et al. [ ]. 

In what follows, let U be an initial universe set and E be a set of parameters. We say that the pair 
(U,E) is a soft universe. Let &{U) (resp. ^{E)) denotes the power set of U (resp. E). 

By analogy with fuzzy set theory, the notion of soft set is defined as follows: 
Definition 2.5 ([1, 9]). A soft set of E over U (a soft set of E for short) is: 

any function f A : E -> ^{U), such that f A {x) = 0 if x £ A, for A G 3*(E), 
or, equivalently, any set 

& A := {(i, I x G £7, /a(x) G &(U), f A (x) = 0 if x £ A} , 

for Ae&>{E). 

Definition 2.6 ([ ]). Let & A and ^"b be soft sets of E. We say that & A is a soft subset of ^b, denoted 
by if / A (x) C f B (x) for all x G E. 
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4 G. Muhiuddin and Abdullah M. Al-roqi 

Definition 2.7 ([5]). For any non-empty subset A of E, a soft set J^a of E is said to satisfy the uni-soft 
property (it is also called a uni-soft set in [5]) if it satisfies: 

(Vx, y&A)(x^yeA=> f A (x y) C f A {x) U / A (y)) 

where <—t is a binary operation in E. 

3. Uni-soft filters 

In what follows, denote by S(U, L) the set of all soft sets of L over U where L is an i?o-algebra unless 
otherwise specified. 

Definition 3.1. A soft set J^l G S(U,L) is called a filter of L based on the uni-soft property (briefly, 
uni-soft filter of L) if it satisfies: 

(3.1) (VseL)(/ £ (l)C/ z (z)), 

(3.2) (Vx,y G L) C / L (x -> y) U / L (a;)) . 

Example 3.2. Let L = {0, a, 6, c, 1} be a set with the order 0<a<b<c<l, and the following Cayley 
tables: 



X 


— > 


0 


a 


b 


c 


1 


0 


1 


0 


1 


1 


1 


1 


1 


a 


c 


a 


c 


1 


1 


1 


1 


b 


6 


b 




6 


1 


1 


1 


c 


a 


c 


a 


a 


b 


1 


1 


1 


0 


1 


0 


a 


b 


c 


1 



Then (L, A, V, -i, — >) is an i?o-algebra (see [4]) where x Ay = min{ai, y} and x V y = max{ir,y}. Let 
G 5({7, L) be given as follows: 

& L = {(0, (a, Si), (b, Si), (c, <5 2 ), (1, S 2 )} 

where Si and 82 are subsets of J7 with 82 Q S\. Then JF^ is an uni-soft filter of L. 

Proposition 3.3. Let J^l G S(U,L) be a uni-soft filter of L. Then the following properties are valid: 

(1) is order-reversing, that is, 

(Vx,yeL) (x<y => f L {y) C f L {x)). 

(2) (Vx,yeL)(f L (x^y) = f L (l) Jx(y) C / L (x)) . 

(3) (Vz, yeL) (f L (x 0 y) = / L (x) U / L (y) = / L (x A y)) . 

(4) (Vz G L)(Vn G N) (/ L (z n ) = / £ (x)) . 

(5) (V S eI)(/ L (0) = / i ( a ;)U/ i H). 

(6) (Vz, y G L) (f L (x z) C / L (x -> y) U / L (y -► z)) . 

(7) (V^^zeLJt^^z =► f L (z)QfL(x)Uf L (y)). 

(8) (Vx,y G L) (f L (x) Uf L (x^y) = f L (y) U f L (y ^ x) = f L {x) U f L (y)) . 
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(9) (Vx, t/ei) (f L (x Q(x^ y)) = f L (y 0 (y -> ar)) = f L (x) U f L {y)) . 

(10) (Vi lV ,zeI)(/i(i-> ("*->«)) Qh(x^ {-^z^y))Uf L {y^z)). 

(11) (Vi, £ I) 4 (n z)) C 4 ( H z)) U 4 y)) , 

Proof. (1) Let x, y G £ be such that x < y. Then as — > y = 1, and so 

c / L (x) u f L (x -> t/) = /£(«) u / L (i) = / L (x) 

by (3.1) and (3.2). 

(2) Let x,y € Lbe such that f L (x y) = Then 

jx(y) C / L (x) U / L (a: -4 = /i(a:) U / L (l) = f L (x) 

by (3.1) and (3.2). 

(3) Since xQy < xAy for all x,y € L, it follows from (1) that //, (a;) U //, (y) C fh{x(dy)- Using (2.11) 
and (1), we have — > (a: 0 y)) C fi,{x). It follows from (3.2) that 

/l(.t 0 y) C / L (y -> (a; 0 y)) U C / L (a;) U J L (y). 

Therefore /l(x 0 y) = fh{x) U fh{y)- Since y < a; — > y and a; 0 (a; — > y) < x Ay for all x,y € L, we have 
Ms -> y) C /^(y) and 

h(x) U / L (y) C / L (a; A y) C / L (a; 0 (a; -► y)) 
= /L(^)U/ L (x^y) 
C/ L (x)U/ L (y) 

by (1). Hence f L (x Ay) = f L (x) U f L (y) for all x,y e L. 

(4) It follows from (3). 

(5) Note that x 0 ~^x = 0 for all Using (3), we have 

h(0) =f L (xQ -.*) = /£(a;) U / z (-.a;) 

for all a;, y G £. 

(6) Combining (2.15), (1) and (3), we have the desired result. 

(7) It follows from (1) and (3). 

(8) Since y < x — > y for all x,y G L, it follows from (1) that 

(3.3) h(x)Uf L (x^y)Cf L (x)Uf L (y). 
Since a; 0 (a; — V y) < x Ay for all x,y G L, we have 

(3.4) f L (x) U f L (y) = fUxAy)Cf L (xQ(x^y)) = f L (x) U f L (x ^ y) 
by (3) and (1). Hence f L (x) U f L (y) = f L (x) Uf L (x->y). Similarly, 

fL(v)Uf L {y->x) = f L (x)Uf L (y) 

for all x, y G L. 
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(9) Using (3), we have 

f L (x 0 (x -> y)) = f L (x) U / L (x ^ y) 

and 

h(y 0 (y -> a:)) = f L (y) U / L (y -+ x) 
for all x,y e L. It follows from (8) that 

f L (x 0 (x -+ y)) = f L (y 0 (y -+ a;)) = ,/ L (x) U / L (y). 

(10) Note that 

(x -> (-.a; -> y)) 0 (y -> z) = ((x 0 -.z) -> y) 0 (y -> z) 

< (x 0 -12;) — > Z = X — > (-12 — > z) 

for all x,y,z G L. Using (1) and (3), we have 

/ L (x -> (-.z z)) C / L ((x ->■ (-.z y)) 0 (y z)) 
= h(x -> -> y)) U .f L (y -> z) 

for all x, y, z e L. 

(11) Note that 

(x -> (y -> z)) 0 (x -> y) = (y -> (x -> z)) 0 (x y) < x -> (x -> z) 

for all x, y, z e L. It follows from (1) and (3) that 

/ L (x -> (x -> z)) C f L ((x -> (y -> z)) 0 (x -> y)) 
= f L (x -> (y -> z)) U / L (x y) 
for all x, y, z e L. □ 

Definition 3.4. Let J^j, e S(U,L) be a unisoft filter of L. Then for any (5 e &(U), the S-exclusive set 
of is defined by 

e(^;i) = {i6l|/i(i)Cf}. 
If is a uni-soft filter of L, every ^-exclusive set e(&L\ 8) is called an exclusive filter of L. 

We provide characterizations of a uni-soft filter. 

Theorem 3.5. Let € L). T/ien is a uni-soft filter of L if and only if the following assertion 
is valid: 

(3.5) (V<5 G P{U)) (e(& L ; 5) ^ 0 => e(^ L ; 5) is a filter of L) . 
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Proof. Assume that &l £ S(U,L) satisfies (3.5). For any x £ L, let /z,(x) — S. Then x £ e(^x;c5). 
Since e(^L]S) is a filter of L, we have 1 £ e(^L]S) and so C S = /l(x). For any x,y £ L, let 

Jl(x — > y) U — S. Then x — > y £ e{^L\ $) and x £ e{^L\ 8). Since e(J?L', S) is a filter of L, it follows 

that y £ e(J?L', Hence 

h(y)^S = f L (x^y)Uf L (x). 

Conversely, suppose that &l is a uni-soft filter of L. Let S £ £?(U) be such that e(^L;5) ^ 0. 
Then there exists a £ e(^i,;6), and so ft(a) C 6. It follows from (3.1) that /l(1) C /^(a) C 8. Thus 
1 € e(^£,;5). Let x, y £ L be such that x — > y £ e(j£i;£) and a; £ e(J?i,;S). Then /l(x — > y) C 5 and 
/l(x) C 5. It follows from (3.2) that 

that is, y G e(^i; (5). Thus jFj, is a uni-soft filter of L. □ 

Theorem 3.6. Let &l £ S(U, L). Then is a uni-soft filter of L if and only if the following assertions 
are valid: 

(1) is order-reversing, 

(2) (Vx, y £ L) (f L (x 0 y) = f L (x) U f L (y)) . 

Proof. The necessity follows from (1) and (3) of Proposition 3.3. 

Conversely, suppose that satisfies two conditions (1) and (2). Let x,y £ L. Since x < 1, we have 
C /l(x) by (1). Note that x 0 (x -> y) < y for all x,y £ L. It follows from (2) and (1) that 

C /i(x© (x -> y)) = /i(x) U / L (x -> y) 

for all x,y £ L. Therefore &l is a uni-soft filter of L. □ 

Theorem 3.7. Let £ S(U, L). Then is a uni-soft filter of L if and only if the following assertion 
is valid: 

(3.6) (Vx, y,z £ L) (f L (x -> z) C f L (y) U / L ((x -► y) -+ z)) . 

Proof. Assume that J^z, is a uni-soft filter of L and let x,y,z £ L. Since y < x — > y, it follows from 
Proposition 3.3(1) and (3.2) that 

h(x ->z)C f L (z) C / L (x -► y) U f L ((x -> y) -> z) 

C/ L (y)U/ L ((x^y)^z) 

for all x, y, z € L. 

Conversely, suppose that J^l satisfies the inclusion (3.6). If we take x = 0 and y = z in (3.6), then 

= /l(0 -> «) C f L (z) U / L ((0 -> z) -> z) 
= / £ (z)U/i(l->z) 
= /l(z)U/ l (z)=/ l (z) 
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for all z £ L, and if we put x = 1, y = x and z — y in (3.6), then 

h(y) = h(i -> y) c f L (x) u f L ((i ->*)-> y) = f L {x) u f L {x -> y) 

for all x,y £ L. Therefore J^i, is a uni-soft filter of L. □ 

Theorem 3.8. Let J^l € >S'(?7, L). T/ien is a uni-soft filter of L if and only if the following assertion 
is valid: 

(3.7) (\Jx,y,z£L)(x<y^ z f L (z)Qf L (x)Uf L (y)). 

Proof. Suppose that is a uni-soft filter of L. Let x,y,z £ L be such that x < y ^ z. Then /i,(y — >■ 
z ) C fh{x) by Proposition 3.3(1), and so 

C / L (y -J- z) U C / L ( x ) U 

by (3.2). 

Conversely, assume that J^l satisfies the condition (3.7). Let x,y £ L. Since a; < 1 = x — > 1, we have 
C /r,(x) by (3.7). Note that x -> y < x -> y. It follows from (3.7) that / L (y) C / L (x -> y) U / L (x). 
Therefore jFl is a uni-soft filter of L. □ 

Proposition 3.9. Every uni-soft filter of L satisfies: 

(3.8) (Vx,y, z G L) (/ L (x -»■ (y -»■ z)) C / L ((.x -> y) -+ z)) . 
Proof. Let x,y, z £ L. Since 1 = y — > (a; — > y) < ((x — > y) — > z) — > (y — > 0), we have 

f L (((x -► y) -> z) -> (y -> z)) C 
by Proposition 3.3(1). It follows from (2.2), Proposition 3.3(1), (3.2) and (3.1) that 

(H2)) c f L (y->z) 

C / L ((x -> y) -> z) U /^(((a; -> y) -> z) -> (y -> z)) 

= -> 2/) -> 2) 

for all x,y, z £ L. This completes the proof. □ 
The following example shows that the converse of Proposition 3.9 may not be true in general. 
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Example 3.10. Let L = {0, a, b, c, d, 1} be a set with the order 0<a<6<c<d<l, and the following 
Cayley tables: 



X 


^x — > 


0 


a 


b 


c 


d 


1 


0 


1 


0 


1 


1 


1 


1 


1 


1 


a 


d 


a 


d 


1 


1 


1 


1 


1 


b 


c 


b 


c 


c 


1 


1 


1 


1 


c 


b 


c 


b 


6 


b 


1 


1 


1 


d 


a 


d 


a 


a 


b 


c 


1 


1 


1 


0 


1 


0 


a 


b 


c 


d 


1 



Then (X, A, V, -i, — >) is an i?o-algebra (see [4]) where x A y — min{x,y} and x V y — max{x,z/}. Let 
€ S(U, L) be given as follows: 

= {(0, Si), (a, S 2 ), (b, S 2 ), (c, 5 2 ), (d, 6i), (1, Si)} 

where Si and 8 2 are subsets of U with 8 2 £ 8\. Then j^j, satisfies the condition (3.8), but &l is not a 
uni-soft filter of L since /l(1) = ^ ^2 = /l(«)- 

Proposition 3.11. _Fbr a uni-soft filter J^l o/L, the following are equivalent: 

(3.9) -)• x) C / L (y -> (j/ -> x)) for all x,y £ L, 

(3.10) f L {(z -> y) -> (z -> x)) C / L (z -> (y -> x)) /or aZZ x,y,z£L. 

Proof. Assume that (3.9) is valid and let x,y,z £ L. Using (R4), (2.5) and (2.14), we have 

z -> (y — >• x) < z — >• (z -> ((z -> y) — >• x)). 

It follows from (R4), (3.9) and Proposition 3.3(1) that 

/l((z -> y) -> (^ -> x)) = / L (z -> ((z -> y) -> x)) 

C / L (z (z -> ((z y) x))) 
C (y x)). 

Conversely, suppose that (3.10) holds. If we use z instead of y in (3.10), then 

f L (z ->x) = / L (l ->{z-> x)) 

= ^ z) ^ (z ^ x)) 

Q ,/l(z -> (z -> x)), 

which proves (3.9). □ 
We make a new uni-soft filter from old one. 



Theorem 3.12. Let £ S(U,L). For a subset 8 of U, define a soft set of L by 

' f L {x) iix£e(& L ;5), 
t otherwise 



ft : L -> &>{U), x ^ 
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where t is a subset of U such that t3 U fhix). If is a uni-soft filter of L, then so is JP?. 

Proof. Assume that is a uni-soft filter of L. Then e(& L ;6) 0) is a filter of L for all S <= &>(U). 
Hence 1 G e(# L ;6), and so /£(1) = f L (l) C / L (or) C f* L {x) for all ir € L. Let x,y E L. If .x e e(^" L ;5) 
and i-^i/e e{^L\ 8), then y e e(^L5 5). Hence 

= h(y) C U /^a -+ y) = /£(.t) U -+ y). 

If or f e(,^ L ;S) or a; -> y e(^ L ; 5), then fl(x) = t or /£ (x -> y) = r. Thus 

/!(!/)Cr = /IWU/2(^| / ). 

Therefore is a uni-soft filter of L. □ 

Corollary 3.13. Let JP L e S(U,L). For a subset S of U, define a soft set .^* L of L by 

' f L (x) i£x€e(& L ;6), 



U otherwise. 



f* L : L -> 0>(U), x i ^ 
If is a uni-soft filter of L, then so is 

Proof. Straightforward. □ 
Theorem 3.14. Any filter of L can be realized as an exclusive filter of some uni-soft filter of L. 
Proof. Let F be a filter of L. For a nonempty subset 5 of U, let ^ L be a soft set of L defined by 

f L : L -> 0>(U), x^ 



6 ifxeF, 
U otherwise. 



Obviously C fhix) for all x € L. For any x,y € L, if x € F and x — >• y € F, then y E F. Hence 

U ->• y) = S = f L {y). If x £ F or x -> y ^ F, then / L (x) = C/ or / L (x -> y) = ?7. Thus 
/z,(y) C [/ = /l(x) U /z,(a; — > y). Therefore is a uni-soft filter of L and clearly e(^L',S) = F. This 
completes the proof. □ 
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Abstract 

In this paper, we study the multiple values and uniqueness problem of two non- 
admissible functions in the unit disc sharing some values, and also investigate the 
problem of admissible function and non-admissible function sharing some values, 
and obtain the following conclusions: 

1) Two non-constant non-admissible functions can not be identical if they share 
four distinct values IM; 

2) An admissible function can share at most three distinct values IM with a 
non-admissible function. 

Moreover, we also obtain some theorems which are analogous version of the 
uniqueness theorems of meromorphic functions sharing some values on the whole 
complex plane given by Yi and Cao. 
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1 Introduction and basic notions in the Nevanlinna 
theory in the unit disc ID 

Considering meromorphic function /, wc shall assume that the readers are familiar with 
the fundamental results and the standard notations of the Nevanlinna value distribution 
theory of meromorphic functions such as the proximity function m(r, /), counting func- 
tion N(r, /), characteristic function T(r, /), the first and second main theorems, lemma 
on the logarithmic derivatives etc. of Nevalinna theory, (see Hayman [6], Yang [14] and 
Yi and Yang [16]). For a meromorphic function /, S(r,f) denotes any quantity satisfy- 
ing S(r,f) = o(T(r, /)) for all r outside a possible exceptional set of finite logarithmic 
measure. 

In 1926, R. Nevanlinna [9] proved his famous five- value theorem: For two nonconstant 
meromorphic functions f and g on C, if they have the same inverse images (ignoring 
multiplicities) for five distinct values, then f(z) = g(z). After his very work, the unique- 
ness of meromorphic functions with shared values on C attracted many investigations (for 
references, see the book [16] or some recent papers [1, 3, 5, 8, 13, 12]). It is well-known 
that two nonconstant rational functions /i,/2 satisfy lim r _5. +00 T ^f > < +oo(i = 1,2) 
that share four distinct values IM must be identical. However, for two nonconstant 
meromorphic functions f\,fz in the unit disc satisfy lim^i- j^H^ < +oo(i = 1,2), 

they may not be identical if /i,/2 share four distinct values IM (see Corollary 2.3). 
Hence, we will mainly study the uniqueness of meromorphic functions in the unit disc D 
in this paper. 

To state some uniqueness theorems of meromorphic functions in the unit disc D, we 
need the following basic notations and definitions of meromorphic functions in D(see [2], 
[4], [7], [11]). 

Definition 1.1 Let f be a meromorphic function in D and Ywn^i- T(r, f) = oo. Then 

D(f) :=limsup ^f) 

r->i- -log(l-r) 

is called the (upper) index of inadmissibility of f. If D(f) = oo, f is called admissible. 

Definition 1.2 Let f be a meromorphic function in D and ]im r ^x- T(r, f) = oo. Then 

log+ T{r,f) 

P(f) ■■= hmsup — : — r 

r->i- -log(l-r) 

is called the order (of growth) of f . 

In 2005, Titzhoff [11] investigated the uniqueness of two admissible functions in the 
unit disc D by using the Second Main Theorem for admissible functions (see [11, Theorem 
3]) and obtained the five values theorem for admissible functions in the unit disc D as 
follows. 

Theorem 1.1 (see [11, Theorem 3]). Let f be an admissible meromorphic function in 
IS), q be a positive integer and a\, a^, ■ ■ ■ , a q be pairwise distinct complex numbers. Then, 



2 



145 



HongYan Xu et al 144-155 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



for r -¥\ , r £ E, 

(q 2)T(r, /) < pN (r, + S(r, /), 

where E C (0, 1) is a possibly occurring exceptional set with J E < oo. If the order of 
f is finite, the remainder S(r, f) is a O (log jz^j without any exceptional set. 

Theorem 1.2 (sec [5, 11]). If two admissible function f,g share five distinct values, 
then f = g. 

For admissible functions, Theorem 1.1 plays a very important role in studies of the 
uniqueness problems of meromorphic functions in the unit disc. From Theorem 1.1 (the 
Second Main Theorem for admissible functions (see [11, Theorem 3]), we can get a lot 
of results similar to meromorphic functions in the complex plane. However, Theorem 
1.1 does not hold for non-admissible functions in the unit disc. Thus it is interesting to 
consider the uniqueness theory of non-admissible functions in the unit disc. 

For non-admissible functions, the following theorem also plays a very important role 
in studying their uniqueness problems. 

Theorem 1.3 (see [11, Theorem 2]). Let f be a meromorphic function in D and lim^i- 
T(r, /) = oo 7 q be a positive integer and a\, a<i, ■ ■ ■ , a q be pairwise distinct complex num- 
bers. Then, for r — > 1~ , r $ E, 

(q - 2)T(r, f)<Y,N (r, ) + log -L_ + S (r, f). 

j =l \ J a j / l r 

Remark 1.1 In contrast to admissible functions, the term log y^— in Theorem 1.3 does 
not necessarily enter the remainder S(r, f) because the non- admissible function f may 

have T(r, f) = 0 (log 

Remark 1.2 We can see that S(r,f) — o (log holds in Theorem 1.3 without a 

possible exception set when 0 < D(f) < oo. 

From Theorem 1.3 and Lemma 3.4 in [16], we can get the following result for non- 
admissible functions in the unit disc which is used in this paper. 

Lemma 1.1 Let f(z) be a meromorphic function in D and lim^!- T(r, f) = oo, aj(j = 
l,2,...,q) be q distinct complex numbers, and kj(j = 1, 2, . . . , q) be positive integers or 
oo. If f is a non- admissible function, then 




+ log— +%,/), 
3 
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and 

(• " 2 " t irW) ^, /) < g 5^,, (r, yij) + log ^ + Sir, /), 

w/iere S(r, /) is stated as in Theorem 2.1. 

The main purpose of this paper is to investigate the uniqueness problem of non- 
admissible functions in the unit disc. In section 2, the uniqueness of two non-admissible 
functions in D are investigated and some theorems show that the number and weight 
of sharing values is related to the index of inadmissibility of functions in D. In section 
3, the problem of admissible function and non-admissible function sharing some values 
is studied, and one of those results show that admissible function and non-admissible 
function can share at most three distinct values IM. 



2 Multiple values and uniqueness of non-admissible 
functions in the unit disc D 

We use C to denote the open complex plane, C := ClJ{oo} to denote the extended 
complex plane, and D = {z : \z\ < 1} to denote the unit disc. Let S be a set of distinct 
elements in C and C C. Define 



E(S,~B, f) — [J {z e D|/ a (z) = 0, counting multiplicities}, 

a£S 

E(S, D, /) = I^J {z e D\f a (z) — 0, ignoring multiplicities}, 
aes 

where f a (z) = f(z) - a if a E C and foo(z) = l/.f(z). 

Let /, g be two non-constant meromorphic functions in D. If E(S, D, /) = E(S, D, g), 
we say / and g share the set S CM(counting multiplicities) in D. If E(S,D,f) = 
E(S, D, g), we say / and g share the set S IM (ignoring multiplicities) in D. In particular, 
when S = {a}, where a <E C, we say / and g share the value a CM in D if E(S, D, /) = 
E(S,D,g), and we say / and g share the value a IM in D if E(S, D, /) = E(S,D,g). If 
D is replaced by C, we give the simple notation as before, E(S, f),E(S, /) and so on(see 
[14])- 

Let f(z) be a non-constant meromorphic function in the unit disc, an arbitrary com- 
plex number a € C, and k be a positive integer. We use E).)(a, D, /) to denote the set of 
zeros of / — a in D, with multiplicities no greater than k, in which each zero is counted 
only once. We say that f(z) and g(z) share the value a in D with reduced weight k, if 
E k) (a,B,f) = E k) (a,B,g). 

We denote the deficiency of a € C with respect to a meromorphic function / on the 
unit disc D by 

m(r, ~f~^) N{r, jz^) 

5(a, f) = (5(0, / - a) = lim inf J = 1 - limsup J , 
r _n- T{r,f) T(r,f) 
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and denote the reduced deficiency by 

Q(a,f) = 6(0,/ - a) = 1 -limsup 



mi- 



T(r,f) ■ 



We now show our main result below which is an analog of a result on the plane C 
obtained by H.-X. Yi [17] (see also Theorem 3.34 in [16]). 

Theorem 2.1 Let f\{z), f 2 {z) be non-constant non-admissible functions satisfying 0 < 
D(fi), D(f 2 ) < oo, dj(j = 1, 2, . . . , q) be q distinct complex numbers in C, and let kj(j = 
l,2,...,q) be positive integers or oo satisfying 

(1) fci > k 2 > ■ ■ ■ > k q 
and 

(2) E k . ) (a j ,B,f 1 )=E k . ) (a j ,B,f 2 ), (j = 1, 2, . . . ,q). 
Furthermore, let 

q 

©(/i) - E e (°< fi ~ fl ) - E 6 (°' fi - ( f = X ' 2 )' 

a j=l 

and 

E^Ti 1 *(0, A - ^ k 3 + 5(0, A - a,) (m - 2)fc„ 



+ ^ + -ru^Jl ~u.j) + - ^)<s. m _ r*n + 0(A) - 2 



7 

j—m 



jiumh-aj) + « fcj -+^o,/ 2 - gJ -) + (n - 2)fc„ _ fc m + e(/2) _ 2 ^ 

& n -|-1 fci' ~h 1 ~h 1 ^m. ~h 1 



1 



where m and n are positive integers in {1,2, ... ,q} and a is an arbitrary complex number. 

v 

2 ° 
(3) min{^4i,A 2 } > , and m&x{Ai,A 2 } > 



D{h) + D{f 2 y ZJ D{h) + D{f 2 y 

Then h(z) = f 2 (z). 

Proof: Suppose that fi(z) ^ A( z )- We assume that dj (j = 1, 2, . . . , g) are finite complex 
numbers, otherwise, we will consider a suitable Mobious transformation. Without loss 
of generality, we may assume that infinite b satisfy 0(0, A — b) > 0 and b =/= aj (j = 
1,2,..., q). We denote them by b k (k = 1, 2, ... , oo). Obviously, 0(A) = J2T=i ®(0> /i - 
6fe). Thus there exists a p such that J2k=i ®(^' Z 1 — ^ fe ) > — £ holds for e (> 0). 

From Theorem 1.3 we have 

(4) (p + q- 2)T(r, A) < £ W(r, j^j-) + ) + log -±- + S(r, A). 

fe=l Jl ° k j=l 11 ^ 1 r 
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By the definition of reduced deficiency, we have 

(5) N(r, -j^-) < (1 - 9(0, h - b k )) T(r, h) + S(r, /i). 

From Lemma 3.4 in [16] and the definition of deficiency, we get 



+S(r,h). 

From the above inequalities and (5)-(6), we get 

JL lc, _ 1 



(p + « - 2)T(r, /i) < IE (1 - 6(0, /i - b k ))\ T(r, h) + £ ^^(r, 



From (2) we have 



1>_^_>_^_ >...>_*!_> I. 
-fci + l-fc 2 + l~ - fc, + 1 - 2 

Hence we can deduce that 

(p + q- 2)T(r, /i) < (p - 6(A) + e) T(r, A) + £ -^]V^(i?, 

"' 1 ' h 



Els^-c^la-'M-W'.A) 



. J =1 
and thus, 

9 



(^T 1 + B ' - <) ^ A'-S tt^) + + ^ A). 



where 



S1 - — fc^n — + h — — + 0(/1) " 2 - 



6 
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By similar discussion, we have 



where 

S2 = £Tl + ^ fc~TI +0(/ a )-2. 



(TO " 1)fcm + Bi - ^ T(r, /i) + f + B 2 -2e) T(r, f 2 ) 



Hence 



+2Iog^-+5(r,/i) + 5(r,/ 2 ). 
1 — r 

From the condition (2) and the first fundamental theorem, we have 



max {^N k]) (r, -j— )^N kj) (r, j±- ) J < JV(r, ) 

<T(r,-^— ) + 0(l) 

Jl - J2 

<T(r,/ 1 )+T(r,/ 2 ) + 0(l). 

Therefore, from the above discussion we obtain 

fi ^ + *-) 1 W^ + *-') T( - A) 

< + fc^y) ( T ( r < A) + T ^< A)) + 2 log ^ + 5(r, A) + 5(r, / 2 ). 

hence, 

(6) (Ai - e) T(r, h) + (A 2 - e) T(r, f 2 ) < 2 log ^- + S(r, h) + S(r, f 2 ). 

Since 0 < D{h),D{f 2 ) < oo, we have S(r,/i) = o (log ,5(r,/ 2 ) = 0 (lo gT ^). 
And from the definition of index, for any e satisfying 

(7) 0 < 2s < min (£»(/!), D(/ 2 ),max{A 1 ,A 2 } 



there exists a sequence {r t } —¥ 1 such that 

(8) T(r t) /i)>(D(/i)- e )log I -^- ) T(r t ,f 2 ) > (D(f 2 ) - e) log 
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for all t — > oo. From (6), (7) and (8), we have 

(9) [(£>(/0 - - e) + (D(f 2 ) - e){A 2 -e)-2] log ^J— < o (fog ^) . 

From (9) and £ being arbitrary, the above inequality contradicts to (3). Therefore, we 
complete the proof of Theorem 2.1. □ 
From Theorem 2.1, we obtain the following corollaries. 

Corollary 2.1 Let aj(j = 1,2, . ..,</) feij distinct complex numbers in C, and kj(j = 
1,2, . . . , q) be positive integers or oo satisfying (2), and let fi(z), f 2 {z) be non-constant 
non- admissible functions satisfying 0 < D(fi), D(f 2 ) < oo and (2). Set 

kj (m — 2)k m k n 



1 : | I k m + 1 

j—m J 



9 



V ^ + 



-)- 1 k n -\- 1 fc m -|- 1 
where m and n are positive integers in {1,2, ... ,q}. If 

^{^A 2 }> D{fi) 2 +D{h) and m„ { A 1 ,A 2 }> D{fi) l D{hy 
then /i(^) = f 2 (z). 

Proof: Since 6(/i) > 0 (z = 1, 2) and 5(0, /i — a^) > 0 (j = 1, 2, . . . , q), the assertion 
follows from Theorem 2.1. □ 

Corollary 2.2 Let aj(j = 1,2, . ..,</) feij distinct complex numbers in C, and kj(j = 
1,2, ... ,q) be positive integers or oo satisfying (2), and let fi(z), f 2 {z) be non-constant 
non-admissible functions satisfying 0 < D(fi), D(f 2 ) < oo and (2). If 

kj (m — 3)fc„ 



^ = V J " + K - ' m - 2 > 0, 
&7 ~l~ 1 k m -\- 1 



j—m J 

where m is a positive integers in {1,2,..., q}, then f\{z) = ,f 2 (z). 

Proof: Let n — m, Corollary 2.2 follows immediately from Corollary 2.1. □ 

Corollary 2.3 Let dj(j = 1,2, . . . , q) be q distinct complex numbers in C, and kj(j = 
1,2,. . . ,q) be positive integers or oo satisfying (2), and let fi(z), f 2 {z) be non- constant 
non- admissible functions satisfying 0 < D(fi), D(f 2 ) < oo and (2). If 

v > kj 2 



then f±{z) = f 2 {z). 
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Remark 2.1 From Corollary 2.3, we can get that f\ = f 2 can not hold, if two non- 
admissible functions f\, f 2 share four distinct values IM and 0 < -D(/i), D(f 2 ) < oo. 

Note that 1 > ^^L- > > ■ ■ ■ > > \, from Corollary 2.3, we can get the 

following corollary immediately. 

Corollary 2.4 Let aj(j = 1,2, . ..,q) be q distinct complex numbers in C, and kj(j = 
l,2,...,q) be positive integers or oo satisfying (2), and let fi(z), f 2 (z) be non-constant 
non- admissible functions satisfying 0 < D(fi), D(f 2 ) < oo and (2). Set D := min{D(/i), 
D(h)}, 

(i) if D > 1, q = 7 and k 7 > 2, then fi(z) = f 2 {z); 

(ii) if D > 1, q = 6 and k§ > 4, then fi{z) = ,f 2 (z); 
(Hi) if D > 2 and q = 7, then f\(z) = f 2 (z); 

(iv) if D > 3, q = 6 and fc 3 > 2, then fi(z) = f 2 (z); 

(v) if D > 6, q = 5, fc 3 > 3 and k$ > 2, then fi(z) = f 2 (z); 

(vi) if D > 10, q = 5 and > 4, then f\(z) = f 2 (z); 

(vii) if D > 12, q = 5, fc 3 > 5 and k± > 3, then fi(z) = f 2 {z); 

(viii) if D > 42, q = 5, fc 3 > 6 and /c 4 > 2, then f\(z) = f 2 (z). 

3 The problem of non-admissible function and admis- 
sible function in the unit disc D sharing some values 

We now show that an admissible function can share sufficiently many values concerning 
multiple values with another non-admissible function as follows. 

Theorem 3.1 If fi is admissible and f 2 is a non- admissible satisfying lim r ^!- T(r, f 2 ) = 
oo, a,j(j — 1, 2, . . . , q) be q distinct complex numbers, and let kj(j — 1,2,..., q) be posi- 
tive integers or oo satisfying (1). Set A 3 = B\ + ^"~^" t . Then (2) and A 3 > 0 do not 
hold at same time, where B\ is stated as in Section 2. 

To prove the above theorem, we require the following lemma. 

Lemma 3.1 (see [11, Lemma 1]). Let f(z),g(z) satisfy lim^!- T(r, f) = oo and 
lim^!- T(r,g) = oo. If there is a K G (0,oo) with 

T(r,f)<KT(r,g) + S(r,f) + S(r,g), 

then each S(r,f) is also an S(r,g). 

The proof of Theorem 3.1: Suppose that (2) and A3 > 0 can hold at the same time, 
since f\(z) is an admissible function, using the same argument as in Theorem 2.1 and 
from Theorem 1.1 and Lemma 3.4 in [16], for any e(0 < 2s < A 3 ), we have 

where B\ is stated as in section 2. 

9 
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From (2), we have 



(11) 



i 



) <N(r, 



1 



) < T(r, 



1 



) + 0(l) 



h - h 



h - h 




Since 0 < £ < A 3 , we have ^ + B 1 - e > 0. From (12), we have 





Since f\{z) is admissible and f2(z) is non-admissible, we can get T(r,f 2 ) — S(r,fi). 
Thus, we have 



This is a contradiction. Hence, we can get that (2) and A$ > 0 do not hold at the same 
time. Thus, this completes the proof of Theorem 3.1. 
From Theorem 3.1, we obtain the following corollaries. 

Corollary 3.1 If fi is admissible and is a non-admissible satisfying lim^i- T(r, f 2 ) = 
oo, aj(j = 1, 2, . . . , q) beq distinct complex numbers, and let kj(j = 1, 2, . . . , q) be positive 
integers or oo satisfying (1). Then (2) and 



Proof: Since 0(/i) > 0 (i = 1, 2) and 5(0, f\ — aj) > 0 (j = 1, 2, . . . , q), the assertion 



Corollary 3.2 If fi is admissible and fi is inadmissible satisfying lim,.^!- T(r,f 2 ) = 
oo, dj(j — 1, 2, . . . , q) be q distinct complex numbers. Then 

(i) f\(z), f 2 (z) can share at most three values a\,a 2 , 03 IM in D; 

(H) fi(z), f 2 (z) can not share the following situations in D when a\ with reduced 
weight k(k > 6), a 2 with reduced weight 6, a 3 with reduced weight 2 and the fourth value 
04 with reduced weight 1; 

(Hi) fi(z),f 2 (z) can not share the following situations in D when a\ with reduced 
weight k(k > 3), a 2 with reduced weight 3 and a 3 , a 4 with reduced weight 2; 

fi v ) fi( z )i Hiz) can not share two values a\,a 2 in D with reduced weight k(k > 2), 
and the other three values a^,a^, a§ in D with reduced weight 1; 

(v) fi(z),f 2 (z) can share at most five values aj(j = 1,2, . . . , 5) in D with reduced 
weight 1. 



(14) 



T(r, f 2 ) = S(r, h) = S(r, f 2 ) = o(T(r, f 2 )). 




do not hold at same time. 



follows from Theorem 3.1. 



□ 



10 
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Proof: (i) Suppose that fi(z), f 2 (z) share four values aj(j — 1,2,3,4) IM, that is, 
kj = oo(j = 1,2,3,4). Since fi(z) is admissible, from Theorem 1.1, we have 

(15) 2T(r,A)< V^vfr,-^— ) +S(r,h). 
From the assumptions of Corollary 3.2(i), we have 

(16) Z>(r.-^r) <N(r,j-^j <T(r, A) +T(r, f 2 ) + 0(1). 
From (15) and (16), we have 

(17) T(r,A)<T(r,f 2 ) + S(r,A). 
By Lemma 3.1 and similar proof of Theorem 3.1, we have 

T(r, h) = S(r, h) = S(r, / 2 ) = o(T(r, / 2 )). 

From this and lim^i- T(r, f 2 ) = oo, we can get a contradiction. 
Thus, this completes the proof of Corollary 3.2(i). 

By similar proof of Corollary 3.2 (i), we can prove (ii), (iii) and (iv) of Corollary 3.2 
easily. Here we omit the detail. 

(v) Suppose that f\,f 2 share six values dj(j — 1, 2, . . . , 6) with reduced weight 1, that 

is, 

E l} (a, , D, h) = E 1} ( aj ,B, f 2 ), (j = 1, 2, . . . , 6), 
and fci = fc 2 = • • • = ke = 1. Then, we can deduce that 

Eki 1 „ 1 

— ] — - 2 = 5x--2=->0. 
0 kj + 1 2 2 

From this and the conclusion of Theorem 3.1, we get a contradiction. 

Thus, this completes the proof of Corollary 3.2. □ 

4 Some Remarks 

It is very interesting to consider distinct small functions instead of distinct complex 
numbers. Li and Qiao [8] proved that Nevanlinna's five values theorem is also true for five 
meromorphic functions aj (j = 1,2,3,4,5) on C which satisfy T(R,a,j) = o(T(R,fi) + 
T{R 1 f 2 )) as R — >• oo. For some further results related to small functions, we refer to 
Yao[15], Yi[18], Thai and Tan[10], Cao and Yi[l, 3]. Thus it may be interesting to 
consider the substitute of distinct complex numbers by distinct small functions within the 
results of this paper. 
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Global Dynamics of a Certain Two-dimensional Competitive System of Rational 
Difference Equations with Quadratic Terms 
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Abstract. We investigate global dynamics of the following system of difference equations 

x 2 

x n + l = a+ ™2 

, n = 0,1,2,... 

Vn+l = 

where the parameters a, b are positive numbers and the initial conditions xo,yo are arbitrary nonncgative numbers. 
We show that this system has an interesting dynamics which depends on the part of parametric space. The obtained 
ynamics is very different than the dynamics of the corresponding linear fractional system. In particular, we show that 
the system always exhibit Allee's effect. 

Keywords. Allee effect, Basin of attraction, competitive map, global stable manifold, monotonicity. 
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1 Introduction 

In this paper we study global dynamics of the following rational system of difference equations 

_ x 2 
Xn+l — a+y 2 

2 , n = 0,l,2,... (1) 

Vn 

Vn+l — b+x 2 

where the parameters a, b are positive numbers and initial conditions Xo, yo are arbitrary nonnegative 
numbers. 

System (1) is a competitive system, and our results are based on recent results about competitive 
systems in the plane, see [17, 18]. System (1) can be used as a mathematical model for competition 
in population dynamics. 



The related competitive systems of the form 



x n +i 

Vn+l 



and 




a+y„ 



a+V„ 
b+x 2 n 



0,1,2,... (2) 



n = 0,1,2,... (3) 



were considered in [4, 6, 7] and global dynamics was derived. Systems (2) and (3) have similar 
dynamics which depends on the part of parametric space. In general, there are nine dynamic 
scenarios for systems (2) and (3) depending on the region of parametric space. Dynamics of System 
(1) is quite different and there are only three dynamic scenarios which describe the global behavior of 



-'-Corresponding author, e-mail: mkulenovic@mail.uri.edu 



156 



Kulenovic et al 156-166 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

Global Dynamics of a Certain Two-dimensional Competitive System with Quadratic Terms 2 

this system given by our main result. The common feature of all three scenarios is the appearance of 
the so called Allee's effect, which means that in each case the zero equilibrium has a substantial basin 
of attraction which contains an open set, see [22] for related competitive system. This feature was not 
present in any of nine dynamic scenarios for systems (2) and (3). In addition, the non- hyperbolic case 
for System (1) is characterized by the existence of the unique interior non- hyperbolic equilibrium, 
while in the case of systems (2) and (3), non- hyperbolic equilibrium points were always all points 
on one or both coordinate axes. 

Our main result for System (1) is the following theorem. 

Theorem 1 All solutions of System (1) are eventually componentwise monotone. 

(a) Assume that System (1) has no interior equilibrium point, that is assume that D(a,b) > 0, 
where 

D(a, b) = 166 + ±f 6 3 (|V3V6463 + 27 + l) 1 + f b 2 ( § V3\Z6#+27 + l) 1 
-8(|V3\/64P + 27+ 1) S + (| v / 3v / 64PT27+l) 1 

+16a (iy3V646 3 + 27 + l) 1 + ^§b A + f V3by/64b 3 + 27. 

Then there exist the sets W S (E X ) and W s (E y ) which are the graphs of a strictly non- decreasing 
continuous functions of the first variable on [0, oo) (and so are manifolds) with the following 
properties: 

B(E 0 ) = {(x 0 ,y 0 ):W s (E y )± se (x 0l yo)± S eW s (E x )}, 
B((oo, 0)) = {(x 0 , yo) ■ W S (E X ) ± se (x 0 , y Q )} , 
B((0,oo)) = {(a;o,lto) : (*o,lto) <.* W s (E y )}, 
B(E X )=W S (E X ), B(E y ) = W s (E y ), 
where ^ se denotes south-east ordering defined by (5) below. 

(b) Assume that System (1) has one interior equilibrium point E, that is assume that the condition 
Axy =1 or D(a, b) = 0 holds. Then E is the non-hyperbolic equilibrium and there are two con- 
tinuous non- decreasing curves W S (E X ) and W s (E y ) emanating from E x and E y respectively, 
with end points at E. Furthermore, there are continuous non- decreasing curves C u and Ci 
(which may coincide) emanating from E such that the boundaries of the basins of attraction 
o/(oo,0) and (0, oo) are given as: 

dB((oo,Q)) = C l UW s (E x ), dB((0,oo)) = C u UW s (E y ). 
The basins of attraction of different equilibrium points and the boundary points are given as: 
B(E 0 ) = {(x 0 ,y 0 ) : W s (E y ) ± se (x 0 ,y 0 ) ^ se W S (E X )}, 
B((oo, 0)) = {(x 0 , y 0 ) ■ dB((oo, 0)) ^ se (x 0 , yo)} , 
B((0, oo)) = {(x 0 , yo) : Oo, Vo) dise dB((0, oo))} , 
B(E) = {(x 0 ,yo) ■ C u dise (x 0 ,y 0 ) ^ se Q} . 

(c) Assume that System (1) has two interior equilibrium points E + and E_, that is assume that 
D(a, b) < 0. Then E- is a repeller and E + is a saddle point. There exist three continuous non- 
decreasing curves yV s (E x ), W s (E y ) andW s {E + ) emanating from E x , E y , and E + respectively, 
with end points at E- . The basins of attraction B{Eq), B(E x ) and B(E y ) are as in (a) and 
B((oo,0)) and B((0, oo)) are as in (b). Furthermore, 

,9,B((oo,0)) = W S (E X )UW S (E+), aB((0,oo)) = W s {E y )UW s (E+). 
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Figure 1: Visual illustration of Theorem 1. 



2 Preliminaries 

A first order system of difference equations 



x n +i 

Vn+l 



g{x n ,y n ) 



n = 0, 1,2, 



(4) 



where S C R 2 , (/, g) : S —> S, f, g are continuous functions is competitive if f(x, y) is non-decreasing 
in x and non-increasing in y, and g(x,y) is non-increasing in x and non-decreasing in y. If both / 
and g are nondecreasing in x and y, the system (4) is cooperative. Competitive and cooperative maps 
are defined similarly. Strongly competitive systems of difference equations or strongly competitive 
maps are those for which the functions / and g are coordinate-wise strictly monotone. 

Competitive and cooperative systems have been investigated by many authors, see [7, 8, 13, 15, 
16, 17, 18, 20, 21, 23, 24]. Special attention to discrete competitive and cooperative systems in the 
plane was given in [1, 2, 7, 8, 9, 16, 17, 18, 20, 24]. One of the reasons for paying special attention 
to two-dimensional discrete competitive and cooperative systems is their applicability and the fact 
that many examples of mathematical models in biology and economy which involve competition 
or cooperation are models which involve two species. Another reason is that the theory of two- 
dimensional discrete competitive and cooperative systems is very well developed, unlike such theory 
for three and higher dimensional systems. Part of the reason for this situation is de Mottoni- 
Schiaffino theorem given below, which provides relatively simple scenarios for possible behavior of 
many two-dimensional discrete competitive and cooperative systems. However, this does not mean 
that one can not encounter chaos in such systems as has been shown by H. Smith, see [24]. 

Here we give some basic notions about monotonic maps in plane. 

We define a partial order < se on R 2 (so-called south-east ordering) so that the positive cone is 
the fourth quadrant, i.e. this partial order is defined by: 



( x 1 ' 




' x 2 s 




U 1 , 




M 











Similarly, we define the north-east ordering as: 



/ x 1 s 


) ^ne | 


' X 2 ' 




u , 




M 






v y 2 , 





x 1 ^ x 2 

y 1 > y 2 - 



x 1 ^ x 2 

y 1 ^ y 2 - 



(5) 



(0) 



A map F is called competitive if it is non-decreasing with respect to ^ se , that is, if the following 
holds: 



-< 



F 



-< F 



(J) 
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For each v = (V,u 2 ) G R 2 ^, define Qi(v) for i = 1, .., 4 to be the usual four quadrants based at 
v and numbered in a counterclockwise direction, e.g., Qi(v) = {(£,?/) G R+ : v 1 < x,v 2 < y}. 
For 5 C R\ let S 10 denote the interior of 5. 
The following definition is from [24]. 

Definition 1 Let R be a nonempty subset ofR 2 . A competitive map T : R — > R is said to satisfy 
condition (0+) if for every x, y in R, T(x) ~< n e T(y) implies x < ne y, and T is said to satisfy 
condition (O—) if for every x, y in R, T{x) ^ ne T(y) implies y -< ne x. 

The following theorem was proved by DeMottoni-Schiaffino [9] for the Poincare map of a pe- 
riodic competitive Lotka-Volterra system of differential equations. Smith generalized the proof to 
competitive and cooperative maps [23]. 

Theorem 2 Let R be a nonempty subset ofR 2 . If T is a competitive map for which (0+) holds 
then for all x £ R, {T n (x)} is eventually componentwise monotone. If the orbit of x has compact 
closure, then it converges to a fixed point of T . If instead (O—) holds, then for all x G R, {T 2n } 
is eventually componentwise monotone. If the orbit of x has compact closure in R, then its omega 
limit set is either a period-two orbit or a fixed point. 

It is well known that a stable period-two orbit and a stable fixed point may coexist, see Hess 
[12]. 

The following result is from [24], with the domain of the map specialized to be the cartesian 
product of intervals of real numbers. It gives a sufficient condition for conditions (0+) and (O—). 

Theorem 3 Let R C R 2 be the cartesian product of two intervals in R. Let T : R — > R be a C 
competitive map. If T is infective and detJ^ix) > 0 for all x G R then T satisfies (O+). If T is 
infective and detJrix) < 0 for all x G R then T satisfies (O—). 

Theorems 2 and 3 are quite applicable as we have shown in [3, 4, 5, 17, 18, 20], in the case of 
competitive systems in the plane consisting of linear fractional equations. 

The following result is from [18], which generalizes the corresponding result for hyperbolic case 
from [17]. Related results have been obtained by H. L. Smith in [23]. 

Theorem 4 Let 1Z be a rectangular subset o/R 2 and let T be a competitive map on 1Z. Let x G 1Z 
be a fixed point ofT such that (Qi(x) U Qs(x)) H 1Z has nonempty interior (i.e., x is not the NW or 
SE vertex of 11). 

Suppose that the following statements are true. 

a. The map T is strongly competitive on int((Qi(x) U Qz(x)) n TZ). 

b. T is C 2 on a relative neighborhood ofx. 

c. The jacobian of T at x has real eigenvalues X, /j, such that |A| < \i, where A is stable and the 
eigenspace E x associated with A is not a coordinate axis. 

d. Either A > 0 and 

T(x)^x and T(x) ^ x for all x e int((Qi(x) U Qs(x)) n TZ) , 

or A < 0 and 

T 2 (x) ^ x for all x G int((Qi(x) U Q 3 (x)) n TZ) 
Then there exists a curve C in TZ such that 

(i) C is invariant and a subset ofW s (x). 

(ii) the endpoints of C lie on dTZ. 
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(iii) x G C. 

(iv) C the graph of a strictly increasing continuous function of the first variable, 

(v) C is differ entiable at x ifx<E \nt(TZ) or one sided differ entiable ifx<E dTZ, and in all cases C 
is tangential to E x at x, 

(vi) C separates TZ into two connected components, namely 

W- := {x G TZ : 3y G C with x ^ y} 

and 

W+ := {x G TZ : 3y G C with y < x} 

(vii) W_ is invariant, and dist(T n (x), Q 2 (x)) — > 0 as n — > oo for every x G W_. 

(viii) W + is invariant, and dist(T n (x), Qa{x)) — >• 0 as n — > oo for every x G W + . 

The following result is a direct consequence of the Trichotomy Theorem of Dancer and Hess, see 
[17] and [12], and is helpful for determining the basins of attraction of the equilibrium points. 

Corollary 1 If the nonnegative cone of ^ is a generalized quadrant in R™, and if T has no fixed 
points in the ordered interval I(u\,u 2 ) — {u : u\ < se u < se u 2 } other than u\ and u 2 , then the 
interior of I(ui,u 2 ) is either a subset of the basin of attraction of U\ or a subset of the basin of 
attraction of u 2 . 

The next results gives the existence and uniqueness of invariant curves emanating from a non- 
hyperbolic point of unstable type, that is a non-hyperbolic point where second eigenvalue is outside 
interval [-1,1]. See [19]. 

Theorem 5 Let TZ — (a\,a 2 ) x (b\, b 2 ), and let T : TZ — > TZ be a strongly competitive map with 
a unique fixed point x £ TZ, and such that T is continuously differentiable in a neighborhood o/x. 
Assume further that at the point x the map T has associated characteristic values \i and v satisfying 
1 < yU and — fi < v < fi. 

Then there exist curves C\, C 2 in TZ and there exist pi, p 2 G dTZ with pi << se x << se p 2 such that 

(i) For I = 1,2, Ct is invariant, north-east strongly linearly ordered, such that x€C( and Ct C 
Qs(x) U Qi(x); the endpoints q^, r^ of Ct, where q^ -< ne ri, belong to the boundary ofTZ. For 
l,j G {1, 2} with £ 7^ j, Ct is a subset of the closure of one of the components of TZ \ Cj. Both 
C\ and C 2 are tangential at x to the eigenspace associated with v. 

(ii) For £ — 1, 2, let P>t be the component ofTZ\Ct whose closure contains pt- Then P>t is invariant. 
Also, for x e P>i, T™(x) accumulates on Q 2 (p±) n dTZ, and for x e B 2 , T"(x) accumulates on 
Q 4 (p 2 ) n 8TZ. 

(iii) LetV 1 := Qi(x) fMZ\ (B 1 U B 2 ) andV 2 := Q 3 (x) n TZ \ (Bi U B 2 ). 
Then T>\ U T> 2 is invariant. 



Corollary 2 Let a map T with fixed point x be as in Theorem 5. Let T>\, T> 2 be the sets as in 
Theorem 5. IfT satisfies (0 + ), then for £ = 1,2, T>t is invariant, and for every x G T>e, the iterates 
T"(x) converge to x or to a point of dTZ. IfT satisfies (<3_), then T(X>i) C V 2 and T(V 2 ) C V x . 
For every x G 2?i U V 2 , the iterates T™(x) either converge to x, or converge to a period-two point, 
or to a point of dTZ. 
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3 Linearized Stability Analysis 

The equilibrium points of System (1) satisfy the following system of equations: 

x 2 y 2 

X =—^2i V=T—^2- (8) 

a + y b + y z 

All solutions of System (8) with at least one zero component are given as: E a (0, 0), E x (a, 0), and 
25,(0,6). 

The equilibrium points with strictly positive coordinates satisfy the following system of equations: 

(El) : a + y 2 - x = 0, (E2) : b + x 2 - y = 0. (9) 

By eliminating variable y from system (9) we obtain that x satisfies the following quartic equation 

x 4 + 2bx 2 - x + a + b 2 =0. (10) 

Left-hand side of (10) is a quartic polynomial which coefficients have two changes of sign. Conse- 
quently, by Descartes' rule of sign Eq.(10) have either 0, 1 or 2 positive roots and no negative roots. 
More precisely if we set 

f(x) = x 4 + 2bx 2 -x + a + b 2 , 

then f(x) = 4x 3 +4bx-l,f"(x) = 12x 2 + 46 and /(0) = a + b 2 > 0 and /(oo) = oo. The polynomial 
f(x) has a single minimum at [0,oo) attained at the point 

1 6 

3~ 




±h3 + J_ _|_ I 
27 " T 64 ' 8 

Now, f(x) has 0,1, or 2 positive equilibrium points if and only if f(x m i n ) > 0, f(x m i n ) — 0, or 
/(^min) < 0, which is equivalent to the conditions that D(a, 6) > 0, D(a, 6) = 0, or D(a, 6) < 0. 
These equilibrium points are denoted as E, in the case of one equilibrium point, and E + and 
where E_ < ne E + , in the case of two equilibrium points. In view of (9) the interior equilibrium 
points are intersection of two equilibrium curves (El) and (E2), which are two orthogonal parabolas. 
It is clear from Figure 3 that the slope of (El) at E- is greater than the slope of (E2) at that 
is ^ 

m E i(E-) = — > m E i(E-) = 25, 

which is equivalent to 4xy < 1. Similarly, the slope of (El) at E + is smaller than the slope of (E2) 
at E + , which is quivalent to Ixy > 1. If two equlibrium points E + and coincide at E then 
rriEi(E-) = ^ = m,E2(E-) = 2x, which is equivalent to Axy — 1. 
The map associated with the System (1) has the form: 

x 

y 

The Jacobian matrix of T is 

2a 2 y 




il \ i a+ y 2 (a+y 2 / ; / -i -i \ 

M*,y)=\ ^_ I- (ii) 

(b+x 2 ) 2 b+x 2 

The Jacobian matrices of T evaluated in E 0 ,E X , E y are given as 

/ 0 0 \ /2 0\ /00 

Jt(E 0 ) = , Jt(Ex) = , Jt(E x ) = 

\ 0 0 / 0 0 V 0 2 



161 



Kulenovic et al 156-166 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Global Dynamics of a Certain Two-dimensional Competitive System with Quadratic Terms 7 



By using the equilibrium equation, we obtain that the Jacobian matrix of T evaluated in an 
equilibrium E(j£,y) with positive coordinates has the form: 



J T (E) = _ ^ . (12) 




The characteristic equation of (12) is given as 

A 2 - 4A + 4 - Axy = 0 

and the eigenvalues of (12) are 

A±=2±2 V / ^. (13) 

Theorem 6 System (1) has always three equilibrium points Eq(0, 0), E x (a, 0), E y (0, b), where Eq 
is locally asymptotically stable and E x (a,0) and E y (0,b) are saddle points. In addition, System 
(1) has exactly one interior equilibrium point E(x,y), when 4xy = \, which is the non-hyperbolic 
equilibrium point of unstable type. If 'Axy > \, then System (1) has exactly two interior equilibrium 
points E^(x-,y~-), which is repeller and E + (x+,y+), which is a saddle point. 

Proof. The local character of the equilibrium points Eq(0, 0), E x (a, 0), E y (0, b) is obvious. In view 
of 

2 2 

x n +iy n +i = — : — 2 T. i — 2- 1 ' n = 0,l,... 
a + y£ b + x l n 

we conclude that x n y n < 1 for n = 1,2,... and so xy < 1. In view of Eq.(13) we conclude that 
A + > 2 and A_ € [0,1) if and only if Axy > 1, which shows that E + (x+,y+) is a saddle point. 
Furthermore, A_ > 1 if and only if Axy < 1, which shows that E-(x—,y—) is a repeller. Finally, 
A_ = 1 if and only if Axy = 1, in which case E is a non-hyperbolic point. □ 




Figure 2: Visual illustration of Theorem 6. 



4 Global Dynamics 

In this section we prove that the map which corresponds to System (1) is injective and it satisfies 
(0 + ) condition. We will also give the global dynamics of the map on the coordinate axes. 

Theorem 7 The map T which corresponds to System (1) is injective. 
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Proof. Indeed, 



T , x 1 \ = T I x 2 



( A ^ 




( x * \ 


a+y'i 


H 


a+vi 


vl 




i vl 









yi ) \ 2/2 

which is equivalent to 

I 2 2\ 7/ 2 2\ 2 2 2 2 

a(x 1 - x 2 ) = -b( yi - y 2 ) = x 2Vl - x lV2 , 
which immediately implies that x\ = x 2 and y x — y 2 . □ 



Theorem 8 The map T which corresponds to System (1) satisfies (0 + ) condition. All solutions of 
System (1) are eventually componentwise monotonic. All bounded solutions converge to an equilib- 
rium point. 

Proof. 

Assume that 




The last inequality is equivalent to 

a{x\ - xl) < x\y\ - x\y\ 

(14) 

Kyf - 2/1) < Am - xhi- 

Suppose X2 < xi. Then y\x\ > y 2 x\ 1 which implies y\ > y 2 - On the other hand, in view of (14) 
we obtain b(yf — y 2 ) < 0 and so y x < y 2 , which is a contradiction. 

Suppose x 2 = xi. Then y\ > y 2 , which in view of (14) implies j/i = y 2 . 

Suppose x 2 > xi. If y 2 < yi then x\ > x\,y 2 < y\ and so y\x\ > y 2 x\, which in view of (14) 
implies yi < y 2 , which is a contradiction. Consequently, yi < y 2 and so in all cases 




Thus we conclude that all solutions of (1) are eventually componentwise monotonic for all values of 
parameters. 

□ 



Theorem 9 The positive parts of x- axis and y-axis are unstable manifolds of the equilibrium points 
E x and E y respectively. 

Proof. Since xo = 0 (resp. yo = 0) implies x n — 0 (resp. y n = 0) for every n > 1 we conclude 
that the positive parts of x-axis and y-axis are invariant sets. Furthermore Xq = 0 (resp. y a = 0) 

implies y n+ i = \ (resp. x n+ i = ^) for every n > 1 and so y n = ^S-r (resp. x n = ^S-j)- Thus 
we have that x$ < a (xq > a or xq = a) gives x n ~ > 0 {x n — > oo or x n = a) as n — > oo. Similarly 
2/o < b (y 0 > b or y a = b) gives y n 0 (y n -)• oo or y n = b) as n -> oo. 

□ 

Next we present the proof of Theorem 1. 

Proof, of Theorem 1 The eventual componentwise monotonicity of solutions of System (1) 
follows from Theorem 8. 
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(a) Local stability of all equilibrium points follows from Theorem 6. 

The existence and the properties of the global stable manifolds W S (E X ), W s (E y ) are guaranteed 
by Theorems 4 and 7. Thus, the regions Z?((oo,0)) and £>((0,oo)) are invariant and in view 
of Theorem 8 every solution is eventually monotonic. Consequently, in view of Theorem 4 
and uniqueness of stable manifold every solution which starts in £?((oo,0)) (resp. B((0, oo))) 
is asymptotic to (oo,0) (resp. (0, oo)). 

Let (xo,yo) be an arbitrary initial point between W S (E X ) and W s {E y ). First, assume that 
x 0 > x. 

Then (x 0 ,y Wy ) ^ se {x 0 ,y 0 ) ^ se {xo,Vw x ), where (x 0 ,y Wy ) e W s (E y ), (x 0 , ywj G W S (E X ), 
tmdsoT n {xo,y Wy ) <se T n (x 0 ,y 0 ) ^se T n (x 0 ,y w J. Since T" (x 0 , yw y ) -> E y and T n (x 0 , ywj -> 
E x as n — > oo, we conclude that T n (xo,yo) eventually enters the ordered interval I(E y ,E x ). 
Thus there exists N > 0 such that T N (x a ,y 0 ) = (xjv,j/tv) € mtI(E y ,E x ). Then (0, y^) < se 
(%Ni J/jv) ^ se (a;jv,0) and so T k (0,y N ) ^ se T k (x N ,y N ) ^ se T k (x N ,0) for k > N, which im- 
plies that E 0 = \im k ^ ca T k (0,y N ) < ae lim^oo T k (x N , y N ) ^ se lim k ^ oo T k (x N ,0) = E 0 and 
so limfc^oo T k (x 0 , y 0 ) = E Q . 

Second, assume that xq = x and yo > 0. Then, by strong monotonicity of T, x\ < xq. Now, 
(xi,y Wy ) ^ se (x!,yi) < se {xi,0), where (x 1 ,y Wy ) G W s (E y ), which by monotonicity of T, 
implies that T n (xi, yw v ) disc T n (x\,yi) < se T n (xi,0). In a similar way as in the proof of the 
first case we show that T n (xi,yi) eventually enters the ordered interval I(E y ,E x ), in which 
case it converges to Eq. 

Third, assume that x 0 < x and yo > 0. Then, {xo,yw y ) ^se ( x o,yo) ^se (^OjO), where 
(x 0 ,y Wy ) G W s {E y ), which by monotonicity of T, implies that T n (x 0 ,y w J ^ se T n (x 0 ,y 0 ) ^ se 
T n (xo, 0). In a similar way as in the proof of the first case we show that T n (xo, yo) eventually 
enters the ordered interval I(E y , E x ), in which case, it converges to Eq- 

(b) Local stability of all equilibrium points follows from Theorem 6. 

The existence and the properties of the global stable manifolds W S {E X ), W s {E y ) are guaran- 
teed by Theorems 4 and 7. The existence and the properties of the curves Ci and C u are 
guaranteed by Corollary 2. The regions S((oo,0)) and S((0, oo)) are invariant and, by The- 
orem 8 all solutions are eventually componentwise monotonic. Since the basins of attraction 
of all equilibrium points in those regions are uniquely determined, then every solution which 
starts in S((oo,0)) (resp. B((0, oo))) is asymptotic to (oo,0) (resp. (0, oo)). 

Let (xo,yo) be an arbitrary initial point between W S (E X ) and W s {E y ). First, assume that 
x 0 > x. 

Then (x 0 ,y Wy ) ^se {x 0 ,y 0 ) ^ se (x 0 ,y w J, where (x 0 ,y Wy ) e W s {E y ),(x 0 ,y w J G W S (E X ), 
and so T n {x 0 ,y Wy ) ^se T n (x 0 ,y 0 ) ^ se T n (x 0 ,y w J for n > 0. Since T n {x 0 ,y W J -> E x and 
T n (xo,yw x ) — >■ E x as n — > oo, we conclude that T n (x 0 ,yo) eventually enters the interior of 
the ordered interval I(E y ,E x ), in which case, in a similar way as in the case (a), it converges 
to E 0 . 

The case xo < x, is treated in exactly the same as the analogue case of (a). 

Finally, let (xo,yo) be an arbitrary initial point between the curves C u and C;. 

Then {x 0 ,yi) disc {x 0 ,yo) dise {x 0 ,y u ), where {x 0 ,yi) G C((0,oo)),(x 0 ,y u ) G C((oo,0)), and 
so T n (x 0 ,yi) < se T n (x 0 ,yo) ^ se T n (x 0 ,y u )- 

Since T n (x 0 , yi) -> E and T n (x 0 , y u ) -> E as n -> oo, we conclude that T n (a;o, yo) -> -B- 

(c) Local stability of all equilibrium points follows from Theorem 6. 

The existence and the properties of the global stable manifolds W S (E X ), W s (E y ) and W S (E + ) 
are guaranteed by Theorems 4 and 7. The proof for the basin of attraction B(Eq) is same as in 
the case (a). Assume that an arbitrary initial point (xo,yo) is above 9B((oo,0)) in south-east 



164 



Kulenovic et al 156-166 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Global Dynamics of a Certain Two-dimensional Competitive System with Quadratic Terms 10 



ordering. In view of Theorem 8 every solution is eventually componentwise monotonic and so 
it must be asymptotic to (oo, 0) as the other three equilibrium points have uniquely determined 
basins of attractions. More precisely, in view of Theorem 4 there exists the unstable manifold 
W U (E + ), which is passing through E + and is continuous, non-increasing curve contained in 
Q,2(E + ) U Qi(E + ) with the property that all solutions which start below dB((oo, 0)) or above 
dB((0, oo)) are asymptotic to W U (E + ) as n — > oo. Similar reasoning applies if an arbitrary 
initial point (x 0 ,y a ) is below dB((0, oo)) in south-east ordering. 

□ 



Remark 1 In the special case a = b an immediate checking shows that the line y = x is an invariant 
set and that all interior equilibrium points (if any) belongs to that line, which in view of Theorem 
4 shows that y — x is the stable manifold in that case. In fact, in this case the coordinates of the 
equilibrium points are computable and we have that for a < 1/4 the interior equilibrium points are 

_ /l-y/T=4a l-y/T^4a\ /l + vT^4^ l + ^/T^4a 

h -\ o ' o ' L + 



and for a = 1/4 the interior equilibrium point is £7(1/2, 1/2), while in the case a > 1/4 there is no 
an interior equilibrium point. In any case the line y — x is an invariant set which in the case a < 1/4 
becomes the global stable manifold of E + . 

Based on our simulations we pose the following conjecture. 
Conjecture 1 We conjecture that C\ — C u in Part b) of Theorem 1. 
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HIGHER-ORDER g-DAEHEE POLYNOMIALS 



YOUNG-KI CHO, TAEKYUN KIM, TOUFIK MANSOUR, AND SEOG-HOON RIM 



Abstract. Recently, g-Daehee polynomials and numbers are introduced (see [8]). In this paper, 
we consider the higher-order g-Daehee numbers and polynomials and give some new relations and 
identities between higher-order q-Daehee polynomials and higher-order g-Bernoulli polynomials. 



1. Introduction 

Let p be a fixed prime number. Throughout this paper, Z p , Q p and <C P will denote the ring of 
p-adic integers, the field of p-adic rational numbers, and the completion of algebraic closure of Q p , 
respectively. The p-adic norm | • | p is normalized as \p\ p = 1/p. Let q be an indeterminate in C p with 
|1 - q\ < p-Vfr-i), an d let UD(Z p ) be the space of uniformly diffcrcntiable functions on Z p . For 
/ 6 UD(Z p ), the p-adic g-integral on Z p (q-Volkenborn integral on Z p ) is defined by Kim to be 

r i pW " 1 

(1-1) W) = / mdn g (x) = Jim j-j— ^ f(x)q*, 

JZp IP \q X=Q 

where [x] q = (sec [3]). Let /i(x) = f(x + 1). Then, by (1.1), we get 



(1-2) dWi) W) = (Q- l)/(0) + f^/'W 

where /'(0) = 4zf{x) \ x=0 (see [3]). From (1.2), we note that 



dx 

i(j„ i\ _ l £ ]~ logq 



(1.3) / e^d^fc) 



ge* — 1 



Now, we define the g-Bernoulli numbers which are given by 

q - 1 + F 1 * ^ t n 
(i- 4 ) - — r J r 2 - = E s »A> 

y n>0 

(see [8]). Note that lim 9 ^i B niQ = B n the n-th Bernoulli number. From (1.3) and (1.4), we have 

(1.5) f x n dfi q (x) = B n , q , n>0. 

We can also define the g-Bernoulli polynomials which are given by the generating function to be 

(1.6) _^^ e >. = £ S „ W L. 

y n>0 



2000 Mathematics Subject Classification. 05A40. 
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Thus, by (1.4) and (1.5), we see that 

(1-7) B n , q (x) = f2(1)Be, q x n - e . 

From (1.2), we can derive the following equation: 

r a — 1 + -2— !-i _ +n 

(1-8) / e^d N (y) = e** = £ 

J-i v 1 e 1 „> 0 n - 

By (1.8), we get 

(1.9) / {x + y) n d f i q (y) = B ntq (x), n > 0. 

Jz p 

For a G N, the higher-order (/-Bernoulli polynomials are defined by the generating function to be 



n>0 



Note that lim g _i B\^(x) — B„ ' (x) the n-th higher-order Bernoulli polynomial which are defined by 
the generating function to be (-^j) e xt = J2 n >o B ^ ( x )^ ( see [ 1_13 D- 

As is known, the Daehee polynomials are defined by the generating function to be lg£il±*) (l + t) x — 

X^o ( see I^D- ^ n I^L tne Daehee polynomials of order a are also defined by the generating 

function to be 



(Mi±i))" (1+tr=i:B <.» w £;, 

\ ' -An 



#0 

(see [4, 5, 11, 12]). Recently, g-Daehee polynomials arc defined by the generating function to be 

n>0 

(see [8]). From (1.2) and (1.11), we have 

n>0 



r a — 1 + loef 1 + 1) tn 

(i-i2) / (i+ir^ 9 (2/) = - — -t^t — V+*r = EA.,,(*A. 



In viewpoint of (1.12), we consider the higher-order g-Daehee polynomials and give new relations and 
identities between higher-order q-Daehee polynomials and higher-order g-Bernoulli polynomials. 

2. Higher-order <j-Daehee polynomials 

We assume that t e C p with \t\ p < p -1 /^- 1 ). For k e N, let us define the higher-order g-Daehee 
polynomials as follows: 

\ / n>0 
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From (1.2), we can derive the following equation: 



/ ■■■/ (l + t) x i + -+ x «+ x d f i q (x 1 )---d f i q (x k ) 



k 



qt + q-l 

j-n 

(2-2) =J2 Di n> 



g-l + £=Mog(l+i) > 



n>0 



Thus, by (2.2), we get 

(2.3) / •••/ (x 1 + --- + x k +x) n dfj, q (x 1 )---diJ, q (xk) = D^ q (x), n > 0, 

■J %p J Tip 

which implies 

(2.4) ^ Si (n,*) I ... I (x 1 + ... + x k +x) n d f i q (x 1 )...d f i q (x k ), 
where Si(n,£) is the Stirling number of the first kind. We observe that 

(2.5) / ■ • • / e^+"+*>+*»d N ( Xl ) ■ ■ ■ d N (x k ) = ( q - 1 + Y« l °f +t) ) (1 + if. 
Jz v Jz v \ qt + q — l J 

By (1.10), (2.4) and (2.5), we deduce the following result. 

Theorem 1. For n > 0 and k G N, 



D^(x)=J2Si(n,£)B^ q (x). 



1=0 

Jk) _ n (fe). 



When x = 0, D n _' q = D n , q (0) arc called the higher-order g-Daehee numbers. 
Corollary 1. For n > 0 and k G N, 

<!+■■•+/»=» V tkJ 3=0 

(k) 

where B„, q is the n-th q-Bernoulli number of order k. 
In (2.1), by replacing t by e* — 1, we have 

(2-6) f 9 "i + _^ )^ to = E^W^^ - E (tm^(n,rn)) 

\ y / n>0 m>0 Vl=0 / 

where S2(n,m) is the Stirling number of the second kind. Therefore, by (1.10) and (2.6), we obtain 
the following result. 

Theorem 2. For m > 0 and k G N, 

m 
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Now, we consider the higher-order g-Daehee polynomials of the second kind as follows: for \t — 2\ p < 
p-V(p-i) an d t + 1, 

(2.7) D n>q (x)= •••/ {-X! x k + x) n dy, q {xi) ■ ■ ■ dfi q {x k ) 

= J2{-l) n - e Si{n,£) [ ••• [ (x 1 + --- + x k -x)' ! dn q (x 1 )---dfi q (x k ) 

I) n J Win J Z„ 



= J2(-^ n - e Si(n,£)B^(-x) 



which gives the following result. 
Theorem 3. For n > 0 and k £ 



From (2.7), we have 

(2.8) E 5 «^)S=/ Y,( Xl + - + * k+n - t"d N ( Xl ) ■ ■ ■ d N (x k ) 



= f ■ ■ I (l-t)- Xl "- x " +x df iq {x 1 )---dn q (x k ) 

J Tip J Tjp 

= (^ ( '- 1+ ^ tog(1 - I »)* <1 -' ) *- 

By (2.8), we get 

(2 . 9) E s^i^pi . f-s^h - 1 + ti t) )' . ( izitMf ' 

^rj! n! \g-e f logg / 1 ge'-l 



e -xt 



n>0 



Also, we have 



m! 

m>0 



(2.10) E^W^i = S E*)(- 1 ) n, ""^K»)b' 

n>0 m>0 \n=0 / 

Therefore, by (2.9) and (2.10), we obtain the following result. 
Theorem 4. For m > 0 and fc 6 N, 

m 

= J2(- i r- e S2(m,e)D^ q (x). 

By (2.7), we get 

(2.11) Di k l(x)= [ •■• f (x 1 + ---+x k +x)^d N (x 1 )---d N (x k ), 
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where — x(x + 1) • • • (x + n — 1). Thus, from (2.11), we have 

(2.12) Di k l(x) = (-1)" / ••• f (- Xl x k +x) n d N (x 1 )---dn q (x k ) 

Jz p Jz p 

= (-!)" E S i( n ' £ ) / •••/ x fe +x) £ d^(a;i)---d^(x fc ) 

= (-!)" EE Si(n,*)(*V _Tn / •••/ z fe r^ 9 (zi)---<W*fc) 

= (-i)"EE%C J^-^w 

^=0 m=0 



£(-l)"-'5 1 (n,^)BiS(-x). 



1=0 



Therefore, by (2.12), we obtain the following theorem. 
Theorem 5. For n > 0 and k e N, 



= E(- 1 ) n "^("^) B £(- a; )- 

Now, we observe that 

(2.i3) { -i r ^M = { -i r f ... f Y,{ Xl + '" +Xk+x )d^)---d^ q {x k ) 

Til f'w I'w \ Tl / 

= J ■■■ J y ^ Jdfi q (x 1 )---dfi q (x k ) 

-, /•••/ )dn q (x 1 )---dfj, q (x k ) 
= V — ( n ~ l \m\ ( ■■■ ( (~ Xl Xk ~ 



dfj, q (xi) ■ ■ ■ d^ q (x k ) 



m=l v ' 



Therefore, by (2.13), we obtain the following result. 
Theorem 6. For n>0 and k E N, 



DW(x) " (-i)</n-lW) 
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Note that, by (2.7), we have 

Dn,q(x) f f Tr^fxi^ \-x k +n-l-x\ 

( 2 - 14 ) — 7j — =/ ■■■/ 2^1 „ )dti q (x 1 )---dn q {x k ) 

- 1 (:: i) i p ■ ■ ■ J Zp { X1+ " m + Xk " x ) • • • 

= £ m\\n-m) D{ ^ x) - 

Therefore, by (2.13), we obtain the following theorem. 
Theorem 7. For n > 0 and k e N, 
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Approximate fuzzy ternary homomorphisms and 
fuzzy ternary derivations on fuzzy ternary Banach 

algebras 

Ali Ebadian 1 , Mohammad Ali Abolfathi 2 , Rasoul Aghalary 3 , Choonkil 

Park 4 and Dong Yun Shin 5 * 

1,2 ' 3 Department of Mathematics, Urmia University, P.O. Box 165, Urmia, Iran; 
4 Research Institute for Natural Sciences, Hanyang University, Seoul 133-791, Korea; 
5 Department of Mathematics, University of Seoul, Seoul 130-743, Korea 

Abstract. Using the fixed point method, we prove the Hyers-Ulam stability of ternary homomorphisms 
and ternary derivations in fuzzy ternary Banach algebras associated to the following additive functional 
equation 

n k fc+1 n n n—k+1 n 

BE E ••• E )/( E E zv)+/(E^) = 2 " -1 /(*i) 

k=2 ii=2»2=ti + l in-fc + i=in-fe + l i^l,t^ii,»2-"' ,i n -k+i r =l '=1 

for a fixed integer n with n > 2. 

1. Introduction and preliminaries 

The theory of fuzzy sets was introduced by Zadeh in 1965 [53]. Fuzzy set theory is a 
powerful hand set for modeling uncertainty and vagueness in various problems arising in 
the field of science and engineering. The fuzzy topology proves to be a very useful tool 
to deal with such situations where the use of classical theories breaks down. In 1984, 
Katsaras [18] introduced an idea of a fuzzy norm on a vector space to construct a fuzzy 
vector topological structure on the space. In the same year, Wu and Fang [50] introduced 
a notion fuzzy normed apace to give a generalization of the Kolmogoroff normalized 
theorem for fuzzy topological vector spaces. In 1992, Felbin [10] introduced an alternative 
definition of a fuzzy norm on a vector space with an associated metric of Kaleva and 
Seikkala type [16]. Some mathematics have define fuzzy normed on a vector form various 
point of view [25, 41, 51]. In particular, Bag and Samanta [2] following Cheng and 
Mordeson [6] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy 
metric of Kramosil and Michalek type [24]. They established a decomposition theorem 
of fuzzy norm into a family of crisp norms and investigated some properties of fuzzy 
normed spaces [3]. 

A classical equation in the theory of functional equations is the following: "when 
is it true that a function which approximately satisfies a functional equation must be 
close to an exact solution of the equation?". If the problem accepts a solution, we 

°2010 Mathematics Subject Classification: 39B52, 39B82, 45L05, 46S40, 47S40, 47H10. 

°Keywords: Hyers-Ulam stability; fuzzy ternary Banach algebra; additive functional equation; fuzzy 
ternary homomorphism; fuzzy ternary derivation; fixed point method. 
* Corresponding author: Dong Yun Shin (email: dyshin@uos.ac.kr). 
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say that the equation is stable. The first problem concerning group homomorphisms 
was raised by Ulam [49] in 1940. In the next year, Hyers [12] gave a first affirmative 
answer to the question of Ulam in context of Banach spaces. In 1978, Rassias [45] 
proved a generalization of the Hyers' theorem for additive mappings. Furthermore, in 
1994, Gavrut^a [11] provided a further generalization of Rassias' theorem in which he 
replaced the bound £(||:r|| p + \\y\\ p ) in by a general control function <p(x,y). Recently, 
several stability results have been obtained for various equations and mappings with 
more general domains and ranges have been investigated by a number of authors and 
there are many interesting results concerning this problem [1, 13, 14, 15, 22, 23, 26, 27, 
28, 29, 31, 32, 33, 34, 35, 42, 43, 46, 47, 48, 52]. 

In the following, we will give some notations that are needed in this paper. 

Definition 1.1. Let X be a real vector space. A function N : X x R — > [0, 1] is said to 
be a fuzzy norm on X if for all x,y G X and all t, s G R, 
(Nl) N(x,t) =0fort< 0; 

(JV2) N(x, t) = \ for allt>0 if and only if x = 0; 
(N3) N(cx, t) = P(x, ||| ) for each c ^ 0; 
(JV4) N(x + y,s + t)> min{iV(x, t),N(y, s)}; 

(N5) N(x, •) is a non- decreasing function on K. and lim^oo N(x,t) = 1; 
(N6) N(x, •) is continuous on M. for x ^ 0. 

The pair (X, N) is called a fuzzy normed linear space. 

One may regard N(x, t) as the truth value of the statement "the norm of x is less than 
or equal to the real number t" . 

Example 1.2. Let (X, || • ||) be a normed linear space and a, (3 > 0. Then 



at 



N(x,t) 



0t+\\x\\ ' * > 0, x e x, 
o, t<o, xex 



is a fuzzy norm on X . 

Example 1.3. Let (X, || ■ ||) be a normed linear space. Then 

{0, t<0, 

PIP o<t<\\x\\, xex, 

l, t > \\x\\, x e x 

is a fuzzy norm on X . 

Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said to be 
convergent if there exists x G X such that /im n _ 5 . 00 X(x n — x, t) — 1 for all t > 0. In that 
case, x is called the limit of the sequence {x n } and we denote it by N — lirrin^^Xn = x. 

A sequence {x n } in X is called Cauchy if for each e > 0 and each t > 0 there exists 
an no G N such that for all n > and all p > 0, we have N(x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in fuzzy normed vector space is Cauchy. 
If each Cauchy sequence is convergent, then the fuzzy normed is said to be complete and 
the fuzzy normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y 
is continuous at point x 0 G X if, for each sequence {x n } converging to x 0 in X, the 
sequence {f(x n )} converges to f(x 0 ). If / : X — > Y is continuous at each x G X , then 
/ is said to be continuous on X [3] . 
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Approximate fuzzy ternary homomorphisms in fuzzy ternary Banach algebras 



Ternary algebraic operations have propounded originally in nineteenth century by 
several mathematicians such as Cayley [5] who introduced the notion of cubic matrix 
which in turn was generalized by Kapranov, Gelfand and Zelevinskii in 1990 [17]. The 
application of ternary algebra in supersymmetry is presented in [20] and in Yang-Baxter 
equation in [37]. 

Let X be a complex linear space equipped a mapping [-,-,•] : X x X x X — > X with 
(x, y, z) — > [x, y, z] that is linear in variables x, y, z and satisfies the associative identity, 
i.e., [x, y, [z, u, v]\ = [x,[y, z,u],v] = [[x, y, z], u, v] for all x,y,z,u,v G X. The pair 
(X, [•,-,•]) is called a ternary algebra. The ternary algebra (X, [-,-,•]) is called unital if 
it has an identity element, i.e., an element e G X such that [x, e, e] = [e, e, x] = x for all 



The linear space X is called a ternary normed algebra if X is a ternary algebra and 
there exists a norm || • || on X which satisfies || [x, y, z] \\ < \\x\\ \\y\\ \\z\\ for all x,y,z G X. 
Whenever the ternary algebra X is unital with unit element e, we repute ||e|| = 1. A 
normed ternary algebra X is called a ternary Banach algebra if (X, || • ||) is a Banach 
space. 

Definition 1.4. Let X be a ternary algebra and (X, X) be a fuzzy normed space. 
(1) The fuzzy normed space (X, N) is called a fuzzy ternary normed algebra if 



for all x, y G X and all positive real numbers t,s,r. 

(2) A complete fuzzy ternary normed algebra is called a fuzzy ternary Banach algebra. 
Example 1.5. Let (X, || • ||) be a ternary normed (Banach) algebra. Let 



Then N(x,t) is a fuzzy norm on X and (X, X) is a fuzzy ternary normed (Banach) 
algebra. 

Definition 1.6. Let (X, X) and (Y,N') be two fuzzy ternary Banach algebras. 
(1) The C-linear mapping f : (X, X) — > (Y, N') is called a fuzzy ternary homomorphism 



for all x,y, z G X . 

(2) The C-linear mapping f : (X, X) — > (X, X) is called a fuzzy ternary derivation if 
f([x,y,z}) = [f(x),y,z] + [x,f(y),z] + [x,y,f(z)} 

for all x,y,z G X. 

Let X be a nonempty set. A function d : X x X — > [0, oo] is called a generalized metric 
on X if d satisfies 

(1) d(x, y) — 0 if and only if x = y for x, y G X ; 

(2) d(x,y) = d(y,x) for all x,y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Let (X, d) be a generalized metric space. An operator T : X — > X satisfies a Lip- 
schitz condition with Lipschitz constant L, if there exists a constant L > 0 such that 
d{Tx, Ty) < Ld(x, y) for all x, y G X. If the Lipschitz constant L is less than 1, then the 



x G X. 



N([x,y,z],tsr) > N{x,t)N{y, s)N(z,r) 




t>0, x G X, 
t < 0, x G X. 



if 



f([x,y,z]) = [f(x)J(y)J(z)] 
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operator T is called a strictly contractive operator. We recall the following theorem by 
Diaz and Margolis. 

Theorem 1.7. ([30, 44]) Let (X,d) be a complete generalized metric space and J : X — > 
X be a strictly contractive mapping with Lipshitz constant L < 1 . Then, for each given 
x G X, either 

d(J n x, J n+1 x) = oo for all n > 0, 

or there exists a natural number no such that 

(1) d(J n x, J n+l x) < oo for all n > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y e X : d(J n °,y) < oo}; 

(4) d(y, y*) < ^(y, Jy) for all y eY. 

In 1996, Isac and Rassias [14] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed-point theorems with applications. By 
using the fixed point method, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [4, 8, 9, 19, 39, 40]). 

Recently, Ebadian and Ghobadipour [7] considered the Hyers-Ulam stability of double 
derivations on Banach algebras and Lie *-double derivations on Lie C*-algebras associ- 
ated with the following additive functional equation 

n k fe+1 n n n—k+l n 

DEE- E )/< E *- E*J+/<E*> 

k=2 u=2? 2 =n+l in-fc+i=*n-fc + l i^l,i^ii,i2,— ,i n -k+i r=1 i=l 

= r- 1 f(x 1 ) (i.i) 

for a fixed integer n with n > 2. 

In this paper, we investigate the Hyers-Ulam stability of fuzzy ternary homomorphisms 
and fuzzy ternary derivations on fuzzy ternary Banach algebras associated with the 
additive functional equation (1.1). 

Throughout this article, assume that (X, N) and (Y, N') be fuzzy ternary Banach 
algebras. 

2. Approximate fuzzy ternary homomorphisms in fuzzy ternary Banach 

algebras 

In this section, we prove the Hyers-Ulam stability of fuzzy ternary homomorphisms in 
fuzzy ternary Banach algebras related to the additive functional equation (1.1). 

Theorem 2.1. Let ip : X n — > [0, oo) be a function such that there exists an L < 1 with 

(p(2x u 2x 2 , • • • , 2x n ) < 2L(p(x 1 , x 2 ,~- , x n ) (2.1) 

for all Xi, x 2 , • • ■ , x n e X. Let f : X — >■ Y be a mapping satisfying /(0) = 0 and 

n k fe+1 n n n— fe+1 

*(£(££••• £ )/( £ ^-£^v) (2.2) 

k=2 «i=2i 2 =il+l «n-fc+i=*n-fe+l i^,i¥=h,i2,--- An-k+l r=1 

t 



+/(£^i)-2 B -V/(a?i),0> 



• _ | t + (p(x 1 ,x 2 , ■■■ ,x n ) 
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N ( f M) - m , m , /(,)],,) > — (2 . 3 ) 

for all x, y, z, x±, x 2 , • • • ,x n G X, all /i G T 1 := {u G C : \u\ = 1} and all t > 0. Then 
H(x) = N — linv^oo ^/(2 m x) exists for each x & X, and defines a unique fuzzy ternary 
homomorphism H : X — > Y such that 

iV(/(x) - H(x),t) > r . T , 1 — ' (2.4) 

/or all x E X and all t > 0. 

Proof Consider the set f2 := {g : X — > Y, g(0) = 0} and introduce the generalized metric 

<%, ft) = inf {, 6 R+ : JVto(x) - ft (*), *) > ^^^y ) 

where inf 0 = +00. The proof of the fact that (Q, d) is a complete generalized metric 
space can be found in [4]. Now we consider the mapping J : Q — > Q defined by 

Jg{x) ■= ^g(2x) 

for all g G f2 and x G X. Let e > 0 and /, g G be given such that d(g, h) < e. Then 

N(g(x) - h(x).st) > -. r, 

KyK J y h ' - t + <f(x,x,0,--- ,0)' 

for all x G X and all £ > 0. Hence 

N(Jg(x) - Jh(x),Let) = N(]-g(2x) - ^h(2x),Let) 

= N(g(2x) - h(2x),2Let) 
2Lt 

> 
> 



2Lt + y?(2x, 2x, 0, 0, • • • ,0) 
2Lt 

2Lt + 2L(p(x,x,0,--- ,0) 
t 

~ t + <p(x,0,--- ,0) 

for all x G X and all t > 0. So ci(g, h) < e implies that rf( Jg, J7i) < for all g,h G Q, 
that is, J is a self-mapping of f2 with the Lipschitz constant L. We use the following 
relation 



n— k / . \ n—k , . 

1+ E("t )=E("i )= 2 

fc=l v 7 fe=0 v 



■>n— fc 



for all n > k. Letting /x = 1 and putting xi = x 2 = x and x 3 = x 4 = • • • = x n = 0 in 
(2.2), we have 

N(2 n - 2 f(2x) - 2 n ~ 1 f(x),t) > -. - (2.5) 

V M ' Jy h ' ~ t + <p(x,x,0,--- ,0) K J 

for all x G X and all t > 0. Then 

iV (\f(2x) — /(x), — ^— ^) > 7 r (2.6) 

\2 JK J JK h 2 n ^ J ~ t + (p(x,x,0,--- ,0) V ; 
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for all x G X and all t > 0. It follows from (2.6) that d(f, J f) = ^=r- By Theorem 1.7, 
there exists a mapping H : X —tY such that the following holds: 
(1) if is a fixed point of J, that is, 

H(2x) = 2H(x) (2.7) 

for all x £ X. The mapping H is a unique fixed point of J in the set A = {h G f2 : 
d(g, h) < oo}. This implies that if is a unique mapping satisfying (2.7) such that there 
exists 77 G (0, 00) satisfying 

N(f(x)-H(x),r]t)> 



t + ip(x,x, 0, • • • ,0) 
for all x G X and all t > 0. 

(2) d(J m f, H) — > 0 as m — >■ 00. This implies the equality 

TV- fim ^f(2 m x) = H{x) 

exists for each x G X, 

(3) d(f,H) < jzj;d(fi Jf), which implies inequality 
and so 

Thus (2.4) holds. 

It follows from (2.1) and (2.2) that 



,0)' 



n k k+1 n n n— k+1 

*(£(£ £ ••• £ w E E ^) 

fe=2 h=2i 2 =h+l *n-fc+i=*n-fc + l 17^1,1^11,12, ••• ,i„_fc+i r=l 
n 

+ ii(^/i^)-2"- 1 ii(^ 1 ),t) 
i=i 

n A; fc+1 n n rt— fe+1 

= il«^EE E - E >/( E 

fc = 2 Ji=2« 2 =«l + 1 «n-fc + l=*n-fc+l i^l,i^»l,i2," - ,l„_fe + l r=l 

n 

+ /(^/i2 m x,)-2"- 1 /(/i2 m a: 1 ),t) 



> lim 



?=i 

2 m t 



m^oc 2 m t + v?(2 m a;i, 2 m x 2 , • • • , 2 m x n ) 

> lim = - 

~ m ^ t + ^<p(2 m x u 2 m x 2 , ■■■ , 2 m x n ) 

> lim = 1 

m-+oo t + L m (p{Xi, X 2 , ■ • ■ , X n ) 
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for all xi, X2, • • • , x n G X, alH > 0 and all \i G T 1 . Thus 

n k fc+1 n n n—k+1 n 

E(E E ••• E )#( E ^-E^) +ff (E^) 

fc=2 il=2 12=U + 1 «n-fe + l=«n-fe + l i^l,»^il,i2," - Al-fc+1 r = 1 i = 1 

= 2 n - 1 /jH(x 1 ) 

for all xi, X2, • • • , x n G X. By [21], if : X — > Y is Cauchy additive, that is, H(x + y) — 
H{x) + H(y) for all x, y G X. By a similar method to the proof of [30], one can show 
that the mapping H : X — > Y is C-linear. 
By (2.3), we have 

X(^/([2 m *,2^,2"^]) - ^- n [f(2 m x),f(2 m y),f(2 m y)],t) 

2 3m t 

> 



2 3m t + ip(2 m x, 2 m y, 2 m z, ■■■ ,0) 
2 3m t 

- 2 3m t + 2 m L m ip(x, y,z,--- ,0) 

for all x, y, z G X and all £ > 0. Since 

2 3m t 

lim 



m ^oo 23mt + 2 m L m (f(x, y, z, ■ ■ ■ , 0) 
for all x,y,z G X and all t > 0, 

for all x,y,z G X. This means that if is a fuzzy ternary homomorphism. This complete 
the proof. □ 

Corollary 2.2. Le£ I 6e a ternary Banach algebra with norm \\ ■ \\, 5 > 0 and p be a 

real number with 0 < p < 1 . Le£ / : X — > Y be a mapping satisfying 

n k fc+1 ra n n— fe+1 

*(E(E E ••• E )/( E E ( 2 - 8 ) 

fe=2 U=2 12=11+1 «n-fe + l=*n-fc + l 1^1,1^11,12, ••• ,i n -k + l r = 1 

+/(£><) - 2^/(^1), o > Nr 



X(/([ W ]) - [f(x)J(y)J(z)],t) > t + s{Mp+ \ y]]p+Mp) (2-9) 

/or all x,y, z,Xi,x 2 , ■ • • ,x n G X, all /iGT 1 and a// £ > 0. Tnen £nere exzs£s a unique 
fuzzy ternary homomorphism H : X — >■ Y sncn £na£ 

/or all x E X and all £ > 0. 

Proof. The proof follows from Theorem 2.1 by taking ip(x\,x-2, ■ ■ ■ ,x n ) := <5^™ =1 

for all Xi,x 2 , ■ ■ ■ ,x n G X. It follows from (2.8) that /(0) = 0. Choosing L = 2 P_1 , we 

get the desired result. □ 
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Theorem 2.3. Let ip : X n — > [0, oo) be a function such that there exists an L < 1 with 

L 



(Xi x 2 x n \ L 

V V2~' 2~'"' 'TJ ^W 1 '^ 2 ''" 



for all xi,X2, ■ ■ ■ ,x n G X. Let f : X — >■ y be a mapping satisfying /(0) = 0 ; (2.2) and 
(2.3). Then H(x) = N — lim™-^ 2 m f (^x) exists for each x G X , and defines a unique 
fuzzy ternary homomorphism H : X — >■ Y such that 

N ^ ~ ™ ^ 2-(l-^.,.,») 
for all x £ X and all t > 0. 

Proof. Let (S, d) be the generalized metric space in the proof of Theorem 2.1. 
Consider the linear mapping J : Q — > Q defined by 



Jg(x) := 2g (|) 



for all g G f2 and x G X. We can conclude that J is a strictly contractive self-mapping 
of S with the Lipschitz constant L. 
It follows from (2.5) that 

N(f(x)-2f( X -),^-)> 



2 7 ' 2™- 1 J ~ t + <p(x,x,Q,-~ ,0) 

It follows that d(f, J f) = ^t- 

By Theorem 1.7, there exists a mapping H : X Y such that the following holds: 

(1) H is a fixed point of J, that is, 

H (l) = \ H ^ ( 2 - 10 ) 

for all x £ X. The mapping is a unique fixed point of J in the set A = {h G Q : 
d(g, /i) < oo}. This implies that if is a unique mapping satisfying (2.10) such that there 
exists 7] G (0, oo) satisfying 

N(f(x) - H(x),r)t) > -. - 

for all x G X and all t > 0. 

(2) d(J m f, H) — > 0 as m — > oo. This implies the equality 

N - lim 2 m f i^-x] = H(x) 



m^roo V 2 m 

exists for each a; G X, 

(3) d(f,H) < iZid(f, J f), which implies inequality 
and so 

N(f(x)-H(x),t)> ~ ^ ' 



2 n " 1 (l - L)t + Lip(x, x, 0, • • • , 0) ' 
The rest the proof is similar to the proof of Theorem 2.1. □ 
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Corollary 2.4. Let X be a ternary Banach algebra with norm \\ ■ \\, 5 > 0 and p be a 

real number with p > 1. Let f : X — >■ Y be a mapping satisfying (2.8) and (2.9). Then 
there exists a unique fuzzy ternary homomorphism H : X — >■ Y snc/i that 

2 n " 1 (l — 2 1 ~ p )t 
- H(x),t) > 2 „-i (1 _ 21^ + 22^1^^ 

/or all x E X and all t > 0. 

Proof. The proof follows from Theorem 2.3 by taking ip(xi,x 2 , ■ ■ ■ ,x n ) := <5X^=i \\ x i\\ P 
for all Xi,x 2 , ■ ■ ■ ,x n E X. It follows from (2.8) that /(0) = 0. Choose L = 2 1_p , we get 
the desired result. □ 

3. Approximate fuzzy ternary derivations on fuzzy ternary Banach algebras 

In this section, we prove the Hyers-Ulam stability of fuzzy ternary derivations on fuzzy 
ternary Banach algebras related to the additive bfunctional equation (1.1). 

Theorem 3.1. Let ip : X n — > [0, oo) be a function such that there exists an L < 1 with 

(p(2x 1 , 2x 2 , ■ ■ ■ , 2x n ) < 2L<f(xi, x 2 , • • • , x n ) 

for all X\,x 2 , ■ ■ ■ ,x n EX. Let f : X — >■ X be a mapping satisfying /(0) = 0, (2.2) and 

N(f([x,y,z]) - [f(x), y ,z] - [x,f(y),z] - [x,y, f(z)]),t) > % (3.1) 

* + <p{x,y,z, ■■■ ,0) 

for all x, y, z, x±, x 2 , • • • , x n e X and all t > 0. Then D{x) = N — limm^oo ^f(2 m x) 
exists for each x G X , and defines a unique fuzzy ternary derivation D : X — > X such 
that 

N(f(x) - D(x),t) > { , ' r (3.2) 

KJK J V ; ' ; - 2™- 1 (l - L)t + (p(x,x,0,--- ,0) V ; 

for all x G X and all t > 0. 

Proof. By the same reasoning as in the proof of Theorem 2.1, the mapping D : X — > X 
is a unique C-linear mapping satisfying (3.2). 

Now, we show that D : X — > X is a fuzzy ternary derivation. By (3.1), we have 

N(^f([2 m x,2 m y,2 m z}) - ±-([f(2 m x),y,z] - [xj(2 m y),z] - [x,yj(2 m z)}),t) 
2 3m t 

> 



2 3m t + (p(2 m x, 2 m y, 2 m z, ■■■ ,0) 
2 3m t 



- 2 3rn t + 2 m L m ip(x, y,z,--- ,0) 
for all x, y, z G X and all t > 0. Since 

2 3m t 

lim — = 1 

m^oc 2 3m t + 2 m L m ip(x, y,z,--- ,0) 

for all x, y, z G X and all t > 0, 

D([x,y,z]) = [D(x),y,z] + [x,D(y),z] + [x,y,D(z)\ 
for all x,y,z G X. This means that D is a fuzzy ternary derivation. □ 
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Theorem 3.2. Let ip : X n — > [0, oo) be a function such that there exists an L < 1 with 

</Ky , y , • • • , y ) < 7>L(p{x 1 ,x 2 , ■ ■ ■ , x n ) 

for all Xi,x 2 , • ■ ■ , x n G X. Let f : X — > X be a mapping satisfying /(0) = 0 ; (2.2) and 
(3.1). Then D(x) = N — linv^oo 2 m f (^x) exists for each x E X , and defines a unique 
fuzzy ternary derivation D : X — > X such that 

- D{x) ' t]> - 2^(l-^-M^,0,..,0) 
for all x G X and all t > 0. 
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Abstract. In this paper, we prove a generalized fuzzy version of the Hyers-Ulam stability for the 
functional equations f(ip(X)) = </>(X)f(X) + ip(X)e and f(<p(X)) = </>(X)f(X) by using the direct 
method and the fixed point method, where X denotes an n-variable. Furthermore, we can apply 
the obtained results to some well-known functional equations such as 7-function, /^-function, and G- 
function type's equations. 

Keywords: Fuzzy Banach space; Hyers-Ulam stability; Fixed point; Functional equation. 



In 1940, Ulam [60] gave a talk and proposed a number of unsolved problems. In particular, he asked 
the following question: "when and under what condition does a solution of a functional equation near 
an approximately solution of that exist?" 

Today, this question is considered as the source of the stability of functional equations. In 1941, 
Hyers [18] formulated and proved the Ulam's problem for the Cauchy's functional equation on Banach 
spaces. The result of Hyers was generalized by Aoki [1] for additive mappings and by Th.M. Rassias [53] 
for linear mappings by considering an unbounded Cauchy difference. In 1994, Gavrut-a [16] provided 
a further generalization of Rassias' theorem in which he replaced the unbounded Cauchy difference by 
a general control function for the existence of a unique linear mapping. 

Since then, many interesting results concerning the stability of different functional equations have 
been obtained by numerous authors (cf. [4, 17, 19, 20, 22, 23, 24, 29, 30, 34, 36, 37, 47, 49, 54, 55, 56, 
57]). 

In this paper, we investigate the following functional equations 



where <p, cf), ip are given functions, while / is a unknown function and X = (x\,- ■ ■ ,x n ), in the fuzzy 
normcd spaces setting. We first state how to construct these equations. The functional equation 
f(x + 1) = xf(x), is called the gamma type functional equation, which is considered by Jung (cf. 
[23, 24]). This equation could be generalized the gamma type functional equation f(x+p) = ip(x)f(x) 
and the beta type functional equation f(x+p, y+p) = <fi(x, y)f(x, y) [27], and also this last case could 
be extended again to the functional equation (1.1). For more details see [59]. 
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1. Introduction and preliminaries 



f(<p(X)) = 4>{X)f{X)+,l>{X)e t 
f(<p(X)) = <t>{X)f{X) 



(1.1) 
(1.2) 
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In 2004, Kim [28] studied the stability of the functional equation (1.1) in n-variables in Banach 
spaces. Recently, the first author and others have worked on some different functional equations in 
fuzzy normed spaces by using the direct method and the fixed point method (cf. [21, 35, 46, 50, 58]). 

In this paper, using the ideas from the papers of Kim (cf. [27, 28]), we adopt the direct and fixed 
point methods to prove a generalized fuzzy version of the Hyers-Ulam stability for the functional 
equations (1.1) and (1.2) in n-variables in fuzzy Banach spaces. 

To more clarify the reader, now we give briefly some useful information, definitions and fundamental 
results of fixed point theory and then fuzzy normed spaces, respectively. 

Fixed point theory has a basic role in applications of some branches of mathematics. In 1996, for 
the first time, Isac and Rassias [20] provided applications of stability theory of functional equations for 
the proof of new fixed point theorems with applications. For more study about the stability problems 
of several functional equations, by using fixed point methods, one can refer to (cf. [6, 7, 8, 10, 11, 12, 
13, 14, 25, 33, 41, 43, 44, 45, 48, 51, 52]). 

Definition 1.1. Let X be a set. A function d : X x X — >• [0, oo] is called a generalized metric on X 
if d satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) for all x,y £ X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z e X. 

Theorem 1.2. ([6, 9]) Let (X,d) be a complete generalized metric space and let J : X — > X be a 
strictly contractive mapping with Lipschitz constant L < 1. Then for each given element x e X , either 

d(J n x,J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer n 0 such that 

(1) d(J n x, J n+1 x) < oo, Vn > n 0 ; 

(2) the sequence {J n x\ converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set y = {y E X | d(J n °x,y) < oo}; 

(4) d(y, y*) < jhzd{y, Jy) for all y e y. 

In 1984, Katsaras [26] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy normed on a vector space from various 
points of view (cf. [2, 15, 26, 32, 38, 61]). In particular, Bag and Samanta [2] following Cheng and 
Mordeson [5], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of 
Kramosil and Michalek type [31]. They established a decomposition theorem of a fuzzy norm into a 
family of crisp norms and investigated some properties of fuzzy normed spaces [3] . 

Definition 1.3. ([2, 38, 39, 40]) Let A" be a complex vector space. A function Af : X x R -> [0, 1] is 
called a fuzzy norm on X if for all x, y £ X and all s, t £ R, 
(iVi) Af(x,t) = 0 for t < 0; 

{N 2 ) x = 0 if and only if Af(x, t) = 1 for all t > 0; 

(JV 3 ) Af(cx,t) =M{x,±) if c^0; 

{N A ) Af(x + y,s + t) > mm{Af(x,s),Af(y,t)}; 

(N 5 ) Af(x, •) is a non-decreasing function of R and lim t - > . 00 J\f(x,t) = 1; 
(Nq) for x ^ 0, Af(x, •) is continuous on R. 

The pair (X, J\f) is called a fuzzy normed vector space. 

Example 1.4. Let (X, || • ||) be a normed linear space and a, [3 > 0. Then 



at 



My(x t) - I * > °' X G X 

Mx(x,t) <; 0 t <0,xeX 
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is a fuzzy norm on X , which is called the induced fuzzy norm of (X , || • ||). In this case (X,J\fx) is 
called an induced fuzzy normed space. 

Definition 1.5. Let A be a complex algebra and (A,Af) be a fuzzy normed space. The fuzzy norm 
KT is called an algebraic fuzzy norm on A if, 
(JV7) M{xy, st) > Af(x, s) ■ A%, t) 
for all x,y £ A and all s,t £l. 

The pair (A, Af) is called a fuzzy normed algebra. 

Example 1.6. Let (A, || • ||) be a normed algebra. Let 

-^ = {0 t<0, aeA. 

Then J\f(a, t) is a fuzzy norm on A and {A 1 N{a, t j) is a fuzzy normed algebra. 

Definition 1.7. ([2, 38, 39, 40]) Let (X,Af) be a fuzzy normed vector space. A sequence {x n } in X 
is said to be convergent or converge if there exists an x € X such that lim n _ i . 00 N{x n — x, t) = 1 for all 
t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by A/'-lim„^ 00 x n = x. 

Definition 1.8. ([2, 38, 39, 40]) Let (X,J\T) be a fuzzy normed vector space. A sequence {x n } in X 
is called Cauchy if for each e > 0 and each t > 0 there exists an n 0 G N such that for all n > n 0 and 
all p > 0, we have N(x n + P — x n , t) > 1 — e. 

It is well known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each 
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed 
vector space is called a fuzzy Banach space. A complete fuzzy normed algebra is called a fuzzy Banach 
algebra. 

We say that a mapping / : X — > y between fuzzy normed vector spaces X and y is continuous at 
a point xo e X if for each sequence {x n } converging to x 0 in X, then the sequence {f(x n )} converges 
to f(xo). If / : X — > y is continuous at each x £ X, then / : X — > J 7 is said to be continuous on <Y 
(see [3]). 

Throughout this paper, suppose that (B,Af) is a unital fuzzy Banach algebra (with unit e) over a 
field JC, where JC is either the field K of real numbers or the field C of complex numbers. j3 > 0 and e > 0 
will be fixed positive real numbers and M+ denotes the set of all nonncgative real numbers. Assume 
that (C,Af) is a fuzzy Banach space over K. Given a nonempty set S and a mapping ip : S n — > S n , we 
define <^o(A) := X and := <^(y> n _i(X)) for all positive integers n and all X e 5" 1 . In addition, 

functions 0 : S 1 " — > JC \ {0}, and e : S n — > M + and a mapping tp : S n B are defined. 

2. Generalization of Hyers-Ulam stability to a fuzzy version for (1.1) and (1.2): 

fixed point method 

In this section, by using the fixed point method, we prove a generalized fuzzy version of Hyers-Ulam 
stability for the functional equation (1.1) in n-variables and fuzzy Banach spaces. 

Theorem 2.1. Let e, ip, tp and <p be given as were explained in the introduction such that there exists 
an L < 1 with 

e(<p{X)) < L \4>(X)\ e(X) 
for all Ie5". Let f : S n — > B be a mapping satisfying 

AT (/ (<p{X)) <j>(X)f(X) i,{X)e, t) > f + * (2.1) 
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for all leS" and all t > 0. Then there exists a unique solution H : S n — > B of (1.1) such that 

g (A)=AMim V ffo<*» e , (2.2) 

WW -*(*), 0> (1 ^-g^: (JO (-) 

/or aZZ A <= 5" and allt>0. 

Proof. We consider the set Q := {.g : 5™ — > Z?} and define the following generalized metric d: 

d{g, h) = inf | M e R+ : Af(g(X) - h(X), M t) > VA € 5", Vt > 0 

where, as usual, inf0 = +oo. It is easy to show that (Q,d) is complete (see the proof of [42, Lemma 
2.1]). Consider the linear mapping J v ^ l( p ■ Q — > Q, as follows: 

_ g(y) - V>e 
J v ,il>,4>{.9) ■— t 

for all g £ Q, where the functions ip,ip,<j> are defined. For convenience, we write J{g), instead of 
Jtp,il),4>{g)- By the definition of J(g), we can get 

J 1 (9(A)) = - V f ( ^ (X))e (2.4) 

for all <7 € Q, all A e S n and all positive integers I. 
From (2.1) and (A 3 ), it follows that 



> 



l<MA)i; - t + £ (A) 



for all A e 5 n , which means 



d(J(f)J)<j^y { (2-5) 

for all A £ S"\ Assume that g,h € Q are given with d(g, ft) = e. Then we have 

Af(g(X)-h(X), et)>—±— 
t + s(X ) 

for all IeS™ and all t > 0. By the definition of J7"(<7) and then substituting A and i by <p(X) and 
L |0(A) | t respectively, we obtain 

Af(J(g(X))- J(h(X)), Let) 

= N f g^{X)) - h ^ { X)) ^ \ =Af{g{ip{x)) _ h{ip{x))j L m){ tt) 



0(A) 

> L |0(A)| t > L |0(A)| t 



L |0(A)| ( + " L |0(A)| t + L |0(A)| e(A) 

f 



t + e(A) 

for all X £ S n and all i > 0, which leads us to the inequality 

d(J(g),J(h))<Le = Ld(g,h) 

for all g, h £ Q. 

Therefore, J is a strictly contractive mapping with Lipschitz constant L < 1. 
According to Theorem 1.2: 
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(1) J has a fixed point, i.e., there exists a mapping H : S n — > B such that J{H) = H, and so 

H(X) _ m^gmi m 

for all X e S n . The mapping H is also the unique fixed point of J in the set 

M = {g€Q:d(f,g)<oo}. 
This implies that H is a unique mapping satisfying (2.6), moreover there exists a/i€ (0, oo) such that 

Mif(X)-H(n ^)>^y 

for all X eS n ; 

(2) The sequence {J n {g)} converges to H, for each given g e Q. Thus d (J n (f), H) — > 0 as n — > oo. 
This signifies the equality 

ff (X) = TV- lim J" (f(X)) 

n— >oo 

for all X € S"\ From this and (2.4), we deduce that (2.2) holds; 

(3) < jhz d {9^J{9)) for a11 .9 € M. So it follows from (2.5) that 

d(f,H)<-±-d(f,J(f)) < 



1-L " (l-i)|0(X)| 

AA( /(X) - if (X), — — ^— > ' 



{l-L)\<f>(X)\J ~ t + s(X) 

for all X £ S n and all t > 0. Putting (1 — L) \(f>(X)\ t instead of t in the above inequality, we get the 
inequality (2.3). 

Now, we show that H : S n — > B satisfies (1.1) as follows: 

By (2.4), one can show easily that J n (ip(X)) = <p(X)J n+1 (X) + i/>(X)e. By (AT 4 ), for any fixed 
t > 0, we have 

Af{H{<p{X)) - <f>(X)H(X) - <P(X)e, t) 

> min |aT (h( V {X)) J n &(X)), 0 , N (V +1 (X)J>(X) H(X)4>(X), , 

M (j n (ip(X)) - 4>(X)J n+1 (X) - ip(X)e, I 

in which, every three terms on the right-hand side tend to one as n — > oo. Hence 

Af(H(<p(X)) - <t>{X)H{X) - $(X)e, t) = 1 

for all* > 0 and all X e S n , which means by (N 2 ) that H(<p(X)) - <f>(X)H(X) - ip(X)e = 0 for all 
IeS". So the mapping H : S n — > B satisfies (1.1), and the proof is complete. □ 

Corollary 2.2. Let e, tp and <p be given in the introduction as were explained such that there exists 
an L < 1 with 

e{<p{X)) < L \<P(X)\ e(X) 
for all X G S n . Let f : S n — > C be a mapping satisfying 

M{f{<p{X))-<j>(X)f{X), t) > j^x) 

for all IeS" and all t > 0. Then there exists a unique solution H : S n — > C of (1.2) such that 

KMX)) 



H{X) = AT- lim 



~n5=U(^w)' 



Af { f(x)-H(x),t)> C 1 -^!^)!* 



(1-L) |0(X)| i + e (X) 
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for all X e S n and all t > 0. 

Proof. Putting ip(X) = 0, and then applying Theorem 2.1, we get easily the desired result. □ 

The above results include more cases, for example, to obtain simpler results, we can put ip(X) = 
X + P, S = (0, oo ) and B = R. In this case, X = (xi,X2,-" i x n) and P = (pi,P2,-" >Pn) are 
supposed. For more details, see [28]. 

3. Generalization of Hyers-Ulam stability to a fuzzy version for (1.1) and (1.2): 

direct method 

In this section, by using the direct method, we prove a generalized fuzzy version of Hyers-Ulam 
stability for the functional equations (1.1) and (1.2) in n-variables and fuzzy Banach spaces. 
Consider the following condition: 
If <p, <f> and e be given as were explained, then 

.(X):=± <oo (3.1) 

sn-=oi<x^-PO)i 

for all X e S n . 

The condition (3.1) will be used in this section to express our theorems and proofs. 
Theorem 3.1. Let ip, <j> and e satisfy (3.1). Let f : S n — > B be a mapping satisfying 

lim N (f((p(X)) - <P(X)f(X) - V(X)e, t e{X)) = 1 (3.2) 

t—too 

for all X G S n . Then there exists a unique solution g : S n —> B of (1.1) such that 

lim Af(f(X) - g(X), t oj(X)) = 1 (3.3) 

t— tOO 

for allXe S n . 

Proof. We start with defining the functions oji : S n — > R + and the mappings gi : S n — > B as follows: 

u t (X) := V k £{lPk{X)) , 

9li > X > - = n'-i Ti — 7V^~Z^^k 



n •= 0 <k<p, (x)) f 0 n U tin w) 

for all X e S n and all positive integers /. 

By (3.2), for a given e > 0, one can assert that there is some t 0 > 0 such that 

AT (f(v(X)) - <f>(X)f(X) - VPOe, t e(X)) > 1 - e, 

x( mx)) f(x) t < x )\ > 1 e f341 

# iiir _/(Ih w f w - 1-6 (3 - 4) 

for all t > to and all X e S n . From the definition of gi and then replacing A by <fii(X) in (3.4), we 
obtain 

f f(cp l+1 (X)) ^PQ)e g(jgf(j0) ■, 

= " l^wr ~ m{x)) ~ ittm ' * «m> - 1 ~ £ (3 - 5) 
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for all t > to and all X e S n . Using the induction method, we prove that 

Af( 9l (X)- f(X), tun(X)) > 1-e (3.6) 

for all t > t 0} all leS" and all positive integers I. The case I = 1 is the inequality (3.4), and so we 
assume that the inequality (3.6) holds true for some I. The case I + 1 is an immediate consequence of 
(3.5) and (3.6). Indeed, we have 

Af(gi +1 (X)-f(X), tw l+1 (X)) 



>mm{Af[g l+1 (X)-gi(X), t 



Af( 9l (x)- f (x),q: e ^ x)) 



> min{l — e, 1 — e} = 1 — e, 

which ends the induction method. 

Now we claim that {gi(X)} is a Cauchy sequence. In order to verify that, by (3.5), for I + p > I > 0 
and p > 0, we have 

N (g l+p {X) gi (X), t V 1 k £{MX)) ) 

-i<i<i+ P -i\ y gi+n n; =0 i^w)iyj 

> min{l -€,■ ■■ ,1 - e} = 1 -e (3.7) 

for all t > to and all leS" (especially for t = t 0 ). The condition (3.1) implies that for a given 5 > 0, 
there is an( 0 eN such that 

l+p-i 



t e{ip k {X)) < s 

0 h n-= 0 i^w)i 

for all I > l 0 and all p > 0. From this, (3.7), (JV 5 ) and (N 6 ) for the function N (gi +p {X) - gi(X), •), 
we deduce that 

Af(g l+p (X)- 9l (X), 6)>Af(g l+p (X)- gi (X), t 0 £ -/^-) >l-e 

V fc=Z lIj=olw>jW)l/ 

for all I > lo and all p > 0. Therefore the sequence {ffzpQ} is Cauchy in B. Since 2? is a fuzzy Banach 
space, the sequence {gi(X)} converges to some g{X) G B, and so we can define for all X e S n , a 
function g : S n -> £> by 

5 (X) :=7V- lim 

/— f oo 

In other words, lim^oo M{gi {X) - g(X) , t) = 1 for all £ > 0. 

By the same argument which was done for J : S n — > B in the proof of Theorem 2.1, we can easily 
show that the mapping g : S n — > £> satisfies (1.1). 

In continue, we will also show that g : S n B satisfies the equality (3.3). 

Let t > t 0} t' > 0 and 0 < e < 1. Comparing to with and using (N 5 ) and (7V 6 ) for the function 
Af(f(X) - .gpf), ■), we obtain that 

Af(f(X)-g(X), tu(X)+t') 

>M(.f(X)-g(X), tui{X)+i!) 

>mm{Af(f(X)- 9l (X), t Ul (X)) , M [gtiX) - g{X), t')} 
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for all A e S n , and so by (3.6) and the fact that liim^oo N (gi(X) — g(X), t') = 1, we obtain 

N{f{X)-g{X), tu(X)+t') > 1-e 

if I e N is large enough. Let t' — > 0 and t — > oo. Then the above inequality clearly signifies that (3.3) 
holds. 

To finish the proof, it is just necessary to show that the mapping g : S n — > B is unique. So let 
/i : S" — > be another mapping satisfying (1.1) and (3.3). 
It follows from (1.1) for q and h that 

for all X e S n . Substituting X by ip(X) continually, we lead to 

g(X) - h(X) = 9(MX))-HMX)) 

for all X <G S n . Fix c > 0. Given e > 0, the inequality (3.3) decides some t 0 > 0 for h and g such that 

M{f{X)-g{X), tu(X)) > 1-e, 

AT(f(X)-h(X), tu>(X)) > 1-e 

for all t > to and all X € 5" (specially for i = t 0 ). From (3.1), we know that there is a large enough 
integer l 0 > 0 such that 

toE k £(iPkiX)) <; (3-9) 

for all Z > l 0 . By (3.8), (3.9) and the fact that 

e(MX)) e(vi+k(X)) \ 1 



^2 _ 



s n-= 0 i^(^-w) i v^o n-= 0 \<f>(<pi+j(x))j n;= 0 i<m^po) 

= w(<£;(A)) • — j—j , 

n-= 0 i<M^(*))i 

we obtain 



AT 



2 



V n;=o^(^w) 

> mm{N {g{ipi{X)) - f^X)), t 0 uj (^(X))) , 

M{f (w(X)) - h (wiX)) , t 0 cj (MX)))} 

> 1-e 

for all and all positive integers I, which shows the uniqueness of g. □ 

Now let <p and </> satisfy 

^ 1 

K " =- £H * 00 (3 ' 10) 

for all A G S"\ Putting e(A) = /3 > 0 in Theorem 3.1, we have the following corollary: 
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Corollary 3.2. Let <p, <f> satisfy (3.10) and f : S n — > B a mapping satisfying 

lim Af(f(<p(X)) - <j>(X)f(X) - 1>(X)e, t 13) = 1 

t— >oo 

for all X G S n . Then there exists a unique solution g : S n —¥ B of (1.1) such that 

lim Af(f(X)-g(X), t »(X)) = 1 

t— >oo 

for allXe S n . 

If we put ip(X) = 0 in Theorem 3.1 and Corollary 3.2, then we get the results for (1.2). 

Remark 3.3. All the obtained results could be applied to the gamma type, the G-function, Schroder, 
and the beta type functional equations. In other words, we can set many different type and suitable 
functions instead of <p(X), e(X) and <f>(X) to obtain more interesting and useful results. For more 
applications, examples and details, we refer the reader to (cf. [22, 23, 24, 27, 28]). 
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Abstract 

In this paper, by combining the interval- valued fuzzy set and fuzzy soft set, we 
define generalized interval- valued fuzzy soft sets which is an extension to the fuzzy soft 
set. The complement, union, intersection and sum operations are also investigated. 
We have further studied the similarity between two generalized interval-valued fuzzy 
soft sets. Finally, application of generalized interval-valued fuzzy soft sets in decision 
making problem has been shown. 

Key words: Interval- valued fuzzy set; Fuzzy soft set; Generalized interval- valued 
fuzzy soft sets; Similarity measure; Decision making 

1 Introduction 

Molodtsov [1] initiated a novel concept called soft sets as a new mathematical tool for 
dealing with uncertainties. The soft set theory is free from many difficulties that have 
troubled the usual theoretical approaches. It has been found that fuzzy sets, rough sets, 
and soft sets are closely related concepts [2]. Soft set theory has potential applications 
in many different fields including the smoothness of functions, game theory, operational 
research, Perron integration, probability theory, and measurement theory [1,3]. Research 
works on soft sets are very active and progressing rapidly in these years. Maji et al. [4] 
defined several operations on soft sets and made a theoretical study on the theory of soft 
sets. Feng et al. [5] applied soft set theory to the study of semirings and initiated the 
notion of soft semirings. Furthermore, based on [4], Ali et al. [6] introduced some new 

'Corresponding author. Address: School of Electrical Engineering Northwest University for Nationali- 
ties, Lanzhou, Gansu, 730030, P.R.China. E-mail:he_yanping@126.com 



1 

208 



Yan-ping He et al 208-218 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



operations on soft sets and improved the notion of complement of soft set. They proved 
that certain De Morgans laws hold in soft set theory. Qin and Hong [7] introduced the 
notion of soft equality and established lattice structures and soft quotient algebras of soft 
sets. Maji et al [8] presented the notion of generalized fuzzy soft sets theory which is 
based on a combination of the fuzzy set and soft set models. Yang et al. [9] presented the 
concept of the interval- valued fuzzy soft sets by combining interval-valued fuzzy set [10-12] 
and soft set models. Feng et al. [13] provided a framework to combine fuzzy sets, rough 
sets and soft sets all together, which gives rise to several interesting new concepts such as 
rough soft sets, soft rough sets and soft rough fuzzy sets. Park et al [14] discussed some 
properties of equivalence soft set relations. By combining the multi- fuzzy set and soft set 
models, Yang et al. [15] presented the concept of the multi-fuzzy soft set, and provided its 
application in decision making under an imprecise environment. Shabir [16] presented a 
new approach to soft rough sets by combining the rough set and soft set. 

The purpose of this paper is to combine the interval-valued fuzzy sets and generalized 
fuzzy soft soft, from which we can obtain a new soft set model: generalized interval- valued 
fuzzy soft set theory. Intuitively, generalized interval-valued fuzzy soft set theory presented 
in this paper is an extension of interval-valued fuzzy soft set and generalized fuzzy soft 
set. We have further studied the similarity between two generalized interval-valued fuzzy 
soft sets. We finally present examples which show that the decision making method of 
generalized interval-valued fuzzy soft set can be successfully applied to many problems 
that contain uncertainties. 

The rest of this paper is organized as follows. The following section briefly reviews 
some background on soft set, fuzzy soft set and interval- valued fuzzy set. In section 3, 
the concept of generalized interval- valued fuzzy soft set is presented. The complement, 
union, intersection and sum operations on the generalized interval- valued fuzzy soft set 
are then defined. Also their some interesting properties have been investigated. In section 
4, similarity between two generalized interval- valued fuzzy soft sets has been discussed. 
An application of generalized interval-valued fuzzy soft set in decision making problem 
has been shown in section 5. Section 6 concludes the paper. 

2 Preliminaries 

In this section we give few definitions regarding soft sets. 

Definition 2.1 ( [1]) Let U be an initial universe set and E be a universe set of param- 
eters. A pair (F,A) is called a soft set over U if A C E and F : A — > P(U), where P{U) 
is the set of all subsets of U. 

Definition 2.2 ( [17]) Let U be an initial universe set and E be a universe set of pa- 
rameters. A pair (F,A) is called a fuzzy soft set over U if A C E and F : A — > F(U), 
where F(U) is the set of all fuzzy subsets of U. 
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Definition 2.3 ( [10]) An interval-valued fuzzy set X on an universe U is a mapping 
such that 

X : U -> Jnt( [0,1]), 
where lnt([0,l]) stands for the set of all closed subintervals of [0,1]. 

For the sake of convenience, the set of all interval-valued fuzzy sets on U is denoted 
by IVF(U). Suppose that X G IVF(U),Vx G U, n x (x) = (x), /i+ (x)} is called the 
degree of membership an element x to X. fJ>P(x) and n%(x) are referred to as the lower 
and upper degrees of membership an element x to X where 0 < n^(x) < ^\{x) < 1. 

The basic operations on IVF(U) are defined as follows : for all X, Y G IVF(U), then 

(1) the complement of X is denoted by X c where 
H^ix) = l-nx(x) = [l- /ij(rr), 1 - ^.0)]; 

(2) the intersection of X and 1" is denoted by X Pi Y where 

^xny( x ) = in f\Mx( x )^( x )] = [inf(fJ^(x),ii^(x)),inf(/it(x),fit(x))]-, 

(3) the union of X and Y is denoted by X U Y where 

^xuy( x ) = su p[^ x ( x )^y( x )] = [' sn P(^( a; )^f( :r )) ) su P(Mj(^),^J(^))]; 

(4) the sum of X and Y is denoted by X © Y" where 

^xer( x ) = [*"/{!> (M^(sc) + (»))}. *"/{!, (^J(^) + M J (»))}]; 

3 Generalized interval- valued fuzzy soft set 

3.1 Concept of generalized interval- valued fuzzy soft set 

In this subsection, we give a modified definition of interval-valued fuzzy soft set. 

Definition 3.1 Let U be an initial universe and E be a set of parameters. The pair (U, E) 
is called a soft universe. Suppose that F : E — > IVF(U), and f is an interval-valued fuzzy 
subset of E, i.e.f : E — > lnt([0, 1]), we say that Fj is a generalized interval-valued fuzzy 
soft set( GIVFSS, in short) over the soft universe (U, E) if and only if Ff is a mapping 
given by 

F f :E-> IVF{U) x Jnt([0, 1]), 
where F f (e) = (F(e), /(e)), F(e) G IVF(U), and /(e) G /ni([0,l]) 

Here for each parameter ej,Fy(ej) = (F(ei), f(ei)) indicates not only the range of 
belongingness of the elements of U in F(ej) but also the range of possibility of such be 
belongingness which is represented by /(e^)) . 

For all e G E, Ff(e) is actually a generalized interval-valued fuzzy set of (U, E), where 
x G U and e £ E, it can be written as: 



3 
210 



Yan-ping He et al 208-218 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



F f (e) = (F(e),f(e)), 

where F(e) = {< x, [/x~ (e) (x), /x+ (e) (x)] >: x G 17}, /(e) = [fJ.] {e) (x), n+ {e) (x)]. 

Remark 3.2 A generalized interval-valued fuzzy soft set is also a special case of a soft 
set because it is still a mapping from parameters to IVF(U) x lnt([0, 1]). If Ve G E, Vx G 
U, fip^(x) = [ip^(x), and uj^(x) = n^^ix), then Ff will be degenerated to be a gener- 
alized fuzzy soft sets [8]. 

Example 3.3 Let U be a set of three houses under consideration of a decision maker to 
purchase, which is denoted by U = {h±,h2,hs}- Let E be a parameter set, where E = 
{ei,e2,es} = {expensive; beautiful; in the green surroundings}. Suppose that f(e\) = 
[0.6, 0.9], /(e 2 ) = [0.3, 0.5], /(e 3 ) = [0.1,0.2]. We define a function F f : E -► IVF{U) x 
7ni([0, 1]), given by as follows: 

^^MMMM,}, [0.6,0.9]) 

til It-2 ris 

[0.1,0.3] [0.2,0.4] [0.8,1] 
F f (e 2 ) - ({— j— , — ^— , }, [0-3, 0.5]) 

[0.4,0.7] [0.5,0.8] [0.2,0.4] 
f/(es) - ({— , — ^— , — ^— , }, [0-1,0.2]) 

T/ien F/ is a GIVFSS over (U, E). 

By the above example, we can see that the precise evaluation for each parameter is 
unknown while the lower and upper limits of such an evaluation is given. Meanwhile, 
the precise evaluation for each object on each parameter is unknown while the lower and 
upper limits of such an evaluation is given. For example, we can describe the degree of 
three "expensive" houses by the interval [0.6,0.9]. In other words, the concept of "expen- 
sive" is vague, but it can be characterized by the interval [0.6,0.9]. 

In matrix from this can be expressed as 



( [0.6,0.7] [0.3,0.5] [0.6,0.8] [0.6,0.9] \ 

[0.1,0.3] [0.2,0.4] [0.8,1] [0.3,0.5] 
^ [0.4,0.7] [0.5,0.8] [0.2,0.4] [0.1,0.2] j 



where the ith row vector represent 7j(ej) , the ith column vector represent Xi, the last 
column represent the range of / and it will be called membership interval-valued matrix 
of 7). 

Definition 3.4 Let Ff and G g be two GIVFSSs over (U,E). Now Ff is said to be a 
generalized interval-valued fuzzy soft subset of G g if and only if 
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(1) f is an interval-valued fuzzy subset of g; 

(2) F(e) is also an interval-valued fuzzy subset o/G(e),Ve G E. 
In this case, we write Ff O G g . 

Example 3.5 Consider the GIVFSS Ff over (U,E) given in Example 3.3. Let G g be 
another GIVFSS over (U, E) defined as follows: 

G 9 (eO = «^,I 0 ^,I°^,},[0.4,0.8]) 
til ri2 ^3 

[0,0.2] [0.1,0-3] [0.6,0.9] 
G g (e 2 ) = ({ — , — — , — — , }, [0.2, 0.4]) 

[0.2,0.6] [0-3,0.6] [0,0.3] 
G,(e 3 ) - ({" ^~ , — j£— , -j— > }, [0, 0.2]) 

Clearly, we have G g Q Ff. 

Definition 3.6 Let Ff and G g be two GIVFSSs over (U, E) . Now Ff and G g are said 
to be a generalized interval-valued fuzzy soft equal if and only if 

(1) Ff is a generalized interval-valued fuzzy soft subset of G g ; 

(2) G g is a generalized interval-valued fuzzy soft subset of Ff, 
which can be denoted by Ff = G g . 



3.2 Operations on generalized interval-valued fuzzy soft set 

Definition 3.7 The complement of Ff denoted by Fj? and is defined by Fj? = G g , where 
G(e)=F c (e),g(e)=f c (e). 

From the above definition, we can see that (Ff) = Ff. 

Example 3.8 Consider the GIVFSS G g over (U,E) defined in Example 3.5. Thus, by 
Definition 3.7, we have 

( [0.4,0.6] [0.6,1] [0.3,0.5] [0.2,0.6] \ 
G^=\ [0.8,1] [0.7,0.9] [0.1,0.4] [0.6,0.8] 

\ [0.4,0.8] [0.4,0.7] [0.7,1] [0.8,1] j 

Definition 3.9 The union operation on the two GIVFSSs Ff and G g , denoted by FfUG g , 
is defined by a mapping given by Hh : E — > IVF(U) x /nt([0,l]), such that Hh(e) = 
{H(e),h(e)), where H(e) = F(e) U G(e), h(e) = /(e) U g(e). 

Definition 3.10 The intersection operation on the two GIVFSSs Ff and G g , denoted by 
Ff n G g , is defined by a mapping given by : E — > IVF(U) x /nt([0,l]), such that 
H h {e) = (H(e), h{e)), where H{e) = F{e) D G(e), h(e) = /(e) n g(e). 
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Definition 3.11 The sum operation on the two GIVFSSs Ff and G g , denoted by Ff®G g , 
is defined by a mapping given by : E — ► IVF(U) x lnt([0,l]), such that Hh(e) = 
(H(e),h(e)), where H(e) = F(e) © G(e), h(e) = /(e) © g(e). 

Example 3.12 Let us consider the GIVFSS Ff in Example 3.3. Let G g be another 
GIVFSS over (U, E) defined as follows: 

^^({^.efl.I^M,}, [0.5,1]) 



hi 



h 3 



G j( e 2 ) = ( { I^,teM,I^M, } ,[0.4,0.6]) 



Then 



G 9 (e 3 ) 



FfUG g 



Ff^G g 



G n 



hi 



ho 



h 3 



( [0.6,0.8] [0.3,0.5] [0.6,0.9] [0.6,1.0] 

[0.1,0.4] [0.3,0.5] [0.9,1.0] [0.4,0.6] 

v [0.5,0.1] [0.6,0.8] [0.2,0.4] [0.2,0.4] 

[0.5,0.7] [0,0.2] [0.2,0.8] [0.5,0.9] 

[0,0.3] [0.2,0.4] [0.8,1.0] [0.3,0.5] 

[0.4,0.6] [0.5,0.1] [0.1,0.3] [0.1,0.2] 

[1.0,1.0] [0.3,0.7] [0.8,1] [1.0,1.0] 

[0.1,0.7] [0.5,0.9] [1.0,1.0] [0.7,1.0] 

[0.9,1.0] [1.0,1.0] [0.3,0.7] [0.3,0.6] 



Definition 3.13 A GIVFSS is said to a generalized F— empty interval-valued fuzzy soft 
set, denoted by F Q , if F^ : E IVF(U) x lnt([0, 1]), such that F fi (e) = (F(e), 6(e)), where 
6(e) = [0,0], Ve G E. 

If F(e) = 0, then the generalized F— empty interval-valued fuzzy soft set is called a 
generalized empty interval-valued fuzzy soft set, denoted by 0g. 

Definition 3.14 A GIVFSS is said to a generalized F— universal interval-valued fuzzy 
soft set, denoted by F h if F l : E IVF(U) x lnt([0, 1}), such that Fj(e) = (F(e), i(e)), 
where 1(e) = [1, 1], Ve G E. 

If F(e) = U, then the generalized F— universal interval-valued fuzzy soft set is called a 
generalized universal interval-valued fuzzy soft set, denoted by C/j. 

From the Definition 3.13 and 3.14, obviously we have 

(1) 0 6 C F 6 C F f C F i C U i 

(2) 0? = C/i. 
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Proposition 3.15 Let Ff be a GIVFSS over (U,E), then the following holds: 

(1) F f U0 6 = F f ,F f n0 6 = 0 6 , 

(2) FfUU^U^FfDU^Ff, 

(3) F f UF 6 = F f ,F f nF 6 = F 6 , 

(4) F f UF i = F h F f nF i = F f , 

(5) F f ®0 6 = F f ,F f (BU i = U i . 

Proof. Straightforward. □ 

Remark 3.16 Let F f be a GIVFSS over (U, E), if F f / C/j or F f / 0g, then F f U Ff / 

c 



U h and Ff PI Ff ^ 0 Q . 

Proposition 3.17 Let FfG g and be any three GIVFSSs over (U,E) , then the fol- 
lowing holds: 

(1) F f UG 9 = G g U F f , 

(2) F f nG g = G g nF f , 

(3) Ff U {G g U H h ) = (F f U G g ) U H h , 

(4) F f n(G g nH h ) = (FfnGg)nH h , 

(5) Ff@G g = G g @F f . 

Proof. The properties follow from definition. □ 

Proposition 3.18 Let Ff and G g be two GIVFSSs over (U,E) . Then De-Morgan's laws 
are valid: 

(1) (F f U G g f = Ff n G c g , 

(2) (FfC\Gg) c = FfuG c g . 

Proof. For all e G E, 

(F f U G g f = ((F(e) U G(e), /(e) U g(e))f 

= (F c (e)nG c (e)),(f c (e)ng c (e)) 

= (F c (e), f(e)) n (G c (e) n g C (e)) = Ff n G c g 

Likewise, the proof of (2) can be made similarly. □ 

Proposition 3.19 Let Ff , G g and be any three GIVFSSs over (U,E) . Then, 

(1) Ff U {G g n H h ) = (Ff U G g ) n (Ff U H h ), 

(2) Ff n (G g U H h ) = (Ff n G g ) U (F f n H h ), 

Proof. The proof follows from definition and distributive property of interval- valued fuzzy 
set. □ 
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4 Similarity between two generalized interval-valued fuzzy 
soft sets 

In this section, a measure of similarity between two GIVFSSs has been given. 

Let U = {xi,X2, • • • , x n } be the universal set of elements and E = {ei, . . . , e m } 
be the universal set of parameters. Let Ff and G g € GIVFSS(U, E), where Ff = 
{(F(e i ),/(e i )),i = l,2--- ,m} and G g = {(G{e t ), g( ei )), i = 1, 2 • • • ,m}. 

Thus F = {F(ej),i = 1,2- ■■ , m}, and G = {G(ei),i = 1,2- ■■ , m} are two families 
of interval- valued fuzzy sets. Now the similarity between F and G is found first and it is 
denoted by M(F,G). Next the similarity between interval- valued fuzzy sets / and g is 
found and is denoted by m(f,g). Then the similarity between the two GIVFSSs Ff and 
G g is denoted by S(F f , G g ) = M(F, G) ■ m(/, g). 

Here, M(F, G) = maxM;(F, G), where 



M i (F,G) = l-^max{\^-(x j ) 

3=1 ( ' 

Also 
m(f, g) 



^G( ei )( X i)l' \t i F(e i )( X j S ) ^G(ei)( X j)l}- 



1 - ^ E max{|/xy(ei) - /x~ (e»)|, |M/(e<) - ^ ( e i)ll- 



Example 4.1 Consider the following two GIVFSSs where U 
{ei,e 2 ,e 3 }. 



{xi, X2, X3, X4} , and E 



( [0.6,0.7] [0.3,0.5] [0.6,0.8] [0.6,0.9] [0.6,0.7] \ 
F f = [0.1,0.3] [0.2,0.4] [0.8,1.0] [0.3,0.5] [0.8,0.9] 
v [04,0.7] [0.5,0.8] [0.2,0.4] [0.1,0.2] [0.4,0.8] j 

( [0.5,0.6] [0.4,0.8] [0.2,0.3] [0.7,1.0] [0.5,0.8] 
G g = [0.0,0.2] [0.1,0.5] [0.7,0.8] [0.2,0.6] [0.6,0.8] 
^ [0.5,0.6] [0.6,0.7] [0.3,0.6] [0.2,0.6] [0.3,0.5] 

Here m(f, g) = 0.8. 

And Mi(F, G) = 0.75, M 2 (F, G) = 0.875, M 3 (F, G) = 0.8, 
.-. M(F, G) = 0.875. 

Hence the similarity between the two GIVFSSs Ff and G g will be S(Ff,G g ) = 0.7. 
From the above definition, we can easily obtain the following conclusions. 

Proposition 4.2 Let Ff , G g and H^ be any three GIVFSSs over (U,E). Then the 
following holds: 

(1) S(Ff,G g ) = S(G g ,Ff), 

(2) 0<S(F f ,G g )<l, 

(S) F f = Gg=>S(Ff,Gg) = l, 

(4) FfCG g CH h ^ S(F f , H h ) < S(G g , H h ). 
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5 Application of generalized interval- valued fuzzy soft set 

In this section, we define an aggregate interval- valued fuzzy set of a GIVFSS. We also 
define GIVFSS aggregation operator that produce an aggregate interval-valued fuzzy set 
from a GIVFSS over (U,E). 

Definition 5.1 Let F f be a GIVFSS over (U, E), i.e.F f G GIVFSS(U,E). Then GIVFSS- 
aggregation operator, denoted by GIVFSS agg , is defined by 

GIVFSS agg : GIVFSS{U,E) -► IVF(U), 

GIVFSS agg F f = H, 

where 

H = {^,ueU} 

u 

which is an interval-valued fuzzy set over U. The value H is called aggregate interval- 
valued fuzzy set of Ff . 

Here, the membership degree hh(ui) of Ui is defined as follows 

= [a~,af] = [0^(i)/iF W (ui),0/i}W4 (l) (uj)] 

From the above definition, it is noted that the GIVFSS agg on the interval-valued fuzzy 
set is an operation by which several approximate functions of a GIVFSS are combined to 
produce a single interval-valued fuzzy set that is the aggregate interval- valued fuzzy set of 
the GIVFSS. Once an aggregate interval-valued fuzzy set has been arrived at, it may be 
necessary to choose the best single alternative from this set. Therefore, we can construct 
a GIVFSS-decision making method by the following algorithm. 

Step 1 Construct a GIVFSS over (U,E), 

Step 2 Find the aggregate interval- valued fuzzy set H, 

Step 3 Compute the score r, of U{ such that 

n = Y, K°r - °j) + K + - <))> 

Step 4 Find the largest value in S where S = maxjrj}. 

Example 5.2 Assume that a company want to fill a position. There are six candidates 
who form the set of alternatives, U = {ui,U2, • • • ,uq}. The hiring committee consider a 
set of parameters, E = {xi,X2,x$}. The parameters Xi(i = 1,2,3) stand for "experience", 
"computer knowledge" and "young age", respectively. 

After a serious discussion each candidate is evaluated from point of view of the goals 
and the constraint according to a chose subset f = { ; ^ 2 '^ , ^° ^ ^ } of E. Finally, 

the committee constructs the following GIVFSS over (U,E). 
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Step 1 Let the constructed GIVFSS, Ff , be as follows, 

I [0.0,0.0] [0.3,0.4] [0.4,0.6] [0.9,1.0] [0.1,0.2] [0.0,0.0] [0.5,0,7] \ 
F f = [0.4,0.6] [0.2,0.4] [0.7,0.8] [0.3,0.6] [0.0,0.0] [0.0,0.0] [0.8,1.0] 

\ [0.0,0.2] [0.4,0.6] [0.0,0.0] [0.0,0.0] [0.6,0.8] [0.2,0.5] [0.6,0.8] ) 

Step 2 The aggregate interval-valued fuzzy set can be found as 

[0.32,0.76] [0.55,1] [0.76,1] [0.69,1] [0.41,0.78] [0.12,0.4] 
H — I > > > > > 1 

U\ U 2 U 3 U4 U 5 U 6 

Step 3 For all u\ G U , compute the score ri ofui such that r\ = i.(. a i ~ a j) + ( a t ~ a j h ))- 

Thus, we have r\ = —1.31, 7*2 = 1.51, r% = 2.77, r^ = 2.35, r§ = —0.65, r§ = —4.67. 
Step 4 The decision is anyone of the elements in S where S = maxjrj}. 

Ui&J 

In our example, the candidate U3 is the best choice because max{rj} = {^3}. This 
result is reasonable because we can see that hh(us) > fJ,H(ui), where i = 1,2,4,5,6. 

6 Conclusion 

Soft set theory, proposed by Molodtsov, has been regarded as an effective mathematical 
tool to deal with uncertainty. However, it is difficult to be used to represent the fuzziness 
of problem. In order to handle these types of problem parameters, some fuzzy extensions 
of soft set theory are presented, yielding fuzzy soft set theory. In this paper, the notion 
of generalized interval-valued fuzzy soft set theory is proposed. Our generalized interval- 
valued fuzzy soft set theory is a combination of a generalized fuzzy soft set theory and 
an interval- valued fuzzy set theory. In other words, our generalized interval- valued fuzzy 
soft set theory is an extension of generalized interval-valued fuzzy soft set theory. The 
complement, union, intersection and sum operations are defined on generalized interval- 
valued fuzzy soft sets. The basic properties of the generalized interval- valued fuzzy soft 
sets are also presented and discussed. Similarity measure of two generalized interval- valued 
fuzzy soft sets is discussed. Finally, an application of this theory has been applied to solve 
a decision making problem. 

In further research, the parameterization reduction of generalized interval-valued fuzzy 
soft sets is an important and interesting issue to be addressed. 
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Distribution reductions in a-maximal tolerance 
level SF decision information systems * 

Sheng Luo" 1 " 
February 23, 2014 

Abstract: In this paper, we introduce a-maximal tolerance levels in SF 
decision information systems, establish the rough set models and obtain distri- 
bution reductions of a-maximal tolerance level SF decision information systems. 

Keywords: SF decision information system; a-maximal tolerance level; e- 
inconsistent; Distribution reduction. 

1 Introduction 

Rough set theory, proposed by Pawlak [1], is a new mathematical tool for 
data reasoning. It may be seen as an extension of classical set theory and 
has been successfully applied to machine learning, intelligent systems, inductive 
reasoning, pattern recognition, mcreology, image processing, signal analysis, 
knowledge discovery, decision analysis, expert systems and many other fields 
[2, 3, 4, 5]. 

Rough sets are based on an assumption that every object in the universe is as- 
sociated with some information. Objects characterized by the same information 
are indiscernible with the available information about them. The indiscernibil- 
ity relation generated in this way is the mathematical basis for rough set theory. 
Rough set theory has used successfully in the analysis of data in information 
systems. 

Set- valued information systems as important information systems have been 
gained further research in recent years. Wang et al. [7] and Song et al. [8] stud- 
ied set-valued information system based on tolerance relations. But compatible 
class has some shortcomings. Guan et al. [9, 10] introduced the concept of 
maximum compatible classes and made up for the deficiency of the compatible 
class. 

Fuzzy decision information systems are decision information systems under 
the fuzzy environment. There are a lot of research achievements on fuzzy deci- 
sion information systems (see [11, 12, 13]). 

"This work is supported by the National Social Science Foundation of China (No. 
12BJL087). 
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Set-valued fuzzy decision information systems are set-valued decision infor- 
mation systems under the fuzzy environment, a-maximal tolerance level set- 
valued fuzzy decision information systems are their generalization. 

In this paper, we investigate deeply attribute reductions in a-maximal tol- 
erance level set-valued fuzzy decision information systems. 

2 Preliminaries 

Throughout this paper, "set- valued fuzzy" denote briefly by "SF", U de- 
notes a finite and nonempty set called the universe, 2 U denotes the power set of 
U, F(U) denotes the set of all fuzzy sets in U, I denotes [0, 1] and B A denotes 
{f\f : A —> B}. For convenience, stipulate 

U = {xi,x 2 ,- ■ ■ ,x n }, A = {oi,o 2 ,- • • ,a m }, D = {di, d 2 , ■ ■ ■ ,d p }, e,a G [0, 1]. 

Definition 2.1 ([14]). (U, A, F, D,G) is called an SF decision information 
system, where (U,A,F) is a set-valued information system, i.e., U is the uni- 
verse, A is the condition attribute set, F = {f a G (2 Va — {0}) c/ : a G A} is 
the relationship set between U and A, f a is the information function of a, V a is 
the range of a; D is the decision attribute set; G = {g<i G I U ■ d G D} is the 
relationship set between U and D, g d e F(U) is the information function of d. 

Example 2.2. Table 1 gives an IF decision information system where U = 
{xi,x 2 ,--- ,%s}, A = {01,02,03}, D = {di,d 2 ,d 3 }. 



Table 1: The SF decision information systems (U, A, F, D, G) 



u 


ai 


0-2 


13 


di 


d 2 


d 3 


Xi 


{0,1} 


{2} 


{0,1} 


0 


0.3 


0.4 


X2 


{1,2} 


{1} 


{0} 


0.4 


0.8 


0.7 


X3 


{0} 


{0,1} 


{1} 


0.2 


1 


0.1 


X4 


{0} 


{2} 


{0,1} 


0.6 


0.1 


0.2 


£C 5 


{1} 


{1,2} 


{1,2} 


0.6 


0.8 


0.9 


x 6 


{1} 


{1} 


{0,2} 


1 


0.5 


0.5 


X 7 


{0,1} 


{0,2} 


{1,2} 


0.7 


0.2 


0.6 


X8 


{0,1} 


{0,1} 


{2} 


0.5 


0.3 


0.3 



Definition 2.3 ([10]). Let R be a tolerance relation on U . 

(1) X G 2 U is called a compatible class of R, if for any x, y G X, xRy. 

(2) X G 2 U is called a maximum compatible class of R, if X is a compatible 
class of R and for any x G U — X, there exists y G X such that (x, y) £ R 

The set of all maximum compatible classes of R is denoted by CCR(U) 
For x G U, denote 

CCR(x) = {K G CCR(U) : x G K}. 

Definition 2.4 ([7, 8]). Let (U,A,F,D,G) be a SF decision information sys- 
tem. For B C A, define a tolerance relation Tb of B on U as follows: 

Tb = {(x,y) eUxU: f b (x) n f b (y) 56 0 (V b G B)}. 

If xTbV for any x, y G U, then x,y are called compatible on B. 

2 
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Denote 

T B (x) = {y eU : xT B y}, 
CCT B (x) = {K £ CCT B (U) : x £ K }. 
For b £ B, x £ U, denote 

T b = T {b} , T b {x) =T {b} {x); 

CCT b {U) = CCT {b} (U), CCT b (x) = CCT {b} {x). 
It is easy to verify that 

t b = n n, t B (x) = pi T b ( x ). 

b £B h£B 

Example 2.5. Consider the SF decision information system (U, A, F, D, G) in 
Example 2.3. 

Put C = {ai, a 2 , as}. Then 

Tc{x\) = {xi}, T c {x 2 ) = {x 2 ,x 3 }, T c {x 3 ) = {x 2 ,x 3 ,x 4 ,x 6 }, 
Tc{xi) = {x 3 ,x 4 ,x 6 }, T c (x 5 ) = {x 5 ,x 6 }, T c {xq) = {x 3 ,x 4 ,x 5 ,xq\; 
CCT c { Xl ) = {{ Xl }}, CCT c (x 2 ) = {{x 2 ,x 3 }}, 
CCT c {x 3 ) = {{x 2 , x 3 }, {x 3 , X4,, x 6 }}, CCT c {x 4 ) = {{x 3l x 4 , x 6 }}, 
CCT c (x 5 ) = {{x 5 ,x 6 }}, CCT c (x 6 ) = {{x 3 ,x 4 ,x 6 }, {x 5 ,x 6 }}. 

Definition 2.6 ([15]). Let (U, A, F, D, G) be a SF decision information system. 
V Xi, Xj £ U , define 

S D (xi,Xj) = f\{l - | f d (xi) - f d {xj) | : d £ D}, 

s i> = {( x i, x j) xU : S D (xi,Xj) ^ e}, 
where e is called the decision tolerance. 

Remark 2.7. Sfy is a tolerance relation on U. Specially, S B = {(x i} Xj) £ 
U x U : fd(xi) = fd(xj) (V d £ D)} is an equivalence relation on U. 

Denote 

[xi]h = {xj G U : {xi,Xj) £ S £ D }, 

V- = U/S S D = {[ Xi ] e D : x % £ U}. 

They mean the compatible class of Xi on S B and the fuzzy decision classification 
on U, respectively. 

Example 2.8. Consider the SF decision information system (U, A, F, D, G) in 
Example 2.3. 

Put D = {d 1: d 2 ,d 3 } ande = 0.7. Then 

V 0 - 7 = {[x t ]" D 7 : i = l,2,-.. ,8}, 

where 

[*i]° D 7 = [x 2 ]° D 7 = {x 2 ,x 5 }, [x 3 ]° D 7 = {x 3 }, 

[x 4 ]° D 7 = {x 4 , x 8 } 7 [x 5 ]° D 7 = {x 2 , x 5 }, [x 6 ] a D 7 = {x 6 , x 7 }, 
[ x 7]d 7 = {x&, X7, x 8 }, [x 8 }° D 7 = {x 4 , x 7 , x 8 }. 



221 



Sheng Luo 219-228 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



3 a-maximal tolerance level SF decision infor- 
mation systems 

Definition 3.1. Let (U,A,F,D,G) be a SF decision information system. For 
Xi,Xj E U , b E B C A, a E [0, 1], denote 

r , , \CCT b (x t )C)CCT b (x 3 )\ 
b[Xi,Xj) ~ \CCT b ( Xi )UCCT b ( Xj )\- 

where \ ■ \ means the cardinality. Denote 

f% = {(xi, Xj ) EUxU: r b (xi,Xj) >a(Vbe B)}. 

Then a is called the maximal tolerance level. 

It is easy to verify that is a tolerance relation on U. 
For b E B, denote 

H - ± {by 

Denote 

T%(x) = {yeU: (x,y)eT%}, 

fg(U) = {T§(x) : xEU}. 

Obviously T% = {(x uXj ) E U x U : CCT b { Xi ) = CCT b {x 3 ) (V b E B)} is 
an equivalence relation on U. 

Example 3.2. Consider the SF decision information system (U, A, F, D, G) in 
Example 2.3. 

Put C = {01,02,03}. Then 

T%\x 1 ) = {x 1 ,x i }, tJ^xi) = {x 2 ,x 6 }, T<f 4 (x 3 ) = {x 3 }, 

T]f 4 {x i ) = {x 1 ,x i }, T% 4 (x B ) = {x 5 }, Tjf 4 (x 6 ) = {x 2 ,x 5 ,x 6 ,x 8 }, 

Tj\x 7 ) = {x 7 }, Tj^xs) = {x 6 , x 8 }. 

Proposition Ji.3. _Let x_EU, CCBC A^Then 
{\)T%QT%QTg, T%(x)CTg(x)CTg(x). 

(2) t§= n T?. 

beB 

Proof. The proof is not difficult, so we omit it. □ 

Definition 3.4. Let (U, A, F, D, G) be a a-maximal tolerance level SF decision 
information system where e is the decision tolerance. If T% C S e D , then it is 
called a a-maximal tolerance level s-consistent SF decision information system; 
Otherwise, it is called a a-maximal tolerance level e -inconsistent SF decision 
information system. 
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Obviously, inconsistent (rcsp. consistent) SF decision information systems 
are 1-maximal tolerance level 1-inconsistent (resp. 1-consistent) SF decision 
information systems. 

Example 3.5. Consider the SF decision information system (U, A, F, D, G) in 
Example 2.3. 

Note that 

n 4 c S ° D \ % sv. 

Then (U, A, F, D, G) are both OA-maximal tolerance level OA-consistent SF de- 
cision information systems and OA-maximal tolerance level 0.7 -inconsistent SF 
decision information systems. 

4 Distribution reductions 

Definition 4.1. Let (U, A, F, D, G) be a a-maximal tolerance level SF decision 
information system. For B C A, X e 2 U , define 

CCTg (X) = {x e U : Tg(x) C X}, 

CCT%(X) = {xeU: J%{x) ni^l}. 

Then CCTg(X) (resp. CCTg(X)) is called the a-level lower (resp. upper) 
approximation of X . 

Proposition 4.2. Let (U, A, F, D, G) be a a-maximal tolerance level SF deci- 
sion information system. Lf C C B C A, then Vie 2 U , 

CCTg (X) C CCTg (X) C X C CCTg(X) C CCTg(X). 

Proof. This holds by Proposition 3.3. □ 

Definition 4.3. Let (U, A, F, D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system and let T> e = {Df : i ^ r} be the classification 
of fuzzy decision on U. For B C A, define 

L B (a, e) = ( CCTl (Dt), CCTl (D s 2 ), ■ ■ ■ , CCT% (D s r )), 

H B (a, e) = (CCT% {D\\CGT% (£>|), • • • ,CCT% (!>*)), 

they are called a-level lower distribution function and a-level upper distribution 
function, respectively. 

(1) If Lb{ol,e) — La(cx,s), then B is called a a-level lower e- distribution 
coordinate set. 

(2) If B is a a-level lower e- distribution coordinate set and V B' £1 B, 
L B >(a,e) ^ LA(a,e), then B is called a a-level lower distribution e-reduction. 

(3) If Hb{ol,e) = Ha{o.,e), then B is called a a-level upper e- distribution 
coordinate set. 

(4) If B is a a-level upper e- distribution coordinate set and V B' £ B, 
H B '(a,e) ^ Ha(cx,e), then B is called a a-level upper distribution e-reduction. 

5 
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Denote 

(Gg) £ (x) .{fl^D 5 : TS(x) C D £ }, 

(M%) £ (x) = { D £ G V s : fg(x) D D £ ^ 0}. 

Proposition 4.4. Let (U, A, F, D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system and let T> £ be the classification of fuzzy decision 
on U. 

(1) V L> £ e V s , 

CCT§ (D £ ) = {xeU: D £ G (Gg) £ (x)}. 

(2) V D £ E V s , 

CCT§(D £ ) = {x£U: D £ G (ik^) £ (x)}. 

(3) If C C B C A, then Viet/, 

(G£) £ (x) C (Gg) £ (x), (Mg) £ (:r) D (M£) £ (x). 
Proof. (1) V x G CCTg(D £ ), we have Tf(x) C D £ . Then 

£ £ G {G a B f{x). 
Thus ie{i£(/: L> £ G (G%) e {x)}. 

On the other hand, V x e {x e [/ : D £ G (Gg) £ (x)}), we have 

£ £ G (G|) £ (x). 

Then Tg (x) C L> £ . 
Thus 

x G GGT° (£> £ ). 

Hence 

CCT% {D £ ) = {x€U: D £ G (G£) £ (x)}. 

(2) The proof is similar to (1). 

(3) The proof is not difficult, so we omit it. □ 

Theorem 4.5. Le£ (£/, A,F,D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system. Then 

(1) B C A is a a-level lower distribution e-coordinate set 

V x G U, (Gg) £ (x) = (GS) £ (x). 

(2) i? C A is a a-level upper distribution e-coordinate set 

VxeC/, (M^r(x) = (M2) £ (x). 

6 
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Proof. (1) Since V £ is the classification of fuzzy decision on U, we have 
(G B ) £ (x) CD £ ^x£ CCTg(D £ ) <^=> D £ e (Gg) e (x). 



Thus B is a a-level lower distribution e-coordinate set 

(G B ) £ (x) Cfl £ ^ (G^) £ (x) C D £ (V xeU, D £ e V £ ) 

(G%) s (x) = (G1) e (x) (V are 10. 
(2) The proof is similar to (1). □ 

Definition 4.6. Lei (£7, A, F, D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system and let V £ be the classification of fuzzy decision 
on U. Define 

P a E = {{xi, Xj ) eUxU: 3 D £ e V £ , x t e CCT2(D £ ), Xj D £ }, 



P° = {(xuXj) EUxU : 3 D £ eV £ , Xi^ CCT%{D £ ), Xj E D £ }; 
W«( Xi , Xj ) 



{at A: ( Xi ,Xj) & T°}, ( Xi ,Xj) € P%, 
0, { Xi ,x-)ta. 



{aeA: {xi, Xj ) T?}, {xi, Xj ) e P°, 

0, { Xi ,Xj) ?P"; 



m = m( Xi , Xj )) nxn , w E = (w e (xi, Xj )) nxn . 

Then W"(xj, Xj) (resp. W"(xi, Xj)) is called the a-level lower (resp. upper) 
distribution s-discernibility attribute set of Xi and xj on V £ , W ° (resp. W e ) is 
called the a-level lower (resp. upper) distribution e-discer nihility matrix on T> £ . 

Theorem 4.7. Let (U, A, F, D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system. Then 

(1) B C A is a a-level lower e- distribution coordinate set <=> 

BnW^(xi,Xj) ^ 0 whenever W^{x u Xj) ^ 0. 

(2) B C A is a a-level upper distribution e-coordinate set 

B n W"(xi,Xj) 7^ 0 whenever W"(xi,Xj) ^ 0. 

Proof. (1) Necessity. Suppose that there exists (xi,Xj) £ P" such that 

Br\W2(xi,Xj)=9 and W*{ Xll x 0 )^%. 

Since B is a a-level lower distribution e-coordinate set and D £ £ T> £ , we 
have 

B CA-W^ixuXj). 
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This implies that (xi,xj) £ Tg. Then 

Note that (xuXj) £ P". Then x, £ CCT%(D S ), x 3 <£ D e . 
Since B is a a- level lower distribution £-coordinate set, we have 

CCTg (D E ) = CCT% (D E ) (V D e £ V s ). 
Then Xi £ CCT« (D £ ). So Tg^) C L> £ . 

Note that Xj € Tg(a;j). Then a^- S D £ . This is a contradiction. 

Sufficiency. Suppose that B is not a a-level lower e-distribution coordinate 
set. Then 

L B (a,e) ^ L A (a,e). 

Thus, there exists Dq £ V e such that 

CCT% {Dl) ± CCT% {Dl). 

BCA implies that CCTg(D§) £ CCT£ (£>§). 
Pick " " 

x£ CCT% {Dl)- CCT% {Dl). 

Since T§(xj) ^ D§, we have 

This illustrates that there exists Xj £ U — Z?q such that Xj € Tg(xj). 
Then _ _ 

(x i;a;j )eTg= f|Tg. 

fees 

This implies that 

(xi,Xj)€Tg (Vb£B). 
But (xi,Xj) e P". So S n W"(xj,Xj) = 0. This is a contradiction. 
Hence B is a a-level lower distribution e-coordinate set. 
(2) The proof is similar to (1). □ 

Definition 4.8. Let (U, A, F, D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system, B C A, V e be the fuzzy classification of decision 
on U. Suppose that W"(xj, Xj) and W e (xi,Xj) are the a-level lower distribu- 
tion s-discernibility attribute set and a-level upper distribution e-discernibility 
attribute set of Xi and Xj on D e , respectively. Denote 

8 
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K = f\{\JW a £ {x i ,X j ):{x i ,X j )€P a e }. 

Then A" (resp. A™) is called the a-level lower (resp. upper) distribution e- 
discernibility function. 

Theorem 4.9. Let (U, A, F, D, G) be a a-maximal tolerance level e -inconsistent 
SF decision information system. The minimal disjunctive normal form of its 
a-level lower, upper distributionms-discernibility function are respectively 

t t <£' 

a"= V(A^)' = V(A«L 2) )- 

m— 1 n—1 rn—1 n—1 

Denote 

B« ={a«:n=l,2,..., g W} (i = l,2). 

Then V m < t, b£ ] (resp. Bf ] ) is a a-level lower (resp. upper) distribution 
e-reduction. 

Proof. This hods by using Boolean reasoning theorem. □ 

Example 4.10. Consider OA-maximal tolerance level 0 .7 ' -inconsistent SF de- 
cision information systems (U, A, F, D,G) in Example 3.5. 

The OA-level lower distribution 0. 7 -discer nihility attribute matrix is 



(w8:$) - 



/ 0 


0 {a 2 } 


0 


{03} 


0 


{03} 


{02,03} \ 


0 


0 {0.1,0,3} 


0 


0 


0 


{o 2 , a 3 } 


0 


{«2> 


{01,03} 0 


{02} 


{oi,a 2 } 


{01,03} 


{02} 


{03} 


0 


0 {02} 


0 


C 


0 


{03} 


0 


{« 3 } 


0 {01,02} 


C 


0 


{a 2 ,a 3 } 


{02} 


{02} 


0 


0 {01,03} 


0 


{02,0,3} 


0 


{02, a 3 } 


0 


{« 3 } 


{02,03} {a 2 } 


{03} 


{02} 


{02,03} 


0 


0 


V {02,03} 


0 {03} 


0 


{02} 


0 


0 


0 J 



The OA-level lower distribution 0.7-discernibility function is 
Aq'i = a 2 Aa 3 A (a 2 V a 3 ) A (a x V a 3 ) A (ai V a 2 ) A (ai V a 2 V a 3 ) = a 2 A a 3 . 
Hence B = {02,03} is the OA-level lower distribution 0.7 -reduction. 



5 Conclusions 

In this paper, we have researched distribution reductions in a-maximal 
tolerance level e-inconsistent SF decision information systems systems. In future 
work, we will investigate knowledge acquisition in a-maximal tolerance level SF 
decision information systems. 
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Abstract 

In this paper we aim to study the separation problem for the second 
order elliptic differential expression of the form E = Am + h -^—^ + q, with 
the real- valued positive continuous functions bi, on a complete Riemannian 
manifold (M,g) with metric g, where Am is the scalar Laplacian on M 
and q > 0 is a locally square integrable function on M. 

In the terminology of Everitt and Giertz, E is said to be separated 
in L 2 (M) if for u G L 2 (M) such that Eu G L 2 (M), we have b;^- 

and qu G L 2 (M) . We give sufficient conditions for E to be separated in 
L 2 (M) . 

Keywords: Separation, Second order elliptic differential operator, 
Riemannian manifold 

AMS Subject Classification: 47F05, 58J99. 



1 Introduction 

The separation property of differential operators was first introduced in 
1971 by Everitt and Giertz [9]. Many recent results of separation of differential 
operators may be found in Brown [6], Mohamed and Atia [15,16], Atia and 
Mahmoud [3] and Atia [1]. 

Zayed et al [18] have studied the separation of the Laplace-Beltrami differ- 
ential operator of the form 

Au = - ^=y gfr yj^cig(x)g- 1 {x)§^ + V(x)u(x), for every x G 

O C R n , in the Hilbert space H = L2(£l,Hi) with the operator potential 
V (x) G C 1 (O, L (Hi)), where L (Hi) is the space of all bounded linear oper- 
ators on the Hilbert space f/iand g (x) — gij (x) is the Riemannian matrix and 
g^ 1 (x) is the inverse of the matrix g (x) . Atia [2] has proved the separation of 
a bi-harmonic differential expression of the form 4 = AA + 5 on a complete 
Riemannian manifold (M, g) with metric g, where A is the laplacian on M and 
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q > 0 is a locally square integrable function on M. For more studies about the 
separation property see for example [4,12,13,14]. Let (M,g) be a Riemannian 
manifold without boundary (i.e. M is a C°° — manifold without boundary and 
i.9jk) is a Riemannian metric on M) and dimM — n. We will assume that M 
is connected. We will also assume that we are given a positive smooth measure 
dp,, i.e. in any local coordinates X j X j • • • j X there exists a strictly positive 
C°° — density p (x) such that dp = p (x) dx 1 dx 2 . . . dx n . 

In the sequel, L 2 (M) is the space of complex-valued square integrable func- 
tions on M with the inner product: 

(u,v) = J (uv~) dp,, (1) 

M 

and |.| is the norm in L 2 (M) corresponding to the inner product (1). We 
use the notation L 2 (A 1 T*M) for the space of complex- valued square integrable 
1-forms on M with the inner product: 

(W,9) La(A1T . M) =J(W,W)dp, (2) 

M 

where for 1-forms W — Wjdx j and \& — ^kdx k , we define (W, = g jk W 3 ^k, 
where (<7 jfe ) is the inverse matrix to (gjk), and ^ = ^ k dx k . (Above we use the 
standard Einstein summation convention). The notation ||-|| L 2( A i T . M ) stands 
for the norm in L 2 (A 1 T*M) corresponding to the inner product (2). In what fol- 
lows, by C°° (M) we denote the space of smooth functions on M, by (M) —the 
space of smooth compactly supported functions on M, by fi 1 (M) —the space 
of smooth 1-forms on M and by ill (M) —the space of smooth compactly sup- 
ported 1-forms on M. 

In the sequel, the operator d : C°° (M) — > SI 1 (A'/) is the standard differential 
and d* : tt 1 (M) -> C°° (M) is the formal adjoint of d defined by the identity: 
(du,w) L 2( A i T » M ) = (u,d*w) , u e C£° (M) and io e ft 1 (M) . By A M = d*d we 
will denote the scalar laplacian on M. 

We consider the second order elliptic differential expression: 

d 2 

E = A M + bi-^+q, (3) 

with the real- valued positive continuous functions bi, where Am is the scalar 
Laplacian on M, 0 < q € Lf oc (M) is a real-valued function and the ex- 
pression makes sense in a coordinate neighborhood U with coordinates 

Definition 1 The set D\ : 

Let E be as in (3), we will use the notation 

A = {iie L 2 (M) : Eu e L 2 (M)}. (4) 

2 
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Remark 2 In general, it is not true that for allu e Diwe have Am« <E L 2 (M) , 
hi J~~7t and qu € L 2 (M) separately. Using the terminology of Everitt and Giertz 
[91, we will say that the differential expression E = Am + h^2 +q is separated 
in L 2 (M) when the following statement holds true: for all u e D\ we have 
bi£$r andqueL 2 (M). 

2 The Main Result 



We now state the main result. 
Theorem 3 Assume that there exists a function 0 < v <G C 1 (M) such that 

v(x) < q{x) < cv(x) (5) 

and 

\dv(x)\ < o-vi{x), \/x € M , (6) 

where c>0 and 0< o~<2 are constants and the notation \dv(x)\ denotes the 
norm of dv(x) € T*M with respect to the inner product in T*M induced by the 
metric g. Assume that (M,g) is connected C°° — Riemannian manifold without 
boundary with metric g and a positive smooth measure d/i. Additionally, assume 
that (M,g) is complete. Then 



||AAfu|| + 



bi 



d 2 u 



dx l2 



\qu\\ <C (\\Eu\\ + \\u\\), for all u € D u (7) 



where C > 0 is a constant independent of u. And so the differential expression 
E is separated in L 2 (M) . 

Remark 4 Theorem (3) extends a result of Biomatov [4, theorem 4] concerning 
the separation property for the schrodinger operator —A+q in 1? (R n ) , where A 
is the standard Laplacian on R n with standard metric and measure and 0 < 

Definition 5 Differential expression E v 

Let 0 < v € C 1 (M) , by E v we will denote the differential expression E v = 
A M + b i -£ i 2 +v. 

In the two preliminary lemmas, we will adope the scheme of Biomatov [4] and 
Everitt and Giertz [9] to our context. In the proof of Theorem 3 we use the pos- 
itivity preserving property of resolvents of self-adjoint closures of E v |c~(M)&nd 
E |c~(M) • 
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Lemma 6 Assume that (M,g) is connected C°° — Riemannian manifold without 
boundary, with metric g and positive smooth measure d\i. Assume that 0<o€ 
C 1 (M) satisfies(6) with a e [0,2). Then the following inqualities hold: 

Fin 

" ■ \\vu\\<c*\\E v u\\, VueC?(M) (8) 



||A M u|| 



and 



v 2 du 



10 <«-PUH. VneCr(M) (9) 

where E v as in Def. 5 and c* is a constant depending on n and a. 

Proof. We will first prove that the following equality hold for any (3 > 0 : 

2 



|-E„u|| 2 = ||-ira|| 2 



d u 



dx l2 



- (3 ||Ajvfu|| +(1-13) Re (A M u, E v u) 

d 2 u ' 



+(1 + (3) Re (A M u, vu) + (1 + !3) Re A M u, h 



1 dx % " 



+2 Re h 



d 2 u 



dx l 



-,vu 



(10) 



for every u e (M) . Let (3 > 0 be arbitrary, By the definition of E v , for 
every u € (M) , we have 



8 2 u 



d 2 u 



\E v u\\ = [A M u + bi— +vu,A M u + bi— 

ox 1 ox 1 



- vu 



( d 2 u\ ( d 2 u 

= (A M u, A M u) + I A M u, b t \ + (A M u, vu) + I b t , A 



d 2 u , d 2 u 



d 2 u 



+ b i^-^> vu + (vu,A M u) + vu,b t —^ + (vu,vu) , 



mu 



d 2 u 



OX 1 OX 1 ) \ OX 1 ) \ OX 1 

since (A M u, vu) + (vu, A M u) = 2 Re (A M u, vu) , vu*j + (vu, h^^j = 

2Re(&,£^, ra ) and(A M u,6i0) + (6i0,A M u) = 2Re (a m u, 6,0) . T/ien 



||^ U || 2 = ||^|| 2 + ||A MU || 2 + 



on \ ( o u 

+2Rc(A M u,vu) + 2Re ( b.^-^^uj + 2Re I A M u,bi—. ^ 



= vu + 



d 2 u 



dx l 



+ /3||A m w|| 2 + (1-/3)||Am«|| 2 



d 2 u \ ( d 2 u 

+2Rc(A M u,vu) + 2Re ( h-^—j^uj + 2Re [ A M u,bi— T 



= TO + 



d 2 u 



l dx* 



+ 13 \\A M u\\ 2 + (1-13) Re (A M u, A M u) 



d 2 u \ ( d 2 u 

+2 Re (Amu, vu) + 2 Re [ bi -— j ,vu) + 2 Re Amu, bi — 

ox 1 I \ ox' 1 
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= vu + 



d 2 u 



' dx' 1 



p \\A M u\\ 2 + (1 - P) Re (Amu, E v u - b t 



d 2 u 

dx* 2 



vu 



0 2 u \ ( d u 

+2Re{A M u,vu) + 2Re ( — j,vu j + 2Re I A M u,bi—. j 



= vu 



d 2 u 



l dx* 



p \\A M u\\ 2 + (1 - p) Re (A M u, E v u) 



( d 2 u\ ( d 2 u 

+(1 + 0) Re f A M u,bi-Q-p\ + (1 + P)Re{A M u,vu) +2Re lb t -^—^,vu 

where(., .) is as m flj and |.| is i/ie corresponding norm in L 2 (M) . Since 
u € (M) , wsing integration by parts and the product rule, we have 



Rc (Amu, vu) 



Re (d*du, vu) = Re (du, d (»i*)) i2 / A i rM j 

Re(du, van) L2( A i T » M ) + Rc (du, udv) L2 ^ K i T , M - ) 

Rez + W (11) 



where 



and 



z ~ J (du,u(dv)) dfi, 

M 

W = (v^du, v^du) 

V /L 2 (A!T* 



(A 1 T*M) 



(12) 
(13) 



/rom fllj we get 

(l + p)Re(A M u,vu) = {l + p)Rez + (l + p)W > -(l + p)\z\ + (l + p)W. (14) 

We will now estimate \z\ , where z is as in (12). Using Cauchy Schwarz in- 
equality and the inequality 



2ab< ka 2 + k~ 1 b 2 , 



(15) 



where a, b and k are positive real numbers, we get for any 6 > 0 : \z\ < 



J \du\ \dv\ \u\ dfi, from (6), we get \z\ < a J v' 2 \du\ \u\ d\i — a J 

M MM 



v 2 du 



\vu\ djj, < 



M 

PS 
2 



v 2 du 



L 2 (A 1 T* M) 
2 



M 

-^- s \\vu\\ 2 , then-(l+p)\z\>-£±§^ 



v 2 du 



L 2 (A!T*M) 



< " 1J ^ l p/ \\vu\\' : , so from (14), we obtain 

(1 + P)PS 



(1 + P) Rc (Aifii, vu) > 



+(1 + P) 



v 2 du 

2 



L 2 (A i T » M ) 2pS 



(1 +/3) ( T 2 2 

'\vu\\ 



v 2 du 



+ (l+P)Re[A M u,b la 

L 2 (A 1 T* M) \ dx 

d 2 u 



8 2 u 



+ (1 + P)Re(A M u,vu) + 2 Re ( b t -^,vu ) , (16) 
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Using (15), for any a > 0 we get |Re (Ajfti, E v u)\ < \(Amu, E v u)\ < ^ || Amw|| + 



{l-p)\Re(A M u,E v u)\ < (1 f )a \\ A M u\\ 2 + £L-^ \\E v u\\ 2 . 



2a 



(17) 



Similarly, for any 7 > 0, we get 



Re(A M u,&«0)| < |(A M uA0) 



< 



il|AM«|| 2 + ^ 



. d 2 u 

1 dx i2 



SO 



{1 + 13) 



Re A M u, bi 



dx l 



(1+^)7 „2 , {1+0) 

< — 2 — II AmU II + 2 7 



6i 



dx l 



and for any 6 > 0 we get 



Re b 



dx l 



> 



dx l 



1 II 11=2 

Ye \\vu\\ . 



(18) 



(19) 



Combining (16), (17), (18) and (19), we obtain 



1 1 2 1 1 1 2 

\E v u\\ > \\vu\\ + 



8 2 u 



dx l 



+ f3\\A M u\\ 2 - 11 / |a ||A M ^|| 2 



(1+|8)7 MA 1,2 || P ||2 

o l|A M u|| k—\\E v u\\ 



+(1 + /3)(1- 



w 2 rfu 



2a 
2 

L 2 (A 1 T*M) 



(1 + /3) 



dx v 



1 



From we gei 



1 



2a 



|£U| 



(1+/?K n ,|2 

1 (l + /3)a 2 



2" 

2 



9 2 U 



(20) 



* I 1 
+ 10 



2(38 

\1-0\a {l + Ph 
2 2 



- (a + wi-f ) 



+ |1-<?|- 



(1 + /9) 
2 7 



v 2 du 

d 2 u 



\\A MU r 



L 2 ( A i T « M ) 
2 



(21) 



TTie inequalities (8) and (9) will immediately follow from (21) if 



(l+(3)a 2 < 2(38 (l - ^ , < 2, (1+/3) < 27 11 - 6\ and\l- B\ a+(l+/3) 7 < 2(3. 

(22) 

Since, by hypothesis 0 < a < 2, there exist numbers (3 > 0, a>0, (5 > 0, 7 > 0 
and 9 > 1 smc/i iftai ifte inequalities (22) hold. This concludes the proof of the 
lemma. ■ 
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In the sequel, we will also use the following terms and notations. 

Definition 7 Minimal operators S and T: 

Let E be as in (3) and E v be as in def 5. We define the minimal operators 
S and T in L 2 (M) associated to E and E v by the formulas Su — Eu and 
Tu — E v u with domains Dom(S)=Dom(T) =C£° (M). Since S and T are 
symmetric operators, it follows that S and T is closable^see for example, section 
V.3.3 in [9] . In what follows, we will denote by S and T the closures in I? (M) 
of the operators S and T respectively. 

Definition 8 Maximal operators H and K: 

Let E be as in (3). We define the maximal operator H in L 2 (M) associated 
to E by the formula Hu — S*u, where S* is the adjoint of the operator S in 
L 2 (M) . In the case when q e Lf oc (M) is real-valued, it is well known that 
Dom(H) = D\, where D\is as in (4). Let E v be as in def. 5, we define the 
maximal operator K in L 2 (M) associated to E v by the formula Ku — T*u, and 
we have Dom(K) = {u G L 2 (M) : E v u G L 2 (M)}. 

Remark 9 By lemma 5.1 from [17] it follows that Dom(K) C Wf 0 ' c 2 (M). 

Definition 10 Essential self-adjointness of S andT: 

If (M,g) is a complete Riemannian manifold with metric g and positive 
smooth measure d/j, and if 0 < q <E Lf oc (M) , then the operator S is essentially 
self-adjoint in L 2 (M) (see [5], [10] and [11]). In this case we have S — S* . In 
particular, since 0 < v e C 1 (M) C L 2 oc (M), it follows that the operator T is 
essentially self-adjoint in L 2 (M) . 

Lemma 11 Assume that (M,g) is connected C°° — Riemannian manifold with- 
out boundary, with metric g and positive smooth measure d/x. Additionally, as- 
sume that (M,g) is complete. Assume that 0 < v G C 1 (M) satisfies (5). Then 
the inequalities (8) and (9) hold for all u € Dom(K), where K is as in definition 
8. 

Proof. Under the hypotheses of this lemma, by definition 10 it follows 
that T is essentially self-adjoint and K = T* = T. In particular, Dom(K) = 

Dom, (t) . Let m £ Dom(K). Then 3 seq {u k } € C c °° (M) such that u k -> 

u and E v Uk — » Tu. Since by lemma (6) the seq {u k } satisfies (8) and (9), it 
follows that the sequences {AM«t}, {bi^-^^and are Cauchy sequences 

in L 2 (M) and {v^du k } is a Cauchy seq. in L 2 (A 1 T*M) . We will show that 

vuk — ► vu in L 2 (M) as k — > oo. (23) 

Since {vuk} is a Cauchy seq. in L 2 (M) , it follows that {vu k } converges to 
s E L 2 (M) . Let $ be an arbitrary element of (M), then 

0 = (vu k , - (u fe , v$) ~* (s, - (u, v§) = (s - vu, $) , (24) 
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where (., .) is as in (1), since (M) is dense in L 2 (M), we get s — vu and 
(23) is proven. If (M,g) is complete, it is well known that Am is essen- 
tially self adjoint on (M) and we have the following equality (Am |c°°(m) 

) = A M ,max where A M ,ma X u = A M u with the domain Dom(A M ,max) = 
{u € L 2 (M) : Ajfii € L 2 (M)}, see for example, theorem 3.5 in [8] . Since 
u k — * u in L 2 (M) and since {AmmJ is a Cauchy seq. in L 2 (M) , by the 

definition of (Am |c£°(m)) it follows that u € Doiti((Am |c~(m)) )■ Since 

(A M |c°°(m)) = A M , ma3! «, we have 

Ammj: — > Ajfii in i 2 (M) as k — > oo. (25) 

Since {Amu^} and {u^} are Cauchy seqs in L 2 (M) , and since \\du k \\ 2 L2 ( A i T , M ^ — 
(du k ,du k ) L2{AlT , M) = (A M u k ,u k ) < ||A M ttfe|| ||wfe|| ,it follows that {du k } is 
a Cauchy seq. in L 2 (A 1 T*M) , and hence, du k converges to some element 
w g L 2 (A : T*M) . Let * g fi* (M) be arbitrary, then by integration by parts 
(see, for example, lemma 8.8 in [5]) and remark 9, we get 

0 = (dufe,*)i2( A i T . M) - (u k ,d*iif) 
-> ( w ^)l2 (A i t » M ) - (u,d*y) 

= (^>*)l2 (A i t , m) ~ (dw,*)l,2(AiT'M), ( 26 ) 

where (., .) is the inner product in L 2 (M) . From (26) we get du — w G 
L 2 (A X T*M) , and hence 

du k -> du = w in L 2 (A X T*M) , as k -> oo. (27) 

Since {vsdwfc} is a Cauchy seq. in L 2 (A 1 T*Af) , using (27) and (24), we obtain 

v^du k ^ v^du in L 2 (A^M) as oo. (28) 

Since u k — > u in L 2 (M) and since {fri^^l 1 } is a Cauchy seq. in L 2 (M) , then 
we get 

b d 2 u k ) b d 2 u (2Q) 
1 dx l2 1 dx l2 

Using (23) ,(25), (28) and (29) and taking limits as k — > oo in all terms 
in (8) and (9) (with u replaced by u k ), shows that (8) and (9) hold for all 
u g Dom(K) = Dom{T). This concludes the proof of the lemma. ■ 

Definition 12 Operators Riand R 2 

Let S and T be as in def^ 7 and let H and K as in def. 8. By def. 10 the 
operators H = S and K = T are non-negative self adjoint in L 2 (M) . Thus, 

R 1 = (H + ly 1 : L 2 (M) -» L 2 (M) 

and 

R 2 = (K + iy 1 : L 2 (M) ^ L 2 {M) , (30) 
are bounded linear operators. 
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Definition 13 Positivity preserving property 

Let (X, fj) be a measure space. A bounded linear operator A : L 2 (X, ji) — ► 
L 2 (X, fi) is said to be positivity preserving if every u e L 2 (X, p) such that 
u > 0 on X, we have Au > 0 on X . 

Remark 14 Let A : L 2 (X, p) — > L 2 (X, pi) be positivity preserving bounded 
linear operator. Then the following inequality holds for all u e L 2 (X, fi) 

\{Au)(x)\ < A\u(x)\ on X, (31) 

where | . | denotes the absolute value of a complex number. For the proof of ( 31 ), 
see the proof of the inequality (X.103) in [13]. 

In the sequel, we will use the following proposition. 

Proposition 15 Assume that (M,g) is (not necessarily complete ) C°°— Rie- 
mannian manifold without boundary. Assume that M is connected and ori- 
ented. Assume that Qo € L 2 oc (M) is real valued. Additionally assume that 

((a m + + Qo) u,uj > 0 Vu e C™ (M) . Let S 0 be the friedrichs exten- 

sion of ^Ajvf + + Qo) |c°°(M). Assume that X is a positive real number. 

Then the operator (So + A) 1 is positivity preserving. (See [12]). 

From proposition 15 we obtain the following corollary. 

Corollary 16 Assume that (M,g) is a complete C°° — Riemannian manifold 
without boundary. Assume that M is connected and oriented. Assume that 0 < 
q € L 2 oc (M) andO < v G C 1 (M). Let R x and R 2 be as m (30). Then the 
operators R\ and i?2 are positivity preserving. 

Proof. Since (M, g) is complete, by def. 10, it follows that S and T are 
non-negative essentially self-adjoint operators in L 2 (M). Thus the friedrichs 

extensions of ( A M + b i~£?x + qj | 0 oo (M) and(^ A M + + vj | C oo (M) are H 

and K , respectively. By proposition (15) it follows that R\ and i?2 are positivity 
preserving operators in L 2 (M) . ■ 

Now we introduce the proof of our main theorem. 
Proof, of Theorem (3) : By lemma 11 it follows that 

||vu|| < c* \\Ku\\ Vu e Dom, (K) . (32) 

Let i?o be as in (30), and let v : L 2 (M) -» L 2 (M) ,denote the maximal mul- 
tiplication operator corresponding to the function v. From (32) it follows that 
vR 2 : L 2 (M) -> L 2 (M) is a bounded linear operator. Let q : L 2 (M) -> 
L 2 (M) , denote the maximal multiplication operator corresponding to the func- 
tion q. Since vR 2 : L 2 (M) — ► L 2 (M) ,is a bounded linear operator, by (5) it 
follows that qR 2 : L 2 (M) — > L 2 (M) , is a bounded linear operator. We will 
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now show that qR\ is a bounded linear operator: I? (M) — > 1? (M) . First we 
will show that 

qRif < qRzf for every 0 < / e L 2 (M) . (33) 

Since R x f e D 1 c £ 2 (M) and since q e £ 2 oc (M) , it follows that qR 1 f e 
L] oc (M) is a function. Let 0 < / e L 2 (M) be arbitrary. Since i? 2 / € 
Dom (K) = {zeL 2 (M) : e L 2 (M)}, by lemma (11) we have (A M (#2/ )) , 
h^f- and (u (i? 2 / )) e L 2 (M) . Since qi? 2 : i 2 (M) L 2 (M) is a bounded 
linear operator, we get (qR 2 f ) € £ 2 (-W) . Thus i? 2 / e £>i, and hence 

qR 2 f = qR 1 (H + 1) R 2 f . (34) 
By the definition of R 2 we have 

qR 1 f = qR 1 (K+l)R 2 f. (35) 

From (34)and (35) we have 

qRif -qRif = qRi((H + l)R 2 f -(K + l)R 2 f) 

= qR 1 ((H-K)R 2 f)=qR 1 (q-v)R 2 f. (36) 

Since R 2 is positivity preserving in L 2 (M) , we have R 2 f > 0. Since vi? 2 and 
qi? 2 are bounded linear operators L 2 (M) — ► L 2 (M) and since q — v > 0, then 

0 < (g - v) R 2 f € L 2 (M) . (37) 

Since i?i is positivity preserving in L 2 (M) , from (37) we get 

R 1 ((q - v) R 2 f ) > 0. (38) 

Since g > 0, from (36) and (38) we get qR 2 f — qR\f = qR\ (q — v) R 2 f > 0, and 
(33) is proven. Let w £ L 2 (M) be arbitrary. Since R x : L 2 (M) -> L 2 (M) , is 
positivity preserving bounded linear operator, by (31) we have the following 
inequality: 

\Riw\ < Ri \w\ . (39) 
Since q > 0, from (39) and (33) we obtain the inequality, 

\qR lW \ = q \Riw\ < qR 1 \w\ < qR 2 \w\ . (40) 

Since qR 2 : L 2 (M) — > L 2 (M) ,is a bounded linear operator, from (40) it follows 
that, < \\qR 2 \w\\\ < C3 ||to|| , Vw) G L 2 (M) , where C3 is a constant. 

Hence qR\ is a bounded linear operator L 2 (M) — > L 2 (M) . Consequently b» ^ ^ 
is a bounded linear operator X 2 (M) — > L 2 (M) . Let u <G Di be arbitrary. Then 
gu = qRi(u + Eu), and = h^-rRi (u + Eu) where £/u = A M u + 

bi£fr + qu. Since qR x : L 2 (M) -» i 2 (M) and 6,0^ : x,2 ( M ) ^ £ 2 ( M ) ;are 
bounded linear operators, we have 

\\qu\\ = \\qR 1 (u + Eu)\\ 

< Ci ||u + .E?«|| < Ci (||u|| + H^ull) , Vuefli (41) 
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and 



b d2u 




1 dx i2 





' dx' 



-Rx{u + Eu) 



< C 2 ||u + .Eu|| <C 2 (|H| + ||£«||), VueDi (42) 
where C\,C2 > 0 are constants. Using (41) and (42) we get 



||A M u|| = 



< 



Eu 
Eu\\ 



dx 1 
, d 2 u 



qu 



dx i 

< C 3 (\\u\\ + \\Eu\\), 



Ml 

Vu e D x 



(43) 



where C 3 > 0 is a constant. From (41), (42) and (43), we obtain (7). This 
concludes the proof of the Theorem. ■ 
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AN INTEGRAL-TYPE OPERATOR FROM 
WEIGHTED BERGMAN-PRIVALOV SPACES TO 
BLOCH-TYPE SPACES 

YONG REN 



Abstract 

Let H(B) denote the space of all holomorphic functions on the unit 
ball B of C n . Let <p be a holomorphic self-map of B and g £ H(B) 
such that g(0) = 0. In this paper, we study the following integral-type 
operator, recently introduced by Stevic in [16] 

P$f(z) = £ f(v(tz)Mtz)j, f e H(B). 

The boundedness and compactness of the operator from weighted 
Bergman-Privalov spaces to Bloch-type spaces in the unit ball are studied. 



1 Introduction 

Let B be the unit ball of C™, dB its boundary, da the normalized surface mea- 
sure on dB and dv be the normalized Lebesgue measure on B. We denote by 
H(B) the class of all holomorphic functions on B. H(B) is a Frechet space 
(locally convex, metrizable and complete) with respect to the compact-open 
topology. By Montel's theorem, bounded sets in H(B) are relatively compact 
and hence bounded sequences in H{B) admit convergent subsequences. Con- 
vergence in this space will be referred to as local uniform (l.u.) convergence. 

A positive continuous function /i on the interval [0, 1) is called normal if 
there is a S <E [0, 1) and s and t, 0 < s < t such that (see, e.g. [13]) 

Ui\T) li\T) 

- — is decreasing on \8, 1) and lim - r — = 0; 

(1 — r) s r->i (1 — r) s 

MO) • • • \x i\ a v ^( r ) 

is increasing on [o, 1) and lim j- r- = oo. 



(1 — r) 1 r->i (1 

Let p e [l,oo), a > —1. An / e H(B) is said to belong to the weighted 
Bergman-Privalov space, denoted by AN p a = AN p a (B), if 



/ [log(l + |/(^)|)] p ^ Q (z)< 

JB 



2000 Mathematics Subject Classification. Primary 47B38, Secondary 30D45. 
Key words and phrases. Integral-type operator, weighted Bergman-Privalov space, Bloch- 
type space, boundedness, compactness. 



1 



241 



YONG REN 241-249 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



where dv a (z) = c a (l — \z\ 2 ) a dv(z) and c a is chosen such that v a (B) = 1. For 
each / € AN p a the following inequality holds ([12]) 

^ + l/(*)D < |ll| z |i(n + l + a)/p ll/H^- (1) 

Hence the topology of AAT^ is stronger than that of locally uniform convergence. 

Let (i be a normal function on [0, 1). An / e H(B) is said to belong to the 
Bloch-type space, denoted by B^ = B^{B), if 

&„(/) := su PM (|z|)|3?/(z)| <oo. 
zeB 

where 3tf(z) — Y^j=i z j J^r ( z ) i s tne radial derivative of /. The Bloch-type 
space is a Banach space with the norm ||/||e = |/(0)| + &/*(/)■ Let B^fi denote 
the subspace of B^ consisting of those / € 2? M for which 

Km n{\z\)\Rf{z)\=Q. 

|z|->l 

This space is called the little Bloch-type space. When /i(r) = 1 — r 2 , we get the 
classical Bloch space and little Bloch space respectively. For more information 
of the Bloch space, see for example [33]. 

Let ip be a holomorphic self-map of B. The composition operator induced 
by <p is 

(C v f)(z) = (fo<p){z), feH(B). 

It is interesting to provide a function theoretic characterization when ip induce 
a bounded or compact composition operator on various spaces. The book [2] 
contains much information on this topic. 

Let ip be a holomorphic self-map of B and g € H(B) such that g(0) = 0. 
For / e H(B), z e £>, the following integral-type operator 

w*) = y o mtz))g(tz) T , (2) 

was recently introduced by Stevic in [16] and studied also in [17, 19, 21, 25, 27, 
32] . The operator is a natural generalization of an operator in the unit disk (see 
[6, 8, 9, 22]). It is clear that so called Riemann-Stieltjes (or Extended Cesaro) 
operator denoted by T g is a particular case of operator P-*. It was studied, e.g. 
in [1, 3, 4, 5, 7, 10, 11, 14, 31, 36] (see also the references therein). For some other 
related integral-type operators see also [15, 18, 20, 23, 24, 26, 34, 35, 38, 39]. 

In this paper we study the boundedness and compactness of the integral- 
type operator from weighted Bergman-Privalov spaces to Bloch-type spaces 
and little Bloch-type spaces in the unit ball. As a corollary, we obtain the 
characterization of the Riemann-Stieltjes operator T g from weighted Bergman- 
Privalov spaces to Bloch-type spaces and little Bloch-type spaces. These results 
are new even in the unit disk. 

Constants are denoted by C in this paper, they are positive and may differ 
from one occurrence to the other. 
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2 Main results and proofs 

In this section we will give our main results and proofs. First we state several 
auxiliary results which will be used in the proofs of main results. 

The first lemma was proved in [16] similar to a result in [3]. 

Lemma 1. Suppose f, g G H(B), g(0) = 0 and p is a holomorphic self-map of 
B. Then 

*t[P°(f)](z) = f(<p(z))g(z). 

The following result can be found, for example, in [15]. 

Lemma 2. Let n be a normal function on [0,1). A closed set K in B^ is 
compact if and only if it is bounded and satisfies 

lim sup /i(|z|)|Sft/(z)| = 0. 

A subset T of AN p a is called bounded if it is bounded for the defining 
F— norm j| • Given a Banach space X, we say that a linear map L : 

AN p a — > X is bounded if L(T) C X is bounded for every bounded subsets T of 
AAf^. We say that L is compact if L(T) C X is relatively compact for every 
bounded subsets T c AN p a . 

The following criterion for compactness follows from arguments similar, e.g. 
to those in [2] and [7, 30]. 

Lemma 3. Let p e [1, oo), a > — 1, g € H(B), g(0) = 0, ji be a normal function 
on [0,1) and ip be a holomorphic self-map of B. Then : AN^ — » is 
compact if and only if for any bounded sequence (fk)keN in -AA/"^ which converges 
to zero l.u., we have WP^fkWs^ ^0 as k — > oo. 

Now, we are in a position to formulate and prove the main results of this 
paper. 

Theorem 1. Let p e [l,oo), a > — 1, g e H(B), g(0) — 0, \i be a normal 
function on [0, 1) and p be a holomorphic self-map of B. Then P^ : AN p a — » B^ 
is bounded if and only if for all c > 0, 

r c 

snpfj,(\z\)\g(z)\exp ^+t+^- < oo. (3) 



zeB 



(l-l^)l 2 ) 



Proof. Assume that (3) holds. Then for any / e AN^, by (2) there is a 
c 0 > 0 such that 

|/(,)| <exp[ -^f^ ]- (4) 

L (l-|z| 2 ) P 
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By Lemma 1 and (4), for a bounded set T C AV^, say by L, we have 



ll^/lk = |(P»/)(0)| + sup M (M)|B(P»/)(*) 



supMM)I/(¥>(*))IIs(s)I 



< sup/z(|z|)|g<z)|exp 

z<EB 



C 0 L 



< 00. 



(5) 



Here we used the fact that (P»/)(0) = 0. From (5) we see that : A/V£ 
is bounded. 

Conversely suppose that : AN p a — > S M is bounded. For w £ B and any 
c > 0, set 



f w (z) = exp c{ 



i-I^MI 2 
(i-(z,v(w))y 



(6) 



It is easy to see that (see, e.g. [29]) /„, e AV^ and sup w£S \\fw\\ P AAf P < C. 
Therefore we have 

oo > sup\\P°f w \\ Bli >\\P°f w \\ B „ 

= \(P°f w )(0)\ + sup»(\zm(P°f w )(z)\ 

z£B 

r c 

> n(\w\)\g(w)\exp 

L (i-|^MI 2 ) — 

for each w e B, which implies (3), finishing the proof of Theorem 1. □ 

Theorem 2. Let p e [l,oo), a > — 1, 5 e H(B), g(0) = 0, \i be a normal 
function on [0, 1) and if be a holomorphic self-map of B. Then P^ : AN p a — > B M 
is compact if and only if 



\g\\ix ■= sup n{\z\)\g{z)\ < 00 



ant! /or every c > 0, 



Urn u(|2|)|p(z)|exp 
lv(«)|— *i 



= 0. 



(7) 



(8) 



Proof. Assume that (7) and (8) hold. From these conditions, we easily get 
(3). Hence P^ : AAf p a — > is bounded from Theorem 1. 

Let (/fe)fceN be a sequence in AV^ with sup fcgN ||/fe||^jvg < Q and that fk 
converges to 0 l.u.. By (8) we have that for every e > 0 and c > 0, there is a 
(5 e (0, 1) such that 



MM)lsO)|exp 



(1-|^)| 2 )- 



< £ 



(9) 
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when S < \<p(z)\ < 1. From (7) and (9) with c = CoQ, we have 
ll^/fclk = sup/i(kl)l»(^/fc)WI 

zG-B 



< 



(« 



sup + sup 

z£B: \ifi(z)\<6} {zeB:S<\ V (z)\<l} / 



< llfflU SU P I AMI + SU P MM)lsW|exp 

M<5 {zeB:<5<| v (z)|<l} 

< llfflU su p I A Ml + e - 

|«j|<5 



(10) 



By the assumption we have limfe-n*, supi w i <5 \ fk(w)\ = 0. Using this fact and 
letting k — > oo in (10), we obtain that limsup^,^^ ||PJ!/k||B„ < £• Since e is an 
arbitrary positive number it follows that 

Iimsup||P»/ fc || B( ,=0. 

It follows from Lemma 3 that the implication follows. 

Conversely, suppose that : AN p a — ► is compact. Then it is clear that 
P| : AN p a — > Z? M is bounded and hence (3) holds. Taking f(z) = 1, we see that 
(7) holds. 

Let (z/c)fceN be a sequence in £? such that lim^oo |<p(2fc)| = 1. Since (3) 
holds, we have 



lim n(\z k \)\g(z k )\ = Hm n(\z k \)\g(z k )\ = 0. 



For any c > 0, set 



r 1-M*fc)| 2 ,i 
/fe(zHCXP C{ d-(,,^ fe )» 2} 



- 1. 



(11) 



(12) 



From the proof of Theorem 1, we see that f k G AN p a and sup fegN 1 1 /fe 1 1 2la/" p — ^- 
Moreover, f k converges to 0 l.u.. Therefore, by Lemma 3 we have 



lim \\P9fk\W =0. 



(13) 



In addition, 

\Kfk\K 



8Up/i(|«|)|»(P»/fc)W 



> 



MNfel)lfi , (^fe)l( 

which together with (11) and (13) imply 



exp 



(l-l^)l 2 )- 



lim //(|z fc |)|0(z fc )|exp 

k— >oo 



(l-|^ fc )|2) — 



= 0. 



(14) 
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From which we see that (8) holds. This completes the proof of Theorem 2. □ 

From Theorems 1 and 2, we easily obtain the following result. 

Corollary 1. Let p G [l,oo), a > — 1, g G H(B), g(0) — 0, /i be a normal 
function on [0, 1) and ip be a holomorphic self-map of B. Then the following 
statements are equivalent. 

(i) : AM p a -» B^ is bounded; 

(ii) py : AV^ — ► £> M is compact; 
(Hi) 



sup fi(\z\)\g(z)\ < oo 



and for every c > 0, 



lim u(|2|)|p(z)|exp 



= 0. 



(15) 



(16) 



Theorem 3. Let p G [l,oo), a > — 1, g G H(B), g(0) = 0, \i be a normal 
function on [0, 1) and ip be a holomorphic self-map of B. Then the following 
statements are equivalent. 

(i) P$: AAf p a B M)0 is bounded; 

(ii) : AN p a — > B Mi o «s compact; 
(in) For all c > 0, 



lim /i(|z|)|p(*)|exp 



0. 



(17) 



Proof. {Hi) => (ii). Suppose that (17) holds. From Theorem 1 we see that 
P| : AV£ -> £ M is bounded. By (5) we have 



MN)|R(P»/)WI<Mkl)l5W|exp 



coll/ll 



(1-|^)| 2 



(18) 



which together with the boundedness of P^ : AN p a — > £> M imply that P| : 
AV^ — ► B^o is bounded. In addition, taking the supremum in (18) over the 
unit ball of the space AV^, then letting \z\ — > 1, we obtain 



lim sup MN)IW/)WI=0- 



(19) 



<1 



From Lemma 2 and (19), we see that : AN p a — > B M) o is compact, 
(ii) (i). This implication is clear. 

(i) (zzz). Suppose that P^ : AN p a -» £ M , 0 is bounded. Then P$ : AV£ -» 
2?^ is bounded. Taking f(z) = 1, then by the boundedness of the operator 
P$ : AN p a - £ M , 0 we get 



lim MN)l5WI=0. 

|z|->l 



(20) 
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From Corollary 1 we see that : AM p a — > B u is compact, by Theorem 2 we 
have 



lini u(|z|)|p(z)|exp 

| V («)|->1 



0. 



(21) 



(20) together with (21) imply that (17) holds. The proof is complete. □ 

From Theorems 1-3, we immediately obtained the following corollaries. 

Corollary 2. Let p e [l,oo), a > — 1, g e H(B) and ^ be a normal function 
on [0, 1). Then the following statements are equivalent. 

(i) T g : AJ\f^ — > is bounded; 

(ii) T g : AjV^ — > £^,0 * s bounded; 
(Hi) T g : AN p a — > S M is compact; 

(iv) T g : AN p a — » S M! o * s compact; 

(v) For all c> 0, 



lim ^(|z|)|3? 5 (z)|exp 



(1-kl 2 )- 
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ON THE (r, q)-BERNOULLI AND (r,g)-EULER NUMBERS AND POLYNOMIALS 

JOUNG HEE JIN, TOUFIK MANSOUR, EUN-JUNG MOON, AND JIN- WOO PARK* 

Abstract. In this paper, we construct new extension of g-Bernoulli and g-Euler numbers and poly- 
nomials. These results are generalizations for several well known identities on g-Bcrnoulli and g-Eulcr 
numbers and polynomials, and Carlitz's g-Bcrnoulli numbers. 



1. Introduction 

In this paper, Z, Q, Z p , Q p and C p will respectively denote the ring of integers, the field of rational 
numbers, the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic 
closure of Q p . Let v p be the normalized exponential valuation of C p with \p\ p — p^ v p^ = p~ x . For 

any s 6 C p , we normally assume \s — l\ p < p~~ so that s x = e xlogs for \x\ p < 1. Also, we use the 

notation [x] r = ^j^r ^ or an y x w ^ n Hp < ^ an( ^ r e ^- ^ix ^ e ^ anc ^ P be a prime number. Set 

X d = \hnZ/dp N Z, 

N 

X*= |J (a + dpZ p ) , 

0<a<dp 
(a,p) = l 

a + dp N Z p = {i£ X\x = a (mod dp N )} , 

where a £ Z lies in 0 < a < djr^. The distribution on X is given by \i q [a + dp N Zp) = j^nj- Let 
UD(Z p ) be the space of uniformly differentiable functions on Z p . For / £ UD(Z p ), thep-adic q- integral 
on Z p (g-Volkenborn integral on Z p ) is defined by Kim [8] to be 

r i pN -' 

I q (f) = / f(x)d N (x) = lirn^ ^ £ /(*)?*■ (1-1) 

Then, by (1.1), we get 

ql q (fi) - W) = (<1- l)/(0) + t^/'(0), (p is any prime number), (1.2) 

logg 

ql-q(fi) + I-q(f) = [2] q /(0), (p is any odd prime number), (1.3) 

where f x (x) = f(x + 1) and f(0) = £f(x) \ x=0 (see [8]). 

As is well known, q-Bernoulli polynomials are defined by the generating function to be 

qe * - 1 ^ 0 n\ 
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(see [5]). When x — 0, B n ^ q = B n ^ q (0) are called the n-th g-Bernoulli numbers. In [5] derived the 
Witts formula for g-Bernoulli numbers and polynomials: 

/ q y y n dfi 1 (y) = B nA and / q y (x + y)x n da 1 (y) = B nA {x). 
In [9], the g-Euler polynomials are defined by the generating function to be 

qe f + f ^— ' n! 

When a; = 0, S„ ;9 = _E„ ;9 (0) are called the n-th q-Euler numbers. In [2] derived the Witts formula for 
q-Euler numbers and polynomials: 

/ q y y n dfj,- 1 {y) = E rhq and / q y (x + y)x n dfjt-i{y) = E n , q (x). 



In [3, 4], Carlitz defined the q-extension of Bernoulli numbers as /3o q = 1, q(q(3 + 1)™ — 0 n ,q = $n,i 



with the usual convention of replacing (3 by /3^ g , where S n ,k is the Kronecker's symbol. This shows 



*~-<£r±<-*®£h- ,L4) 



1=0 

Also, Carlitz [3, 4] have defined the g-extension of Bernoulli polynomials as 



■Q- 



In [6] it was shown that the distribution \i q yields 



[y]qdn q {y) and p n , q {x) = \ [x + y] n q da q {y). (1.5) 

Moreover, he showed that (3 ntq can be represented as an integral by q-analogue n q of ordinary p-adic 
invariant measure. In [11], modified the above numbers, 0 n<q , as (3' 0 q — and (q[3' q + l) k — (3' n q = <5„,i 

with the usual convention of replacing (3' q by (3[ . Recently, Seo at al. [10] defined the modified q- 
Bcrnoulli polynomials by the generating function to be 



e 

and showed that (see end of Section 4). 



Iz, 



(x+[y} q ) n d N (y)=p n , q (x). (1.6) 



The aim of this paper is to study new extensions of (/-Bernoulli and g-Euler numbers and polynomials, 
see the next sections. More precisely, we define an (r, q)-extension of Bernoulli polynomials by the 
generating function to be 

(1 - q)P r , q (t) t \~ q a ^ r Pr, g r(t) = E B n(*\r, q£ (1-7) 

* 1 n>0 

and we define an (r, q)-extension of Euler polynomials by the generating function to be 

j-n 

(l + q)P r ,- q (t) = J2E n (x\r,q)-, (1.8) 

n>0 
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where the function P r , q (t) is defined to be X^>o tf e ^ rt - Note that 

n>0 i=0 y ' 

(-1)* (n\\ ^ 
, v,-o (l-r)-(l-«r*)W;n! 

Hence, by (1.7), we have 

(-I) 1 fn\\ 1-qlogq 



= ^ ( S fl - rWl - or*) V t J ) n! ' (L9) 



fl B (x| g , g) = (1 - g) ^ _ _ . - — — ^ - 



w ._ 0 (i - g)"(i - V*/ y logy i-g ^ (i-g)"(i-g j + 2 ) Vj 

_f- (-1)' M (n 
^ (1 - g)«[i + 1], W ^ (1 - g)"[i + 1],) \i 

1 " (-l)<(j + l) /n 
(1-g)™^ + U 

which implies that lim r ^ g i?„ (r, g) = /3„, g , see (1.4). In other words, the (r, g)-Bernoulli numbers are 
extension of the g-Bernoulli numbers as defined by Carlitz [3, 4] in (1.4). In section 2, we consider 
several properties of (r, g)-Bcrnoulli numbers. Also, by (1.8), we have 

E n (x\q,q) = (l + g)P r ,_,(i) 



i=0 

which are called the g-Eulcr numbers and are denoted by e„ ig . Thus, lim r _ 9 _E„(r, g) = e„ ig . In Sec- 
tion 3, we consider several properties of (r, g)-Euler numbers. Moreover, these polynomials, B n (x\r, g) 
and E(x\r, g), are useful to study various identities of Carlitz's (r, g)-Bernoulli, and identities of (r, g)- 
Bernoulli and (r, g)-Euler polynomials, which are (r, g)-extension of the above identities. 

2. THE (r, g)-BERNOULLI POLYNOMIALS 

Define /3 n (r,q) = f x [x]™d/j, q (x). Since \i q is a distribution on X, we see that 

/ [*]^(*) = lim „- ^ [<g a = f3 n (r,q) (2.1) 

which has a sense as we see readily that the limit is convergent. We define (r, g)-Bcrnoulli number 
B n (r, g) G C p by making use of the above integral 

B n (r,q) = / [x]?dii q (x). 
Jz p 

Clearly, lim r ^ 9 B n (r, q) = B n (q) are the g-Bernoulli numbers as defined in Kim [6], and lim r ^i B n (r, g) = 

s-»i 

B n are the Bernoulli numbers. 

Our first goal is to show that this definition is equivalent to the definition that given in (1.7). Let 
F r, q (t) = J2 n >o B n(r,q)^ be the generating function of B n (r,q). Then 



F rq {t) = lim — l. y ywr^r 9 a = iim ?4r y i ae[a]rt 

■ qy ' N^oo \p N ]„ ^ \ ^ L Jr n! / JV^oo \p N ]„ ^ 

lq a=0 \n>Q J u lq a=0 



252 



JOUNG HEE JIN et al 250-259 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

4 JOUNG HEE JIN, TOUFIK MANSOUR, EUN-JUNG MOON, AND JIN-WOO PARK* 



Note that 



F r Jrt)=— + lim r ^T- y q a+1 ^ a+1 ^ 



qe l N^oo \p f 



P N 



qe t n^oo [p J9 



a=l 

N r (Vi 



1 / flP" e b. JV ]rt_l 

- F r , q (t) + lim 



JVl 



'F r . q (t)+ lim 9 



1 / log« + ^\ 

=5? ( F - (t) + (1 -^^loirj 

Thus, we obtain that the generating function F r ^ q {t) satisfies 

Fr,s) = ^F r , q{ rt) + (i - g) - 'grff*; . 

By applying this g-difference equation, we obtain 

F T>g (t) =X)( 1 - « - Hto)^e( 1+r+ -+ r ^ 1 ) t 



^(1 -q)q j e i ^ t - ta^or^'e^ 4 ( 2 ' 2 ) 

j>0 j>0 

(l-gJPr.aW-to-Pr.arW, 



where a = . By (2.2), we obtain the following theorem. 



Theorem 2.1. We have 

F r . q (t) =Y^B n {r,q)- = (1 - q)P r , q (t) - t lzl^£L f> 
' n! logo 1 — r 

n>0 to y 



If r = o = 1 then iq,i(i) = -*Ej>o e3f = i - ^ = i^T' which it is the generating function 
of Bernoulli numbers. Note that the above theorem shows that (1.7) is equivalent to (2.1) and the 
(q, q)-Bcrnoulli numbers are the same as (/-Bernoulli numbers, see (1.7). 

Now, we use of (1.2) to obtain a recurrence relation for B n (r,q). Let f(x) = [x]". Obviously, 
B 0 (r, q) = 1 and Bi(r, q) = fE^L. Let n > 2, by (1.2) we have 

-q [x + l]y^ q (x) + B n (r, q) = 0. 
Thus, by using the fact that [x + l] r = 1 + r[x] r , we obtain 

("V I Mr<W^) + B ^q) = 0, 

which leads to the following result. 
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Corollary 2.2. For all n>2, 

B n (r, q ) = q J2( n )r j B j (r,q) 

3=0 

with B 0 (r, q) = 1 and Bi(r, q) = fE^L. 
The above corollary gives 

B n (r,q) = A 1 r^Bj{r,q) 
n! q j^{n-j)\ j\ 

with n > 2. If multiplying by t n and summing over n > 2, we obtain 

F r , q {t)-^— —t -l = q (e*F r , q (rt) -l-t- r^^-t] . 
1 - rq V 1 ^ r 9 / 

Hence F r ^ q (t) — qe t F r:q (rt) + 1 — q — at, which agrees with Theorem 2.1. 
Now, we define the (r, g)-Bcrnoulli polynomials as 

B n (x\r,q)= [x + y]?dfj, g (y). 
Jz p 

Note that B n (0\r, q) = B n (r, q). Since [x + y] r = [x] r + r x [y] r , we obtain 

B n {x\r,q)=l [x + y]^dfi q (y) 

j=0 J %p 
= J2(% x ^- j r xi B j (r,q), 

which implies the following result. 
Theorem 2.3. For all n>0, 

B n (x\r,q) = f2( n )lx]r j r xj B j (r,q). 

3=0 

Note that the above theorem with r = q reduces to 

B n (x\q,q) = jh ( U \ [x^-iq^Bj^q), 

3=0 

as has been shown by Carlitz [3, 4] and by Kim [6]. 

By Theorem 2.1 and (1.9), we obtain the following formula. 

Theorem 2.4. The n-th (r,q)- Bernoulli number is given by 



B n (r,q) = 




Note that the above theorem with r = q reduces to the g-Bcrnoulli numbers as defined in [3, 4] and 
investigated in [6], see (1.7). 
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3. The (r, <7)-Euler polynomials 
Define e n (r,q) = J x [x]"dfj,- q (x). Since is a distribution on X, we see that 

P N -i 



*dn- q {x) = lim [«]"(-9) a = q) (3.1) 

which has a sense as we see readily that the limit is convergent. Note that in this case p is an odd 
prime number. We define (r, g)-Eulcr number E n (r, q) G C p by making use of the above integral 



E„(r,q) = / [x]?dn- q (x). 



Clearly, ]im r _> g E n (r, —q) = E n (q) are the g-Euler numbers as defined in Kim [6], and lim r ^i E n (r, q) = 

9 ->i 

E n are the Euler numbers. 

Our first goal is to show that (1.8) and (3.1) are equivalents. By the definitions, E 0 (r, q) = 1. Now, 
let us consider the case n > 1. By (1.3), we have q J z [x + l]™dp- q (x) + E n (r,q) = 0, which, by 
[x + l] r = 1 + r[x] r , implies 



dpt- q {x) 



Thus, we can state the following recurrence relation. 
Lemma 3.1. For all n>l, 



E n (r,q) = -qJ2( n )r 3 E 3 (r,q) 



3=0 

with Eo(r, q) = l. 

Define G T ^ q (t) = J2n>o E "n\ ^" to ^ e tne generating function for the (r, q)-Eu\ei numbers. The 
above lemma gives 

v £n(r,g) V A t" rjPEj^q) 

n>l n>l j=0 V J > J 

and thus 

G r , q (t) - l = -«(e*G r ,,(rt) - l) . 

which is equivalent to G rtq (t) = l + q — qe t G r ^ q {rt). Iterating this equation infinite number of times 
shows 

G r ,,(t) =1 + q - qe l (l + q - qe rt G r , q (r 2 t)) 

=l + q-q(l + q)e l + q 2 e^ 1 (l + q - qe^ G r , g (r 3 t) 
=1 + q - q{l + q)e t + q 2 e (r+1 ^ - q 3 {l + q)e^ 2+r+1 '> +■■■ 
= (1 + q) £(- g )J e bV = (1 + Q)Pr,-M 

j>0 

Hence, we have the following result. 
Theorem 3.2. We have 

G r ,,(t) =J2E n (r,q)- = (1 + q)P r ,- q (t). 

n>0 
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If r = q = 1, then 

Gl;1 (t) = (l + l)£(-l)V*= 2 

which it is the generating function for the Euler numbers. 

Now, we define the (r, q)-Euler polynomials as E n (x\r, q) = J z [x + y]™du_ q (y). Using similar 
argument as in the proof of Theorem 2.3, we obtain the following theorem. 

Theorem 3.3. For all n>0, 



4— n \J / 



3=0 

Now, we consider an explicit formula for the n-th (r, q)-Euler number. By (3.1), we have 

P N -i 



1 + g l + (gr')P 
+ gr 



= _i_f;(-i)'W(]im -l±^i+ 

_ r )n Z_,^ ' \ij l + qr 1 ' 



3=0 

N ' 



(1 • 



which implies the following formula. 

Theorem 3.4. The n-th (r, q)-Euler number is given by 

i(ri\ 1 + q 

3=0 



+ qrJ 

4. Modifying Bernoulli and Euler numbers and polynomials 
Following Kim [7], we define the modified (r, g)-Bernoulli number as 

B n {r,q) = / q- x [x] n r du q {x). 
By similar arguments as in the proof of Theorem 2.4, we obtain the following formula 

B(rq)= (log r f - 1^ 

" n{T ' 9) (l-r)»logg 1-r* j" 

By (1.2) with n > 2, we have 

-<? / g " x [a; + l]"du q (x) + / ^[^"^(x) = 0, 
which, by [x + l] r = 1 + r[x] r , implies 

-Ef") / q- x r j [x]idix q (x)+B n (r,q)=0. 
j=o 

Thus, we obtain the following theorem. 
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Theorem 4.1. For n>2, 

B n (r,«) = £("W(r,g) 

with B 0 {r, q) = f~ and B x {r, q) = {1 _ q r ]l gq (l + j^) • 

Define F r ^ q {t) = J2j>o B n (r, q)^r- Then the above theorem gives 

V Bn(r,q) v A r^-fcg) , 

n>2 n>2 j=0 K J > J 

and so 

F r , q (t) - B o(r,q) ~ Bi(r,«)t - e'F r , g (ri) - B 0 (r,q) - t(B 0 (r, q) + rBi(r, g)). 
By using the values of -Bo(r, <z), <z) an d a = (i-r) logg ' we °btain 

F r , q (t) = -at^r 1 e {1+r+ - +r " 1) = -at^r'e^ 1 = -atP r , r {t), 
j>o j>o 
which leads to the following result. 

Theorem 4.2. We have 

Fr.q\t) — tjZ T~j Pr,r(t). 

(1 - rjlogg 

If we put r = q = 1, then a = 1 and the above theorem gives 

j>0 

which is the same generating function for the Bernoulli numbers. 

Now, we consider the case of modified (r, g)-Euler numbers. We define the modified (r, g)-Euler 
number as 



E n {r,q) = q x [a:] (a:), 



where p is an odd prime. By the definition of p-adic q-intcgral, we obtain (Similar to the proof of 
Theorem 4.1) the following result. 



Theorem 4.3. For all n>0, 



i=0 

By (1.3) with f(x) — q~ x [x}", we obtain that 

qf q- x - 1 [x + l] n r d^ q {x)+ ( q- x [x]y^ q (x) = 0, 

which, by [x + l] r = l + r[x] r , implies the following result. 
Theorem 4.4. For n > 1, 



E n (r,q) = -J2( .WEj^q) 
1=0 



with E 0 (r, q) 



1+3 
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Define G r , q (t) = J2 n >o ^™( r ' q)^. Then Theorem 4.4 gives 



y, E n (r,q) tn = _ y. t"~J r*£7 3 - (r, g) frj 

n>l n>l J=0 V J> J 

and so 

E r , q (t) = -e t E r<q (rt) + l + q. 
By iterating it, we obtain the following result. 

Theorem 4.5. We have 

G r , q {t) = (l + q)P r ,_ 1 (t) = (l+^^f-lFH^. 

n>0j>0 

By applying the above theorem for r = q = 1, we get that the generating function for the Euler 
numbers is given by 

G M (t) = 25>l)V*= 2 

which agrees with the definitions. 

We end this paper, by the following comment. Several authors defined various types of modification 
of g-Bcrnoulli and g-Euler numbers. For instance, in [10] has been defined the modified g-Bcrnoulli 
polynomials as 

where has been shown 

B n (x\q) = [ (x+\y] q ) n dfi q {x). 

This can be extended by defining the modified (r, g)-Bernoulli polynomials as 

B n (x\r,q) = (x+[y] r ) n dfi q (x). 
Jz p 

In this case, we have 

Y^B n {x\r,q){q-l) n -= / e^^+^d^x) 

)x-i)t f e i<i-m+[y]r)t dlJbq{x) 

Acknowledgment This research was supported by Kyungpook National University BK 21 plus fund 
2014. 
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ABSTRACT 

In this paper, the solutions of linear fuzzy fractional partial differential equations (FFPDEs) under 
Caputo-type H-differentiability have been investigated. To this end, the fuzzy Laplace and fuzzy Fourier 
transform were used to obtain the solutions of FFPDEs. Then, some new results regarding the relation 
between some types of differentiability have been obtained. Finally, some applicable examples are solved 
in order to show the ability of the proposed method. 

Keywords: fuzzy-valued function, Caputo-type H-differentiability, fuzzy Laplace and fuzzy Fourier 
transforms. 



1. Introduction 

The Fourier transform was firstly introduced by N. Wiener in 1929 [1] in the form of fractional order of 
the Fourier operator. Recently, fractional Fourier transform has gained popularity due to its applications 
in dynamical systems, quantum mechanics, stochastic processes, chemistry, signal processing, optics and 
other subjects. 

In this paper, we utilize Caputo-type differentiability by using Hukuhara difference so-called Caputo-type 
H-differentiability. This procedure is employed to derive a concept which is constructed based on the 
combination of greatly generalized differentiability [2] and Caputo-type derivative [3, 4]. 

In here, we try to solve FFPDEs under Caputo-type H-differentiability using fuzzy Laplace and fuzzy 
Fourier transforms. So, at first, we define Caputo-type H-differentiability which is a direct extension of 
Caputo-type derivatives with respect to Hukuhara difference, and then, we will investigate the Laplace 
and Fourier transform of fractional derivatives which is important tool to solve FFPDEs with fuzzy 
Laplace and fuzzy Fourier transforms. 



2. Preliminaries and notations 

The basic definition of fuzzy numbers is given in [1 1] 

Definition 2.1. A fuzzy number or (or interval) u in parametric form is a pair (u, u) of functions u(r), 
u(r), 0 < r < 1, which satisfy the following requirements [5] 



1 Corresponding author 
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1. u(r) is a bounded non-decreasing left continuous function in (0,1] and right continuous at 0. 

2. u(r) is a bounded non-decreasing left continuous function in (0,1] and right continuous at 0. 

3. u(r) < u(r), 0 < r < 1 

In particular, if u, u are linear functions we have a triangular fuzzy number. A crisp number r is simply 
represented by u(r) = u(r) = u, 0 < r < 1. 

Definition 2.2. For arbitrary fuzzy numbers u = (u(r),u(r)), v = (v(r),iJ(r)) we have algebraic 
operations below [5]: 

[(ku.ku) k>0 

1. ku = \) Z ( 

{(ku, ku) k < 0 

2. u + v = (u(r) + v(r),u(r) + iJ(r)) 

3. u — v = (u(r) — v(r),u(r) — v(r)) 

4. u. v = (mins, max s), which 

s = [u, v, uv, uv, uv). 

3. Caputo-type H-differentiability 

In this section, the concept of fuzzy Caputo derivatives has been reviewed [7, 9, 10]. Also, we denote 
C r [a, b] as a space of all fuzzy -valued functions which are continuous on [a,b]. Also, we denote the 
space of all Lebesgue-integrable fuzzy -value functions on the bounded interval [a, b] £ E by L r [a, b], we 
denote the space of fuzzy-value functions /(x) which have continuous H-derivative up to order n — 1 on 
[a,b] such that / (n - 1} (x) £ AC r ([a,b]) by 4<C (n)F ([a, b]). 

Definition 3.1. Let / £ <C F [a, b] n L F [a, b], the fuzzy Riemann-Liouville integral of fuzzy-valued 
function / is defined as following: 

(£/) W = W^^.x > «,0 < p < 1. (3.1) 

Since, f(x; r) = |/(x; r),/(x; r)j, for all 0 < r < 1, then we can indicate the fuzzy Riemann-Liouville 
integral of fuzzy-valued function / based on the lower and upper functions as following: 

Theorem 3.1 Let / £ (C F [a, b] n L F [a, b], the fuzzy Riemann-Liouville integral of fuzzy-valued function 
/ is defined as following: 

(/f + /) (x; r) = (x; r), (/f + /) (x; r)] , 0 < r < 1, (3.2) 

where 
and 
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Now, we define fuzzy Riemann-Liouville fractional derivatives of order n — 1 < /? < n for fuzzy-valued 
function / [12, 13]. 

Definition 3.2 Let f n £ <C^ F [a, b] n L?[a, ft], and x 0 £ (a, ft) and O(x) = ^JL-J ^Jg^ ( n = 
[/?] + 1, x > a). We say that f is fuzzy Riemann-Liouville fractional differentiable of order /?, at x 0 , if 
there exists an element (o^+f^j (x 0 ) £ IE, such that for all h > 0 sufficiently small 

*( n - 1 )(x 0 +'Oe (I > (n " 1) (xo) - 1- * (n ~ 1) Uo)e<t> (n ~ 1) u 0 -?o 



i. K/) (x 0 ) = lim ^^g^ = lim 



h 
or 

*(«-D(x 0 )e<I> (n " 1) (xo+'i) _ ,- $ (n_1) (zo-fc)e < l> (n ~ 1) (*o) 



ii. (fl V) (*o) = lim ^-^^^ = lim : 



-h 

For sake of simplicity, we say that a fuzzy -valued function / is RL [(Q — /?] -differentiable if it is 
differentiable as in the Definition 3.2 case (i), and is RL [(ii) — /?] -differentiable if it is differentiable as in 
the Definition 3.2 case (ii). 

Definition 3.3. Let f n £ C^ r [a, b] n L\[a, b], f n is integrable, then the right fuzzy Caputo derivative of 
f fovn — 1 < /? < n and x £ [a, b], denoted by ( C D^+/") (x) £ IE and defined by 

( c Df + /) (x) = j> - tr^of^mt. (3.5) 

Theorem 3.2. Let f n £ <C (n)F [a, b] n L?[a, ft], and x £ (a, Z>), n - 1< p < n, such that for all 0 < r < 
1, then 

i. If / be a c [(0 — /?] -differentiable fuzzy-valued function, then: 

( c Df + /) (x; r) = [( C Df + /) (x; r), ( c Df + /) (x; r)], 

ii. If / be a c [(ii) — /?]-- differentiable fuzzy-valued function, then: 

( c Df + /) (x; r) = [( C Df + 7) (x; r), ( c Df + /) (x; r)], 

where 



and 

^ j (x, r) - V a+ |/ (x, r) 2, k =o k J (a, r) j (x, r) - r(n _ /?) ^ j a (3C _ t) /i-» + i 

Theorem 3.3 (see [13]) Let u(x;r) be closed- and bounded-fuzzy-valued function on (— oo, +co). 
Suppose that u(x;r) and u(x; r) are improper Riemann-integrable on (— oo, +oo), Vr £ [0,1]. Then 

u(x; r) £ JJ^j on (— oo, +oo) and the improper fuzzy Riemann integral J*™ u(x; r)dx is a closed fuzzy 
number. Furthermore, we have 

£T r)dx = u(x; r)dx , u(x; r)dxj. (3.6) 



262 



Ekhtiar Khodadadi et al 260-271 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



4. The fuzzy Laplace transforms 

In this section, we consider the fuzzy Laplace transform for fuzzy-valued function, then Derivative 
theorem is given which is essential for determining solutions of FFPDEs. 

In this way, Allahviranloo et al. [7], suggested concept of Laplace transforms for fuzzy-valued function as 
following: 

Definition 4.1. Let u is continuous fuzzy-valued function. Suppose that u(x, t)Qe~ st is improper fuzzy 
Riemann-integrable on [0,°o), then /°° u(x, t)Qe~ st dt is called fuzzy Laplace transforms and denoted 
by: 

(£ t u)(x, s) = J 0 °° u(x, t)Qe~ st dt, (s > 0 and integer) (4.1) 
we have for 0 < r < 1 : 

[J o ° o u(x,t)0e _5t dtf = [J 0 °° u(x,t)Qe~ st dt, J^u(x,t)Qe~ st dt]. 
Also by using the definition of classical Laplace transform: 

£ t [u(x,t;r)] = u(x, t; r)0e~ st dt, 

and 

L t [u(x, t;r)] = /°° u(x,t;r)Qe~ st dt, 

then, we get: 

[£ t [/(x)]] r = [£ t [/(x; r)] ,£ t [/(x; r)]]. 
Definition 4.2. Inverse Fuzzy Laplace transform with respect to s is defined as following: 

(£j 1 u)(x, t) = ^ < x > ^)0e st d5 , x £ R, y = 9t(s) > ^ (4.2) 
Theorem 4.1 (Derivative theorem). Suppose that / £ C (n)F [0, cx))nL F [0, oo), then 

£ t { c D% +t u(x,s)} = s a £ t u(x,s) 0 lk=oS a - k - l 3kU g*f\ m-l<a<m, 
if D (fe_1) / is c [(i) - a]-differentiable, and also 

L t { c D% + t u(x, 5)} = - Y^=o s"-"- 1 "-^f 1 0 (-s«£ t u(x, 5)), m - 1< a < m, 
if D^ k ~^f is c [(u) - a]-differentiable. 



5. The Fuzzy Fourier Transforms 

In this section, we are going to define fuzzy Fourier transform for fuzzy-valued function. Moreover, we 
will consider the properties of the fuzzy Fourier transforms, then a derivative theorem is given in order to 
connect between Laplace transform of fractional derivative and corresponding fuzzy -valued function. 
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Definition 5.1. Let u is continuous fuzzy-valued function. Suppose that u(x, t) © e la)X is improper 
fuzzy Riemann-integrable on (— oo, +oo), [13], then f*™ u(x, t) © e~ l0>x dx is called fuzzy Fourier 
transforms and denoted by: 

(T x u)(a), t) = j_ + %(x, t) © e-^dx (5.1) 
Using Theorem 3.3, we have for 0 < r < 1: 

[ f_ + ™ u(x, t) © e- iMX dx] r = [ u{x, t; r) © e~ ia>x dx , u{x, t) © e~^ x dx\ 
Also by using the definition of classical Fourier transform: 

(T x u)(oo, t; r) = u(x, t; r) © e~ icox dx, 

and 

(T x u)(a), t; r) = J*™u(x, t; r) © e~ ia)X dx, 

then, we get: 

[(^ x u)(aj, t)Y = [(T x u)(a), t; r), {T x u){ay, t; r)]. 
Definition 5.2. Inverse Fuzzy Fourier transform with respect to a> is defined as below: 

T~ x u{x, t)=— e~ ia>x © u(ay, t)day (w£i,t>0) (5.2) 



6. FFPDEs under Caputo-type H-differentiability 

In this section we show the notations and the basic fuzzy fractional partial differential equation associated 
with the wave reaction-diffusion systems. Let u(x, t) be the concentration of a substance distributed in 
space one dimensional space and cp(x, t, u) be a non-linear function, where t is the time -variable and x is 
the space-variable. It is important to note that the function (p(x, t, u) can represent a term of the so-called 
Fisher-Kolmogorov equation or a term of the Ginzburg-Landau equation, which appear in field theory 
and superconductivity. In the first case, the non-linear term is cp(x, t, u) = Au(x, t)[l ~ u(x, t)] with A a 

constant, whereas in the second case we have (p(x,t,u) = Au{x, t) — (u(x, t)) j with B another 

constant. Here we discuss only the case <p(x, t, u) = <p(x, t), i.e. linear case, as in Eq. (6. 1), [8]. 
The following fuzzy fractional partial differential equation, the so-called generalized wave reaction- 
diffusion equation, is considered: 

a ( c D^ t u) (x, t) © b ( c D^ t u) (x, t) = c ( c ^_ ro u) (x, t) © cp{x, t, u{x, t)), (6.1) 
d u(x,o ) _ f ^ fc - 0,1, ...,m - 1, a u( f'i ) - gi(x), I = 0,1,-, n- 1, lim u(x,t) = 0, (6.2) 

M OX X-^+oo 



where t > 0, x £ E, m— 1< a r < m, n — 1 < a 2 < n, 0 < B < 1 and a, b, c are real constants. 
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6.1. Determining algebraic solutions 

In this subsection, we provide the fuzzy Laplace transform and its inverse to derive solutions of FFPDE 
(6. 1). By taking Laplace transform on the both sides of Eq. (6. 1), we get the following: 

£ t [a ( c D a Q l t u) (x, t) © b ( c D^ t u) (x, t)} = £ t [c ( c Dj_ ro u) (x, t) © <p(x, t, u(x, t))}, (6.3) 

Then, based on the types of Caputo-type H-differentiability we have the following cases: 

Case I. Let us consider Du(x, t) is a c [(i) — a]-differentiable function, then Eq. (6.3) is extended based 
on its lower and upper functions as following: 

a (>i£ t {u}(x, s; r) - Y,k=o s"^' 1 f_ k (.x; r)) + b (s a '£ t {u}(x,s; r) - Y,f=o s 01 ^ 1 ' 1 g^x; r)) = 
(x, s; r) + £ t [<pj (x, s, u(x, t); r), 

(6.4) 

a{s a ^L t {u}{x,s;r) - E^ 1 s a ^ te -%(x; r)) + &(s B *£ t {u}(x,s;r) - Tfc£s a *- l -%Cx;r)) = 
c ( c £>x,-oo^ t {u)) (x, 5; r) + £ t {^}(x, s, u{x, t); r), 

where 

cp(x, t, u(x, t); r) = min{(p(x, t, u) |u £ [u(x, t; r), u(x, t; r)]} , 0 < r < 1, 

(p(x, t, u(x, t); r) = max{(p(x, t, u) \u £ [u(x, t; r), u(x, t; r)]] , 0 < r < 1. 

Taking the Fourier transform in Eq. (6.4), and in order to solve the linear system (6.3), for simplify we 
assume that: 

T x {l t {u(x, t; r)}} = H^co, s; r), 0 < r < 1 
T x {£ t {u(x, t; r)}} = K^co, s; r), 0 < r < 1 ' 

where H^a), s; r) and K^a), s; r) are solutions of system (6.4). Then, by using the inverse Laplace 
transform and the inverse Fourier transform, u(x, t; r) and u(x, t; r) are computed as: 

u{x, t; r) = T x {£t 1 {H 1 {a), s; r)}} = ^u(x, 0; r) G^co, t)da) + £ ^ T M W < f _ 

t; r)dr do), 

(6.5) 

u(x, t; r) = ^{Xf 1 {/f 1 (o> J s; r)}} = ^u(x, 0; r) J_°^ GjOu, t)d&) + £ t; T )^( w < 1 ~ 

t; r)dr do). 

These two cases can be considered as particular cases of Eqs. (6.5) 

A. Classical Green's function 
In this case the homogeneous initial condition is /(x) = 0. Substituting this into Eqs. (6.5) 

[u{x,t)] r = (G 1 (x,t\0,0)) r = ^fZo Jo^iC^-t; 7 ) [<K<a,t - r),^(&),t- t)] dzdco, 
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B. The propagator 

Substituting cp{x, t; r) = 0 and f(x; r) = <5(x; r) into Eqs. (6.5), we can write 

u{x, t; r) = j^u{x, 0; r) f™ m G^co, t)dco, 

u(x, t; r) = — u(x, 0; r) G^co, t)dco. 

Case II. Let us consider Du(x, t) is a c [(i) — a] -differentiable function, then Eq. (6.1) is extended based 
on its lower and upper functions as following: 

a (s^L t {u}(x, s; r) - Z^ 1 s"^ 1 f_ k (x; r)) + b (>£ t {u}(x, s; r) - s^" 1 " 1 ^*; r)) = 
(x, 5; r) + £ t [cp] (x, s, u(x, t); r), 

(6.6) 

a(5 a !£ t {u}(x,5;r) - Z^o 1 ^ 1_k_1 7 k (^ + &(s B *£ t {u}(*,s;r) - JZ^s a *- l -%(x;r)) = 
c ( c Z)^_ 00 £ t {u}) (x, 5; r) + £ t {^}(x, s, u(x, t); r), 

where 

<p(x, t, u(x, t); r) = min{(p(x, t, u) |u £ [u(x, t; r), u(x, t; r)]} , 0 < r < 1, 

cp(x, t, u(x, t); r) = max{(p(x, t, u) \u £ [u(x, t; r), u(x, t; r)]} , 0 < r < 1. 

Taking the Fourier transform in Eq. (6.6), and in order to solve the linear system (6.6), for simplify we 
assume that: 

(T x {£ t {u(x, t; r)}} = H 2 (a), s; r), 0 < r < 1 
[T x {L t {u(x,t;r)}} = K 2 (a),s;r),0 < r < \ 

where H 2 (a), s; r) and K 2 (a), 5; r) are solutions of system (6.6). Then, by using the inverse Laplace 
transform and the inverse Fourier transform, u(x, t; r) and u(x, t; r) are computed as: 

u(x,t;r) = J- e {£f 1 {// 2 (<o < s;r)}} = 0; r) G x (&), t)d&) + ^J_°l /„' t; t>(oj, t - 

t; r)dr do), 

(6.7) 

u{x, t; r) = T^LtH^io), s; r)}} = ^u{x, 0; r) £^ G^w, t)d&) + ^C m /„' G^o), t; t)^(o), t - 

t; r)dr do). 

These two cases can be considered as particular cases of Eqs. (6.7) 

A. Classical Green's function 
In this case the homogeneous initial condition is /" (x) = 0. Substituting this into Eqs. (6.7) 

[u(x,t)] r = (G 2 (x,t|0,0)) r = ^ f_°^ J*G 2 (a), t;r) [<p(&>, t- r),(p(a),t- t)] drdw, 
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B. The propagator 

Substituting cp{x, t; r) = 0 and f(x; r) = <5(x; r) into Eqs. (6.7), we can write 

u{x, t; r) = ^u{x, 0; r) J"_°^ G 2 (a), t)dco, 

u(x, t; r) = ^u(x, 0; r) G 2 (w, t)dw. 

7. Examples 

In this section, we handle two examples with details to solve FFPDEs under Caputo-type H- 
differentiability. 

Example 7.1 (Fuzzy fractional reaction-diffusion equation). Let us consider the following FFPDE: 

c D 2 ? t u(x, t) + 2A c D% + t u(x, t) = v 2C D^_ qo u(x, t) + ^ 2 u(x, t) + <p(x, t) 
u(x, 0) = 0 and u t (x, 0) = 0 £ IE 

where t > 0 and -oo < x < +oo, 1/2 < a < 1, 0 < /? < 1. 

Applying Laplace transform on the both sides of above equation, we obtain: 

l t { c D*? t u(x, t) + 2A c D% + t u(x, t)} = £ t [v 2C D^_ m u(x, t) + ^ 2 u(x, t) + <p(x, t)}, 

Using c [(i) — a] -differentiability, we get 

v 2C D^_ m £ t {u}(x,s; r) + <f 2 £ t {u}(x, s; r) + £ t {cp}(x, s; r) = s 2a £ t {u}(x, s; r) - 5 2a_1 /o(^ O + 
2As a £ t {u}(x,s;r) - 2As B-1 / 0 (*; r), 

(7.2) 

v 2 c D^ ro £ t {u}(x, s; r) + ^ 2 £ t {u}(xs; r) + £ t {<p}(x, s; r) = s 2a £ t {u}(x, s; r) - s 2 "" 1 /^ (*; O + 
2As a £ t {u}(x, s;r) - 2As a - 1 /o(^; O, 

Taking the Fourier transform in Eq. (7.2), and the Fourier transform of the fractional derivative 

Tx{ C D£-oo<x, t)} = -|&)|^{u(&),t)} 

we get 

(s 2a + 2As a - v 2 \a>\ 2 P - $ 2 )T X {l t {u}} (o),s; r) = s 2 "" 1 ^ {/„} (&>; r) + 
2As a - 1 Ji {/„} (<u; r)+^ x {x t {^} j (o>, s; r), 

(7.3) 

(s 2 « + 2As« - v 2 M 2 ^ - ey x {L t {u}}^,s;r) = 5 2a - 1 ^{/ 0 }(o>;r) + 
2A5«- 1 ^{7 0 ](a J ; r)+^{£ t {^}}(&>, s; r), 

Applying inverse of Laplace transform on the both sides of Eq. (7.3), we get the following: 
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V {r{\\( - s2g ~ ly *fc°} (&);r) 2As a -^T x {l 0 }(co;r) T x [L t {^a>,s;r) 

T ir fmV,, -:■ r\ = s2a ~ lT ^7 0 }(^r) 2te«^T x {7 0 }{a>;r) T x {L t {7p}}^,s;r) 
J- x \^ tW ^W,i, ) s 2a + 2As a +A{(l)) T s 2a + 2As a +A{a)) T s 2a +2As a +A{(l)) 

where we have put A(o>) = —v 2 \a)\ 2 P — % 2 . 

Taking the inverse fuzzy Laplace transform and inverse fuzzy Fourier transform, we get 

u(x, t; r) = ^/p(x; r) ^(-lAyt" 1 e~ iax (4a,ai + i^ A(a>)t 2a ) + 
2At a ^ a£+1 (-^(o))t 2a ))da> + 



(7.4) 



(x, t; r) = ^/ Q (x; r) Er=o(-2A) £ t- e"^ (^ +1 (-^(o>)t 2a ) + 

These two cases can be considered as particular cases of Eqs. (7.4) 

A. Classical Green's function 

In this case the homogeneous initial condition is /(x) = 0. Substituting this into Eqs. (7.4) 
[u(x,t)Y = (G(x,t|0,0)) r = 

£E£o(-2A)' £ r +(2a - 1} L" e-^E^l +ai {-A{ay)e a )day [cp(x, t - flfdf , 

B. The propagator 

Substituting cp{x, t; r) = 0 and /(x; r) = 5(x; r) into Eqs. (7.4), we can write 

u(x, t; r) = ^/ 0 (x; r) Zr=o(-2^t ai e -k* (^ +1 (-^(o>)t 2a ) + 
^ a E^ i+1 {-A{co)e a ))dco, 

u{x, t; r) = ±f 0 tx; r) Er=o(-2A) £ t- (^ +1 (-^(a>)t 2a ) + 

2At a < a 1 L £+ i(-^(^)t 2a ))^. 

For special case c [(0 — a], let us consider, a = 0.75, /? = 0.5, A = 1/2, <f = l,v = 1/2, [u(x, 0)] r = 
[/ 0 (x)] r = [—1 + r, 1 — r], t = 0.001 , then we get the solution for case c [(i) — a] as following: 
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[«(z. O.OODf = 1- [-1 + r, 1 - r] ^-,,(-1)' (0.001)°™ J 00 ( S » Q ^^(-(-^-Oco-ooi)")* 

L v yJ 2tt L -i^-i-uv y v y j_ DO i z_k-0 fc!r(i+l)r(1.5k+0.75i+l) 

(0.001) 0 75 Xk-o \ 7 4 V- )do), 0 < r < 1, 

V y ZJk-0 k!r(i+l)r(1.5k+1.75+0.75i) / ' 

Example 7.2 (Fuzzy fractional reaction-diffusion equation). Let us consider the following FFPDE: 

(b c D% + t u(x, t) = c c D x p _ m u(x, t) - v 2 u(x, t) + <p(x, t) 5 
U(x, 0) = 0 and u t (x, 0) = 0 £ IE 

where t > 0 ve -oo < x < +oo, 0< a < 1, 0 < /? < 1. 

Applying Laplace transform on the both sides of above equation, we obtain: 

L t {b c D% + t u(x, t)} = l t {c c Dl P _ m u{x, t) - v 2 u{x, t) + <p(x, t)}, 

Using c [(u) — a] -differentiability, we get 

(c c D x P _ m L t {u}(x, s; r) - v 2 L t {u}(x, s; r) + L t \<p] (x, s; r) = bs a L t {u}(x, s; r) - &s a-1 /o(*; r) 
(c c Dx,-ooA{"X*,s;r) - v 2 L t {u}(x, s; r) + £ t {^}(x, s; r) = 6s a £ t {u}(x, 5; r) - fcs a_1 / 0 (x; r) 

Taking the Fourier transform in Eqs. (7.6), and the Fourier transform of the fractional derivative 

T x { c D^_ m u{x, tj) = -|&)|^{u(&),t)} 

we get, 

\bs a - c\a>\ 2 P + v 2 )T x {L t {u}} (co, s; r) = bs a ^T x {/„} (co; r) + T x \l t {<p} ] (a>, 5; r) 
(6s B - c|a>| 2 ^ + v 2 )^{£ t {xZ}}(o>,5;r) = ^"^foX^r) + T x {L t W}}{a>,s;r) ' 

Applying inverse of Laplace transform on the both sides of Eq. (7.7), we get the following: 

^ (^tlMj) 0>< 5, r) - bsa+A(a)) + bs * +A((t)) 
. >xl^t W m s, r) - bsa+A(a)) + bs a +A{(t)) 
where we have putA(o>) = — c\a)\ 2 P + v 2 . 

Taking the inverse fuzzy Laplace transform and inverse fuzzy Fourier transform, we get 
u(x, t; r) = ±f_ 0 (x; r) e~^E aX (- ^f- 1") day + 



(7.8) 



uTx, t; r) = ^/ Q (x; r) e~^E aA (- ^ t«) d<o + 
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These two cases can be considered as particular cases of Eqs. (7.8). 

A. Classical Green's function 

In this case the homogeneous initial condition is fix) = 0. Substituting this into Eqs. (7.8) 

[u(x,t)] r = (G 2 (x,t|0,0)) r ^^(r 1 (-^r)da> [<p(x, t - OY d$ , 

B. The propagator 

Substituting cp{x, t; r) = 0 and /(x; r) = 8{x; r) into Eqs. (7.8), we can write 

u{x, t; r) = i/ 0 (x; r) e^i?^ (- ^ £ a ) 
u(x, t; r) = ±f 0 (x; r) e - £w *E M (- ^ t«) do). 

For special case c [(«) — a], let us consider, a = 0.5, /? = 0.5, b = c = 1, v = 1, [tt(x, 0)] r = 
[/o(X)] r = [ — 1 + r, 1 — r], t = 0.001, then we get the solution for case c [(ii) — a] as following: 



I r<S> f(<j)-l)(0.00l)°- I 

[u(x, 0.001)] r = — [-1 + r, 1 - r] / e^* ££_ 0 — , 0 < r < 1, 

yJ 2n L ' J r(0.5fc+l) ' 



8. Conclusions 

In this paper, the fuzzy Laplace transforms and fuzzy Fourier transforms have been studied in order to 
solve fuzzy fractional partial differential equations (FFPDEs) of order 0 < a < 1 under Caputo-type H- 
differentiability. To this end, Caputo-type differentiability based on the Hukuhara difference was 
introduced and then Laplace transform of fractional derivative was discussed by Derivative theorem 
(Theorem 4.1). Consequently, we solved some well-known examples in fractional manner to obtain the 
solutions of FFPDEs under Caputo-type H-differentiability. 
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Abstract 

Making use Ruscheweyh derivative and generalized Salagean operator, we introduce a new class of analytic 
functions TZT>(-y, A, a, j3) defined on the open unit disc, and investigate its various characteristics. Further we 
obtain distortion bounds, extreme points and radii of close-to-convexity, starlikeness and convexity and neigh- 
borhood property for functions belonging to the class 1ZT>(^, A, a, (3). 

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property, 
Salagean operator, Ruscheweyh operator. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Let A denote the class of functions of the form f(z) = -z+_^ 2 ajz^ , which are analytic and univalent in the open 
unit disc U = {z : z e C : \z\ < 1} . Tisa subclass of A consisting the functions of the form f(z) = z — Y^=2 \ a j I ^ • 
For functions f,g £ A given by j(z) = z + _^°^ 2 OjZ^ , g(z) = z + _^°^ 2 ^i z ^ we define the Hadamard product (or 
convolution) of / and g by (/ * g){z) = z + _^°_ 2 ajbjZ^ , z € U. 

Definition 1.1 (Al Oboudi [5]) For f € A, A > 0 and neN, the operator D% is defined by D\ : A —> A, 
D°J(z) = f(z) 

D{f(z) = (l-X)f(z) + Xzf(z) = D x f(z), ... 
D^f(z) = (l-X)D n x f(z) + Xz(D n x f(z))' = D x (D n x f(z)), z e U. 

Remark 1.1 If f e A and f(z) = z + _]°1 2 ajZ j , then D r x l f (z) = z + J2f =2 i 1 + U ~ *) A l" a j zJ > z ^ u - 
IffeT and f(z) = z - £°1 2 aj z* , then D n J (z) = z - [1 + U - 1) A]" a,* , z e U. 

Remark 1.2 For A = 1 in the above definition we obtain the Salagean differential operator [8]. 

Definition 1.2 (Ruscheweyh [7]) For f € A, n € N, the operator R n is defined by R n : A — > A, 

R°f(z) = f(z) 
R'fiz) = zf(z), ... 
(n + 1) R n+1 f (z) = z (R n f (z))' + nR n f (z) , z e U. 

Remark 1.3 /// e A, f(z) = z + £~ 2 a 3 zJ , then R n f (z) = z + £~ 2 &+^ aj z\ zeU. 
Iffe T, f(z) = z - £°1 2 a jZ i, then K* f (z) = z - aj z> , z e U. 

Definition 1.3 [1], [2] Let 7, A > 0, n e N. Denote by RD% the operator given by RD^ : A — > A, 

RD^fiz) = (1 - 7)R n f(z) + jDlf(z), z e U. 
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CljZ J , 



Remark 1.4 /// e A, f(z) = z+E°L 2 «*en flD£ i7 /(z) = z+E°l 2 [1 + (j - 1) A]" + (1 - 7) i ^ r f } 
z e U. 

IffeT, f(z) = z £°°= 2 o^, then RD^f(z) = z E°°=t +1 {t [1 + (i - 1) A]" + (1 - 7 ) } ^ 

z G £7. 

T/ie operator RD™ f (z) = L™/ (z) w/iic/i was introduced in [3]. 

Following the work of Sh.Najafzadeh and E.Pezeshki [6] we can define the class RD(-f,a, (3) as follows. 

Definition 1.4 For 7, A > 0, 0 < ct < 1 and 0 < (3 < 1, let IZV^, A, a, (3) be the subclass of T consisting of 
functions that satisfying the inequality 



RD^f(z) 1 



2u(RD^f(z)-a)-(RD^f(z)-l) 



where 



RDlf(z) 



+ n(RDZ„f(z))', 0 <!/<!. 



Remark 1.5 If f eT, f(z) 



^27=2 a j zJ > then 



RD^f(z) = 1 - £°°=t + i [1 + M (j 1)] {7 [1 + (j 1) A]" + (1 - 7 ) ( i^§}a^-\ z G U. 



The class TZV^, 1, a, (3) = £ (7, a, (3) defined and studied in [4] 



(1.1) 



(1.2) 



2 Coefficient bounds 

In this section we obtain coefficient bounds and extreme points for functions is HT>(^j, A, a, (3). 
Theorem 2.1 Let the function f gT. ITien / <G TZV^, A, a, /3) i/ and only if 



]T (l + M (i-l))[l+/3(2^-l)] 7 [l + (i-l)Ar + (l-7) 
j=t+i ^ 

The result is sharp for the function F(z) defined by 

2(3v{l - a) 



(n+j -1)1 
n\ (j - 1)! 



< 2/3^(1 -a). (2.1) 



F(z) =z- 



(l + M ( J -l))[l+^-l)]{ 7 [l + ( J -l)Af + (l-7)^f }' 



3 >t + l. 



Proof. Suppose / satisfies (2.1). Then for \z\ < 1, we have 
RD^f(z) -l\-[3 \2v{RD^f{z) -a)- (RD^f(z) - 1)| = 

- ££t+i (i + Mi - 1)) {7 [i + (j i) A]" + (i - 7) a^- 1 1 - 

21/(1 - a) - (21/ - 1) Er=t+i {7 [1 + (J - 1) A]" + (1 - 7) T^FT? } I 1 + ^ 0' - !)1 a ^' _1 
[1 + M(J - 1)] {7 [1 + U 1) A]" + (1 - 7) %KT§} a k 2(3v{l a)+ 



0 
E 



< 



3=t+l 



T?=* + i ^ -!)(!+ Mi - 1)) {7 [1 + (i - 1) A]" + (1 - 7) ^T5T ! } ^ = 

t+ i [1 + Mi - 1)] [1 + /?(2^ - 1)] {7 [1 + (i 1) A]" + (1 - 7) } «J - 2/M1 - «) < 0. 

Hence, by using the maximum modulus Theorem and (1.1), / € IZV^, A, a, /3). Conversely, assume that 

RD^f(z)-l -£^t+i[l+M(3-l)]{7[l + (j-l)A]" + (l-7) ( ^t/r i V,' }aj^" 1 

2,(flfl; ; ;/(,)-«)-(flfl-7( 2 )-i) 2Ki- Q )-Er =t+ Ji+M0-i)](2.-i){7[i+0-i)A]"+(i-7) 1 ^^}a~ 
Since i?e(z) < |z| for all z € [7, we have 



<f3,z€U. 



Re 



E~t+i [1 + Mj - 1)] {7 [1 + U 1) A]" + (1 - 7) { -^§}a^- 1 
Ml -a)- ET=t+i [1 + Mi 1)] (2* - 1) {7 [1 + U 1) A]" + (1 - 7) ^§ } a jZ ^ 



< (3. (2.2) 



By choosing choose values of z on the real axis so that RD^'™f(z) is real and letting z — > 1 through real values, we 
obtain the desired inequality (2.1). ■ 
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Corollary 2.2 IffeT be in VR(j, A, a, (3), then 

2(3u(l - a) 



[l +/ 3(2^-l)]{ 7 [l + (j-l)Ar + (l- 7 )^f}' 
with equality only for functions of the form F(z). 
Theorem 2.3 Let f\{z) = z and 

2{3v(\ - a) 



3>t+l, 



(2.3) 



fj(z) = z - 



[1 + M (J - 1)] [1 + {3(2v 1)] { 7 [1 + (j 1) A]" + (1 - 7 ) } 



z j , j>t+l, (2.4) 



for 0 < a < 1, 0 < /3 < 1, 7, A > 0 and 0 < v < 1. Tften /(z) zs m i/ie dass TZT>{^, A, a, /3) i/ and onZy i/ it can be 
expressed in the form 



f(z)=J2u j f j (z), 



(2.5) 



where ujj > 0 and J27Li = 1- 



Proof. Suppose f(z) can be written as in (2.5). Then 



/(*) = z ~ E^t+i 



2ffi/(l-g) 



j=t+l 



' J=t+1 "° [l+A'0-l)][l+/3(2^-l)]{7[l + (j-l)A]" + (l-7)- ( ;' ! ^ri 1 ) ) ! ! } 
[l+/i(j-l)][l+/3(2^-l)]{7[l+(3-l)A]" + (l-7) Tu/-! 1 )'' } 
2/3i/(l-a) 



TTrr-Z- 7 - NOW, 



££U+i Wj- = 1 - wi < l.Thus / e KVfr, A, a, /?). 
Conversely, let / € IZV^, A, a, Then by using (2.3), setting ivj 



2/Wl-a) 



[l+ M (j-l)][l+^-l)]{ 7 [l + (j-l)A]" + (l-7) ^|+/r i 1 ) ) |' } 



[l+M(j-l)][l+/3(2^-l)]{7[l + (j-l)A]" + (l-7) ( "+ 3 r i 1 ) ) , ! } 

2/3i/(l-a) a J' 



j > t + 1 and cl>i = 1 — Yl^=2 we nave /W = Sjlt ^jfji 2 )- And this completes the proof of Theorem 2.3. 

3 Distortion bounds 

In this section we obtain distortion bounds for the class TZT>(^, A, a, [3). 
Theorem 3.1 If f e TZV(^,\a,[3), then 



2(3v(l - a) 



(1 + /**)[! + (3{2v 1)] 7 (1 + t\Y + (1 - 7) ^ 



T r t+1 < \f(z)\ 



(3.1) 



< r 



2[3v(l - a) 



_t+i 



(1 + (j,t)[l + (3{2v - 1)] 7 (1 + *A)" + (1 - 7) iJ±Il}1 



n\t\ 



holds if the sequence {0^(7, A, (3, v)}^L t+1 is non- decreasing, and 



1 - 



2(3v(l -a)(t + l) 



(t+r. 



(1 + M t)[i + (3{2v - 1)] [7(1 + t\y + (1 - 7) w 

2^1/(1 -a)(t + l) 



< !/'(*)! 



(3.2) 



< 1 + 



(l + /rf)[l + /?(2i/-l)] 7(l+tA)» + (l-7) 



nW. 



holds if the sequence { a3 ^^^^ is non- decreasing, where 

a, ( 7 , A 1/) = [1 + Mi - 1)] [i + i)] {7 [i + (j - 1) A]" + (1 - 7) %kt§} 

The bounds in (3.1) and (3.2) are sharp, for f(z) given by 



2(3v{l - a) 



(1 + „*)[! + [3{2v 1)] 7 (1 + + (1 - 7) W 



T z t+ \ z = ±r. 



(3.3) 
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Proof. In view of Theorem 2.1, we have 

oo 

oj < 



20v(l - a) 



j=t+i 



(1 + nt)[l + (3{2v 1)] 7 (1 + t\)n + (l - 7 ) (^11 



(3.4) 



We obtain \z\ 



it + l v-^°° 



J2T=t+i a j < \ f( z )\ < M + 1*1 £~ t+i a r Thus 



j=t+l "J- 



r — 



2(3v{l - a) 



(1 + nt)[l + /3(2i/ - 1)] [ 7 (1 + t\)" + (1 - 7 ) ^ 

2/3i/(l-a) 



(3.5) 



< r + 



„t+i 



(1 + M t)[l + f3(2v 1)] [ 7 (1 + tX) n + (1 - 7) 

2/3;/(l-a) 



Hence (3.1) follows from (3.5). Further, £ j=t+1 ja,- < u+^i j ■ Hence (3.2) follows 

from l-r*E°°=t + i^ < <l+^E"t +1 J«r ■ 

4 Radius of starlikeness and convexity 

The radii of close-to-convexity, starlikeness and convexity for the class 1ZT>(j, A, a, (3) are given in this section. 

Theorem 4.1 Let the function f gT belong to the class lZT>(-f, A, a, (3), Then f(z) is close -to-convex of order 6, 
0 < 6 < 1 in the disc \z\ < r, where 



r := inf 

j>t+i 



+ [l + /?(2^-l)]{7[l + (i-l)Ar + (l-7)^T#} 



2/3^(1 - a) 

T/ie resutt is sharp, with extremal function f(z) given by (2.3). 
Proof. For given / € T we must show that 

\f'(z) - 1| < 1 - «. 

By a simple calculation we have — 1| < Xljlt+i J a i M* • The last expression is less than 1 — 6 if 

£jL i+1 |*|* < 1- Using the fact that / £ TZT>{^, A, a, /?) if and only if 

^oo [l+M(j-l)][l+/3(2^-l)l{7[l+(3-l)A]" + (l-7) } . 



(4.1) 



(4.2) 



(4.2) holds true if ^ |*|* < ^ ^^O-^n^^^-^H^^-^^^C^^)^^} , Qr; equivalen%7 < 



E 



j=*+i 



(l-g)[l+M(j-l)][l+/3(2^-l)]{ 7 [l + 0-l)A]"+(l-7) ( ^ 1 1 ) ) ! ' } 
2/3uj(l-a) 



2f3v(l-a) 

which completes the proof. 



Theorem 4.2 Le£ / € ^(7, A, a, /?). TTien 

1. / is starlike of order 6, 0 < 6 < 1, in the disc \z\ < n where, 

' (l-6)[l+ M (j-l)][l+ / 3(2^-l)]{ 7 [l+(j-l)A]" + (l-7) ( ^+/r i 1 ) ) | 1 } ) f 



ri - Ulfj>t+1 I 2(3v(l-u)(j-6) 

2. f is convex of order 6, 0 < 6 < 1, m </ie disc |z| < r2 where, 

_. , / (l-5)[l+ /J 0-l)][l+/3(2^-l)]{ 7 [l+(j-l)A]"+(l-7) } 

r 2 - mt^t+i I 2/3 V j(j-i)(i-a) 

£7ac/i of these results is sharp for the extremal function f(z) given by (2.5). 

Proof. 1. For 0 < 6 < 1 we need to show that 



*/'(*) 1 
/(*) 



< 1-6. 



(4.3) 
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We have 



ZlM _ i 
/(*) 1 



< 



E~t+i(i-i)°jl*l' 



The last expresion is less than 1 — 5 if Ejlt+i ^i-^ a j M* < 1- Using 



the fact that / £ 7^( 7 , A, a, /3) if and only if E^t+i ^^1!^^ < L 

(4.3) holds trne if £§ N* < [1+Mj ' 1)1[1+ " (2 ^ 1 % 7 :;^ 1)A1 " +(1 ' 7)i ^^ . Or, equivalently, 



,i (l-6)[l+A t Q-l)][l+/3(2^-l)]{7[l + (j-l)A]" + (l-7) ( rit/-i 1 ) ) ! ! } 
'< < 2l3v<l- a )(j-6) 



20L>(i-a)(j-S) ' wmcri yields the starlikeness of the family. 

2. Using the fact that / is convex if and only zf is starlike, we can prove (2) with a similar way of the proof of 
(1). The function / is convex if and only if 



\zf"(z)\<l-6. (4.4) 



We have \zf" (z)\ < J2fLt+i jti ~ l) a j \ z \ < 1 — ^' equivalently with Ej=t+i 3 (_ 6 aj \z\ < 1. Using the fact 



that / e TlV(j, A, a,/3) if and only if £j=t+i 2/3t/(l _ a) (J ' Qj < I- 



j=t+l ' ' 20v(l-a) 

l{7[l + (j-l 
2f3v(l-a) 

which yields the convexity of the family. 



(4.4) holds trne if i££ M*" 1 < [1+Mj - 1)1[1+ ^ (2 - 1)1 j;;;^- 1)A1 " +(1 ^ ) ^ l, or, equivalently, l^l^ 1 < 

(l-g)[l +M (j-l)][l +/ 3(2^-l)]{7[^^ 
2/3^(j-l)(l-a) 



5 Neighborhood Property 

In this section we study neighborhood property for functions in the class TZT>(j, A, a, (3). 

Definition 5.1 For functions f belong to A of the form and s > 0, we define n — e - neighborhood of f by 
NJ?(f) = {g(z) e A : g(z) = z + £jl 2 bjZ 3 , ^Z^L 2 \ a j ~ M ^ £ }> where r\ is a fixed positive integer. 



By using the following lemmas we will investigate the n — e - neighborhood of function in lZV(-f, A, a, [3). 

I7=2 b i z3 satisfies J2T=2J P+1 N < r§8 



Lemma 5.1 Let — 1 < (3 < 1, ifg(z) = z+^2^ 2 bjZ J satisfies X^=2 j P+1 — i+a(2v-i) > then g(z) € TZV(^f, A, a, (3). 



Proof. By using of Theorem 2.1, it is sufficient to show that ! + ^ J ' — — + ^ ^/Zl(i-^l) " " + ^ — ^ eM UIJ . = 

^[l + 0(2u - 1)]. But [1+ ^- 1)l{7[1 ^;^ +(1 - 7) ^ } < ^[1 + 0(2, - 1)]" Therefore it is enough 

to prove that Q(j,p) = 7 ^ 1+(j Ij^Ljt^ 7 - > gEESj < i ; the result follows because the last inequality holds for all 
j>t + l. m 

Lemma 5.2 Let f(z) = z-Y^=2 a kZ k e T, 7, A > 0, 0 < a < 1, 0 < [3 < 1 ande > 0. J/ /( ^_+ ez e nV(^,X,a,f3), 
then , -1 j p+1 aj < 2/3 t /(i-a)(i+ < ;)(t+i) p w/iere either p = 0 or p = 1. T/ie resw/f is s/iarp 

^J=*+l J 3 - [l+ At (j-l)][l+0(2 I /-l)] [ 7 (l+tA)" + (l- 7 ) ' P 1 

with the extremal function f(z) = z — - — 2/3iy(i-a)(i+e) — t+i z £ [/. 

J ^ 7 [l+ M 0'-l)][l+^(2f-l)] [7(l+*A)"+(l-7) 

Proof. Letting gr(^) = ^ z ^^ z we have </(z) = z — YlfLt+i T+l z J ' z <E U. In view of Theorem 2.3, g(z) = 

[l+ At O-l)][l+0(2 y -l)]{7[l + a-l)A]" + (l-7) i 5 7 h^}' 



E°°=i W where ^ > 0 > ££1 ^ = L 9i(z) = z and 5j (z) = z ^—^—^-^ ^ z i , 

j > t + 1. So we obtain, 5 (z) = 77^ + E^t+i 2/Mi-a)(i+ e ) ^1 = 



[l+M(j-l)][l+/3(2^-l)]{7[l + 0-l)A]" + (l-7) ( "+/r i 1 ) ) , ! }^ 

Z ^7=t + iV k [1+ ^_ mi+0( ^ Since Vj > 0 and E°°=2^ < L it follows that 

Er=m« fe < ^Pj>t + iJ^ \ 1+M(? ._ 1)Hl+ ^_^ Since whenever p = 0 or p = 1 we 

conclude p, 7 , a, /?, e) = J P+1 [1+M(j ._ 1)][1+ ^ (2 ,_ 2 1 g 7 ^ 1 ^ ■ « a decreasing function of j, the 
result will follow. The proof is complete. ■ 



Theorem 5.1 Let p = 0 or p = 1 and suppose —l<6< , . \ , , — ; ~ 



[l+^(t-l)][l+/3(2^-l)][7(l+tA)" + (l-7)^#]-2^(l-a)(l+^)(t+l)' i 
[l+M(t-l)][l+/3(2^-l)][7(l+*A)" + (l-7) i ^T#] 



0 < (3 < 1, /(z) G T and ^ Z ^ €Z g TZV("f, A, a, /?), i/ien </ie n — e -neighborhood of f is the subset oflZV^, A, a, /?), 



[l+e(2 l ,-l)][l+ At (t-l)][l+/3(2^-l)][7(l+tA)" + (l-7) i ^# 1 ^ 
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Proof. For f(z) = z — \ a j\ ■> d( z ) = z + *Y^j=2^i z ^ be m ^S(f)- So Lemma 5.2, we have 
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On a certain subclass of analytic functions involving Salagean 
operator and Ruscheweyh derivative 
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Abstract 

The main object of this paper is to study some properties of certain subclass of analytic functions in the 
open unit disc which is defined by the linear operator L™ : A — > A, L"f(z) = (1 — a)R n f(z) + aS n f(z), 
z G U, where R n f(z) is the Ruscheweyh derivative, S n f(z) the Salagean operator and A n = {f € Ti.(U) : 
f(z) = z + a n+ \z n+1 + . . . , z € U} is the class of normalized analytic functions with Ai = A. These properties 
include a coefficient inequality, distorsion theorem and extreme points of differential operator. We also discuss 
the boundedness properties associated with partial sums of functions in the class T<S™ (/3, 7) . 

Keywords: analytic functions, coefficient inequalities, partial sums, starlike functions. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and H(U) the space of holomorphic 
functions in U. 

Let A n = {/ £ H(U) : f(z) = z + a n+1 z n+1 + . . . , z £ U} with Ai = A. Denote by T the subclass of A 
consisting the functions / of the form / (z) = z — Y1T=2 

> 0, zeu. 

Definition 1.1 (Salagean [8]) For f £ A, n £ N, the operator S n is defined by S n : A — > A, 

S°f(z) = f(z) 
S'fiz) = zf'(z), ... 
S n+1 f(z) = z(S n f(z))', z£U. 

Remark 1.1 If f £ A, f(z) = z + Y™= 2 a i z ' J then Sn f ( z ) = z + E^L 2 3 n ajZ j , z£U. 
Iff£T, f(z) = z - E~ 2 ajz*, then S n f (z) = z - £°1 2 j n ajz' , z £ U. 

Definition 1.2 (Ruscheweyh [7]) For f £ A, n £ N, the operator R n is defined by R n : A — > A, 

R°f(z) = f(z) 
R l f{z) = zf'(z), ... 
(n+l)R n+1 f(z) = z (R n f (z))' + nR n f (z) , z £ U. 

Remark 1.2 If f £ A, f(z) = z + a.zJ , then R n f (z) = z + £°L 2 ^+^ aj z^, z £ U. 

IffeT, f(z) = z - Ef=2 then R n f (z) = z - £~ 2 ^§ a^, z £ U. 

Definition 1.3 [2] Let a > 0, n £ N. Denote by L™ the operator given by : A — > A, 

L n J(z) = (l-a)R n f(z) + aS n f(z), z £ U. 
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Remark 1.3 /// G A, f(z) = z + £°1 2 , then L n J{z) = z + £°1 2 (<*3 n + (I - a) %$Erf) a M z e U. 

IffeT, f(z) = z £°1 2 ^en L%f(z) = z £°° =2 (aj» + (1 - a) aj* , z G U. 

This operator was studied also in [3], [4], [5]. 

If / and g are analytic functions in U, we say that / is subordinate to g, written / -< g, if there is a function w 
analytic in U, with w(0) = 0, \w(z)\ < 1, for all z G U, such that f(z) = g(w(zj) for all z € U. If (7 is univalent, 
then / -! g if and only if /(0) = g(0) and /([/) C g(U). 

We follow the works of A. Abubaker and M. Darus [1]. 

Definition 1.4 Let 0 < /? < 1, a, A > 0, n G N, 7 G C\{0}. TTien, i/te function f e A is said to be in the class 
$a (P, 7) */ 

7 V L»f(z) J 
We define now the class TS™ ({3, 7) by 

T5:(ft 7 )=5 a "(/5, T )nT. 

2 Coefficient Inequality 

Theorem 2.1 Le£ f/ie function f gT. T/ien /(z) is m £/ie c/ass ^"5™ (/3,7) z/ and onZy i/ 

w/iere 7 € C - {0}, a > 0, n G N, z € f7. 

Proof. Let f(z) G TS™ (/3, 7 ). Then, we have Re{^j^f - 1|} > -/?| 7 |, where '^fff'}*' = 
— -f f s (Ji-i n and we obtain Re < ^— ^ — (n+i i\ v ! — > > —p 7 . By chossmg the 

valkues of z on the real ais and letting z — > 1~ through real values, the above inequality immediately yields the 
required condition (2.1). 

Conversely, by applying the hypothesis (2.1) and letting \z\ = 1, we obtain 

gf^f^ < < M- Hence, by maximum modulus theo- 

rem, we have / G TS™ (/3,7), which evidently completes the proof of theorem. 

Finally, the result is sharp with the extremal functions fj be in the class TS™ {[3, 7) given by 

fi(z) = z ^ v z j , for j > 2. (2.2) 

0--l+/3| 7 |){a[l + (j-l)Ar + (l-a)^g^} 

■ 

Corollary 2.2 Lei ifte function f be in the class TS™ a (/?, 7). TTien, we ftai>e 

a," < r Ml s - ) /or j > 2. (2.3) 

0'-l+/3|7l){^" + (l-«)^f } 

T/ie equality is attained for the functions f given by (2.2). 

3 Growth and distortion theorems 

Theorem 3.1 Let the function f G T be in the class TS™ (f3, 7). Then for \z\ = r, we have 

r M r 2 < I f(z )i < r + 2 

(l + /3| 7 |)[2"a + (l-a)(n+l)] ^ (1 + /3| 7 |) [2»a + (1 - a) (n+ 1)] ' 

unto ea M a% for f(z) =z - {1+phm ^\ 1 _ aKn+1)] z 2 . 
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Proof. In view of Theorem 2.1, we have 
(1 + /3| 7 |) [2»a + (1 - a) (n + 1)] £°1 2 «i < ££ 2 0' - 1 + PW) I 2 ™" + (1 - a) (n + 1)] a,- < /3H- 
Hence \f(z)\ < r + £°1 2 < r + r 2 £j°l 2 a i ^ r + (i +/ 3| 7 |)[2"f +(i- a )(n+i)] r2 and ^ r ~ ££=2 a J rj ^ 

r-r 2 £°1 2 a !> r - (i +j 3| 7 |)[2"f +(i-a)(«+i)] r '- This completes the proof. ■ 

Theorem 3.2 Let the function f € T be in the class TS™ (/?, 7). Tften, /or |z| = r we have 

2M -y < irwi < r + „ IJIh „„ 2 ^ ^ 



(l + /3| 7 |)[2«a+(l-a)(n+l)] -" W| - (1 + /3| 7 |) [2"a + (1 - a) (n + 1)] 
Phi . 

(l+/3| 7 |)[2»a+(l-a)(n+l)]' 



tuitt eguaiity /or /(z) = z - ^ ^^L—^ ^. 



Proof. We have |/'(z)| < r + £°° =2 ja^ < r + 2r 2 £~ 2 «, < r + (1+/3 | 7 | )[2 ^U)(n + i)l ^ and > 
r - Ej°l 2 i«^ j > r - 2r 2 a, > r - ( i + fl 7 |) [2 4f+(i-a)(n+i)] r2 ' which completes the proof. ■ 

4 Extreme points 

The extreme points of the class TS™ (/?, 7) will be now determined. 

/3|7l 



m £/. T/ien / € ^"5^ (/?, 7) if and only if it can be expressed in the form f{z) = Ej=i ^jfj( z )y where > 0 and 



Theorem 4.1 Let f\ (z) = z and f,- (z) = z - t — — ,„ , ^ , z J , 7 > 2. Assume that f is analytic 

in £/. T/ien / 

Proof. Suppose that f(z) = Ej=i Vjfji 2 ) with ^ > 0 and Y^jLi = 1- Then 

/(*) = ££=1 ^jfj( Z ) = Ml/l (*) + ££=2 Mj/j (*) = Ml* + £°1 2 ^ (* - 0--l + g| 7 |){a/+|l-a) ^l-i)' } ; 

„ £M ~7 ThpnV" ,/ Shi (j-l+/3|7l){«r + (!-«) ^t/-! 1 )'' } _ 

^'= 2 ^'(j-l+/J|7l){aj» + (l-a)^E=^l} 2! ' ^ ^= 2 ^ 0-l+/3| 7 |){cy - + (l-a) ^^r} ^ 

£°L 2 M, = E°li % - Mi = 1 - Mi < I- Thus / e TS n a (/?, 7) by Theorem 2.1. 

Conversely, suppose that / £ T<S™ (/3, 7 )- By using (2.3) we may set and fi- = — Lt^tlljifj Ljt^ "^-^L L^. 
for j > 2 and /z x = 1 - £°<L 2 

Than /(*)=*- £°°=i ^ = ^ - E7=2 ^ o-- 1+ ,| 7 | ){a A1i- a )W^} Z3 = (Z) + E ^ 2 ( " } = 
Ejli Mj/j ( z ) j w ith jtij > 0 and Y^jLi f-j = 1) which completes the proof. ■ 

Corollary 4.2 The extreme points ofTS™ (/3,j) are the functions fi (z) = z and 

f > {z) = u -i+0\M^-°)w m*' forj - 2 - 

5 Partial sums 

We investigate in this section the partial sums of functions in the class TS™ (/?, 7) . We shall obtain sharp lower 
bounds for the real part of its ratios. We shall follow similar works done by Silverman [9] and Khairnar and Moreon 
[6] about the partial sums of analytic functions. In what follows, we will use the well known result that for an 
analytic function lo in U, Re ( jz^fj ) > 0, z £ U, if and only if the inequality \lu (z)\ < 1 is satisfied. 

Theorem 5.1 Let f (z) = z — Y^=2 a i z '' *= 1~S™ (f3, 7) and define its partial sums by f\ (z) = z and f m (z) = 
z — £JL 2 a j z K m>2. Then 

Ref-AAl^ 1 — > zeU.meN, (5.1) 

\fm(Z) ) Cm+1 

and 

Re(^)>-^±^, zeU,meN, (5.2) 

V f( Z ) J 1 + C m+1 



280 

3 



Alina Alb Lupas 278-281 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



where 

(i + /?| 7 |){ai" + (l-a)^f } 

r — — - 

This estimates in (5.1) and (5.2) are sharp. 



(5.3) 



Proof. To prove (5.1), it suffices to show that c m+1 ^ j^jy — (l — c ^ yrf ; z e U.By the subordination 

property, we can write 3=2 3 1 _^m"' - . Z j- : T" 1+1 3 = iz^f] f° r certain w analytic in U with |w (z)| < 1. Notice 

that u (0) = 0 and |w («)| < 2-2e£X-<C"i + S?L+i °j ' N ° W ^ ^ - 1 if and 0nly if ^£=2 a i+Wi E 3 °l m +i a j < 
Y^=2 c i a j — 1- The aDOve inequality holds because C., is a non-decreasing sequence. This completes the proof of 
(5.1). Finally, it is observed that equality in (5.1) is attained for the function given by (2.3) when z — re 2 ™ as 
r->l". 

Similarly, we take (1 + c m+1 ) - ^) = izg^i^g^pW^ = i±g£l, where | w (,)| < 

2-2^ 3 4\ + a7+Yl-^+r) + >:°° m+1 ^ ' N ° W l W Wl ^ 1 if &Ild 0nl y if 2 a J + C ™+1 Ej°lm+1 a j < Ej°l 2 CjOj < 1. This 

immediately leads to assertion (5.2) of Theorem 5.1. This completes the proof. ■ 
Using a similar method, we can prove the following theorem. 

Theorem 5.2 If f g TS™ (f3, 7) and define the partial sums by f\ (z) = z and f m (z) = z — Ejl2 a i z "' ' Then 

Re [pj^) > 1 - ^7, z £ [f, ra £ N, and Re (4(5?) - m+i+tL+i ' where c i is 9 wen h V ( 5 - 3 ^ The result ls 
sharp for every m, with extremal functions given by (2.2). 
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Abstract 

In this paper we introduce new classes containig the linear operator RI" xl : A — ► A, RIn,\,if{ z ) = (1 — 
a)R n f(z) + al (n, X,l) f(z), z £ U, where R n f(z) is the Ruscheweyh derivative, I (n, X,l) f(z) the multiplier 
transformation and A„ = {/ £ H(U) : f(z) = z + a„ + iz n+1 + . . . , z £ U} is the class of normalized analytic 
functions with Ai = A. Characterization and other properties of these classes are studied. 

Keywords: differential operator, distortion theorem. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and 7i(U) the space of holomorphic 
functions in U. 

Let A n = {/ £ H(U) : f(z) = z + a n+1 z n+1 + ..., z e U} with At = A. 

Definition 1.1 (Ruscheweyh [20]) For f £ A, n £ N, the operator R n is defined by R n : A—> A, 

R°f(z) = f(z) 
R'fiz) = zf'(z), ... 
(n + 1) R n+1 f (z) = z{R n f(z))' + nR n f(z), z £ U. 

Remark 1.1 /// £ A, f(z) = z + , then R n f (z) = z + ^jgf^o^', z £ U. 

Definition 1.2 For f £ A, n £ N, A, I > 0, the operator I (n, A, I) f(z) is defined by the following infinite series 



Remark 1.2 It follows from the above definition that 

J (0,A,0 /(*) = /(*), 
(/ + 1) I (n + 1, A, J) f(z) = (I + 1 - A) I (n, A, I) f{z) + Xz (I (n, A, 0 f(z))' , z £ U. 

Remark 1.3 For 1 = 0, A > 0, the operator = I (n, A, 0) was introduced and studied by Al-Oboudi [16], which 
is reduced to the Salagean differential operator [21 ] for A = 1 . 

Definition 1.3 [7] Let a, A, I > 0, neN. Denote by RI"\ i the operator given by RI" X l : A — > A, 

RIn,x,if(z) = (1 - a)R n f(z) + al (n, A, I) f(z), z £ U. 
Remark 1.4 If f £ A, f(z) = z + 5Zj^2 a i z '' ' > then 

Rin,^m = - + et=2 {« ( 1+A '+'i 1)+ ' )" + W^w } a ^> z e u - 



This operator was studied also in [13], [14]- 
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Remark 1.5 For a = 0, RI^ xl f(z) = R m f(z), where z e U and for a = l, Rl^x.if ( z ) = 1 (™>, \ 0 / 00, where 
z g U, which was studied in [3], [4], [10], [9]. For 1 = 0, we obtain RI^ x 0 f (z) = RD\ n a f (z) which was studied in 
[5], [6], [11], [12], [17], [18] and for I = 0 and A = 1, we obtain RI™ (z) = L™f (z) which was studied in [1], 
[2], [8], [15]. 

Definition 1.4 Let f g A. Then f (z) is in the class S xl a (fi) if and only if 



Re| ~Wx~JW l>M ' °- M<1 ' zea 



Definition 1.5 Let f € A. Then f (z) is in the class C xla (/i) if and only if 



( 



Re 



(RI%,x,if(z))' j 



> ii, o < n < i, z eu. 



We study the charaterization and distortion theorems, and other properties of these classes, following the paper 
of M. Darus and R. Ibrahim [19]. 

2 General properties of RD™ a 

In this section we study the characterization properties and distortion theorems for the function f (z) G A to 
belong to the classes S xl a Qu) and C xl a (//) by obtaining the coefficient bounds. 



Theorem 2.1 Let f g A. If 



nc, - ,) [a \ i + A ;-' + - " + ' )" + (i - °) { iijf^f \ n si - °^< i - 



i/ien / (z) g 5" j (/i). TTie resutt *s sharp. 

Proof. Suppose that (2.1) holds. Since 1 - M > E~ 2 (j - m) {« ( 1+A fc 1)+ ' )" + (1 - «) } kj| 

> ME,°°=2 {« + " «) } - ^7=2 J {« + - «) S^f } then this 

imolies that 1 +^^4"( 1±A ^)"+(i-") i ^rf }l^l g wg , , , Rg ^(«fg, A ,,/W)' \ 

implies that 1+£r=2 { a ( )" +( i- a) ^j/rff }|a 3 -| > M ' b °' We dedUCe that He ^ J > M, U < /i < 1, 

z E U. We have f (z) € S xla (/x), which evidently completes the proof. 
The assertion (2.1) is sharp and the extremal function is given by 

/(*) = * + ££L 2 {j _^i±^^y +(1 _ a) L S +^rj z3 - ■ 

Corollary 2.2 Let the hypotheses of Theorem 2.1 satisfy. Then \a,j\ < — — ^ ^ 1+A(j -_i) + 7y. +( . 1 — ^ (n+j-iy. j , V j > 2. 
Theorem 2.3 Let / € A 7/ 

f>--*)H 1+ ^^ (2 - 2) 

t/ien / (z) g C^ Q (/i). T/ie result (2.2) is sharp. 

Proof. Suppose that (2.2) holds. Since 1 - p > E^iO' - m) ( 1+A ^ +1 1)+ ' )" + (1 - a) ^prf } M > 
MEr= 2 i {« (±±%^)" + (1 - a) } |«,| - Ef= 2 i 2 {« ( 1± %^)" + (1 - a) ^} |«,| then this 
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imolies that ^r^H^-^^r+^^f}^ > u So we deduce that Re ( HE^iMlI \ > u n < „ 
implies that 1+ET ^ j{a{1± ^^ r+(1 _ a)L ^^ > M- bo, we deduce that Re ^^——^ j > M , 0 < M 

1, z £ U. We have / (z) £ C" z a (/j), which evidently completes the proof. 
The assertion (2.2) is sharp and the extremal function is given by 

f{z) = z + YZ 



< 



(1-M) 



^= 2 iii-rii^^r+H 



Corollary 2.4 Let i/ie hypotheses of Theorem 2.3 be satisfied. Then \aj\ < 
J>2. 

Also, we have the following inclusion results: 
Theorem 2.5 Let 0 < ^ < /i 2 < 1. Tften S£ !)Q (i^) 2 S A l ,z >a (ii 2 ) • 

Proof. By Theorem 2.1. ■ 
Theorem 2.6 Let 0 < Hi < M 2 < 1 - Then c \.i. a (Mi) 2 C% l a (/x 2 ) . 

Proof. By Theorem 2.3. ■ 

We introduce the following distortion theorems. 



Theorem 2.7 Let tte function f £ A and £°l 2 (j - A») { a ( j± ^+T 1±i )" + ( X ~ a ) - 1 ~ M ' 0 



jU < 1. T/ien for z £ U and 0 < ji < 1, 



> M 



+A(j-l)+i 

kl 2 and 



< 



<kl + Bl*l 2 - 



Proof. By using Theorem 2.1, one can verify that (2 - ft) £~ 2 { a + ( X _ a ) } N ^ 

Er^^){«( i± %^)%(i--)^}KI<i-M. 



Hence. 



e~= 2 {« (~ 



i+i 

+X(j-l)+l 

l+l 



, 7 i < We obtain 



^,a,</(*)| = |* + E~ 2 {« { 1+ % 1)+l Y + (!-«) } «J 

*i+e°°= 2 {« ( l+ Ti 1)+ T + - «) Sfef } w ^ i^+^°°=2 { a (- 

C |^| + 2~^jl l z | 2 • The other assertion can be proved as follows 

RI% X if(*)\ = |* + E~ 2 {« ( 1+A fc 1)+ ' )" + (1 - a) } aj 

E oo 2 | Q (il^im)" + (1 _ a) M^} | ttj | > |,|_ Er=a { a (llAfelHi)" + (1 _ a) 



> U 



< 



> 



1 + A(j-1) + 
l+l 



2^ \z\ . This completes the proof. 



Theorem 



2.8 Let the function f £ A and ^Z°^ 2 j(j — fJ>) ja ^ 



/x < 1. Then for z £ U and 0 < \i < 1, 



1 + A(j-1)+Z 
l+l 

l-jj, i 1 2 



n + ( 1 -«)^f}l«,l< 1 -^o< 



^ >AlI /(«) > 1*1 - W^T) \A and \RI« Xtl f(z) 



^ \ z \ ' 2{2-n) \ z \ ■ 



Proof. By using Theorem 2.3, one can verify that 2 (2 — jj) Ej!L 2 | a ( ) + (1 — a) ^n\[j-i)\ } l a jl 



< 



E^l 2 i(i-M){ Q! ( i 



+AQ-l)+i 



(i-«)^T}KI<i-^ 



Hence. 



E- 2 f( i± ^) ri + (i- a )^}KI 



< 



2(2-a») 



We obtain 



^,v/W| = |^ + E°l 2 {« 



^ i+aq-i)+; ^" 



) +(l--) i S^f}«^|< 



N+E- 2 {a (i±^)" + (1 - a) |a,| |^ < kl+Ej°l 2 {a (^fe^)" + (1 - a) } |a, 



< \z\ +- 2(2-11) I 0 1 2 • T ne °t ner assertion can be proved as follows 



> Ul — o7t; ^~ \ \zV . This completes the proof. 



2(2-m) 

Also, we have the following distortion results. 
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Theorem 2.9 Let the hypotheses of Theorem 2.1 be satisfied. Then \f (z)\ > \z\ — — fl ^ a ^i+\+iy +( ^ 1 aj{n+i)\ 
ffl nd|/(z)|<|z| + (2 _ M)[a( ^ +(1 _ a)(n+1)J \z\ 2 . 



Proof. In virtue of Theorem 2.1, we have (2 - //) |a {^j^r) + (1 - a) (n+ 1)J E}=2 N ^ Ej= 2 0' - 
M) {« H^)" + (1 - «) ^} M < 1 - M, thus, E°° =2 W < (2 - M)[a( ^ +(1 -a)(n + i)J ■ We ° btain 

oo 

j=2 a j i 



\f(z)\= z + E°l 2 a 3 zi < \ z \ + E£L 2 N l z ! 2 ^ kl + ^ .^i-M+A+n- i n „.w„,^i \ z ? ■ Th e other assertion can be 



^•=2 1*1 ^ 1*1 (2- ([1 )[a(i±A±i)" + (l-a)(n+l)j 

proved as follows |/ (z)| > \z\ - E°l 2 Nl* > M - (2 ^ ' "K" ' *)\ ^ ' ThiS COmpleteS the pr °° f ' " 

In the same way we can get the following result. 

Theorem 2.10 Let the hypotheses of Theorem 2.3 be satisfied. Then {j-pi) ja [1 + (j - 1) A] n + (1 - a) } 

> 0 and 0 < p < 1 poses |/ (z)| > \z\ - 2(2 _ M)[a( i^j% +(1 _ a)(n+1)J |*| 2 and 



2 



2(2- M )[a(i^fi)" + (l-a)(n+ijJ 

;+i j 



Proof. In virtue of Theorem 2.3, we have 2 (2 - /z) a ( i±£±i) + (1 - a) (n + 1) E^L 2 M < E^L 2 J'O' - 

We obtain 



") {* l 11 ^)" + (1 - «) * 1 - * & M * 2 ( 2-,) ia (^ + (1 - a )(n +1 )j - 

^= 2 l°jlM - N + 2(2- M )[a(i^)"+(l-a)(n+l)j 

2(2- M )[a(i^fi)" + (l-a)(n+l)j 



|/ (z)| = Z + E^2 < 1*1 +££=2 M I 2 ! 2 ^ M + 2(2 rigW^I a)(n|l) 7 ' The ° ther aSSertion Can be 

proved as follows / \f (z)\ = z + E°l 2 a i zi > \ z \ ~ T,f=2 M \ z f ^ M ~ 2(2 ^bf^+'T 1 fi ^fani T ^ m This 
completes the proof. ■ 
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Abstract. We prove the existence of a fixed point for asymtotically nonex- 
pensive mappings defined on a unifromly convex metric space. An modified 
two-steplshikawa type iterative scheme is constructed which converges to 
the fixed point. 

2010 Mathematics Subject Classification: 47J25. 

Key words and phrases: Iteration process, asymptotically nonexpansive 
mappings, unifromly convex metric spaces. 

I. Introduction 

Browder [6], Gohde [11] and Kirk [16] extended Banach contraction principle 
to nonexpansive mappings on their own. A valuable fixed point theory for the 
class of nonexpensive mappings exists (e.g., see [8], [11]). Kirk [16] pointed out 
that there exists a L-Lipschitzian mapping which has no fixed point. Later 
Goebel and Kirk [10] introduced the notion of asymptotically nonexpensive 

* Corresponding author. 
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2 S. M. KANG, A. RAFIQ, Y. C. KWUN AND F. ALI 

mappings and obtained a generalization of the Browder [6], Gohde [11] and 
Kirk [16] results. 

The iterative approximation problems for fixed points of asymptotically non- 
expansive mappings types were widely studied by Bose [5] , Gornicki [12] , Jung 
et al. [14], Lim and Xu [17] and Xu [29]. 

In his important paper Takahahashi [26] introduced the notion of convexity 
in metric spaces. Afterwards Beg et al. [2]-[4], Ciric [8], Gajic and Sojakovic 
[9], Guay et al. [13], Shimizu and Takahashi [22] and many other authors have 
studied fixed point theorems on convex metric spaces. 

Furthermore Shimizu and Takahashi [23] introduced the concept of uniform 
convexity in convex metric spaces and studied its properties. 

Definition 1.1. ([26]) Let (X, d) be a metric space. A mapping W : X x 
X x [0, 1] — > X is said to be a convex structure on X if for each (x, y, A) G 
X x X x [0, 1] and u G X, 

d(u, W(x, y, A)) < Xd(u, x) + (1 - X)d(u, y). 

The metric space X together with W is called a convex metric space. 

Definition 1.2. Let X be a convex metric space. A nonempty subset A of 
X is said to be convex if W(x, y, A) G A whenever (x, y, A) G A x A x [0, 1]. 

Takahashi [26] has shown that open spheres B(x, r) = {y G X : d(x, y) < r} 
and closed spheres B(x,r) = {y G X : d(x,y) < r} are convex. All normed 
spaces and their convex subsets are convex metric spaces. But there are many 
examples of convex metric spaces which are not embedded in any normed space 
(see Takahashi [26]). 

Recently, Beg [2] introduced and studied the notion of 2-uniformly convex 
metric spaces. 

Definition 1.3. A convex metric space X is said to have property (B) if 
it satisfies d(W(x, a, a), W(y,a,a)) = ad(x,y). Taking x = a, property (B) 
implies ad(x, y) = W(y, a, a). 
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Definition 1.4. A convex complete metric space X is said to be uniformly 
convex if for all x, y, a G X, 

d (a,W (^,V,^ 

<Ul-s( ri d{X,V) u rrl 1 ([d(a, x)f + [d(a, y)f) , 

~ 2 V \max{d(a,x),d(a,y)}JJ U 1 n 

where the function 5 is a strictly increasing function on the set of strictly 
positive numbers and 5(0) = 0. 

Remark 1.5. Uniformly convex Banach spaces are uniformly convex metric 
spaces. 

Definition 1.6. A uniformly convex metric space X is said to be 2-uniformly 
convex if there exists a constant c > 0 such that 5(e) > ce 2 . 

Definition 1.7. (1) Let A be a nonempty subset of a metric space X. A 
mapping T : A — > A is said to be asymptotically nonexpansive if there exists a 
sequence {k n } C [1, oo) with Y^=i^n ~ 1) < +°° such that 

d(T n x,T n y) < k n d(x,y) 

for all x,y G A and n > 1. 

(2) T is said to be uniformly L-Lipschitzian with a Lipschitzian constant 
L > 1, i.e., there exists a constant L > 1 such that 

d(T n x,T n y)<Ld(x,y) 

for all x,y & A and n > 1. 

This is a class of mapping introduced by Goebel and Kirk [10], where it is 
shown that if A is a nonempty bounded closed convex subset of a uniformly 
convex Banach space and T : A — > A is asymptotically nonexpensive, then T 
has a fixed point and, moreover, the set Fix(T) of fixed points of T is closed 
and convex. 

Remark 1.8. As an application of the Lagrange mean value theorem, we 
can see that 

t q - 1 < qt q (t - 1) 

for t > 1 and q > 1. This together with — 1) < +°° implies that 

E^=i(^-l)<+oo. 
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Theorem 1.9. ([23]) If (X,d) is uniformly convex complete metric space, 
then every decreasing sequence of nonempty closed bounded convex subsets of 
X has nonempty intersection. 

Definition 1.10. Let (X,d) be a metric space and Y a topological space. 
A mapping T : X — > X is said to be completely continuous if the image of each 
bounded set in X is contained in a compact subset of Y. 

In [3] , Beg proved the following results. 

Theorem 1.11. Let A be a nonempty closed bounded convex subset of a 
uniformly convex complete metric space (X, d) and T : A — > A be an asymp- 
totically nonexpansive mapping. Then T has a fixed point. 

Theorem 1.12. Let (X, d) be a convex metric space and A be a nonempty 
convex subset of X. Let L > 0 and T : A — > A be uniformly L-Lipschitzian. 
Let xi G A. Define y n = W(T n x n ,x n ,±), x n+1 = W(T n y n ,x n , \) and set 
c n = d(T n x n , x n ) for all n G N. Then 

d(x n ,Tx n ) <c n + c n - X {L + 3L 2 + 2L 3 ) 

for all n G N. 

Theorem 1.13. Let (X,d) be a 2-uniformly convex metric space having 
property (B), A be a nonempty closed bounded convex subset of X and T : 
A — > A be asymptotically nonexpensive with sequence {k n } G [l,+oo) N and 
J2n°=i ~ !) < +°°- Let x i e A - Define x n+1 = W(T n x n , x n , \) for all 
n GN. Then Hindoo d(x n , Tx n ) = 0. 

Theorem 1.14. Let (X, d) be 2-uniformly convex metric space having prop- 
erty (B), A be a nonempty closed bounded convex subset of X and T : A — > 
A completely continuous asymptotically nonexpensive mapping with sequence 
{k n } G [l,+oo) N and Yln°=i i^n ~ 1) < +°°- Let x\ G A. Define x n+ ± = 
W(T n x n ,x n , |) for all n G N. Then {x n } converges to some fixed point ofT. 

Recently, Agrawal et al. [1] introduced a new iteration process namely S- 
iteration process and studied the iterative approximation problems for fixed 
points of nearly asymptotically nonexpansive mappings. 

The purpose of this paper is to construct a two-step type iteration scheme, 
convergent to the fixed point, for asymptotically nonexpensive mappings de- 
fined on a 2-uniformly convex metric space. The results established in this 



290 



SHIN MIN KANG et al 287-297 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



NEW ITERATIVE SCHEME FOR THE APPROXIMATION OF FIXED POINTS 5 

paper improve the results due to Agrawal et al. [1], Chang [7], Khan and 
Takahashi [15], Liu and Kang [19], Osilike and Aniagbosor [20], Rhoades [21], 
Schu [24], [25], Tan and Xu [27], [28] and others. 

2. Main Results 

In the sequel, we will need the following results. The following lemma is 
now well known. 

Lemma 2.1. Let {a n } and {b n } be sequences of non-negative real numbers 
such that a n+ i < (1 + b n ) a n for all n > 1 and Y^=i bn < oo. Then lim^oo a n 



Theorem 2.2. ([2]) Let (X,d) be a uniformly convex metric space having 
property (B). Then X is 2-unformly convex if and only if there exists a number 
c > 0 such that 2 [d(a, W(x, y, §))] 2 + c[d(x,y)] 2 < [d(a,x)] 2 + [d{a,y)] 2 for 
all a,x,y G X. 

Now we prove our main results. 

Lemma 2.3. Let (X, d) be a convex metric space and A be a nonempty 
convex subset of X. Let L > 0 and T : A — > A be uniformly L-Lipschitzian. 



Let xi E A. Define y n = W (T n x n , x n , |) , x n+ i = W (T n y n ,T n x n , |) and set 
5 n = d(T n x n , x n ) for all n G N. Then 



exists. 




'n-l 



for all nGN, 




) (2-2) 



(2.1) 



< -Ld(x n ,y n -i) + -Ld(x n -i,x n ), 
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d(x n -i,x n ) = d ^x n - U W ^T n ~ 1 y n -i,T n ~ 1 x n -i^ 

< X -d{x n ^T n ~ l y n ^) + ^d(x n -i,T n ~ 1 x n -i) (2-3) 



(2.4) implies 



Substituting (2.6) in (2.3), we get 



Also 

d(x n , y n -i) < d(x n , x n -i) + d(x n -i,y n -i) 



(2.4) 



dixn^T^y^) < dix^uT^x^) + d(T n ~ 1 x n -i,T n ~ 1 y n ^ 1 ) 
< 5 n -i + Ld{x n - 1 ,y n -i) 

and 

d(x n - l ,y n -i) = d ^T n_1 a; n _i,a; n _i, i 

<^d{x n ^T n - l x n ) (2-5) 



d{x n ^T n - l y n ^) < ( h + 1 ) 6 n -L (2.6) 



<l(,r „->...>■„) < + r)„_i- (2.7) 



<i(i i+3 )v, (28) 



2 \2 

Substitution of (2.7) and (2.8) in (2.2) yields 

d(T n ~ l x n , x n ) < ^L(L + 5)S n - 1 . 
Finally from (2.1) we obtain 

L 2 

d(Tx n ,x n ) <5 n + —(L + 5)5 n - 1 . 
This completes the proof. □ 
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Theorem 2.4. Let (X, d) be 2-uniformly convex metric space having prop- 
erty (B), A be a nonempty closed convex subset of X and T : A — > A be asymp- 
totically nonexpensive with sequence {k n } G [l,+oo) N and Yln°=i — 1) < 
+00 satisfying 



(C) 



d(x,T n y) < d(T n x,T n y) 



for all x,y G A. Assume that, for xi G A, we define x n +i = W(T n y n , T n x n , |) , 
Vn = W(T n x n ,x n , |) for all n G N. Then we have Hindoo d(T n y n ,x n ) = 0 = 
lim n — d(T x n , x n ). 

Proof. Since T is asymptotically nonexpensive, it possesses a fixed point 
p G A by Theorem 1.11. 

Claim. {x n } is bounded. For this claim, we compute as follows 

d (p, x n+1 ) = d(p,W (r n y n , T n x n , l))< \d(p, T n y n ) + \d(p, T n x n ) 



= l -d(T n p,T n y n )+ l -d(T n p,T n x n ) 
k 

< y (d(p,y n ) + d(p,x n )) 



and 



Hence 



d (p, y n ) = dyp,W \T n x n , x n , J - T " Xn ^ + 2^' Xn ^ 

= l -d(T n p, T n x n ) + ±d(p, x n ) < ^d(p, x n ) + ±d(p, x n ) 
1 

= -(kn + 1) d(p,x n ). 



d(p,x n+ i) < - 



h {kn + l) + k n 



d(j), X n ) 

< ik n (k n + 1) + k n )dip 

j -En ) 

< [1 + (k n - 1) + (k n - 1)] d( P ,X n ). 

Using Remark 1.8 and Lemma 2.1, it follows that lim n ^oo dip, x n ) exists and 
the sequence {x n } is bounded. Let M = sup n>1 dip,x n ). 
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With the help of Theorem 2.2, we have 
2 [d (p, x n+l )} 2 + c [d(T n y n , T n x n )f 



= 2 



d[p,W (T n y n ,T n x n , 



1 2 



+ c[d(T n y nj T n x n )f 



(2.9) 



< [d(p,T n y n )] 2 + [d(p,T n x n )} 2 = [d(T n p,T n y n )] 2 + [d(T n p,T n x n )} 2 

< k l {[d(p,yn)} 2 + [d(p,x n )] 2 ) , 
where 

2[d(p,y n )] 2 + c[d(T n x n ,x n )} 2 

\ i 2 

+ c[d(T n x n ,x n )} 2 



implies 



< [d(p,T n x n )] 2 + \d{p,x n )} 2 = [d(T n p,T n x n )] 2 + \d{p,x n )} 2 

< k 2 n [d(p,x n )} 2 + [d(p,x n )} 2 



[d(p,y n )] 2 < \(l + k 2 n ) [d(p,x n )} 2 - °- [d(T n x n ,x n )] 2 
<\^ + k 2 n ) [d(p,x n )] 2 . 



(2.10) 



Substituting (2.10) in (2.9), we get 



2 [d (p, x n+1 )] 2 + c [d(T n y n , T n x n )} 2 < k 2 n Q(l + k 2 ) + l) [d(p, x n )} 2 



implies 



| [d(T n y n ,T n x n )] 2 



< (k 2 n (l + k 2 n ) + k 2 ) [d{p, x n )f - [d(p, x n+1 )] 2 

< (1 + (k 2 n - 1) + {k 5 n - 1)) [dip,x n )] 2 - [dip,x n+1 )] 2 
<((k 2 n -l) + {k 5 n - 1)) M 2 + [dip, x n )} 2 - [dip, x n+1 )] 2 . 



Thus 



< ^ 2 E ( (*? - x ) + W - x )) + E ( ^ *;)] 2 - Wp> x ^ 2 ) • 



294 



SHIN MIN KANG et al 287-297 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



NEW ITERATIVE SCHEME FOR THE APPROXIMATION OF FIXED POINTS 9 

Hence 

oo 

J2[d(T j yj ,Ti Xj )} 2 <+oo. 
j=i 

It implies that 

lim d(T n y n ,T n x n ) = 0. 
By using condition (C), we have 

d(T n y n , x n ) < d(T n y n , T n x n ) ^ 0 as n -> oo. 

Now 

d{T n x n ,x n ) < d{T n x n ,T n y n ) + d{T n 
^ 0 as n — > oo. 

This completes the proof. 

Theorem 2.5. Let (X, d) be a 2-uniformly convex metric space having prop- 
erty (B), A be a nonempty closed bounded convex subset of X and T : A — > A 
be completely continuous asymptotically nonexpensive mapping with sequence 
{k n } G [l,+oo) N and Y^=i (kn — 1) < +°° satisfying the condition (C). Let 
Xl e A. Define x n+1 = W (T n y n ,T n x n ; \),y n = W(T n x n ,x n ; \) for aline N. 
Then {x n } converges to the fixed point ofT. 

Proof. With the help of Lemma 2.3 and (2.11), we have 

lim d(x n , Tx n ) = 0. 

Since T is completely continuous and {x n } is bounded, there exists a sub- 
sequence {x nk } of {x n } such that {Tx nk } converges. Therefore {x rik \ con- 
verges from Hindoo d(x n , Tx n ) = 0. Let lim^oo x nk = p. It follows from 
the continuity of T and lim^oo d(x n) Tx n ) = 0 that p = Tp. We know that 
lim^oo d (p, x n ) exists. But lim fc ^oo d (p, x nk ) = 0. This implies lim^oo d (p, x n ) 
= 0, i.e., Hindoo x n = p. This compleets the proof. □ 

Remark 2.6. I. Theorem 1.12 is proved for 2-step iteration process, while 
Theorems 1.13 and 1.14 are proved for 1-step iteration process. 

2. In Theorem 2.4, we do not need the boundedness assumption, so the 
boundedness assumption in Theorem 1.13 is superfluous. 

3. In Theorems 2.4 and 2.5, the condition (C) is not new; it is due to Liu 
et al. [18]. 



(2.11) 
□ 
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In this paper we study the boundedness, investigate the global con- 
vergence and the periodicity of the solutions to the following recursive 



where the parameters a, b, c, d and e are positive real numbers and the ini- 
tial conditions £-3, £-2, x-i and xq G (0,oo). Also we give some numer- 
ical examples of some special cases of considered equation and presented 
some rleated graphs and figures using Matlab. 

Keywords: recursive sequence, boundedness, global stability, periodic solu- 
tions. 

Mathematics Subject Classification: 39A10 



1 Introduction 

Our goal in this paper is to investigate the global stability character and the 
periodicity of the solutions of the recursive sequence 



Abstract 



sequence 



bx 2 n -i + CX n ^ 2 X„-3 
dx\_ x + ex n -2X„- 3 



n = 0,1, ... , 



bx n _ 1 +cx 

n—2 x n—3 

dx' 2 n _ 1 +ex n -2X n -d> ' 



(1) 



1 
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where the parameters a, b, c, d and e are positive real numbers and the initial 
conditions a;_3, X-2, X-i, and x 0 £ (0,oo). Also we give some numerical exam- 
ples of some special cases of Eq. (1) and presented some related graphs and 
figures using Matlab. 

The study of the nonlinear rational difference equations of a higher order 
is quite challenging and rewarding, and the results about these equations offer 
prototypes towards the development of the basic theory of the global behavior 
of nonlinear difference equations of a big order. 

Recently there has been a lot of interest in studying the global attractivity, 
the boundedness character and the periodicity nature of nonlinear difference 
equations where for example: DeVault et al. [3] have studied the global stability 
and the periodic character of solutions of the equation 

_ P+Vn-k 

Vn+l 



Elabbasy et al. [4] investigated the global stability, periodicity character and 
gave the solution of special case of the following recursive sequence 

x n +i = ax n - CXn bx J l Xn _ 1 ■ 

Elabbasy et al. [5] investigated the global stability, periodicity character and 
gave the solution of some special cases of the difference equation 

- cx n - s -b + a - 

Yang et al. [15] investigated the invariant intervals, the global attractivity of 
equilibrium points, and the asymptotic behavior of the solutions of the recursive 
sequence 

_ ax„-i+tx„-2 

11+1 ~~ C+dx n _ lXn _ 2 ' 

For some related work see [1-25] . 

Let I be an interval of real numbers and let F : I k+1 — > / be a continuously 
differentiable function. Consider the difference equation 

y n+1 = F (y n ,y n -±,...,y n - k ) , n = 0, 1, (2) 

with ...,y 0 £ I. 

Recall that the point y € / is called an equilibrium point of Eq.(2) if 

F(y,y,...,y) =y. 

That is, y n = y for n > 0, is a solution of Eq.(2), or equivalently, y is a fixed 
point of F. 

Let y be an equilibrium point of Eq.(2). Then the linearized equation of Eq.(2) 
about y is given by 

k 

Wn+l = Y, Pi w n-i, Tl = 0, 1, (3) 



2 
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where pi — g ^ . (y, y), i = 0,1,2..., k and the characteristic equation of 
Eq.(3) is 

A (*+i) _ PlX k - P2 \( k ~v _ ... _ PkX - P(k+1) = o. 

Theorem A [9]: Assume that p,q e R and k £ {0, 1, 2, ...}. Then \p\ + \q\ < 1 
is a sufficient condition for the asymptotic stability of the difference equation 

u n +i +pu n + qu n -k = 0, rc = 0, 1, ... . 

Remark: Theorem A can be easily extended to a general linear equations of 
the form 

U n+k +PlU n+k -l + ■■■ +PkUn = 0, 71 = 0,1,... (4) 

where p\,pi, ■■■,Pk and k £ {1, 2, ...}. Then Eq.(4) is asymptotically stable pro- 
vided that J2i=i \Pi\ < 1- 

Theorem B [6]: Let {y n }^L_ fc be a solution of Eq.(2), and suppose that there 
exist constants A £ I and B £ I such that A < y n < B for all n > —k. Let 
£o be a limit point of the sequence {?/n}^L_fe- Then the following statements are 
true: 

(i) There exists a solution {Ln}^^^ of Eq.(2), called a full limiting sequence 
°f {l/n}%L-k> sucn that L 0 = £o, and such that for every N € {..., — 1,0,1,...} Ln 
is a limit point of {y n }%L-k- 

(ii) For every i 0 < —k, there exists a subsequence {y ri }i^o of {y n }^L_ fc such 
that Ljv = lim y ri +N for every N > i 0 . 

i — >oo 

Theorem C [10]: Assume for the difference equation (2) that F(Y) > 0 

k 

for all 0 + Y e I k+1 where F = (y 0 , y u y fe ).If ^ % ^(F) < for 

3=0 3 

all y G I k+1 , then Eq.(2) has stability trichotomy, that is exactly one of the 
following three cases holds for all solutions of Eq.(2): 

(i) limy„=oo for all (y_ k , y- k +i, y~i, Vo) + (0, 0, ...0). 

n — *oo 

(ii) lim y n = 0 for all initial points and y — 0 is the only equilibrium point of 

n — *oo 

Eq.(2). 

(iii) lim y n = y for all (y_ k , y- k +i, y~i, yd) ^ (0,0,. ..0) and y is the only 
positive equilibrium of Eq.(2). 

2 Local Stability of the Equilibrium Point of 
Eq.(l) 

This section deals with study the local stability character of the equilibrium 
point of Eq.(l) 

The equilibrium points of Eq.(l) given by x = ax + Then if a < 1, Eq.(l) 
has the unique positive equilibrium point x = ^ 1 _^^ +e - ) . Let / : (0,oo) 4 — > 
(0, oo) be a continuous function defined by f(u, v, w, t) = au + . 
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Therefore it follows that 



df(u,v,w,t) df(u,v,w,t) 2(be—dc)vwt 

dZ — fl ' dZ — (dv 2 +ewt) 2 ' 

df(u,v,w,t) (cd—be)v 2 t df(u,v,w,t) 

thL ~~ (dv 2 +ewt) 2 ' at 



(cd— be)v w 
(dv 2 +ewt) 2 ■ 



Then we see that 

Of (x, ~x,x ,x) 
du 



a = -a 3 , 



df(x,x,x,x) _ 2(be-cd) _ 2(be — cd)(l — a) _ 



dv 



(d+e) 2 x 



(d+e)(b+c) 



= -»2, 



df(x,x,x,x) (cd—be) (cd— be)(l — a) _ 

dw — (d+e) 2 x ~ (d+e)(b+c) ~ ~ 

df (x,x,x.lc) (cd— 6e) (erf— fce)(l — a) 

St ~~ (d+e) 2 x — (d+e)(b+c) ~~ _a °' 

Then the linearized equation of Eq.(l) about x is 

Vn+i + a-zVn + a-iVn-x + aiVn-2 + a 0 y n -3 = 0, 
whose characteristic equation is 

A 4 + a 3 A 3 + a 2 A 2 + a x A + a 0 = 0. 



(5) 



(6) 



Theorem 1 Assume that 4 | (fee — dc)\ < (d + e)(b + c). Then the positive equi- 
librium point of Eq. (1) is locally asymptotically stable. 

Proof: It is follows by Theorem A that, Eq.(5) is asymptotically stable if all 
roots of Eq.(6) lie in the open disc |A| < 1 that is if 



a + 



\03\- 
2(be-cd)(l-a) 
(d+e)(b+c) 



\<12 
+ 



01 



«0 



2(cd-be)(l-a) 
(d+e)(b+c) 



and so 



(be-dc)(l-a) 
(d+e)(b+c) 



< (l-o), 



< 1. 

< 1, 

a < 1, 



or 4 | fee — dc\ < (d + e)(fe + c). The proof is complete. 



3 Boundedness and Existence of Unbounded So- 
lutions of Eq.(l) 

Here we study the boundedness nature and persistence of solutions of Eq.(l). 

Theorem 2 Assume a < 1. T/ien every solution of Eq.(l) is bounded and per- 
sists. 

Proof: Let {x„}^L_ 3 be a solution of Eq.(l). It follows from Eq.(l) that 



bx n _ 1 +cx n - 2 x n -3 



b<-l 



™+ " dx' 2 i l +ex n - 2 x n -3 n dx 2 i l +ex n -2X n -3 dx' 2 i _ 1 +ex n ^ 2 x n -3 ' 
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Then 



x n+ i < ax n + %3=± + f!"-;!-; - ax n + | + f for all n > 1. 



By using a comparison, we see that 

limsup^ < =M. (7) 

n^oo 

Thus the solution is bounded from above. 

Now we wish to show that there exists m > 0 such that x n > m for all 
n > 1. 

The transformation x n = will reduce Eq.(l) to the equivalent form 

_ yn(dy-n-2y-n-3+eyn-i) 

It follows that 

< 2fa(rfj/n-2jM-3+e2/£-i) = d y7l - 2 y n -3 i e ^-i 

_ y„(by„-2y„-3+cy^_ 1 ) by n -2y„-3+cy^_ 1 by n - 2 y„-3+cy^_ 1 

< dVn-2V„- 3 + f^l < d + e = be±cd = ff for aU n>1 

— °yn-2.yn-3 C y n -\ — 0 C bC ~ 

Thus we obtain 

Xn=l>j; = ^=m forall n > 1. (8) 
From (7) and (8) we see that 

m < x n < M for all n > 1. 
Therefore every solution of Eq.(l) is bounded and persists. 
Theorem 3 Assume that a > 1. TTien Eq.(l) possesses unbounded solutions. 
Proof: Let \xn\°°_ be a solution of Eq.(l) and set A = b ^^-i+ cx "- 2Xn - 3 

Then it is easy to show that ™'x{d e} — ^ < 3 + f • Therefore ir n +i = ai n + 
A. Then 

a ^ 0 + ^i), ;/ a ^i, foraii n >i 
x 0 + A n, if a = 1. 

Then, for a > 1, we obtain lim x n = oo, and this completes the proof. 



4 Existence of Periodic Solutions 

In this section we study the existence of periodic solutions of Eq.(l). The fol- 
lowing theorem states the necessary and sufficient conditions that this equation 
has periodic solutions of prime period two. 



5 
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Theorem 4 Eq. (1) has positive prime period two solutions if and only if 

(i) {b - c){d - e)(l + a) + A(bae + cd) > 0, d > e, b > c. 

Proof: First suppose that there exists a prime period two solution 

...,p,q,p,q,... 

of Eq.(l). We will prove that Condition (i) holds. 
We see from Eq.(l) that 

n - nn I bp 2 +cpq _ . bp+cq 

p — aq-t dp 2 +epq — aq+ dp+eq , 



Then 



„ _ „„ I bq 2 +cqp _ . bq+cp 

q — ap+ dq2+eqp - ap-t dq+ep - 



dp 2 + epq = adpq + aeq 2 + bp + cq, (9) 
dq 2 + epq = adpq + aep 2 + bq + cp. (10) 



Subtracting (9) from (10) gives 

d(p 2 - q 2 ) = -ae{p 2 - q 2 ) + (b - c)(p - q). 
Since p ^ q, it follows that 

P + 1=M)- (11) 
Again, adding (9) and (10) yields 

d(p 2 + q 2 ) + 2epq = 2adpq + ae{p 2 + q 2 ) + (b + c)(p + q), 
(d - ae)(p 2 + q 2 ) + 2(e - ad)pq = (b + c)(p + q). (12) 

It follows by (11), (12) and the relation 

p 2 +q 2 = (p + q) 2 - 2pq for all p,qeR, 

that 

2(e-d)(l + a)pq = 2{ba ^~ c) . 

_ (bae+cd)(b-c) /io\ 

PI — (d+ae) 2 (e-d)(l+a) ■ y 10 ) 

Now it is clear from Eq.(ll) and Eq.(13) that p and q are the two distinct roots 
of the quadratic equation 

,2 ( (b-c) \ . ( (bae+cd)(b-c) \ _ n 
1 ~ \{d+ae) ) t + {(d+aey 2 (e-d)(l+a) J - U ' 

(d + ae)t 2 -(b-c)t+( (d Se C %t) ) = 0. (14) 
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and so 

\h - A 2 -I- 4(bae+cd)(b-c) n 
\P C \ + (d-e)(l+a) > U - 

or 

(b - c)(d - e)(l + a) + 4(6ae + cd) > 0. 
Therefore Inequality (i) holds. 

Second suppose that Inequality (i) is true. We will show that Eq.(l) has a prime 
period two solution. Assume that 

_ b-c+C _ b-c-C wh „ rp C _ t l\ h „l2 4(bae+cd)(b-c) 

P-2(d+ae)' ? - 2 (d+ae) ' Wnere S - Y ^ C J (e-d)(l+a) ' 

We see from Inequality (i) that 

(b - c)(d - e)(l + a) + A(bae + cd) > 0, b > c, d > e, 

which equivalents to (b — c) 2 > ^("-d^fi+a)^ • Therefore p and g are distinct real 
numbers. 

Set £_3 = p, x-2 = q, = P and x 0 = q. We wish to show that x\ = X-\ = p 
and x-i = x 0 = q. It follows from Eq.(l) that 



_ i b» 2 +cg» i brj+cg / 6— c— C \ 

si = a? + a^+sf = a? + = a (^2(3+^ J 



+ 



b-c+C \ , V b-c-C 
"I 2(d+ae) J +C l 2(d+ae) 



/ b-c+C \ , ( b-c-C \ ' 
l \2(d+ae) J +e l 2(3+ ae) / 

Dividing the denominator and numerator by 2(d + ae) gives 

_ ab— ac— a( , b(b— c+C)+c(b— c— C) afc— ac— aC , (b— c) [(b+c)+C] 

Xl — 2(d+ae) d(6-c+C)+e(6-c-C) ~~ 2(d+ae) + (d+e)(6-c) + (d-e)C 1 

Multiplying the denominator and numerator of the right side by (d + e) (b — c) — 
(d — e)C gives 

ab— ac— aC _, (b— c) [(b+c)+C] [(rf+e)(b— c) — (d— e)C] ab—ac—a(; 

Xl — 2(d+ae) + [(d+e)(b-c) + (d-e)C][(d+e)(b-c)-(d-e)C] ~~ 2(d+ae) 

(b-c){(d+e)(b 2 -c 2 )+C[(d+e)(b-c)-(d-e)(b+c)]-(d-e)C 2 } 
H (d+e) 2 (b-c) 2 -(d-e) 2 C 2 

(b-c){(d+e)(b 2 -c 2 )+2C(eb-cd)-(d-c)(b-c) 2 - 4 ( bae +ff' C) } 



ab—ac—aC, , 
~ 2{d+ae) 



(b-c)|2(b-c) 


2(bae+cd)" 

dc+eb- 


+2C(eb-cd)| 


4(b-c) 


, . (e-d)(bae+cd) 
ed(b c)+ (1+a) 





Multiplying the denominator and numerator of the right side by (I + a) we 
obtain 

ab-ac-aC , (b-c) [(dc+eb) (l+q)-2(bae+cd)]+C(l+a)(eb-cd) 
Xl ~ 2(d+ae) 2[ed(b-c)(l+a) + (e-d)(bae+cd)] 

ab-ac-aC , (eb-dc){(b-c)(l-a)+C(l+a)} 
~~ 2(d+ae) + 2(eb-cd)(d+ae) 
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_ ab-ac-aC+(b-c)(l-a)+C(l+a) _ b-c+C _ n 
2(d+ae) 2(d+ae) V- 

Similarly as before one can easily show that X2 = q- 
Then it follows by induction that 

X2n — q and x 2n +i =P for all n > —1. 

Thus Eq.(l) has the prime period two solution ...,p,q,p,q,... where p and q are 
the distinct roots of the quadratic equation (14) and the proof is complete. 

5 Global Attractor of the Equilibrium Point of 
Eq.(l) 

In this section we investigate the global asymptotic stability of Eq.(l). 

b c 

Lemma 5 For any values of the quotient — and-, the function f(u,v,w,t) defined 
by Eq.(6) has the monotonicity behavior in its arguments. 

Proof: The proof follows by some simple computations and it will be omitted. 

Theorem 6 The equilibrium point x is a global attractor of Eq. (1) if one of the 
following statements holds 

(1) be > dc and 2(2 fc - be) > e(b - c) fel 2 , where f = d(l - a). (15) 

r i 2 

(2) be < dc and 2(2gb - cd) > e(c - b) N , where g = e(l - a). (16) 



Proof: Let {£ n }^L_ 3 be a solution of Eq.(l) and again let / be a function 
defined by Eq.(4) 

We will prove the theorem when Case (1) is true and the proof of Case (2) is 
similar and will be omitted. 

Assume that (15) is true, then it results from the calculations after formula 
(4) that the function f(u, v, w, t) is non-decreasing in u, v and non-increasing in 
w,t. Thus from Eq.(l), we see that 

x n+ i — ax n + dx i_ i+eXn ^ 2Xn _ 3 S ax n + d x ^_ i+e (o) _ aXn + d- 

Then 

x n < j(hr)=7 = H fora11 n ^ 1 - ( 17 ) 

Xn+1 = aXn + ^-i+^-^~-3 > a(0) + b(0)+cx 2 ,„_ 3 

> ca: "- 2a: "- 3 = £ = h for all n> 1. (18) 

— ex„_ 2 x„_ 3 e — V J 
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Then from Eqs.(17) and (18), we see that 

Q<h=l<x n <±=H for all n > 1. 
Let {x n }^L 0 solution of Eq.(l) with 

I := lim inf x n and 5 := lim supx„. 

It suffices to show that I = S. Now it follows from Eq.(l) that 
I>f(I,I,S,S) 7>a/+^±g£, 

and so 

bl 2 + cS 2 - fl 3 < e(l - a)S 2 I. 
Similarly, we see from Eq.(l) that 



(19) 



S<f(S,S,I,I) => S<aS+^^p., 



and so 



(20) 



bS 2 + cl 2 - fS 3 >e(l-a)SI 2 . 
Therefore it follows from Eqs.(19) and (20) that 

bl 3 + cS 2 I - fl 4 < e(l - a)S 2 I 2 < bS 3 + cSI 2 - fS 4 . 

/(I 4 - S 4 ) + cSI(I - S) - b(I 3 - S 3 ) > 0, 

if and only if 

(/ - S) [(I 2 + S 2 ){f(I + S)-b} + SI{c - b}] > 0, 

and so 

I>S if (I 2 +S 2 ){f(I + S)-b} + SI{c-b}>0. 
Now, we know by (15) that 

2(2fc-be)>e(b-c)(^) 2 2 (f f (2/ (f ) - b) > (b c)(f) 2 . 

(I 2 +S 2 ){f(I + S)-b} > [( f ) 2 + ( f ) 2 ][/( f + f )-6] 

> (b-c)($)($)>(b-c)IS. 

{I 2 +S 2 ){f(I + S)-b} + (c-b)IS > 0, 

and so it follows that I > S. Therefore I = S. This completes the proof. 

Theorem 7 The equilibrium point x is a global attractor of Eq. (1) if one of the 
following statements holds 



(1) be > dc and 2(2 fc - be) > e(b - c) 



(2) be < dc and 2(2gb - cd) > e(c - b) 



be 
~f 
cd 
7b. 



n 2 



where f — d(l — a). (15) 



, where g = e(l — a). (16) 
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Proof: Let {x n }^L^s be a solution of Eq.(l) and rewrite Eq.(l) in the following 
form 

Xn+1 J\Xn: Xn— 1; X n — 2; X n — 3/ ~r ^-\-ex n -2X n -3 ' 

Then it is easy to obtain that 



df 

dx n 
df 



Therefore 



df 



5 dx n -i (dx'f l _ 1 -\-e 

x^ l _ 1 x n -2 (be—cd) 
(dx 2 n _ 1 J rex n -2X n -3) 2 



2x n - 1 x ri -2X n -3(be—cd) df 
Xn-3) 2 ' Qx n - 



x Th _ 1 x n —s(be—cd) 
(dx'f i _ 1 -\-ex n -2X n -3) 2 



E 



•En—j 



3=0 

ax n -i + 



2x n _ 1 x n —2 x n—3 \be—cd\-\-2x^ l l x rl _2 x n — 3\ c d—be\ 
(dx'f i l +ex n _ 2 Xn-3) 2 ' 



Thus it follows for any values of 6, c, d, and e, that 



3 

X] x n-j 
3=0 



df 



Xn— 1 ) ^n— 2; -^n— 3 ) 



ax n _i < ax„_i 



6x n _ 1 +CX„- 2 Xn-3 



/(^n 5 1 , X n — 2 j 3) . 



Then the result follows by Theorem C. 

Remark It follows from Eq.(l), when k = -, that x n+ \ = ax n + A for all 
n > — 3 and for some constant A. It is easy to solve this linear difference 
equation of the first order. 



Numerical examples 



For confirming the results of this paper, we consider numerical examples which 
represent different types of solutions to Eq. (1). 

Example 1. Sec Fig. 2, since X-3 — 11, x_2 = 8, X-\ = 6, xq — 5, a — 
0.1, 6 = 6, c=1.3, d = 4, e = 6. 

Example 2. We consider £_ 3 = 11, X-2 = 8, sc_i = 6, x 0 — 5, a = 1, & = 
1.6, c = 3, d = 7, e = 2. See Fig. 2. 



plala[x(^1| i ax(ri-,(D^n-i).c.;n-i)<i^3ii'(d> ; -!n-1} ( -e ( (n-2)x(n-3)) 



poloi.in.D-ax^iUD^n-D.cin-ii-i^aii^d^-ln-ii.e^n-Si.ir-Si: 




15 20 25 30 35 40 



25 30 35 40 



Figure 1. 



Figure 2. 
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Example 3. See Fig. 3, since x_ 3 = 11, x-2 = 3, X-\ — 4, xq = 15, a — 
0.9, 6 = 3, c = 5, d = 4, e = 6. 

Example 4. Fig. 4. shows the solutions when a = 0.3, b = 0.2, c = 0.1, d = 
2.5, e = 1.6, X-3 = p, x-2 = Q, x-x = p, x 0 = q. 



plot o(x{n + 1|,axin)-,;D^,i--)- C .in-2ix,i-J:i^d i -(n-ll ie x(n-2(.(r-3j} 



f.in 1 -1i- a xi^KDX^ 1 -li.c.;n-2ix,'i-J:i^dx-(n-!:.ex(n-2:.ir-3i; 



40 50 60 70 



Figure 3. 
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Abstract 

In this paper, we prove two normality criteria for families of some functions concern- 
ing shared values, the results generalize those given by Hu and Meng. Some examples 
are given to show the sharpness of our results. 

Keywords and phrases: Normal family; meromorphic function; shared value. 

1 Introduction and main results 

Let C denote the complex plane and f{z) be a non-constant meromorphic function in C. 
It is assumed that the reader is familiar with the standard notation used in the Nevanlinna 
value distribution theory such as the characteristic function T(r, /), the proximity function 
m(r, /), the counting function N(r, f) (see, e.g. [6, 16, 17]), and S(r, f) denotes any quantity 
that satisfies the condition S(r, f) = o(T(r, /)) as r — > oo outside of a possible exceptional 
set of finite linear measure. 

Let f(z) and g(z) be two non-constant meromorphic functions, a be a finite complex 
number, if / — a and g — a have the same zeros (Ignoring multiplicities), then we say that 
/ and g share o. 

Let J 7 be a family of meromorphic functions defined in a domain D C C. J- is said to be 
normal in D, in the sense of Montel, if for any sequence f n £ J 7 , there exists a subsequence 
f nj such that f nj converges spherically locally uniformly in D, to a meromorphic function 
or oo (see [6, 17]). 

According to Bloch's principle, every condition which reduces a meromorphic function in 
C to a constant, makes a family of meromorphic functions in a domain D normal. Although 
the principle is false in general, many authors proved normality criteria for families of 
meromorphic functions by starting from Picard type theorems. For instance, 

Theorem A. [5] Let n > 5 be an integer, a, b £ C and a / 0. //, for a meromorphic 
function f , f + af n / b for all z £ C, then f must be a constant. 

Theorem B. [10, 11] Let n > 3 be an integer, a, b £ C, a 7^ 0 and J- be a family of 
meromorphic functions in a domain D. If f + af n 7^ b for all f £ T , then T is a normal 
family. 

"Correspoding author: E-mail: xbzhangl016@mail.sdu.edu.cn(X.B. Zhang); xujunf@gmail.com(J.F. Xu) 
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In 2008, Zhang [18] improved theorem B by the idea of shared values, he got 
Theorem C. Let F be a family of meromorphic functions in D, n be a positive integer and 
a, b be two constants such that a / 0, oo and b / oo. If n > 4 and for each pair of functions 
f and g 6 T , f — af n and g' — ag n share the value b, then T is normal in D. 

In 1998, Wang and Fang [13] proved 
Theorem D. Let k, n > k + 1 be positive integers and f be a transcendental meromorphic 
function, then (/ n )^ assumes every finite nonzero value infinitely often. 

Using the idea of shared values, Li and Gu [9] obtained a corresponding normality 
criteria. 

Theorem E. Let J 7 be a family of meromorphic functions defined in a domain D. Let k, 
n > k + 2 be positive integers and a / 0 be a finite complex number. If (f n )^ and (g n )^ 
share a in D for every pair of functions f , g £ T , then T is normal in D. 
In 2004, Alotaibi [1] got 

Theorem F. Suppose that f is a transcendental meromorphic function in the plane. Let 
a ^ 0 be a small function of f , then af(f^) n — 1 has infinitely many zeros. 

Using the idea of shared values, Hu and Meng [8] obtained a corresponding normality 
criteria. 

Theorem G. Take positive integers n and k with n, k > 2 and take a nonzero complex 
number a. Let J 7 be a family of meromorphic functions in the plane domain D such that 
each f £ T has only zeros of multiplicity at least k. For each pair (f,g) £ T , if f(f^) n 
and g(g^) n share a, then T is normal in D. 

In 1996, Yang and Hu [15] got 
Theorem H. Take nonnegative integers n,ni,- ■ ■ , with n > 1, n\ + n-i + • • • + n& > 1 
and define d = n + n\ + n2 + • • • + n k . Let f be a transcendental meromorphic func- 
tion with the deficiency 5(0, f) > 3/ (3d + 1). Then for any nonzero value c, the function 
f n (f') ni ■ ■ ■ (f^) nk -c has infinitely many zeros. Moreover, ifn>2, the deficient condition 
can be omitted. 

It's natural to ask whether there exists normality criteria corresponding to Theorem H. 
We consider this problem and obtain 

Theorem 1.1. Let a ^ 0 be a constant, n > 2, k > 1, > 1, rij (j = 1, 2, ■ ■ ■ , k — 1) be 

nonnegative integers. Let T be a family of meromorphic functions in the plane domain D 
such that each f £ T has only zeros of multiplicity at least k. For each pair (f,g) £ T , if 
f n (f') ni ■ ■ ■ (/( fc )) nfc and g n (g') ni ■ ■ ■ (g^) nk share a, then T is normal in D. 

Example 1.1. Let D = {z : \z\ < 1} and T = {f m } where f m := e mz , and for every pair 
of functions f,g £ T , (f n )^ and (g 11 )^ share 0 in D, it is easy to verify that T is not 
normal at the point z = 0. 

Example 1.2. Let D = {z : \z\ < 1} and T = {f m } where f m := mz + mk (l +1 ^ ■ Then 

ifm' 1 )^ = m k+1 (k + l)\z + 1, and for every pair of functions f,g £ F, (/ fc+1 )( fc ) and 
(g k+1 )( k ) share 1 in D, it is easy to verify that T is not normal at the point z = 0. 

Remark 1.2. In Theorem 1.1, let k = n k = 1, then f n (f') ni ■ ■ ■ (f {k) ) nk = and 
9 n (g') ni ■ ■ ■ (g^) rik = , this case is a corollary of Theorem E. Examples 1.1 and 1.2 
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given by Li and Gu show that the condition a ^ 0 in Theorem E is inevitable and n > k + 2 
in Theorem E is sharp. The examples also show that the conditions in Theorem 1.1 are 
sharp, at least for the case k = n& = 1. 

If n = 1, we have 

Theorem 1.3. Let a / 0 be a constant, k > 2, > 1, rij (j = 1,2,--- , /c — 1) be 

nonnegative integers such that m + ■•• + > 1. Let J 7 be a family of meromorphic 

functions in the plane domain D such that each f G T has only zeros of multiplicity at least 
k. For each pair (/, g) G J 7 , if f(f') ni ■ ■ ■ (f^) nk and g(g') ni ■ ■ ■ (gW) nk share a, then J 7 is 
normal in D. 

Remark 1.4. In Theorem 1.3, if n\ > 2, the theorem still holds for k = 2. 

Corollary 1.5. Let a / 0 be a constant, n, k, be positive integers such that nk > 2 
and rij (j = 1,2,--- , fc — 1) be nonnegative integers. Let J 7 be a family of holomorphic 
functions in the plane domain D such that each f G T has only zeros of multiplicity at least 
k. For each pair (f,g) G T, if f n (f') ni ■ ■ ■ (f (k) ) nk and g n {g') ni ■ ■ ■ {g {k) T k share a, then T 
is normal in D. 

Remark 1.6. Examples 1.2 shows that Corollary 1.5 fails if n = k = 1 and thus the 
condition nk > 2 in Corollary 1.5 is inevitable. 

2 Preliminary lemmas 

Lemma 2.1 ([12]). Let J 7 be a family of meromorphic functions on the unit disc A, all 
of whose zeros have the multiplicity at least k, and suppose that there exists A > 1 such 
that \ f( k \z)\ < A wherever f(z) = 0,f G J 7 . Then if J 7 is not normal, there exist, for each 
0<a<k: 

(a) a number r, 0 < r < 1, 

(b) points z n ,\z n \ < r, 

(c) functions f n G J 7 , and 

(d) positive numbers p n — > 0 

such that Pn a f n (z n + PnC) = 9n(0 <?(£) locally uniformly with respect to the spherical 
metric, where g(£) is a non-constant meromorphic function on C, all of whose zeros have 
multiplicity at least k, such that < <?"(0) = kA + 1. In particular, if g is an entire 

function, it is of exponential type. Here, as usual, g^(z) = \g' (z)\/(l + \g(z)\ 2 ) is the spherical 
derivative. 

Lemma 2.2 ([4]). Let f be an entire function and M a positive integer. If f*(z) < M for 
all z G C, then f has the order at most one. 

Lemma 2.3 ([19]). Take nonnegative integers n,ni, ••• , n& with n > 1, > 1 and define 
d = n + ni + n2 + - • Let f be a transcendental meromorphic function whose zeros have 

multiplicity at least k. Then for any nonzero value c, the function f n (f') ni ■ ■ ■ [f^) nk — c 
has infinitely many zeros, provided that n\ + U2 + • • • + rik-i > 1 and k > 2 if n = 1. 
Specially, if f is transcendental entire, the function f n (f') ni ■ ■ ■ (f^) nk — c has infinitely 
many zeros. 
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Lemma 2.4. Take nonnegative integers ni, ■ ■ ■ , nk, k with nu > 1, k > 2, n\ + n 2 + • • • + 
nk-i > 1 ffl^d define d = 1 + ni + ri2 + • • • + n^. Lei f be a non-constant rational func- 
tion whose zeros have multiplicity at least k. Then for any nonzero value c, the function 
f(f') ni " " ' (f^) nk — c has at least two distinct zeros. 

Proof. We shall divide our argument into two cases. 
Case 1. Suppose that f(f) ni ■ ■ ■ (/( fe )) n * - c has exactly one zero. 

Case 1.1. If / is a non-constant polynomial, since the zeros of / have multiplicity at least k, 
we know that f n (f') ni ■ ■ ■ (/( fc )) nfe is also a non-constant polynomial, so f(f') ni ■ ■ ■ (/( fe )) nfc — 
c has at least one zero, suppose that 

/(/ , ) ni -"(/ W ) nfc =c + B(z-z 0 ) 1 , (2.1) 

where B is a nonzero constant and I > 1 is an integer. Then (2.5) implies that f(f') ni ■ ■ ■ (/( fc )) nfc 
has only simple zeros, which contradicts the assumption that the zeros of / have multiplicity 
at least k > 2. 

Case 1.2. If / is a non-constant rational function but not a polynomial. Set 

f( ,_ A (z-airi(z-a 2 r*---{z-a 8 r° 

nZ) ~ A (Z -&2) fa -(*-&*)'« ' [ } 

where A is a nonzero constant and mi > k (i = 1, 2, • • ■ ,s), lj > 1 (j = 1, 2, ■ ■ ■ , i). 
Then 

f W M _ a {* ~ ai) mi -^ ~ «2) m2 ' fc •••(*- as) m -- fc ff fc (^) 

7 {) (z-b 1 yi+ k (z-b 2 yz +k ---(z-bt) i *+ k ' 1 ; 



For simplicity, we denote 



It is easily obtained that 



mi + m 2 H \-m s = M>ks, (2.4) 

h + h + --- + lt = N>t. (2.5) 

deg( 5jfc )< k(s + t-l), (2.6) 



moreover, 0 fc (z) = (M-N)(M- N- 1) • • • (M-JV-fc+l)« fc ( a+ *- 1 )+c rn « fc ( s+ *- 1 ) _1 + - • -+c 0 . 
Combining (2.6) and (2.7) yields 

f(f ™ (f ( k)) n k=A Aj^rr^^^ _ m (27) 

JU> (I ' " {z - bl fi+zU^...( z -b t f* + zU^ -Q{ z y { - } 

where P(z), Q(z), g(z) are polynomials and g{z) = IJjLi 5j j ( z ) with deg(g) < X)jLi i n j( s + 
t-1). Moreover = (M-N) d - 1 (M-N-l) d - 1 - n ^ ■ ■ ■ (M-7V-fc+l)"^^=i^ (s+ * _1) + 
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Then from (2.10) we obtain 

( z _ j 1 )i"i+E)=ii»j+ 1 ■■■(z- bt) dk+ ^= lJnj+ 

where h(z) is a polynomial with deg(h) < (X^=ii n j + -0( s + £ — !)• 

Since /(/') ni • • • (/(*))"* - c has exactly one zero, we obtain from (2.11) that 

hit ■ ■ ■ (f (k) r = c + — k B{z - Zo)l — ^ . , (2.9) 

where 5 is a nonzero constant. Then 

(/(/Tl . . . (/ (*) r y = '' -JoY-'Hiz) 

where -ff (z) is a polynomial of the form 

k 

H(z) = B(l -dN- ^jn^z 1 + Bt-xz 1 ' 1 + • • • + &o. (2.11) 
i=i 

Case 1.2.1. If Z ^ dN + £j =1 jn,i. 

From (2.11) we get deg(p) > deg(Q), namely 

k k 

dM - ^jrijs + deg(g) > dN + ^jnjt. (2.12) 

3=1 3=1 

In view of deg(g) < Ylj=ij n j( s + * ~~ 1)> we deduce from (2.16) that 

fc 

d(M-7V)>^j nj , (2.13) 
i=i 

which implies M > N. 

Combining (2.12), (2.14) and (2.15) yields 

k 

dM - C^jrij + l)s < deg(H) = t<N < M, (2.14) 

3=1 

which implies that 

k k 

^njM -Y^j^jS < s, (2.15) 

3=1 3=1 
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this together with (2.8) implies that 

fe-i 

J2(k-j)nj<l. (2.16) 

j'=i 

which is a contradiction since n± + + • • • + > 1- 
Case 1.2.2. If Z = dN + £j =1 jn^. 

If M > N, with similar discussion as above, we get the same contradiction. 
If M < N, combining (2.12) and (2.14) yields 

k 

l-l< deg(h) < (^jnj + l)(s + t-l), (2.17) 
i=i 

we deduce from (2.21) that 

k k k 

dN < ^ jrijS + s + t -^jrij 3 n 3 s + s + N - ( 2 - 18 ) 

j=l j=l j=l 

Note that M <N, from (2.22) we get 

k 

(d-l)M -^TjrijS < s. (2.19) 

3=1 

Similar to the end of the proof in Case 1.2.1, we get a contradiction. Case 1 has been ruled 
out. 

Case 2. Suppose that f(f') ni ■ ■ ■ (/( fc )) nfe — c has no zero. 

Similar to the proof of Case 1.1, we deduce that / is not a polynomial. If / is a non-constant 
rational function but not a polynomial. Similar to the proceeding of proof in Case 1.2.1, 
we get a contradiction. 

Hence f n (f') ni ■ ■ ■ (/( fc )) nfc — c has at least two distinct zeros. 
This proves Lemma 2.4. 

Using the similar proof of Lemma 2.4, we get 

Lemma 2.5. Take nonnegative integers n, n±, • • • , n^, k with n > 2, n& > 1, k > 1. Let f 
be a non-constant rational function whose zeros have multiplicity at least k. Then for any 
nonzero value c, the function f n (f') ni ■ ■ ■ (f^) nk — c has at least two distinct zeros. 

Lemma 2.6. Take nonnegative integers n, n±, ■ ■ ■ , n&, k with n > 1, n& > 1, k > 2. Let f 
be a non-constant polynomial whose zeros have multiplicity at least k. Then for any nonzero 
value c, the function f n (f') ni ■ ■ ■ (f^) nk — c has at least two distinct zeros. 



6 



315 



Xiao-Bin Zhang et al 310-318 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



3 Proof of Theorem 1.3 

Without loss of generality, we may assume D = A = {z : \z\ < 1}. For simplicity, we denote 
fj(zj + pj£) by fj and set 

k 

7M = 1 + ni H h»fc, r M = jn 3 - 

j'=i 

Suppose that T is not normal in D. By Lemma 2.1, for 0 < a < fc, there exist: r < 1, 
Zj -> 0 (j -»• oo), /j € J" and -»• 0+ such that = p J Tm ^ m f j (z j + p&) -»• #(£) locally 

uniformly with respect to the spherical metric, where <7(£) is a non-constant meromorphic 
function on C, all of whose zeros have multiplicity at least k, such that < g^{0) = 

kA + 1. 

On every compact subset of C which contains no poles of g, we have uniformly 

-»• <7(5') ni ---(5 (fc) r fc -a- (3.1) 

If g n (g') ni ■ ■ ■ (gW)"* = a, then g has no zeros and no poles, thus g is an entire function. 
By Lemma 2.2, g is of order at most 1. Moreover, g(£) = e Cl ^ +c °, where ci(/ 0) and en are 
constants. Thereby, we get 

<?(£)(</(6) ni ■ ■ ■ (g (k) (0T k = c^ e ™^ +c °), (3.2) 

which contradicts the case g n (g') ni ■ ■ ■ (pW) 71 * = a. 

Since g is a non-constant meromorphic function, by Lemmas 2.3 and 2.4, we deduce that 

g(0(9 , (0) m ■ ■ ■ (g (k \0) nk ~ a has at least two distinct zeros. 

We claim that g(0(g'{0) ni ■ ■ ■ (g (k) (0) nk ~ a has just a unique zero. 

Let £o and £q be two distinct zeros of g(ZW(Q) ni ■ ■ ■ (g {k \0) nk ~ «• We choose a positive 
number S small enough such that D\ f] D2 = 0, and such that g(g') ni ■ ■ ■ (g( fc ))™ fe — a has no 
other zeros in D\ (J D2 except for £0 and £q , where 

D 1 = {^C\ <S}, D 2 = {£eC\ \$-$\<5}. 

By (3.1) and Hurwitz's theorem, for sufficiently large j there exist points £j G Di, G D 2 
such that 

+ P&)(fj(zj + PJ&r ■ ■ ■ + P&)Y k - a = 0, 



/i(^+Pi^)(/i(^+Pi^)) 

By the assumption in Theorem 1.1, fi(f[) r 
each j, it follows that 

fi(zj + Pj€j)(f[(zj + pj£j)) 



■■{f?\z j + Pj e j )Y k -a = 0. 

■ {f[ k) ) n « and fjif-T 1 • • • {ff ] ) nk share a for 

■•(/i%+^-r-a=o, 
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■*\\n k 



a = 0. 



/i(0)(/ / i(0)r---(/ 1 w (0)) n *-o = 0. 



Since the zeros of /i(/() ni • • • (/} )™ fc — a have no accumulation points, in fact, for sufficiently 
large j, we have 



This contradicts the fact that 

& € £>(£„, 5), $ € £>(& 5) and £>(&, <5) fl *) = 0- 

So <7(£)(9 |/ (£)) ni ' ' " (9 <yk \0) nk ~ a has just a unique zero, which contradicts the fact that 
g(0(9'(0) ni ■ ■ ■ (g (k) (0) nk ~ a has at least two distinct zeros. 
This completes the proof of Theorem 1.3. 

By Theorem H, Lemmas 2.3, 2.5 and 2.6, the proofs of Theorem 1.1 and Corollary 1.5 
can be carried out in the line of Theorem 1.3, we omit the process here. 

4 Discussion 

In Theorem 1.3, if m = n 2 = • • • = n fc _i = 0, then f(f') ni ---(f {k) ) nk = /(/ (fc) ) nfc , 
g{g') ni ■ ■ ■ (g {k) ) nk = g(g {k) ) nk - This case is the same as the case in Theorem G. Hu and 
Meng proved that Theorem G holds for the case k > 2, > 2. They also gave an example 
[8, Example 1.3] to show that Theorem G is not valid for the case k = 1. It's natural to 
ask whether Theorem 1.3 holds for the case n& = 1, n\ + • • • + = 0. Actually, this is 
an open problem as follows. 

Problem 4.1. Let F be a family of meromorphic functions in a domain D, let k be a 
positive integer and b be a finite nonzero value. If, for every f £ T , all zeros of f have 
multiplicity at least k, and f(z)f( k \z) ^ b, is T normal in D? 

Xu and Cao [14] gave a partial answer to Problem 4.1. 

Theorem 4.1. Let F be a family of meromorphic functions in a domain D, let k be a 
positive integer and b be a finite nonzero value. If, for every f £ T , all zeros of f have 
multiplicity at least k + 1, and f(z)f( k \z) / b, then T is normal in D. 

Acknowledgements This research was supported by the National Natural Science 
Foundation of China (Grant No. 11171184, 11401574) and the Fundamental Research Funds 
for the Central Universities (Grant No. 3122013k008), Training plan for the Outstanding 
Young Teachers in Higher Education of Guangdong (no. Yq 2013159). Moreover, The 
authors found a similar job ("Some Normality Criteria" arXiv: 1404. 1465, by Gopal Datt 
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Z 3 + l'j'<J = 0 



Zj + Pj g! = o. 



Thus 
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Abstract 

In this paper, we study the existence of positive solutions to the difference- 
summation boundary value problem 

A 2 u(t - 1) + a(t)f(u) = 0, (6 {1, 2, T}, 

n 

u(0) = /3Au(0), u(T+l) =a^2u(s), 

s=l 

where / is continuous, T > 3 is a fixed positive integer, 77 e {1,2, ...,T — 1}, 

0 < a < 3Sl}> 0 < £ < and A«(t- 1) = u(t) -«(t- 1). We 

show the existence of at least one positive solution if / is either superlinear or 
sublinear by applying the fixed point theorem due to Krasnoselskii in cones. 

Keywords : Positive solution; Boundary value problem; Fixed point theorem; Cone 
2010 Mathematics Subject Classification: 39A15, 34B15 

1 Introduction 

The study of the existence of solutions of multipoint boundary value problems 
for linear second-order ordinary differential and difference equations was initiated by 
Ilin and Moiseev [1]. Then Gupta [2] studied three-point boundary value problems 

1 
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for nonlinear second-order ordinary differential equations. Since then, nonlinear 
second-order three-point boundary value problems have also been studied by many 
authors, one may see the text books [3-4] and the papers [6-11]. However, all these 
papers are concerned with problems with three-point boundary condition restrictions 
on the difference of the solutions and the solutions themselves, for example, 

u(0) = 0, u(T + l) = 0 

u(0) = 0, au{s) = u(T + 1), 

u(0) = 0, u(T + 1) - au{s) = b. 

«(0) - aAu(O) = 0, u(T + 1) = (3u{s). 

«(0) - aAu(O) = 0, Au(T+l) = 0 

v 

' (s) 



u(0) = 0, u(T + 1) = a^2u(t 

8=1 

<(0) = /3j>(s), U (T + l) = aJ>(s) 



s=l s=l 

and so forth. 

In [6] , Leggett- Williams developed a fixed point theorem to prove the existence 
of three positive solutions for Hammerstein integral equations. Since then, this 
theorem has been reported to be a successful technique for dealing with the existence 
of three solutions for the two-point boundary value problems of differential and 
difference equations; see [7,8]. In [9], X. Lin and W. Liu using the properties of the 
associate Green's function and Leggett- Williams fixed point theorem, studied the 
existence of positive solutions of the problem. 

G. Zhang and R. Medina [10], T. Sitthiwirattham and J.Tariboon [11], studied 
the existence of positive solutions for second order boundary value problems of 
difference equations by applying the Krasnoselskii's fixed point theorem. In [12], J. 
Henderson and H.B. Thompson used lower and upper solution methods. 

In this paper, we consider the existence of positive solutions to the equation 

A 2 u(t-l) + a(t)f(u) = 0, ie{l,2,...,T}, (1.1) 

with difference-summation boundary condition 

v 

u(0) = (3Au{0), u{T+l) = aY^ «(«), (1-2) 

s=l 

where / is continuous. 
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The aim of this paper is to give some results for existence of positive solutions 
to (1.1)-(1.2). 

Let N be the nonnegative integer, we let Njj = {A; G N| i < k < j} and 
Mp = No, p . By the positive solution of (1.1)-(1.2) we mean that a function u(t) : 
Nt+i — > [0, oo) and satisfies the problem (1.1)-(1.2). 

Throughout this paper, we suppose the following conditions hold: 
(HI) T > 3 is a fixed positive integer, rj G {1,2, ...,T — 1}, constant a, (3 > 0 such 
that 0 < a < jjgg and 0 < ft < « T ^t " • 
(i?2) / G C([0, oo), [0,oo)), / is either superlinear or sublinear. Set 

f r /(«) , r /(«) 
/o = hm , /oo = lmi . 

«->0+ U «->oo ti 

Then / 0 = 0 and = oo correspond to the superlinear case, and fo = oo and 
/oo = 0 correspond to the sublinear case. 

(H3) a G C(Nt+i, [0, oo)) and there exists to £ N Vj t+i such that a(to) > 0. 

The proof of the main theorem is based upon an application of the following 
Krasnoselskii's fixed point theorem in a cone. 

Theorem 1.1. ([5]). Let E be a Banach space, and let K C E be a cone. Assume 
0,2 are open subsets of E with 0 G Q\ C &2, o-nd let 

A : Kn (H 2 \fii) — >K 

be a completely continuous operator such that 

(i) \\Au\\ ^\\u\\, u G K ndfii, and \\Au\\ ^ ||it||, u £ K C\ dQ. 2 ; or 

(ii) \\Au\\^ \\u\\, u G Kn 80,!, and \\Au\\ ^ ||u||, ueKndQ 2 - 
Then A has a fixed point in K n (O2 \ ^i)- 

2 Preliminaries 

We now state and prove several lemmas before stating our main results. 
Lemma 2.1. The problem 

A 2 u(t - 1) + y(t) = 0, t€Ni,r, (2.1) 

»? 

u(0) = 0Au(O), u (T + l) = a^ii(s), (2.2) 

s=l 
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has a unique solution 

U{t) = 2(T + 1) -anin + l) -2P(a V -l) g (T " * + 1)y(s) 

r)—l 

~ 2(T+l)-a ?? t+ 1^-2/3(^-1) X> " " S + 
t-i 

-J2(t-s)y(s), *€N T +i. 

Proof. From A 2 u(t — 1) = Au(i) — Au(i — 1) and the first equation of (2.1), we get 

Au(i) - Au(t - 1) = -y(t), 
Au(t - 1) - Au(t - 2) = -y(t - 1), 



Au(l) - Au(0) = -y(l). 
We sum the above equations to obtain 

t 

Au(t) = Ati(O) - J^y(s),t G N T . (2.3) 
We define E y(s) = 0; if p > q. Similarly, we sum (2.3) from t = 0 to t = h, and 

s=p 

by using the boundary condition u(0) = /3Au(0) in (2.2), we obtain 

h 



i{h + l) = (h + l + P)Au(0) - J2( h + 1 - S M S )> h G 



s=l 

by changing the variable from /i + 1 to i, we have 

t-i 



u(t) = (t + /3)An(0) - - s)y(s),t € N T+1 . (2.4) 

s=l 



From (2.4) 

?} / s jj— 1 r;— s 



E n ( s ) = + !) + ^) An (°) -EE z & w 

8=1 ^ ' S=l 1 = 1 

(\ \ I"'" 1 

= ( ^(rj + 1) + Pv J A«(0) - - E(^ -«)(»/- s + l)2/(s) 
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v 

Again using the boundary condition u(T + f ) = a^^u(a) in (2.2), we obtain 



s=l 



(T+l+^)A^O)-^(r- S +l)y( S ) = a(-r / (r ? +l)+^]Au(0)--^(r ? - S )(r ? - S +l)y( S ) 

s=l ^ ' s=l 



Thus, 



Au(0) 



2 v - 

: 2(T + l)-a V ( V + l)-2P(a V -l) " 8 + 1)y{s) 



a 



r)—l 



2(T + f ) - arj{ri + 1) - 2f3(ar] - 1) 
Therefore, (2.1)-(2.2) has a unique solution 

2{t + P) 



y:^2(v ~ s)(rj - s + l)y{s). 



u(t) 



'2(T + 1) - a V ( V + 1) - 2f3(a V - 1) |J (T 8 + l)v{s) 



77 — 1 



2(T 2/3(^-1) X> " S)(?? " S + 



t-1 



-J>-a)y(a), *€N T +i. 



□ 



Lemma 2.2. XTie function 



G(t,s) 



1 
A 



(a + /3)[2(T + 1) - ar,{r, + 1) + 2t(ar/ - 1)] + as(t + - a), a G Ni, t _i D Ni i?? _i 



2(a + /3)(T + 1 - t) + a??(t - a)(r/ + 1 + 2/3), 

(t + /3)[2(T + 1) - ar,{r, + 1) + 25(01? - 1) + aa(l - a)], 

2(t + /3)(T + l-s), 



a G N„, t -i 
a € N t)r) _i 

a € N t)T n N„, T 
(2.5) 



where 



A = 2(T + 1) - tw/fa + 1) - 2/3(07? - 1) > 0, 
is the Green's function of the problem 

-A 2 u(t-l) = 0, t€N ltT , 

v 

t(0) = 0Au(O), u (T + l) = a^u(s). 



(2.6) 



s=l 
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Proof. Suppose t < rj. The unique solution of problem (2.1)-(2.2) can be written 



u 



s=l 



+ 



2(* + fl) 
A 

a(t + (3) 
A 



t-i 



7,-1 



£(T - s + l)y(s) + £(T - s + l)y(s) + £(T " » + l)i/W 



t-1 



s=rj 



7,-1 



^2(r) -s)(i]-s + l)y(s) + ^(77 - s)(r? - s + l)y(s) 



s=l 



t-1 

^E 



A 



(s + 0)[2(T + 1) - avi-q + 1) + 2t(a»j - 1)] + as(t + /?)(!- s) 



+ A^ 



s=t 
T 



(t + /3)[2(T + 1) - 0:77(77 + 1) + 2s(ar] - 1) + as - as 2 



+ ^2(t + /3)(T + l- S )y( S ) 



s=rj 



s=l 



Suppose t > rj. The unique solution of problem (2.1)-(2.2) can be written 



7,-1 



t-1 



s=l 



s=r) 



+ 



2{t + /3) 
A 

a(t + (3) 



7,-1 



t-1 



£(T - s + l)y(s) + £(T - s + l)y(s) + ]T(T - s + l)y(s) 



7,-1 



S=T) 



S=t 



A 



^2(r) - s)(rj - s + l)y(s) 



s=l 



1 r,-! 

iE 



A 



(s + /3)[2(T + 1) - 077(77 + 1) + 2i(o7? - 1)] + as(t + /?)(!- s) 



i/00 



1 

+1e 



s=rj 
T 



2{s + /3)(T + 1 - t) + ar?(t - s)(r? + 1 + 2/3) 



+ ^2(t + /3)(T + l- S )y( S ) 



= ^G(t, a )y( a ). 



s=l 
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Then the unique solution of problem (2.1)-(2.2) can be written as u(t) = 

T 

^ G(t, s)y(s). The proof is complete. □ 

s=l 

We observe that the condition 0 < a < and 0 < f3 < 2(T+ 2 1 ( ) Q ~" ,? 1 ( ) T ' +1) . 

implies G(t, s) is positive on N^t x N^t, which mean that the finite set 

G(t,s) 



G(t,t) 

take positive values. Then we let 



: t £ N T +i,s € Nit > , 



Mi=miii|^|^:*€Ni ) T,s€Ni i r| (2.7) 

(2.8) 



>.<': - uiax^^|^ :t€N T +i,a€Ni )T 



Lemma 2.3. Let (t,s) 6 N^r x N^t- XTien we /iai>e 

G(t,s) > MiG(t,t.) 
where 0 < Mi < 1 is a constant given by 



Mi 



mm 



mm 



(2.9) 



(l+/3)[2T-a? ? (? ? -l)]-a(T ? -l+/3)(?;-2) 2 2[T-a:-m ? (T;-2)] 
(r ? +/3-l)[2(T+2-r,)+a» ; (r ? -3)] ' 2(T+2-r ? )+Qr,(»;-3) ' 

2 2(r ? +/3)+aq(t ? +l+2/3) 1 

2(T+2- J ?)+ar?( ?? -3) ' 2(T+/3)(T+1- V ) ' T+l-jj > 

(l+/3)[2(T+l-r ? )+^() ? -l)]-a(T+/3)(77-l) 2 +a() ? -l)( ?? +/3) ) , ., 1 
2(T+/3)(T+l-r?) J' V a ^ r, 

\ [2(T+2-? ? )+ar ? (>?-3)]-a(??-l+/3)(r ? -2) 2 2(T+2-??-a) 

\ (r ) +/3-l)[2T-a??(» 7 -l)] ' 2T-aj 7 (r)-l) ' 

2 2(r ? +/3)+a? ? (? ? +l+2/3) _J 

2T-a??(?7-l) ' 2(r+/3)(T+l-?7) ' T+l-r?' 

(l+/3)[2(r+2-r ? )+a ?? (r ? -3)F a (r ? -l+/3)(> ? -2) 2 g^T+g-rj-a) | , ., n 1 
(r)+/3-l)[2T-a?7(77-l)] ' 2T-ar ] {r l -\) I ' ^ U ^ " ^ ■q 

(2.10) 



Proof. In order that (2.9) holds, it is sufficient that M\ satisfies 

G(t,s) 



Mi < 



mm 



Then we may choose 
Mi < min 



mm 



(t,s)€Ni, T xNi, T G(t,t) ' 
G(t,s) 



G(t,s) 

(t,s)eNi" J , 1 "ixNi !T G(t, t) ' (t,s)€N^TXNi, T G(t,t) 



mm 



(2.11) 



(2.12) 



325 



Jiraporn Reunsumrit et al 319-334 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Jiraporn Reunsumrit and Thanin Sitthiwirattham 



since 

G(t,s) 



mm 



(t,s)€Ni,„_ixNi, T G(t,t) 

> + p)[2(T + 1) - ar](r] + 1) + 2t(a V - 1)] + as{t + /?)(! - s) 



mm < mm 



teNi,,_i i s eNi,«_i (t + P)[2(T + 1) - ari(ri + 1) + 2t(ar] - 1) + oi(l - t)\ 
(t + /3)[2(T + 1) - ar](r] + 1) + 2s(ot/ - 1) + os(l - s)\ 



mm 



8&i t , n -i (t + (3)[2(T + 1) - ar)(r) + 1) + 2t(ar] - 1) + at(l - *)] 

2(t + /3)(T + l-s) 

mm — 

«eN„, T (t + P)[2(T + 1) - 077(77 + 1) + 2t(o7/ - 1) + at(l - t)] 



> min 

teNi, v -i 



(1 + /3)[2(T + 1) - 077(77 + 1) + 2t(ar? - 1)] + a{t - l)(t + /3)(2 - t) 
(t + p)[2(T + 1) - 077(77 + 1) + 2t(a?? - 1) + at(l - *)] 
2(T + 1) - 07/(7/ + 1) + 2s(ar] - 1) + as(l - s) 
s eN^_i 2(T + 1) - 077(77 + 1) + 2t{ari - 1) + at(l - t) ' 
2 

2(T + 1) - 077(77 + 1) + 2i(a7? - 1) + at(l - i) 



> < 



mm 



mm 

*6Ni,„_ 



(1 + /3)[2(T + 1) - 077(77 + 1) + 2t(o7/ - 1)] - ajt + P)(t- l) 2 + ajt + P)(t- 1) 

(t + P)[2(T + 1) - 077(77 + 1) + 2t(o7? - 1) + at(l - «)] 
2(T + 1) - 07/(7/ + 1) + 2t(«77 - 1) + q(t? - 1)(2 - 77) 



2(T + 1) - 077(77 + 1) + 2t{arj 
2 



l) + at(l-t) 



if a > 



2(T + 1) - 07/(7/ + 1) + 2t(o7/ - 1) + at(l - t) J 77 
(1 + p)[2(T + 1) - 077(77 + 1) + 2t(or? - 1)] - a{t + p)(t- l) 2 + ait + p)(t- 1) 



(* + P)[2(T + 1) - 07/(77 + 1) + 2t(o7? - 1) + at(l - t)] 
2(T + 1) - 077(77 + 1) + 2(7/ - l)(ag - 1) + a(2 - t/)(t/ - 1) 

2(T + 1) - 077(7/ + 1) + 2t(a7/ - 1) + at{\ - t) 
2 1 1 

2(T + 1) - 077(77 + 1) + 2fj(o7/ - 1) + at(l - rj) J' 1 < " < 77 



> < 



mm 



mm 



(1 + P)[2T - 077(77 - 1)] - 0(77 - 1 + p)( v - 2) 2 2[T-o- 077(77- 2)] 
(77 + /3 - 1)[2(T + 2 - t/) + 077(77 - 3)] ' 2(T + 2 - 77) + 077(77 - 3) ' 

2 1 if a I 

2(T + 2-77) + a?7(7 ? -3)J' 1 " > 7/ 

(1 + P)[2(T + 2 - 7/) + 077(77 - 3)] - 0(77 - 1 + P)( v - 2) 2 2(T + 2 - 77 - a) 



2T - 07/(7/ - 1) 



> + /3-l)[2T- 07/(7/ -1)] 
if 0 < a < - 



' 2T- 077(77-1) ' 
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Similarly, we get 

G(t,s) 
mm — — - 

(*,s)eN,, T xNi, T G(t,t) 



> < 



v 

2 



mm 



(1 + /3)[2(T + 1-7])+ ar](r] - 1)] - a(T + f3)(n - l) 2 + a{r, - 1)(t/ + g) 

2(T + /3)(T+l-r ? ) 
2(r/ + /3) + ar/(r/ + f + 2/3) f \ . f 1 



mm 



2(T + /3)(T + 1 -77) ' T + 1-7/J' 7/ 
(1 + /3)[2(1 + qt/T) - ar/(r/ + f)] - a(T + /?)(?? - f) 2 + qfo - 1)(t; + g) 

2(T + /3)(T+f-7 ? ) 
7 / + /3) + ar / (77 + f + 2/3) 1 1, ., n ^ „ ^ 1 

2 (r + /3)(T+l-7 ? ) ' T + l-7,/' U<a< v 

(2-13) 

The (2.10) is immediate from (2.13)-(2.14) □ 



Lemma 2.4. Let (t,s) 6 N^+i x N^y. T/ien we have 

G(t,s) < M 2 G(t,t.) 
where M 2 > 1 is a constant given by 



M 2 



max 



max 



(2.14) 



(ri-2+l3)[2(T+2-ri)+ari( V -3) 2{T+2-r))+ar 1 (r l -3) T+l-r) 
2(l+/3)[T-a( )? -l) ;i ] ' 2[T- Q (r?-1) 2 ] ' T-a(r?-l) 2 

(r ? -l+/3)[ar?(2r-> ? -l)+2] 2(r-l+/3)(r+l-r ? )+ar ? (r^q)(7 ? +l+2/?) ) , ., 1 
2(t?+/3) ' 2(77+/3) j' V a ^ V 

(ri-2+l3)[2T-ar)(r)-l) T+l-r, (r 1 -l+P)[2(T+l-r j )+ari{r t -l) 
2(l+/3)(T+2-r?-a) ' T+2-??-a ' 2(t?+/3) ' 

2(r-l+/3)(r+l-r))+m ? (r-? ? )(r ? +l+2 ) 9) | . , i 
2(r?+/3) J ' V u < a < „ 



Proof. For k = 0, from (2.5) we get 

G(0, s) = 2/3(T + 1 - a) < 2/3(T + 1) = G(0, 0). 

Then we may choose M 2 = 1. For k 6 Ni^, if (2.14) holds, it is sufficient that M 2 
satisfies 

G(t,s) 



M 2 > max . 

(*,s)6Ni, T xNi, T G(M) 



Then we may choose 
M 2 > max 



max 



G(t,s) 



max 



G(t,s) 



(M)6Ni^_ixN!, T G(t,t) ' (t )S )eN,, T xN!, T G(i,i) 



(2.15) 



(2.16) 
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since 



max 

(*,s)eN M _i 



max 

t€Ni,„_ 



max 

s€Nw_ 



max 

s£Nt, v - 



max 



T G(t,t) 

(s + (3)[2{T + 1) - 07/(7/ + 1) + 2t(a7] - 1)] + as(t + /3)(1 - s) 

(t + /3)[2(T + l)-ari(ri + l) + 2t(arj-l) + at(l-t)} 
(t + f3)[2(T + 1) - ar](r] + 1) + 2s(ar] - 1) + as(l - s)\ 
(t + /3)[2(T + 1) - 077(77 + 1) + 2t(ar) - 1) + at(l - t)\ ' 
2(i + /3)(T+l-s) 



a&i v , T (t + /3)[2(T + 1) - 077(77 + 1) + 2i(o7/ - 1) + ot(l 



-*)]} 



< ^ ( (t - 1 + /3)[2(T + 1) - g7/(7/ + 1) + 2t(a7/ - 1)] 
~ terK?-i I (* + /5)[2(T + 1) - 077(77 + 1) + 2t(o7/ - 1) + at{\ - t)\ ' 
2(T + 1) - 077(77 + 1) + 2s(ot/ - 1) + os(l - s) 
se™- 1 2(T + 1) - 07/(77 + 1) + 2t(ar/ - 1) + ot(l - t) ' 

2(T + 1- V ) 1 

2(T + 1) - 077(77 + 1) + 2t(ar) - 1) + ot(l - 1) J 



max 



< < 



(t - 1 + /3)[2(T + 1) - 07/(7/ + 1) + 2t(Q7/ - 1)] 



teNi,,_i i (t + /3) [2(T + 1) - ar/(7/ + 1) + 2t(o7/ - 1) + at(l - t)] ' 
2(T + 1) - 07/(7/ + 1) + 2(7/ - l)(a77 - 1) + at(l - t) 

2{T + 1) - 077(77 + 1) + 2t{arj - 1) + at(l - i) ' 

2 < T + 1 -"» 1. »„>! 



2(T + 1) - 077(7? + 1) + 2t(ai] - 1) + ai(l - *) J "' r/ 

max f (t - 1 + g) [2(T + 1) - 07/(7/ + 1) + 2t(o7/ - 1)] 

terSf-i I (t + /?)[2(T + 1) - 077(7/ + 1) + 2i(o7/ - 1) + ot(l - i)] ' 
2(T + 1) - 077(77 + 1) + 2i(o?7 - 1) + at(l - t) 

2(T + 1) - 07/(77 + 1) + 2t(ar] - 1) + ot(l - t) ' 

2(r + l-7?) 1 1 

if 0 < o < 



2(T + 1) - 077(77 + 1) + 2t(o7/ - 1) + ot(l - t) J ' 77 



max 



{ 



(77 - 2 + /3)[2(T + 2 - 7/) + 077(77 - 3) 2(T + 2 - 7/) + 077(77 - 3) 



2(1 + 0)[T- 0(77 -l) 2 ] ' 2[T-o(t/-1) 2 ] 

, r + l-77 I 1 

T — 0(77 — l) 2 J ' lftt> ^ 

( (77- 2 + /3)[2T- 077(77- 1) r+l-77 I 1 

m & x ^ — 7 t^ttt; r~ 1 1 1 ™ r ! 11 0 < o < - 

\ 2(l + /3)(T + 2-7/-o) ''T + 2-77-oJ' 77 
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Positive solutions of difference-summation boundary value problem ... 11 
Similarly, we get 



G(t,s) 

max 



(t,s)en v , T xN 1>T G(t,t) 
max 



< < 



- 1 + f3)[ar](2T - rj - 1) + 2] 



2(7/ + 0) 



2(T - 1 + p)(T + 1 - 77) + ar/(T - r?) (r, + 1 + 2/3) \ 1 

-, 1 >; if a > 



max 



2(77 + /3) J r; 

(t? - 1 + /3)[2(T + 1 - 7?) + a V { V - 1) 

2(7? + /?) 

2(T-l + P)(T + l-ri) + ar,(T-Ti)(7i + 1 + 2/3) \ 1 

, 1 >; if L) < q < 



2(r? + /3) J r? 

For i = T + 1 from (2.5) we get, 

G(T + 1, s) = ar](s + /3)[2(T + 1) - (t? + 1)] - as(T + 1 + /3)(s - 1) 

< a7?(T + 1 + 0)[2(T + 1) - (t? + 1)] - aT(T + 1 + /3)(T + 1) 
= G(T+1,T + 1). 

Then we choose M 2 = 1. So (2.16) is immediate from (2.19)-(2.20). □ 

3 Main Results 

Now we are in the position to establish the main result. 

Theorem 3.1. Assume (HI) - (H3) hold. Then the problem (1.1)-(1.2) has at least 
one positive solution. 

Proof. In the following, we denote 

m = min G(t,t), M= max Git A). 

ten v , T teN T +i 

Then 0 < m< M. 

Let .Ebe the Banach's space defined by E = {u : Nt+i — > R}- Define 

K = {u 6 E : u ^ 0,t 6 Nt+i and min u(t) > a \\ u \\}. 

*6Ni, T 

where a = e -*■)'!! II = max teN T+ i I u(t) \. It is obvious that K is a cone 

in E. 
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12 Jiraporn Reunsumrit and Thanin Sitthiwirattham 

We define the operator F : K — > E by 

T 

(Fu)(t) = Y,G(t, S )a(s)f(u(s)),te Nr+i. 

8=1 

It is clear that problem (1.1)-(1.2) has a solution u if and only if u £ K is a 
fixed point of operator F. We shall now show that the operator F maps K to itself. 
For this, let u € K, from (H 2 ) — (H3), we get 

T 

(Fu)(t) = G(t, s)a(s)f(u(s)) >0,te N T+1 . (3.1) 
s=i 

from (2.8), we obtain 

T T 



(Fu)(t) =Y,G(t,s)a(s)f(u(s)) < M 2 ^G(t,t)a( 8 )f(u(s)) 
s=i s=i 

T 

<M 2 MY j a{s)f{u{s)), i€N T +i. 



s=l 

Therefore 



|| Fu ||< M 2 M^o(s)/(«(s)). (3.2) 
Now from (# 2 ), (#3), (2.7) and (3.2), for 4 £ f\ T , we have 

T T 

(Fu)(t) >Mi J]G(t,*)a(s)/(u(s)) > Mim£a(s)/(u(s)) 

s=l s=l 

Mim 

~M 2 M 

Then 

min (Fu)(t) > a \\ u \\ . (3.3) 

teN VtT 

From (3.1)-(3.2), we obtain Fu e K, Hence F(K) Q K. So F : k -»• K is 
completely continuous. 

Superlinear case, /o = 0 and /oo = 00. Since /o = 0, we may choose Hi > 0 so 
that f(u) ^ ein, for 0 < u ^ Hi, where e\ > 0 satisfies 

T 

eiM 2 M J^a(s) < 1. (3.4) 
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Positive solutions of difference-summation boundary value problem ... 13 
Thus, if we let 

= {u £ E : ||w|| < Hi}, 

then forueKCi dfl\, we get 

T T 



(Fu)(t) <M 2 ^2G(t,t)a(s)f(u(s)) < e\M 2 M ^ a(s)u(s) 

8=1 S=l 

T 

<e 1 M 2 M^2a(s)\\u\\ < ||n| 



s=l 

Thus \\Fu\\ < ||u||, u Gfnffli. 

Further, since /oo = co, there exists H 2 > 0 such that f(u) > e 2 u, for u > H 2 , 
where e 2 > 0 satisfies 

T 

e 2 M 1 aJ2 G (v,v)a{s)>'i- (3.5) 

Let # 2 = max{2#i, ^} and fi 2 = {i£E: ||u|| < H 2 }. Then it S iffl dfl 2 
implies 

min > a\\u\\ > Ho. 

ten v<T 

Applying (2.7) and (3.5), we get 

T T 

(Fu)( V ) =Mi J] G( V , s)a(s)f(u(s)) > M 1 £ Gfa, q)a( a )/M*)) 

s=l s=r/ 
T T 

>e 2 M 1 ^2G{7],7 1 )a{s)y(s) > e 2 Mia^G{r],r,)a{s)\\u\\ 

S=T) S=T] 

>IMI- 

Hence, \\Fu\\ > \\u\\, u G K n 9^2- By the first part of Theorem 1.1, F has a 
fixed point in if n (fl 2 \ such that H\ ^ ||u|| ^ H 2 . 

Sublinear case. fo = oc and = 0. Since /o = oo, choose H 3 > 0 such that 
/(u) ^ e 3 u for 0 < n ^ H3, where £3 > 0 satisfies 

T 

e 3 M l aY,G(v,vHs)>l. (3.6) 

s=»7 

Let 

0,3 = {u£ E : \\u\\ < H 3 }, 
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14 Jiraporn Reunsumrit and Thanin Sitthiwirattham 

then forueKCi 80,%, we get 

T T 

(F U )( V ) >M 1 Y J G{r } , 11 )a{s)f{u{s)) > e 3 M 1 Y,G( V , V )a(s)y( S ) 

s=rj s=r) 
T 

>e 3 M 1 a^2G(r],r])a(s)\\u\\ > \\u\\. 

S=Tj 

Thus, ||Fu|| ^ ||u||, «EiCn dn 3 . 

Now, since /oo = 0, there exists H 4 > 0 so that f(u) ^ e 4 u for u ^ H 4 , where 
€4 > 0 satisfies 

T 

e 4 Af 2 M J^a(s) > 1. (3.7) 

s=r/ 

Subcase 1. Suppose / is bounded, f(u) < L for all u G [0, 00) for some L > 0. 

T 

Let #4 = max{2#3, LM 2 M ^ o(s)}. 

s=l 

Then for m S K and ||u|| = H 4 , we get 

T T 

(Fu)(rj) <M 2 ^2G(t,t)a(s)f(u{s)) < LM 2 M^a{s) 

S = l 5 = 1 

<f 4 = INI 

Thus (Fn)(t) < ||u||. 

Subcase 2. Suppose / is unbounded, there exist H 4 > max{2H 3 , ^} such 
that f(u) < f(H 4 ) for all 0 < u < H 4 . Then for u G X with ||u|| = F 4 from (2.8) 
and (3.7), we have 

T T 



(Fu)(t) <M 2 Y / G(t,t)a(s)f(u(s)) < M 2 M ^ a(s)f(H 4 ) 

s=l s=l 
T 

<e 4 M 2 M^a{s)H 4 < H 4 = \\u\ 

s=l 



Thus in both cases, we may put Omega 4 = {u G E : \\u\\ < H 4 }. Then 

^ g x n3n 4 . 

By the second part of Theorem 1.1, A has a fixed point u'm Kn (fl 4 \ Q 3 ), such 
that H 3 ^ ^ H 4 . This completes the sublinear part of the theorem. Therefore, 
the problem (1.1)-(1.2) has at least one positive solution. □ 
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Positive solutions of difference-summation boundary value problem ... 15 

4 Some examples 

In this section, in order to illustrate our result, we consider some examples. 
Example 4.1 Consider the BVP 

A 2 u(t - 1) + tV = 0, t£% (4.1) 



u(0) = ^Au(0), u(5) = |j>( S ). (4.2) 

s=l 

Set a = I 0 = \, v = 2, T = 4, a(t) = t 2 , f(u) = u k . 
We can show that 

40 

2(T + 1) - ar/(?7 + 1) - 2f3(a7] - 1) = — > 0. 

Case I : A; G (l,oo). In this case, fo = 0, /oo = oo and (i) of theorem 3.1 holds. 
Then BVP (4.1)-(4.2) has at least one positive solution. 

Case II : k G (0, 1). In this case, fo = oo, /oo = 0 and (m) of theorem 3.1 holds. 
Then BVP (4.1)-(4.2) has at least one positive solution. 



Example 4.2 Consider the BVP 

. o , . * . , 7r sin u + 2 cos n . ... 
A 2 u(t-l) + e¥( ^ ) = 0 ' t€Ni tA , (4.3) 



u(0) = |a«(0), u(5) = ^J>( S ), (4.4) 

Set a = |, /3 = §, n = 3, T = 4, a(t) = e*t e , /(«) = " sin "+ 2 cos " . 
We can show that 

A = 2(T + 1) — ari(ri + 1) - 2/3(ar/ - 1) = 6 > 0, 

Through a simple calculation we can get fo = oo, /oo = 0. Thus, by (ii) of 
theorem 3.1, we can get BVP (4.3)-(4.4) has at least one positive solution. 
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1 Introduction 

Let C n be the Euclidean space of complex dimension n. For z = (zi, ■ • ■ ,z n ) and 
w = (wi, • • • , w n ) in C n , we define 

n 

(z, w) = Y^ z i w h \A = y/W^j- 
J'=l 

Let B = {z E C n : \z\ < 1} be the open unit ball in C n . When n — 1, the open unit ball is 
just the open unit disc D. 

Let if (B) be the family of all holomorphic functions on B. For a G B, let h(z, a) = 
log i^^ji be the Green function with logarithmic singularity at a, where f a is the holomorphic 

automorphism of B which interchanges 0 and a. Denote by $lf(z) = z id^( z ) ^ ne radial 

derivative of / G H(M). 

For 0 < p, s < oo, —n — 1 < q < oo, the F(p, q, s) space consists of all functions / G if (B) 
for which 

\\f\\ P F {p , q , s) = l/(0)| P + sup f W(mi-\z\ 2 ) q h s (z,a)dv(z) < oo, 

where dv is the normalized volume measure on B. In one complex variable setting, the 
F(p,q,s) space was first introduced by Zhao in [1]. Many people call the F(p,q,s) space 

1 
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general function space because we can get many function spaces, such as Hardy space, 
Bergman space, Q p space, BMOA space, Besov space and Bolch-type space, if we take some 
special parameters of p, q and s (see [2]). Notice that the F{jp, q, s) space is just the space of 
constant functions for q + s < —1. 

A positive continuous function p on [0, 1) is said to be normal if there are two constants 
b > a > 0 such that 

MO | n MO + _ 

( * V 

as r — > 1 . For example, oo(r) = (1 — r 2 ) p with 0 < p < oo, co(r) = (l — r 2 ) a I In -f^ ] with 

0 < a < oo and 0 < f3 < oo, and u(r) = l/{logloge 2 (l — r 2 ) -1 } are all normal weights. 
From now on if we say that a function p : B — > (0, oo) is normal we also assume that it is 
radial on B, that is p(z) = p(\z\) for z G B. 

A function / e H(M) is said to belong to the Bloch-type space if 

Wfh* = sup n(z)\Vf(z)\ < oo, 

and it is said to belong to the little Bloch-type space B^q if 

lim p(z)\Vf(z)\=0. 

\z\-H 

Here Vf(z) = (j^(z), • • • , §^~{ z )^ ls the complex gradient of /. It is easy to check that 
both of B^ and £> Mj0 are Banach spaces under the norm 

ll/IU = 1/(0)1 + ll/lk, 

and that B^o is a closed subspace of B^. When p(r) = 1 — r 2 and p(r) = (1 — r 2 ) 1_a with 
a G (0, 1), two typical normal weights, the induced spaces B^ are the Bloch space and the 
Lipschitz space, respectively. And also, the space i3(i_ r 2) logl /( 1 _ r 2) is the logarithmic Bloch 
space which was studied in [3]. It follows from [4] that / G B^ if and only if sup p(z)\$t,f(z)\ < 

oo, and / G B^o if and only if lim p(z)\$lf(z)\ = 0. Furthermore, 

\z\^l 



~|/(0)|+ sup p{z)\Uf{z)\. 

For g G H(B), the extended Cesaro operator T g on H(M) is defined by 

f l dt 

T g f(z)= f(tz)Xg(tz)-, f G H(M), z G B. 
Jo 1 

This operator is also called the Riemann-Stieltjes operator, which was first introduced in [5]. 
For related results see also [4, 6-9] and the references therein. 

Let X and Y be two Banach (or Frechet) spaces. And let T be a bounded linear operator 
from X to Y with the operator norm ||T||x-s>y- Denote by AC the set of all compact operators 
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from X to Y. The essential norm ||T|| ej x-s>y is defined to be the distance from T to /C, that 
is, 



Clearly, T : X — > Y is compact if and only if ||T|| e x-s>y = 0. And if T : X — > Y is not 
bounded, then ||T|| ei x-s>y = oo. 

The essential norm for some linear operators, such as composition operator, weighted 
composition operator and Toeplitz operator, has attracted many mathematician's attention; 
for example, see [10-14] and the references therein. In the unit disc setting, Liu, Lou and X- 
iong gave the essential norm of the integral operators I g and T g acting on several holomorphic 
function spaces in [15]. Here, 



At the same time, Yu and Liu considered the similar problem between Bloch-type space and 
Qk type space on the unit disc in [16]. Meanwhile, in the case of the unit ball, Hu obtained 
the essential norm of the extended Cesaro operator T g from the Bergman space A p (fi) to the 
Bergman space A q (fi) with 0 < p, q < oo in [17]. Motivated by these results, the purpose of 
this paper is to study the essential norm of T g from the F(p, q, s) space to the Bloch-type 
space on the unit ball. 

In what follows, C stands for positive constants whose value may change from line to 
line but does not depend on the functions in H(M). The expression A ~ B means C~ X A < 



B < CA. 

2 Main results 

For g G H(E), set M^g, r) = sup It is well known that Moo^r) is increasing 




e,X^Y — 





with r G [0, 1). In the proof of our main theorems, we need the following lemmas. 
Lemma 2.1([17]) Let tp be a positive continuous function on [0, 1) with 



0 < limsup ijj(r) < oo. 



Then there is a constant C such that for any g G H(M), 



sup \g(z)\ip(\z\) < Climsup 1^)1^(1^1). 




Lemma 2.2 ([18]) Let ji be normal and g G H(M). Then for n + 1 + q > p, 



T g \\ F (p, q ,s)^t3^ - sup fi(z) \$tg(z) |(1 



— \z 



2\1 



n+l + q 
V 



3 
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and for n + 1 + q = p, 

2 



\T g \\ F{p , q , s )^B„ - sup fi(z) \&g(z) | log - 



12 



Theorem 2.1 Suppose /x is a normal weight, g £ H(M) and n + 1 + q > p. Then 

||^||e,F(p, ?)S )^ - limsup/j(z)|%(z)|(l - |z| 2 ) ] 
Proof. Given (Gl, take 

jd Z ) = ~ ; ~ n + l + q , z e 

(l-(z,C)) — 

Then by [19], 

\\fc\\F( P , q ,s) < C and /c(C) = (l-|C| 2 ) J 

Moreover, it is easy to see that f((z) converges to 0 uniformly on any compact subset of 
as | C| 1. Hence, for any Q e AC, we obtain 

lim ||Q/ c |U = 0. 

ICI-n 

Suppose {(A C B such that lim \Q\ = 1 and 

lim " ICf) 1 -^ = limsup/i(z)|%(z)|(l - kl 2 ) 1 -^. 

Notice that = f^Rg and %(0) = 0. Then for each Q E JC, 

\\T B - Q\\ F{p , q ,s)^ > Climsup ||(T 9 - Q)/ 0 ||„ 

>c(limsup||T 9 / c .|| M - lim \\Qf C] \\A 
= Climsup ||T s / f J M 

jr'-S>00 

> Climsupsup/i(z)|/ fj (z)3?5f(2;)| 
>C71imsupM0)l4(0)^(0)l 

j->co 

= Climsup a*(0)|^(0)I(1 - I0I 2 ) 1 

jr'-S>00 

By the definition of essential norm and the estimate above, we get 



<2 \ n-\-l-\-q 

\\T g \\ etF{p ^ s) ^ B > Climsup ii(z)\^g(z)\(l-\z\) » . (2.1) 

\z\^l 

Now, we prove the reverse inequality. This will be split into two cases. 
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Case 1. Suppose 

limsup/i(Y)(l - l^l 2 ) 1 ^ = 0. (2.2) 
For p G (0, 1), set g p (z) = g(pz). Then 

Stg p (z) = X>|^(*) = f>|f>^ = *9(pz). (2.3) 
i=i J i=i J 

It is clear that 57,(2) is holomorphic on the closed unit ball B. This, with (2.2) in mind, 
shows 

lim ^)|^)|(1-N 2 ) 1_E1 ^ I =0. 

|z|-»-l 

Thus, Theorem 3.2 in [18] implies that T gp : F(p, q, s) — > £> M is compact. Since 

lim sup p,{z)\$tg{z)\{\ — \z\ 2 Y p = \imsup /j,(z)\$lg(z)\(l — {z] 2 ) 1 p , 

5 ^ 1 5<\z\<l |z|-H 

we know that for any e > 0, there exists some 5 G (0, 1) such that 

0 -i n + l + g 0 -, n + l + g 

sup fi(z)\dtg{z)\{l - \z\ 2 ) 1 — < limsup fi(z)\dtg{z)\{l - \z\ 2 ) 1 ~+e. (2.4) 

5<|z|<l |z|->l 

This, together with the fact that M^ffig, r) is increasing with r, yields 
sup p,(z)\$tg{pz)\(l — \z\ ) p = sup /i(r)Moo(3?(yf, pr)(l — r ) p 

<5<|z|<l 5<r<l 

0 -i n+l + q 

< sup /i(r)M oc (^,r)(l-r 2 ) 1 ~ 

5<r<l 

< lim sup p(z) \^g(z)\(l - \z\ 2 f ~ +e. (2.5) 

\z\^l 

On the other hand, by (2.2), there is a constant C\ such that 

sup^(z)(l - l^l 2 ) 1 ~ < d. 

\z\<8 



For the fixed 5 G (0, 1) above, it follows from $lg G H(B(0,8)) that we have some p being 
close to 1 enough such that 

mz)-^g(pz)\<-^, 



where B(0,5) = {z£ C n : |*| < 5}. Hence, 



sup - %(pz)|/i(z)(l - \z\ 2 ) 1 ~ 11± ^ < e. (2.6) 

M<<5 



5 
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Therefore, by Lemma 2.2 and (2.3)-(2.6), we obtain 

||^g||e,F(p,q,s)-^B M < \\T g — Tg p ||F(p,g,s)->B M 

-supl^-^WI^Xl-M 2 ) 1 - 21 ^ 



sup|%(z) -Stg(pz)\ii(z)(l - \z\y ^ 



|2\1- 



< sup |%(z) -n 9 {pz)\ii{z){l - \z\ 2 f'^ 

\z\<8 

0 -i n+l+q 

+ sup |%(z)-%(pz)|/^)(lH*l ) ~ 

<5<|z|<l 

< sup \tog(z)-Xg(pz)\vi(z)(l - M 2 ) 1 '^ 

\z\<6 



o. 1 n+l + q |2\1 "+ 1 + < ? 



+ sup (^(^^(^(l-izi 2 ) 1 -— + sup i^( P z)iM^)(i-kr) 

<5<|z|<l <J<|z|<l 

< 3£ + 21imsup//(z)|%(z)|(l - l^l 2 ) 1 " 21 ^ 2 . 



This gives 

Case 2. Suppose 



|*|-H 



Tg\\ e ,F(p, q , s )^ < Climsup/x(z)|%(z)|(l - |*| ) . (2.7) 



limsup n(z)(l — \z\ 2 ) 1 p t^O. 

\z\^l 



Then by Lemma 2.1 and Lemma 2.2, we have 

\\Tg\\ e ,F{p,q,s)^B^ < \\Tg\\F{p,q,s)^B : 



0 -i n + l + q 

sup M 0O (%,r)//(r)(l-r 2 ) 1 ~ 

0<r<l 



< C limsup Moo r)/i(r) (1 -r 2 ) 1 



r-»l 



This, together with (2.1) and (2.7), implies 

||rje,F(p, ? , s HS„ ^ limsup/x(z)|%(z)|(l - l^l 2 ) 1 

\z\^l 

This gives the desired result. 

Theorem 2.2 Suppose \x is a normal weight, g G i/(B) and n + 1 + g = p. Then 

2 

||r fl || e ,F(p, ? , s )^B M ^ limsup log- j-jj. 



|z|-H 

Proof. Given (el, set 



log 



6 
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Then by Lemma 2.5 in [18], 



F(p,q,s) ^ C. 



Furthermore, it is easy to check that f((C) = log rzFp ; an d fc( z ) converges to 0 uniformly 
on any compact subset of B as \(\ — >■ 1. This shows that for any Q e /C, 

Hm HQ/clU = 0. 
Suppose C B such that lim \Q\ = 1 and 

jr'->00 

2 2 

lim MO) 1^(0) I log — - ,2 = limsup/x(z)|%(z)| log — . 

J-wo 1 — 101 \z\-n 1 - \z\ 

Because 3?(T S /) = /9?<? and 3?g(0) = 0, for any Q e AC, we obtain 
||T S - QUfCp,,,.)^, > C lim sup ||(T 5 - Q)/ ( J M 

j->oo 

>c(limsup||T fl / c .||^- lim \\Qf (l \\A 
= C lim sup ||T S / C J M 
> C limsup sup /j 1 (z)\f Cj (z)^i.g(z)\ 
>ClimsupM0)l4(0)%(C 

2 



= C lim sup M0) I %(0) I log , , 2 . 
That means 

2 

||^||e,F( P ,g, s )^B M > C lim sup //(z) \$lg(z) I log j-^. (2.8) 

|z|->l 1 ~~ \ Z \ 

Next, we prove the reverse inequality. As in (1) above, this proof is divided into two 
steps. 

Step 1. Suppose 

2 

lim sup fj,(z) log j— r- = 0. (2.9) 



|z|->-i 1 — U 



For 5 G //(B), set g p (z) as in (1). Then (2.9) shows 



lim fi(z)\$lg p (z)\log- 



2 



|2 



= 0. 



\z\->l 1 — | J2T | 

It follows from Theorem 3.2 in [18] that T 9p : F(p, q, s) — > £> M is compact. Notice that 

2 2 

lim sup n(z)\&g(z)\log- — ^ = limsup//(z)|%(2;)| log 

*-n«<|«|<i 1 - \z\ \z\^i !-R 
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Then for any e > 0, there exists 5 G (0, 1) such that 

2 2 
sup ii(z)\Ug(z)\\og- -j, < limsup//(z)|%(z)|log- —- + e. (2.10) 

<5<|z|<l 1 _ \ z \ \z\-+l 1 _ \ z \ 

Since M^ijkg^r) is increasing with r, we have 

2 2 
sup p(z)\^g(pz)\\og- — ^ = sup /i(r)M 00 (3?5(,pr)log- 

5<|z|<l 1 - \ z \ 5<r<l l-r z 

2 

< sup //(r)Moo(%,r)log- = 

5<r<l 1 — r 2 

2 

< limsup/i(2;)|K5f(^)|log- + e. (2.11) 

|z|->i 1 _ H 

On the other hand, by (2.9) we get 



2 

SUp II(Z) log — < C 2 . 



For the given 5 G (0, 1) above, !Rg G H(B(Q : S)) implies that there exists some p being close 
to 1 enough such that 

\Stg(z)-Stg(pz)\<£-. 

Thus, 

sup \Xg(z) - Xg(pz)\n(z) log < e. (2.12) 

\z\<5 1 - \A 

It follows from Lemma 2.2 and (2.10)-(2.12) that 

\\Tg\\e,F(p,q,s)^B„ < \\ T 9 - Tgp\\F(p,q,s)^-B^ 

2 

sup \U(g - g p )(z)\p(z) log - 



zeB ' 1 — 1 2 1 

sup |%(z) - Ug(pz)\n(z) log - — ^ 

zPB 1 — £ 



|2 

2 



< sup |%(z) - %(pz)|/x(z) log — 

|z|<5 1 - 

+ sup \%tg(z) - Ug{pz)\p(z) log 



2 



2 



<j<izi<i i - M 2 

2 

< sup - Ug(pz)\n(z) log 



|z|<5 1 - \ z 

2 



2 



+ sup \Ug(z)\fi(z) log- — + sup |9fy(pz)|//(z)log- 

5<|z|<l 1 - \ z \ 5<\z\<l 1 - \ z \ 

2 

< 3e + 2 lim sup p(z) \Rg(z) \ log — rr. 

|z|->i 1 - H 
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That means 

2 

\\T g \\e,F( P , q , s )^ < Climsup/i(z)|%(z)|log- j-j^. (2.13) 

1 — \ Z \ 

Step 2. Suppose 

2 

limsup/^) log — ^ 0. 

|*|-n 1 _ \ z \ 

Then by Lemma 2.1 and Lemma 2.2, 



\Tg\\e,F(p,q,s)^-B^ < ll^j ||f(p,9,s)->B^ 



2 

2 



sup M^^ftg, r)//(r) log ■ _ ^ 2 



< ClimsupM 00 (3?(7,r) / u(r) log 



1 _ r 2' 



This, together with (2.8) and (2.13), implies 

2 

\\Tg\\ e ,F{p, q ,s)^ - lim sup /i (2) 1 3^(z)| log- 

\z\-yl 1 ~~ \ z \ 

This gives the desired result. 

Theorem 2.3 Suppose ji is a normal weight, g G if (B) and n + 1 + g < p. Then 



IT 



0, if g e B^ 

<- 9 \\e,F( P , q ,s)^B» - I QO? if g B ^ 

Proof. If \\g — g(0)|| M < 00, then by Theorem 3.3 in [18], we know that T g : F(p, q, s) — >■ 
Bfj, is bounded if and only if T g : F(p, q, s) — > B^ is compact. Hence, the definition of essential 
norm implies 

WTgWcFfaq^B^ = 0. 

On the other hand, if \\g — S'(O) || ^ = 00, then g ^ B^. So Theorem 3.3 in [18] shows that 
T g : F(p, q, s) — > B^ is not bounded. Thus, 

\\Tg\\ e:F(m:S )^ Bll = OO. 

This gives the desired result. 
Finally, if we take 

/ p \ P 

Mr) = (1 -r f In ^- 
\ 1 — r 

with 0 < a < 00 and 0 < /3 < 00, then the Bloch-type space is called the logarithmic Bloch- 
type space p in [20]. For /3 — 0, it becomes the o-Bloch space. And when a — (3 — 1, it 
is just the logarithmic Bloch space. 

By Theorem 2.1-2.3, we can characterize the essential norm of T g : F(p,q,s) — > p- 
And then we have these following corollaries. 
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Corollary 2.1 Suppose /x is a normal weight, g G if (B) and n + 1 + q > p. Then 

ii^iuf^hb^ * iimsu P (i - i^ir ( ln rq^) " n 2 ) 1-2 ^- 

Corollary 2.2 Suppose /x is a normal weight, 5 G if (B) and ra + 1 + g = p. Then 

/ V 2 

||r g || e ,F(p, 3 , s HS« fl - limsup(l - \z\) a In — \9lg(z)\ log 



1 - UN 1 JV 71 0 1 - kl 



Corollary 2.3 Suppose /x is a normal weight, 5 G if (B) and rx + 1 + g < p. Then 
IITII if ^ eB iV' 

F.lle^)^ - I CO, if^^- 
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STABILITY IN VOLTERRA INTEGRAL EQUATIONS OF 
FRACTIONAL ORDER WITH CONTROL VARIABLE 

PAYAM NASERTAYOOB 
S. MANSOUR VAEZPOUR 
REZA SAADATI 
CHOONKIL PARK* 

Abstract. In this paper, wc study the stability of solutions of a nonlinear 
functional integral equation of fractional order with control variable. The 
equation is considered in the Banach space of real functions defined, contin- 
uous and bounded on an unbounded interval. Existence of a control variable 
provides the extension of some previous results obtains in other studies. We 
will also include an example in order to indicate the validity of the assumptions. 



1. Introduction 

The theory of differential and integral equations of fractional order play a very 
pivotal role in describing some real world problems appearing in physics, mechanics, 
engineering, among others [1-6]. This theory has recently received a lot of attention 
and now constitutes a significant branch of nonlinear analysis. Recently, Banas and 
O 'Regan [7] studied the existence and attractivity of the solutions of the following 
quadratic Voltcrra integral equation of the fractional order 

(1.1) 

On the other hands, in the more realistic situation, a physical system may be 
continuously perturbed via unpredictable forces. These perturbations are generally 
results of the change in the system's parameters. In the language of the control 
theory, these perturbation functions may be regarded as control variables [8, 9]. 
In particular, the integral equations of fractional order should be considered along 
with a control variable. In this paper we consider the following quadratic Voltcrra 
integral equation of the fractional order with control variable as a generalization of 
equation (1.1) 
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Key words and phrases. Volterra integral equation, Integral equation of fractional order, 
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X (t) 



p(t) + 



f(t,x(t)) f* c/>(t,s,x(s),v(s)) 
T(a) J 0 (t - 8 y-° 



ds 



dv 
~dt 



-n(t)v{t)+g(t,x(t)), teR+ 



(1.2) 



where T(a) is the gamma function, p = p(t), <f> = (p(t, s, x, v), f = f(t, x), rj = n(t) 
and g = g(t, x) are given, while x = x(t) and v = v(t) are unknown functions. It is 
clear that Eq. (1.2) includs Eq. (1.1) as a special case. 



In this section, wc present some definitions and results which will be needed 
further on. Let R + = [0, oo) and (E, ||.||) be an infinite dimensional Banach space 
with zero element 8. We write B(x,r) to denote the closed ball centered at x with 
radius r and A, ConvX to denote the closer and closed convex hall of X. Let 
itie denote the family of all nonempty bounded subsets of E and tie indicate the 
family of all relatively compact sets. We use the following definition of a measure 
of noncompactness [11]. 

Definition 2.1. A mapping /i : rriE — > K+ is said to be a measure of noncompact- 
ness in E if it satisfies the following conditions 

(1) The family kcr fj, = {X e the ■ ^{X) = 0} is nonempty and kcr [i C tie- 

(2) X g Y /jl(X) < n(Y). 

(3) (,(X) = ll(X). 

(4) fi(convX) = fj,(X). 

(6) fj,(XX + (1 - X)Y) < Xn(X) + (1 - X)n(Y)forX e [0, 1]. If (X n ) is a sequence of 
close sets from uie such that X n+ \ C X n , (n = 1, 2, ...) and if lim^oo fi{X n ) = 0, 
then the intersection set X^ = H^Li IS nonempty. 

We will need the following fixed point theorem of Darbo type [11]. 

Theorem 2.2. Let A be a nonempty bounded closed convex subset of the space E 
and let F : A — > A be a continuous operator such that /i(FA) < kfi(A) for each 
each nonempty subset A of A, where k G [0, 1) is a constant. Then F has at least 
one fixed point in A. 

We will work in the Banach space BC(R + ) consisting of all bounded and con- 
tinuous functions on R + . The space BC(M+) is equipped with the standard norm 
\\x\\ = sup{\x(t)\ : t£t + }. 

Let X be a nonempty bounded subset of BC(R + ) and T be a positive number. For 
x e X and e > 0, define 



2. Preliminaries 



lo t (x,s) = sup{\x(t) - x(s)\ : s,t £ [0,T], \t - s\ < e}, 



uj T (X,e) =sup{u; T (x,£) : x G X}, u%(X) = lim u T (X, e) 
u 0 (X) = lim uJq(X), X{t) = {x(t) : x e A}, 



diamA(i) = sup{|a;(t) - y(t)\ : x, y e X} 
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STABILITY IN VOLTERRA INTEGRAL EQUATIONS 3 

and 

H(X) = lj 0 {X) +limsupdiamX(i). (2.1) 

t— >oo 

Banas has shown in [12] that \l is a measure of noncompactness in the space 
BC(R+). 

Let for the function x belong to BC(R + ), v x (t) be the solution of the second equa- 
tion in (1.2). In this way, any solution of system (1.2) should be represented by 
X(t) = (x(t),v x (t)). 

Definition 2.3. We say that solutions of (1.2) are locally attractive if there exist 
balls B r and Br in the space BC(M. + ) such that for arbitrary solutions X(t) — 
(x(t),v x (t)) and Y(t) = (y(t),v y (t)) of (1.2) belonging to B r x Br, we have that 

lim (x(t) - y{t)) = 0, 

t— too 

lim (v x (t) - v y (t)) = 0. (2.2) 

t— >oo 

In the case when the limits (2.2) are uniform with respect to B r x Br i.e. when 
for each e > 0 there exists T > 0 such that 

\(x(t) - y(t))\ < e, 

\v x (t) - i/ w (t) | < e, (2.3) 

for all solutions X(t) = (x(t), v x {t)) and Y(t) = (y(t), v y (t)) of (1.2) belong to B r x 
Br and for any t > T, we will say that solutions of system (1.2) are asymptotically 
stable (uniformly locally attractive). 

Definition 2.4. The solution X(t) = (x(t), v x {i)) of Eq (1.2) is said to be globally 
attractive if (2.2) holds for each solution Y(t) = (y(t), v y {t)) of (1.2). 

3. Main results 

First we will consider system (1.2) under the following assumptions: 
(Hi) the function p : R + — > R is continuous an bounded. 

(i?2)the function / : M + x R — > E is continuous and there exists continuous function 
n : R + -> R + such that 

\f(t,x)-f(t,y)\<n(t)\x(t)-y(t)\, (3.1) 

(H3) the function <j> : M,\ x M 2 — > M is continuous and there exist functions mj : 
M + — > M + and nondecreasing functions x» : R+ — > R+, i = 1, 2 with Xi(0) = 0 such 
that 

|0(t, s,xi,yi) - 0(t, s,x 2 ,y 2 )\ < m 1 (t)xi(\xi - x 2 \) + m 2 (i) X2G2/1 - 3/2I), 
for all t,s£ M + and G E. 

(H4) the functions a i; 6j, c, d : R + — > E + , i=l, 2 defined by 

Oj(t) = n(i)mi(t)t a , 
6i(*)=m i (t)|/(t,0)|t a , 

c(t) =n(t)^i(f)i a 
d(t) = 0i(t)|/(t,O)|t a 
are bounded and lim^oo a, = 0 and lim^^ 6j = 0. 
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4 NASERTAYOOB, VAEZPOUR, SAADATI, PARK 

(H 5 ) the functions r) : R + — » R + and g : R + x R — >• R + are continuous positive 
functions such that 

7j L = inf{»?(t) :t£R + }>0, 
?7m = sup{?7(t) : t e R + } < oo, 
g L = wt{g(t, x{t)) : t e R+, , x e BC(R+)} > 0, 
g M = sup{g(t,x(t)) : t G K+, ,£ e BC(R+)} < oo, 
and there exists constant k > 0 such that 

|s(t,a;) < k\x-y\, teR+. 

Since for any x belong to BC(R+) function g x (t) = g(t,x(t)) depends on x, the 
dynamical behavior of the solution of second equation in (1.2) may be depend on 
the dynamical behavior of x. The following lemma enable us to study the relation 
between asymptotic behavior of the function x € BC(R + ) and asymptotic behavior 
of the solution v x (t) of the second equation in (1.2). 

Lemma 3.1. Under assumption (H5) suppose that x,y £ BC(R+), then for the 
solutions of the second equation in (1.2) the following are true: 

(I) i/lim^oo \x(t) - y(t)\ = 0, then lim^oo \v x {t) - v y (t)\ = 0. 

(II) Suppose that e > 0 and \x(t) — y(t)\ < e for any t € [T, +00] and 

t-T>— In , , — , —r, (3.2) 

then there exists T' > T such that \v x (t) — v y {t)\ < (1 + -^)e for any t > T' . 

(III) For any x G BC(R + ), the solution v x (t) with positive initial value, v x (T) > 
0, bounded above and belove by positive constants, i.e., there exist real numbers Q 
and R such that 

0 < Q < v x {t) < R, 

for all x E BC{R + ) and t > 0. 

Proof: (I) Let e > 0 and x,y e BC(R + ) such that \x(t) - y(t)\ < e for any 
t > T. Let l{t) = v x {t) - u y (t), then 

i(t) = u x (t) - «>»(*) = (-*?(*)"x(*) + 9(t, x(t))) - (-V(t> y (t) + git, y{t))) 
= -u{t){v x {t) - u y {t)) + g(t, x(t)) - g(t, y(t))) 
= -vm(t) + (g(t,x(t)) - g(t,y(t))). 
The solutions of this equation on [T, +00] is given by [10], 

^(t) - Z(T)exp{- J V {8)ds} 

+ Jjg(s,x(s))-g{s,y{s))}eM- J s v{r)dT}ds, t>T. (3.3) 
Noticing tjl > 0 and in view of Lipschitz condition of the function g, we have 



< \H(T)\eM-VL(t-T)} + J k\x(s)-y(s)\eM-VL(t-s)}ds 

kr 

< |^(D|exp{- >7i (t-T)} + — [l-exp{-^(t-T)}]. (3.4) 

VL 
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STABILITY IN VOLTERRA INTEGRAL EQUATIONS 5 

Therefore limt_ 5 . co 

Wx(t) — v y {t)\ < ^. Since e > 0 is arbitrary, this indicates that 
lim^oo \v x (t) - v y (t)\ = 0. 

(II) From the inequality (3.4) we obtain 

\u x {t) - v v (t)\ < —\ri L \v x (T)-u v (T)\-ke\xexp{-Ti L (t-T)} 
Vl 

+ —, t>T. (3.5) 
Vl 

Substituting inequality (3.2) into (3.5) we have \v x {t) - v v {t)\ < (1 + ±)e for all 
t > T where 

T' = T+— In £VL (3.6) 

Vl \r) L \v x (T) - iy y {T)\ - ke\ 

(III) For any x G BC(R + ) the solution v x (t) of the second equation in (1.2) with 
positive initial value v x {T) > 0 can be expressed as follow 

u x {t) = u x {T)exp{- J r){s)ds} + J \g{a, x(s))] exp{- J rt^drjds, t>T. 

(3.7) 

In view of the fact, v x (T) > 0,g(t,x(t)) > 0,r)(t) > 0 for all t > T, it follows 
v x (T) > 0 for alU > T and x G BC(R+). Moreover, we have 

^ = -v{t)v x ^)+g(t,x(t))<-ri L v(t)+g M . (3.8) 
Based on inequality (3.8) we obtain, 

Mt) < MT) cM-VL(t — T)} + — [1 — exp{- ??i (t - T)}], 
for all f > T. Thus 



limsup^(t) < (3.9) 



Also, we have 

^ = -v(t)vx{t)+g{t,x{t))>-7i M v{t)+g L . (3.10) 
Based on inequality (3.10) we obtain, 

v x (t) > u x (T)eM-VL(t-T)} + -^[l-exp{-r] L (t-T)}}, 
for all t > T. Thus 

liminf v x {t) > — . (3.11) 
t->oo r/M 

According to inequalities (3.9) and (3.11), solution v x {t) bounded above and belove 
by positive constants. ■ 

Now, we consider the following assumption: 
(H 6 ) there exists a positive solution ro of inequality 

{(A 1 xi(r)+A 2X2 (R) + C)r + B lXl (r)+B 2 X2(R) + D}<r, (3.12) 



r(a + l) 

where i? is defined in part (III) of Lemma (3.1) and 

Ai = sup{aj(t) : t G i = 1, 2 
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B t = sup{6j(i) : t e R+}, i = 1, 2 
C = sup{c(t) : i e 
D = sup{d(t) : t <= 

Remark 3.2. 

The inequality introduced in (iJ 6 ) is equivalence with the following inequality 



0< "^ + I> + l) 
that demonstrate 



{-Bixi (r) + B 2X2 (R) + D} < r{l — — — }, 



T(a + 1) 



x = A lX i(r) + A 2X2 (R) + C <t 



r(a + l) 

Considering the operators F, G on the space SC(K + ) by the formulas 

(Fx)(t) = f(t,x(t)), 



(**)(*) 



</»(*, s,a;(s),u a; (s)) 



r(a) y 0 (t - s) 1 "" 
(Gs)(t)=p(t) + (Fx) («)(**)(*), 
we have the following lemma 

Lemma 3.3. Under assumptions (Hi)-(Hq), operator G transforms the ball B rQ in 
the space BC(M.+) into itself, where ro satisfies the inequality introduced by (Hq). 

Proof. In view of assumption (H 2 ), for any x € BC(R + ) the function Fx 
is continuous on R + . We indicate that the function $x is continuous for any 
x E BC(M. + ) as well. To do this let x be an arbitrary function belong to BC(M. + ) 
and take a fix T > 0 and e > 0. Assume the h,t 2 £ [0,T] and \ti - t 2 \ < e. With 
loss of generality we assume that t\ < t 2 . Taking these assumptions into account 
we have 



|($aO(i 2 )-(*a;)(ti)| 



1 



<j)(t2,s,x(s),v x (s)) 



+ 

< 
+ 
+ 

< 

+ 



r(a) 1 J 0 (t 2 - a) 1 -" 

h <f)(t2,S,x(s),V x (s)) 



ds 



J 



l-a 



ds 



1 



(*2 - *) 
11 .<j)(t2,S,x(s),V x (s) 



-I" 

Jo 



r(a)j 0 1 {t 2 - s y— 

1 f t2 l <P(t2,S,x(s),V x (s) 

r(a)7 tl 1 (ta-*) 1 "" 

:i ,(j)(t 1 ,s,x(s),v x (s) 



r(a) 



1 Z"' 1 |<^(t2,s,a;(s),u a; (s) 



r(a) 7 0 



(*2 

|<^(t 2 ,s,a;(s),u a ;(s) 



r( 



i 



r(a) 7 0 



(*2 - s) 1 -" 

|</>(ti,s,a;(s),u a; (s) 



0(ti,s,x(s),^(s)) 
<^(ti,s,x(s),u a; (s)) 



(*2 - *) 



l-a 



Ids 



</)(ti,s,x(s),v x (s)) 

(t 2 -sy-<* 

(j)(t 1 ,s,x(s),v x (s))\ 



ds 

1 



ds\ 
\ds 

\ds 
ds 



(ti - s)i-« (t 2 - s) 



- — ]rfs 

1 — a J 
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where 



STABILITY IN VOLTERRA INTEGRAL EQUATIONS 



i r 1 
Wo 



I» Jo (t 2 - s) 1 -" 
1 f t2 a, x(s), v x (s)) - <t>(t 2 ,s, 0, 0)| + \</>{t 2 ,s, 0, 0)| 

+ r(a)y tl - fo-*) 1 - ~~ ds 



1 

- 1 L_ 



+ ^ I \\4>{tus,x{s),v x {s))- 0(t 1 ,s,O,O)| + |0(ti,«,O,O)|) 

-Ids 



1 (a + 1) 

1 /"* 2 mxfe^idx^)!) + m 2 (t 2 ) X2 (|^( S )|) + ^(t 2 ) 

r(a)y tl ' " ~ ih- s y-« ds 

/ W*i)Xi(l*(*)l)+M*i)X2(M*)l)+&(ti)) 

'(ti-s) 1 -" " (t 2 - s y-» ]ds 

W T (4>,e,x) 
T{a + l) k 

mi(t 2 ) X i(\\x\\) + m 2 ft 2 ) X2 (|Hi) + Mh) , )a 

TTH^JXlOND + ^ 2 (tl)x 2 (K||) + Mh) ,,a .a,,, . w» 

+ (*i -h + {t 2 -h) ) 

+ 2 £ «{m 1 (T) Xl (||a ; ||)+m 2 (T)x 2 (||^||)+^(T)}] (3.13) 



+ 



^(f) = supj>(i, s, 0, 0) : 0 < s < i}, 

VF T (0,e,a;) = sup{|0(t 2 , s, y, z)-<j>(t\, s, y, z)\ : 0 < s < ti < t 2 < T, \t 2 -ti\ < e,\y\ < \\x\\,z e [I. 
and for any function h : R + — > K the following notation has been used 

S(T) = sup{/i(t) : t € [0, T]}. (3.14) 
Based on inequality (3.13) we obtain 

^ T ($x, £ ) < 1 [T"Ty T (0, £ ,x)+2 £ "{m 1 (T)xi(||x||)+m 2 (r)x 2 (||^||)+^(T)}]. 
1 (a + 1) 

With due attention to the uniform continuity of the function <fi(t, s, x, v) on the 
set [0,T] x [0,T] x [-||x||, ||a;||] x we have that W T {<j), e, x) -> 0 as i -> 0. In 

this way and keeping in mind the above inequality we infer that the function $x is 
continuous on the interval [0, T] for any T > 0 and consequently <J>x is continuous 
on R + . In view of continuity of functions p, Fx and &x on R + we deduce that Gx 
is continuous on R + . 

Now we show that the function Gx is bounded and operator G transforms the 
ball B ro into itself. Let us take an arbitrary function x G BC(R + ). For any fixed 
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t € R+ we have 



\(Gx)(t)\ < |p(t)| + ^(|/( t)a; ( t ))-/(t,0)| + |/(t,0)|) 



/' 

Jo 



\<f>(t, s, x(s),v x (s)) - 4>(t, 8, 0, 0 )1 + 1^,5,0,0)1 ^ 



Jo (t-sy-* 

< \ P (t)\ + + l/M)|) J* ^Wxi(l^)l)+^(|t> 3! ( a )|) + ^(t) da 

< \p(t)\ + ^^Jffi^ [mi(t)xi(lkll) + m2(t) X 2(||«x||) + 0i(*)]* Q 

< |P(*)| + ^^^{aiWIkllXidkll) + 02(t)||a:||x2(||«x||) 
+ c(t)||a:|| + 6i(t)xi(lk||) + &2(*)X2(K||) + d(t)}. 



Thus in view of assumptions (Hi) and (#4) the function Gx is bounded. Conse- 
quently, 



IMI < MI+ f ^^{(A lX i(IM^ 



In accordance with the assumption (H e ) we deduce that there is r 0 > 0 such 
that operator G transforms the Ball B rg into itself. □ 

Theorem 3.4. Under assumptions (Hi)-(Hq), system (1.2) has at least one solu- 
tion (x(t),v(t)) with positive condition v(0) > 0 which belongs to space BC(M.+ ) x 
BC(R + ) . Moreover, solutions of system (1.2) are uniformly locally attractive. 

Proof. Let X be an arbitrary subset of the bell B ro in the space BC(M.+) 
describe in Lemma 3.3. Then, keeping in mind assumptions (Hi)-(Hi), for x, y 
belong to X and for an arbitrary fixed t € R + we have 



f(t,x(t)) f* (/>(t,s,x(s),v x (s)) ds 



\(Gx)(t) - (Gy)(t)\ = l 1 ^ 1 [ 



(t-s) 1 -" 
f(t,y(t)) f* 0(t,«,y(«), «„(«)) 



T(a) J 0 (t-sy- 



ds\ 



f(t,x(t))- f(t,y(t)) f l <j>{t, s,x(s),v x (a)) 

~ 1 W) Jo {t-sy- dsl 

, f(t,y(t)) f* (j)(t, s, x(s), v x (s)) - <j)(t, s, y(s), v y (s)) 

1 r(«) Jo (t- s y-<* 
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< n(t)\x(t) - y(t)\ r \(/>(t, 3, x(s),v x (s)) - 0ft, a, 0, 0)| + \</>(t, a, 0, 0)| ^ 
Jo 



+ 



+ 



+ 
+ 



r(a) J 0 ft — s) 1_ct 

|/ft,yft))-/ft,0)| + |/ft,0)| 



r(a) 

da 



4 m 1 ft) X i(|x(s) - 2/(5)1) + m 2 {t)x2{\v x {s) - v v (a)\) 



ft -a) 1 -" 

t 



< nft)|xft)-t/ft)| f 1 mift)xi(jg(£)j) + m 2 ft) X2 (Ma)|) + 0i 



r(a) 7 0 ft - s) 1 - 

n(t)|y(f)| + |/(t,0)l mi^xiM 5 ) Z j^D + m 2ft)x 2 (Kft) - u„(s)|) 

r(a) J 0 ' {t- a y-° 

< n(t)(\x(t)\ + \y(t)\)rni(t) j* xM^l ds 

Jo 



\l-ot 



I» 7 0 ft -a) 

n(t)(|x(t)| + |^)|)m 2 (t) /•* X2(KWI) , 
+ r(a) ^ ./„ ft -a) 1 -" S 



nft)|xft)-yft)|0 1 ft) f da 



/' 

Jo 



r(a) 7 0 ft-a) 1 "" 

nftM^KW f* xMs)\ + \y(s)\) 

^ " r(a) J 0 ~ ft-*) 1 -"' 

n(t)\y(t)\m 2 (t) f* X2 (Kft)| + KftQI) , 

r(a) A " ' ft-*) 1 - 
+ LfM^KiW /•* xiMg)[±Mg)l) d8 | /' t x2(kft)l + Kft)l) dj 



OI™i(*) f xi(l^)l + |yft)l) , , l.fft,Q)|m 2 ft) r 

I» i 0 " ft- S )i- + " I» 7 0 ft-.s) 
< 2nft)r 0 m 1 ft)xifto) /"* dg | 2nft)r 0 m 2 ft)x 2 (£) /"* ds 



l-a 



r(a) y 0 ft-s) 1 - r(a) y 0 ft-a) 1 -* 

n(^) M A* * + nft),o TOl ft) Xl (2, 0 ) /< cfa 

r(a) W 7 0 ft-s) 1 "" r(a) 7 0 ft-s) 1 "" 

nft)r 0 m 2 ft) X2 (2£) f* da |/ft, 0)|m 1 ft) Xl (2r 0 ) f* da 

r(a) 7o ft-a)i"« + " r(a) 7 0 ft-*) 1 "" 

|/ft,0)|m 2 ft) X 2(2L) /•* da 



T(a) 7 0 ft -a)* 



2aift)r 0 xi(r 0 ) 2a 2 ft)r 0 x 2 QB) eft) aift)roXi(2r 0 ) 

s r(a + i) + r(a + i) + r(a + i) d,omAW+ r(o + i) 

a 2 (t)r oX 2(2fl) &ift)xi(2r 0 ) & 2 ft) X2 (2fi) 

r(a+l) T(a + 1) T(a + 1) ' 1 ' ' 

Consequently, based on assumption H4 we obtain 

lim sup diam(GX)(t) < A lim sup diamX(t), (3.16) 

t— >oo t— >-oo 

where A < 1 is defined in Remark 3.2. 

Now, we show that fj,(GX) < Xfj,(X), where the measure of noncompactness \x 
defined by formula (2.1). To do this let us take arbitrary numbers e > 0, T > 0 
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and ti,t2 & [0, T] such that \t\ — t 2 \ < e. With loss of generality we assume that 
ti < t 2 . By (i? 1 )-(i? 4 ) and inequality (3.13), for a fixed function x € X we have. 



\{Gx){t 2 ) - {Gx)(h)\ < \p(t 2 ) - p(h)\ + \(Fx)(t 2 )($x)(t 2 ) - (Fx^t^x)^)] 
+ \(Fx)(h)($x)(t 2 ) - (FaO(ti)(*aO(ti)| 

< ^T, £) + \f(t2,x(t 2 ))- fjh^jh))] f* 2 4>(t 2 ,S,x(s),V x ( S )) ds 



r(a) Jo fe-s) 1 -" 



+ 



+ 



- 'ff'^y 1 [T<W T (0, e, x) + 2e a (mi (T) X i (r 0 ) + m 2 (T) X2 (i?) + (T))] 
1 {a + Ij 

< /(pj£) + \f(t2,x(t 2 ))-f(t 2 ,x(h))\ - \ffo,x(tl)) - f(tl,x(h))\ 



T(a) 

i2 \4>{t 2 ,s,x{s),v x { S )) - 0(t 2 ,a,O, 0)| + |^(t 2 ,a, 0,0)| 
fe-s) 1 -" 
|/(*i,a?(*i)) - /(ti,0)| + |/(*i,0)| 



I 



ds 



T{a + 1) 

x [T a W T (0, s,x) + 2e a (m 1 (T)xi(r 0 ) + m 2 (T) X2 (R) + <j>i(T))] 
< jr^ c) , nfo)\xfa )-x(t 1 ))\ +<*,"[(/, e) 



I 



T(a) 

t2 mi(t 2 )xi(|!c(«)|) + m 2 (t 2 ) X 2(\v x (s)\) + Mh) 



ds 



{t 2 - s y- a 

n(t 1 )|x(t 1 )| + |/(ti,0)| 
r(a + l) 

x [rW T (0, e,x) + 2 £ a (™ 1 (T)xi(r 0 ) + m 2 (T) X2 (i?) + ^(T))] 
T/ , n(t 2 )^ T (a:,£) + (/, e) 

- lP,£J + r(a + l) 

x K(i 2 ) X i(r 0 ) + m 2 {t 2 ) X2 (R) + Mh)]t 2 
n(h)r 0 + \f(h,0)\ 
r(a + l) 

x [T a iy T (</>, e,x) + 2 £ a (m 1 (T)xi(r 0 ) + m 2 (T) X2 (i?) + </>i(T))] 
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r(a + l) 

n(*i)ro + |/(*i,0)| 



+ r ; W '/J mi(t 2 )xi(r 0 ) + m 2 (t 2 ) X2 (i?) + 0ife)]T° 
1 (a + 1) 



+ r(a + l) 

x [T a W T (<j>,e, x) + 2e a ( mi (T) Xl (r 0 ) + m 2 (T) X2 (i?) + <j>i(T))] 

S T l x | ^lXlM +^2X2W+g T / \ 

< - (p,e) + w (x,e) 

+ ^^m(T)xi(r 0 )+W- 2 (T) X2 (R)+MT)]T a 

n(T)r 0 +J(T) 
r(a + l) 

x [T a W T (0,e,x) + 2 £ a (m 1 (T)xi(r 0 ) +m 2 (T) X2 (i?) +S(T))], 

wherein 

wf(/,e) =sup{|/(t 2 ,a:) — /(*i,a;)| : h,t 2 G [0,T], |*i - i 2 | < e,z e [-r 0 ,r 0 ]}, 

and (p\(T)), mj(T), i = 1,2, are denned according to (3.14). 

From the continuity of / and </> on the sets [0,T] x [— r 0 ,r 0 ] and [0,T] x [0, T] x 
[ — ^Oj^o] x [Q,R], respectively, we have, 

w 0 T (GI) < Aa#(X). 
Consequently, by taking T^oowe have 

u T {GX) < \lo t (X). 
Thus based on (3.16) we obtain 

H{GX) < Xfi(X). 

Thus, based on Theorem 2.2 operator G has at least one fixed point x € B r . 
Finally, we show that solutions of system (1.2) are uniformly locally attractive. Let 
x and y be the fixed points of the operator G. In view of inequality (3.15) we have 

\x(t) - y(t)\ = \(Gx)(t) - (Gy)(t)\ < - y(t)\ +p(t) < X\x(t) y(t)\ +p(t), 

1 (a + 1) 

where A < 1 is defined in Remark 3.2 and 

,.s 2ai(£)r 0 xiM 2a 2 (t)r 0 x 2 (fl) aift)r 0 xi(2ro) 

PU T(a + 1) r(a + l) r(a + l) 

Q2(t)roX2(2fi) bi(t) X i(2r 0 ) 6 2 (*)X2(2iZ) 

r(a + i) r(a + i) r(a + i) ■ 

Consequently 

lim |x(t) - < lim — p(t) = 0 
In view of assumption (iJ 4 ) there exists T > 0 such that for t > T we have 

\x(t)-y(t)\<-^-<s (3.17) 



+ 
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According to relation above and appealing to Lemma 3.1 there exists T' > T such 
that 

\v x (t) - v v (t)\ < e, t>T'. 
Where v x (t) and v y (t) belong to ball Br.. This compleat the proof of theorem. ■ 

4. An example 

Consider the following quadratic Volterra integral equations of fractional order 
with control variable 



t 2 t + tx(t)) f* ^^(j/x^T) + arctan( _(,))) + ^ 
l+4i 2 r(3/2) J Q - ■ ■ ^ t _ s 



dv l + t 2 2 + cost + x 2 (t) 

dt ~ ~ 4 + cost + t 2V + 5 + cost + 2x 2 (t) , ~ ( ' ' 

Note that above equation is a special case of Eq. (1.2) where, 

t 2 

P( * ) = TW /(*.*)=* + **(*), 

<f)(t,s,x,v) = CXP ^ Q t \ y/x 2 (s) + arctan(_(s))} + - , 

_ l + t 2 _ 2 + cost + x 2 

V[ ) ~ 4 + cosi + t 2 ' 9[ ,X) ~ 5 + cost + 2X 2 ' 
The function p is continuous and bounded on R + and \\p\\ = 0.25. Moreover, the 
function / satisfies assumption (H 2 ) with n(t) — t and \f(t, 0)| = f(t,0) = t. 
Further, observe that the function <ft(t,s,x,v) satisfies assumption (H3), where 
mi(t) = m 2 (t) = e _t , Xi( r ) = v'r 2 , X2W = arctan(r) and <j>(t, s,0, 0) = 1/(1 + 
3i 2 ) = &(t). 
Also, we have 

01 (t) = a 2 (t) = h{t) = b 2 (t) = tie'*, 

^ = ^ = ttW- 

Thus, it easily seen that functions aj, &», c and c? are bounded as well as limt_5.cc „j = 
0 and lirn t _ s . 0O 6j = 0, i = 1,2. In addition, = ai(|) = A 2 = B x = B 2 = 
0.04101... and C — c(l) = D = 0.25. 

Since |_ g/<9x| < 1, function 5 satisfies the Lipschitz condition with respect to the 
second variable. Moreover, simple calculation shows that > g, % < 1, fl_ > \ 
9m < 1- 

Finally, to check that assumption (He) is satisfied let us note that inequality (3.12) 
has the form 

0.25 + 1 (0.04101 v 7 ^ 2 + 0.04101 arctan(L) + 0.25)r 
I (3/2) 

+ 0.04101 \fr* + 0.04101 arctan(L) + 0.25} < r 
Let us rewrite the above inequality in the following form 

J(r) < rr(3/2), 

wherein 

J(r) = r(3/2)x0.25+0.04101v / 7 ;2 +0.04101arctan( J L)+0.25)r+0.04101v / ? ;2 +0.04101arctan( J L)+0.25. 
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Since arctan(L) < tt/2 = 1.5707... and T(3/2) < 0.880, for r = 1 we have 

I(r) < 0.886 x 0.25 + 0.04101 + 0.04101 x 1.5707 

+ 0.25 + 0.04101 + 0.04101 x 1.5707 + 0.25 = 0.545 < 0.880 < rT(3/2). 

Thus, Eq. (4.1) satisfies assumptions (^/^-(ifg). Now, based on Theorem 3.4 we 
infer that this equation has a solution in the spacei?C(IR + ) belonging to the ball 
Bi and solutions of this system are uniformly locally attractive. 
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In the paper, some properties of the HausdorfT fuzzy metric on the family 
of nonempty finite sets, as precompactness, completeness, compactness and F- 
boundedness are explored. Also, an illustrative example of a complete fuzzy 
metric space that does not induce the complete HausdorfT fuzzy metric on the 
family of nonempty finite sets is given. 

Keywords: Fuzzy metric, The HausdorfT Tuzzy metric, Precompact, Com- 
plete, F-bounded. 

AMS Subject Classifications: 54A40, 54B20, 54E35 

1 Introduction 

Fuzzy metric, which is an important notion in Fuzzy Topology, have been 
introduced by many authors from different points of view [2, 3, 9, 11]. In 
particular, George and Veeramani [3] gave a definition of fuzzy metric with 
the help of continuous t-norms and proved that the topology induced by the 
fuzzy metric is first countable and Hausdorff. Later, Gregori and Romaguera 
[7] proved that the topological space induced by the fuzzy metric is metrizable. 
This version of fuzzy metric is more restrictive, but it determines the class 
of spaces that are tightly connected with the class of metrizable topological 
spaces. Hence it is interesting to study the version of fuzzy metric. Gregori and 

* Corresponding author. 
This work was supported by Nation Natural Science Foundation of China (No. 11471153, No. 
11471202), the foundation of Fujian Province (No. JA14200, No. 2013J01029, No. JA13198), 
the foundation of Minnan Normal University (No. SJ1118). 
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Romaguera [8] presented a characterization of the given fuzzy metric spaces 
that are completable. A fuzzy analogue of the Prokhorov metric defined on the 
set of all probability measures of a compact fuzzy metric space was considered 
by Repovs and Savchcnko [15]. Kocinac [10] gave some Selection properties of 
fuzzy metric spaces. Other more contributions to the study of fuzzy metric 
spaces can be found in [4, 5, 12, 13, 14, 17, 18]. 

In order to study the hyperspaces in a fuzzy metric space, Rodriguez-Lopez 
and Romaguera [16] gave a definition of Hausdorff fuzzy metric on the family of 
nonempty compact sets. In the paper, we study the Hausdorff fuzzy metric on 
the family of nonempty finite subsets of a given fuzzy metric space and explore 
some properties of the Hausdorff fuzzy metric, as precompactness, completeness, 
compactness and F-boundedness. Also, we give an example of a complete fuzzy 
metric space that does not induce the complete Hausdorff fuzzy metric on the 
family of nonempty finite subsets of a given fuzzy metric space. 

2 Preliminaries 

Throughout the paper the letter N shall denote the set of all nature numbers. 
Our basic reference for general topology is [1]. 

Definition 2.1 [3] A binary operation * : [0, 1] x [0, 1] — > [0, 1] is a continuous 
t-norm if it satisfies the following conditions: 

(i) * is associative and commutative; 

(ii) * is continuous; 

(iii) a * 1 = a for all a £ [0, 1]; 

(iv) a * b < c * d whenever a < c and b < d, and a, b, c, d £ [0, 1] . 

The following are examples of i-norms: a*b = min{a, b}: a * b — a ■ b: a * b = 
max{a + b — 1, 0}. 

Definition 2.2 [3] A 3-tuple (A, M, *) is said to be a fuzzy metric space if A is 
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X x X x (0, oo) 
satisfying the following conditions for all x,y,z £ X and s, t £ (0, oo): 

(i) M(x,y,t)>0; 

(ii) M(x, y, t) = 1 if and only if x = y; 

(iii) M{x,y,t) = M{y,x,t); 

(iv) M(x, y, t) * M(y, z, s) < M(x, z,t + s); 

(v) the function M(x, y, ■) : (0, oo) — > [0, 1] is continuous. 

If (A, M, *) is a fuzzy metric space, we will say that (M, *) is a fuzzy metric 
on A. It was proved in [3] that every fuzzy metric (M, *) on A generates 
a topology tm on A which has a base the family of open sets of the form 
{B M (x, r, t)\x € A, t > 0, r e (0, 1)}, where B M (x, r, t) = {y £ X\M(x, y, t) > 
1 - r} for all r £ (0, 1) and t > 0. 

Definition 2.3 [7] A fuzzy metric space (A, M, *) is called precompact if for 
each r £ (0, 1) and t > 0, there is a finite subset A of A such that A = 
U B M {a,r,t). 

aeA 

2 
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Obviously, each subset of a precompact fuzzy metric space is precompact. 

Definition 2.4 [5] Let (A, M, *) be a fuzzy metric space. 

(a) A sequence {x„}„ e N m A is called Cauchy if for each r G (0, 1) and t > 0, 
there exists an N £ N such that M(x n , x m ,t) > 1 — r for all n 7 m> N. 

(b) (A, M, *) is called complete if every Cauchy sequence in X is convergent 
with respect to tm- 

Definition 2.5 [7] A fuzzy metric space (X, M, *) is called compact if (X, tm) 
is a compact topological space. 

Definition 2.6 [3] A fuzzy metric space (X, M, *) is said to be F-bounded if 
there exist t > 0 and 0 < r < 1 such that M(x, y, t) > 1 — r for all x,y £ X. 

Clearly, each subset of an F-bounded fuzzy metric space is F-bounded. 

3 Main results 

Given a fuzzy metric space (X, M, *), we will denote by V(X), Comp(A) and 
Fin(A), the set of nonempty subsets, the set of nonempty compact subsets and 
the set of nonempty finite subsets of (A, tm), respectively. For every B € V(X), 
a e X and t > 0, let M(a,B,t) := sup M(a, b, t), M(B,a,t) := supM(6,a,i) 

beB beB 

(see Definition 2.4 of [18]). By condition (iii) in Definition 2.2, we observe that 
M(a,B,t) = M(B,a,t). 

Definition 3.1 [16] Let (A, M, *) be a fuzzy metric space. For every A, B € 
Comp(A) and t > 0, define H M : Comp(A)x Comp(A) x (0,oo) ->• [0,1] by 

H M (A,B,t) = min{inf M(a,B,t), inf M(A,b,t)}. 

aeA beB 

It was proved in [16] that (Comp(A), Hm, *) is a fuzzy metric space. (Hm, *) is 
called the H aus dor ff fuzzy metric on Comp(X). 

Lemma 3.2 [16] Let (A, M, *) be a fuzzy metric space. Then (Comp(X ),Hm,*) 
is precompact if and only if (A, M, *) is precompact. 

Lemma 3.3 [16] Let (A, M, *) be a fuzzy metric space. Then (Comp(X ),Hm,*) 
is complete if and only if (A, M, *) is complete. 

Lemma 3.4 [7] A fuzzy metric space is compact if and only if it is precompact 
and complete. 

From the three preceding lemmas we immediately conclude the following. 

Corollary 3.5 Let (A, M, *) be a fuzzy metric space. Then (Comp(X ),Hm, *) 
is compact if and only if (A, M, *) is compact. 

In a fuzzy metric space (A, M, *), it it clear that H M ({x}, {y}, t) — M(x, y, t) 
for all x, y e A and t > 0. So we can regard A as a subset of Fin(A). 
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Theorem 3.6 Let (X, M, *) be a fuzzy metric space. Then (Fin(X), Hm, *) is 
precompact if and only if (X, M, *) is precompact. 

Proof Suppose that (Fin(X), H M , *) is precompact. Since X C F'm(X), we 
conclude that (X, M, *) is precompact. 

Conversely, suppose that (X, M, *) is precompact. Then, by Lemma 3.2, we 
obtain that Comp(X) is precompact. Since F'm(X) C Comp(W), we deduce 
that (Fin(X), H M , *) is precompact. 

Lemma 3.7 [3] A sequence {x„}„ e N m a fuzzy metric space (X, M, *) con- 
verges to x with respect to tm if and only if M(x n ,x, t) — > 1 as n — > oo. 

Lemma 3.8 Let (X, M, *) be a complete fuzzy metric space and A be a closed 
subset of (X, tm)- Then (A, M, *) is complete. 

Proof Let {x„}„ eN be a Cauchy sequence in (A, M, *). Then {x„}„ eN is also 
a Cauchy sequence in (X, M, *). Since (X, M, *) is complete, there exists an 
x € X such that M(x n , x, t) — > 1 as n — > oo. Moreover, notice that A is a closed 
subset of (X,tm)- It follows that x E A. Thus, (A, M, *) is complete. 

Theorem 3.9 In a fuzzy metric space (X, M, *), if (Fin(X), Hm, *) is complete, 
then (X, M, *) is complete. 

Proof Suppose that (Fin(X), Hm, *) is complete. Now we Take F € Fin(X), 
where F contains at least two points. Let a,b e F and t > 0, with a ^ b. Put 
M(a,b,2t) = e. Then there exists a £i € (e, 1) such that £i * £i > e. Take 
£2 € (ei, 1). We show that 

B M {a,l - e u t) C\ B M (b,l - e^t) =0. 

In fact, otherwise, we can choose a c £ Bm{o-, 1 — £1, t) fl Bm(^ 1 — £i , t) . Hence 

M(a,6,2*) > M(a,c,t) * M(c,M) > £1 * £1 > £ = M(a,b,2t), 

which is a contradict. Let x € X. If x € Bm{cl, 1 — £1, i), where Bm(<i, 1 — £1, t) 
is the closure of Bm{o,, 1 — £i,i), then x ^ £m(&, 1 — £1, £)• So M(6, x, t) < £1. 
Hence 

F M (F, {x}, t) < inf M(y, {x}, t) = inf M(y, x, i) < M(b, x, f) < £ X . 

yEF yEF 



If x ^ Bm{cl, 1 — £1, i), then x <^ Bm{cl, 1 — £1, i). So M(a, x, f) < £1. Hence 
H M (F,{x},t) < £1. Whence 

{{x}|x G X} n Hm(F, 1 - £ 2 ,t) = 0, 

which means that X is a closed subset of (Fin(X),rjj M ). Consequently, by 
Lemma 3.8, (X, M, *) is complete. 

The converse of the preceding theorem is false. We illustrate this fact with 
an example. 

4 
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Example 3.10 Let X = {1, |, 0} and d be Euclidian metric of X. 

Denote a * b = a ■ b for all a, b e [0, 1]. Define the function M by 

M{x 7 y,t) = 



1 + d{x,y) 

for all x,y € X and f > 0. Then (X, M, *) is a compact fuzzy metric space 
(see [6]). Therefore, according to Corollary 3.5, (Comp(X), Hm, *) is compact. 
Also, since (X, M, *) is complete, we have that (Comp(X), Hm, *) is complete 
by Lemma 3.3. Put A = {1, §, • • • , . . . , 0}. Then A G Comp(A)\Fin(A). 

Let r G (0, 1) and t > 0. Then there exists a fc G N such that if n > k, 
we get 2^zi G BM(0,r,t). Since = {1, |, ■ • • , 2 J_ 3 , 0} G Fin(X), we have 
Hm{A, B,t) > 1 — r. Hence B G -Bff M (A, r, i). So Fin(X) is not a closed subset 
of (Comp(X), th m ), which implies that (Fin(X), Hm, *) fails to be complete. 

By Lemma 3.4, Theorem 3.6 and Theorem 3.9, we immediately deduce the 
following. 

Corollary 3.11 In a fuzzy metric space (X, M, *), if (Fin(X), Hm , *) is com- 
pact, then (X, M, *) is compact. 

Due to Example 3.10, the converse of the above corollary is false obviously. 
Now, a question arise naturally. 

Question 3.12 In a complete fuzzy metric space (X, M, *), under what con- 
dition is (Fin(X), Hm,*) complete? 

Theorem 3.13 Let (X, M, *) be a fuzzy metric space. Then (Fin(X), Hm , *) 
is F-bounded if and only if (X, M, *) is F-bounded. 

Proof Assume that (Fm(X), Hm, *) is F-bounded. Since X C Fin(A), we get 
that (X, M, *) is F-bounded. 

Conversely, assume that (X, M, *) is F-bounded. Then there exist r G (0, 1) 
and t > 0 such that M{x, y, t) > 1 — r whenever x, y G X. Let A,B e Fin(A). 
Then, for each a e A, there exists a b a G B such that 

M(a,B,t) = sup{M(a,M)|6 G B} = max{M(a, b, t)\b G B} = M(a,b a ,t). 

So there exists an an e i such that 

inf M{a,B,t) = inf M(a,b a ,t) = min{M(a, b a , t)\a ei} = M(a 0 ,b ao ,t) > l-r. 

Similarly, we have that inf M(A, b, t) > 1 - r. Hence H M (A, B, t) > 1 - r. We 
finish the proof. 

4 Conclusion 

We have studied some properties of the Hausdorff fuzzy metric on the family 
of nonempty finite subsets of a given fuzzy metric space, as precompactness, 
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completeness, compactness and F-boundedness. Also, we have given an example 
to illustrate that a complete fuzzy metric space does not induce the complete 
Hausdorff fuzzy metric on the family of nonempty finite subsets of a given fuzzy 
metric space. 

References 

[1] R. Engelking, General Topology, PWN-Polish Science Publishers, warsaw, 
1977. 

[2] M. A. Erceg, Metric spaces in fuzzy set theory, J. Math. Anal. Appl. 69 
(1979) 205-230. 

[3] A. George, P. Veeramani, On some resules in fuzzy metric spaces, Fuzzy 

Sets and Systems 64 (1994) 395-399. 
[4] A. George, P. Veeramani, Some theorems in fuzzy metric spaces, J. Fuzzy 

Math. 3 (1995) 933-940. 
[5] A. George, P. Veeramani, On some resules of analysis for fuzzy metric 

spaces, Fuzzy Sets and Systems 90 (1997) 365-368. 
[6] V. Gregori, S. Morillas, A. Sapena, Example of fuzzy metrics and applica- 
tions, Fuzzy Sets and Systems 170 (2011) 95-111. 
[7] V. Gregori, S. Romaguera, Some properties of fuzzy metric spaces, Fuzzy 

Sets and Systems 115 (2000) 485-489. 
[8] V. Gregori, S. Romaguera, Characterizing completable fuzzy metric spaces, 

Fuzzy Sets and Systems 144 (2004) 411-420. 
[9] O. Kaleva, S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems 12 

(1984) 215-229. 

[10] L. Kocinac, Selection properties in fuzzy metric spaces, Filomat, 26 (2) 
(2012) 305-312. 

[11] I. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Ky- 
bernetika 11 (1975) 326-334. 

[12] C. Q. Li, On some results of metrics induced by a fuzzy ultrametric, Filo- 
mat, 27 (6) (2013) 1133-1140. 

[13] C. Q. Li, Some properties of intuitionstic fuzzy metric spaces, Journal of 
Computational Analysis and Applications, 16 (4) (2014) 670-677. 

[14] J. H. Park ,Y. B. Park and R. Saadati, Some results in intuitionistic fuzzy 
metric spaces, Journal of Computational Analysis and Applications 10 (4) 
(2008) 441-451. 

[15] D. Repovs, A. Savchenko, M. Zarichnyi, Fuzzy Prokhorov metric on the of 

probability measures, Fuzzy Sets and Systems 175 (2011) 96-104. 
[16] J. Rodriguez-Lopez, S. Romaguera, The Hausdorff fuzzy metric on compact 

sets, Fuzzy Sets and Systems 147 (2004) 273-283. 
[17] A. Savchenko, M. Zarichnyi, Fuzzy ultrametrics on the set of probability 

measures, Topology 48 (2009) 130-136. 
[18] PVeeramani, Best approximation in fuzzy metric spaces, J. Fuzzy Math. 9 

(2001) 75-80. 



6 



364 



Chang-qing Li et al 359-364 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



LOCALLY BOUNDEDNESS AND CONTINUITY OF 
SUPERPOSITION OPERATORS ON DOUBLE SEQUENCE 

SPACES CV 0 

BIRSEN SAGIR AND NIHAN GtJNGOR 

Abstract. Let M be set of all real numbers, N be the set of all natural numbers 
and N 2 = N X N. In this paper, we define the superposition operator P g where 
g : N 2 X R — » R by P g ((xks)) = g(k,s,Xks) for all real double sequence 
(iEfcs). Chew & Lee [4] and Petranuarat & Kcmprasit [11] have characterized 
P g : co — > h and P g : co — > l q where 1 < q < oo, respectively. The main 
aim of this paper is to construct the necessary and sufficient conditions for 
the boundedness and continuity of P g : CVo — > £i and P g : CVo — * £ p where 
1 < p < co. 



1. INTRODUCTION 

Let f2 be a double sequence spaces which are the vector spaces with coordinate- 
wise addition and scalar multiplication. Let any sequence x = (x^s) € f2 . If for 
any e > 0 there exist N € N and I € ffi such that \xk s — l\ < s for all k,s > N, 
then we call that the double sequence x — (xk s ) is convergent in Pringsheim's sense 
and denoted by p — \imxk s = I- If the double sequence x = (xks) converges in 
Pringsheim's sense and, in addition, the limits that limsfcs and limxfe s exist, then it 

fe s 

is called regularly convergent and denoted by r — lim Xk. s ■ The space C r n is defined 

by 

CVo = {x = (x ks ) € Cl : r - limxfes = 0} 
and it is a Banach space with the norm ||a;|| c = sup \xk s \. The space of all 

r0 k,s£N 

bounded double sequences is denoted by M u and defined by 

M u := \ x = (x ka ) e : = sup \x ks \ < oo > , 

| fc,s£N j 

and it is a Banach space with the norm H-H^. The spaces C p , 1 < p < oo are 
defined by 



C p := < x = (x ks ) eH: ^ \xks\ P < oo 



fc,s=l 



where Yl = E E ■ Also it is a Banach space with the norm || a; || = ^ |a;fcs| P 
k, s =i fe=is=i ' yfe,«=i J 

Also, the spaces C r o and C p are shown different symbols as qc^ and Zf, recpectively. 



2000 Mathematics Subject Classification. 47H30; 46A45. 

Key words and phrases. Superposition Operators, Continuity, Locally Bounded, Double Se- 
quence Spaces, Regularly Convergent. 
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2 BlRSEN SAGIR AND NiHAN GtjNGOR 

It is known that C p C C q C C r o C M u where 1 < p < q < oo . The sequence e ks 
is defined as efj 5 = {o ' otherwise^ • ^ we consider the sequence s nm defined by 

n m 

s nm = J2 x ks ( n , m € N), then the pair of ((xk s ) , (s n m)) is called a double 

fc=ls=l 

series. Also (xk s ) is called general term of series and (s nm ) is called partial sums 
sequence. Let v be convergence notions, i.e., in Pringsheim's sense or regularly 
convergent. If the partial sums sequence (s nm ) is convergent to a real number s in 
?;-sense, i.e. 

n m 

v - limV' = s, 

k=\s=\ 

then the series ((xks) , (s„ ro )) is called convergent to s in the v— sense ,or, v— convergent 
and the sum of series equals to s. It's denoted by 

oo 
fe,s=l 

It is known that if the series is w— convergent, then the v— limit of the general term 

oo oo 

of the series equals to zero. The remaining term of the series 2 x ks is defined 

fc=ls=l 

by 

n—1 oo oo m—1 oo oo 

(1-1) Rnm = ^2^2 x ks + ^2^2 x ks + ^2^2 x ks- 

fe=ls=m fc=ns=l k=ns=m 

We will demonstrate the formula (1.1) briefly with 

max{fe,s}> AT 

for n — m — N . It is known that if the series is u— convergent, then the v— limit 
of the remaining term of series is zero. For more details on double sequence and 
series, one can referee [1], [2], [3], [7], [9], [10], [13], [16] and the references therein. 

Locally boundedness and continuity of superposition operators on sequence spaces 
are discussed by some authors [4], [5], [6], [8], [11], [12], [15]. In [4], Chew Tuan Seng 
and Lee Peng Yee have given necessary and sufficient conditions for the continu- 
ity of the superposition operator acting from sequence space Cq into l\. In [11], 
Somkit Petranuarat and Yupaporn Kemprasit have given necessary and sufficient 
conditions for continuity of the superposition operator acting from sequence space 
Co into l q with 1 < q < oo. 

We extend the definition of superposition operators for double sequence spaces 
as follows. Let X, Y be two double sequence spaces. A superposition operator P g 
on X is a mapping from X into il defined by P g (x) = (g (k, s, a:fc s ))^° s=1 where the 
function g : N 2 x K — > R satisfies 

(1) g (k, s, 0) = 0 for all k, s e N. 

If P g (x) e Y for all x € X, we say that P g acts from X into Y and write P g : X — > 
Y. Moreover, we shall assume the additionally some of the following conditions: 

(2) g (k, s, .) is continuous for all k, s € N 

(2') g (k, s, .) is bounded on every bounded subset of R for all k, s e N. 

It is obvious that if the function g (k, s, .) satisfies the propety (2), then g satisfies 
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3 

(2') from [15]. Also, it is not hard to see that if the function g(k,s,.) is locally 
bounded on R, then g satisfies (2') from [15]. 

In this paper, we characterize the superposition operator acting from the double 
sequence space CVo into A under the hypothesis that the function g (k, s, .) satis- 
fies (2'). We discuss the continuity and locally boundedness of the superposition 
operator P g by using the methods in [4], [15]. Then we generalize our works as the 
superposition operator acting from the space C r0 into C p where 1 < p < oo without 
assuming that the function g (k, s, .) satisfies (2') by using the methods in [11], [15]. 

2. SUPERPOSITION OPERATORS OF CVo INTO A 

Theorem 1. Let g : N 2 x R — > R satisfies (2'). Then P g : C r0 — > A if and only if 
there exist a > 0 and (cfe s )^° s=1 <G A such that 

\g(k,s,t)\ < Cks whenever \t\ < a 

for all k, s E N. 

Proof. Assume that there exist a > 0 and (cfcg)£° j <G A such that \g (k, s,t)\ < Cfc s 
whenever \t\ < a for all k, s € N. Let x — (xk s ) € CVo- Hence p — limxfe s = 0 and 
the limits that lim Xks and lim Xks exist. Therefore there exists N € N such that 

k— too s^oo 

\xks\ < ct for all k, s <G N with max{fc, s} > N. Then, we find 

oo 

\g(k,s,x ks )\< Cks - E Cfcs < °°- 

max{fc,s}>./V max(fc,s}>JV k,s=l 

So, we get P g (x) = g (k, s, x ks ) G A • 

Conversely, suppose that P g : CVo — ► A- The sets A (a) and B (k, s, a) is defined 

as 

i(a) = {teR : \t\ < a} 

and 

B (fc, s, a) = sup {\g (k,s,t)\ : t e A (a)} 

for all k,s e N and a > 0. So, we see that |<7 (fc, s, t) | < B(k,s,a) when- 
ever \t\ < a. We will show that there is a\ > 0 such that (B (k, s, ai))^° s=1 G 

oo 

A- Assume the contrarythat is, ^2 B(k,s,a) — oo for all a > 0. Therefore 

fe,a=l 

OO / >. 

5^ i? ( k, s, j + i ) = oo for each i, j e N. Then there exist sequence of positive 

fe,s=l V 7 

integers n 0 = 0 < n-y < n 2 < ■ ■ ■ < rij < • • • and m 0 — 0 < mi < rn 2 < • • • < mj < 
■ ■ ■ such that 

E E *(*,., ^)>i 

for each i, j e N and also there exists > 0 such that 

/ 1 1\ 

(2.1) ^ ^ B lk,s,- + - ] -Eij (rii - n,_i) (toj - mj_i) > 1. 

k=n i -i+ls=m :j - 1 + l ^ * ^ 7 

Let i, j € N be fixed. Since g satisfies (2'), we see that I? (k, s, i + < oo for 
all i,j g N with rij_i + 1 < k < Hi and mj_i + 1 < s < m^. Then, there exists 
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BlRSEN SAGIR AND NiHAN GUNGOR 



Xks G ^ (l + }) sucn tnat 
(2.2) 



<l (/.'. J ,~ P ( fc,s, j + j 



for each s G N satisfying n,_i + 1 < /c < ri; and mj_i + 1 < s < mj. So, we find 

E E > E E S ( fc ' s '7 + 7J- E E 

/ 1 1 \ 



> 

fc— rii_i+ls— m^-i + l v 

-£ij (^ - rii-i) (mj - rrij-i) 
> 1 

by using (2.1) and (2.2). Therefore we obtain that 

oo oo oo oo / rii rnj \ 

EE \9{k,s,x ks )\ = EE E E \9{k,s,x ks )\ J =00. 

Hence we get g (k, s, Xks) ^ £i- Since x ks ^ (7 + }) whenever n^-i + 1 < k < rii 
and rrij-i + 1 < s < rrij, we find \xk s \ < \ + j- Hence, we obtain a; = (x ks ) € C r o- 
This contradicts the assumption that P g : C r o — > £1. Then there exists ct\ > 0 
such that (P (fc, s, ai))£° s=1 e £1. If we put Cfc s = P (k, s, ai) for all fc, s e N, the 
proof is completed. □ 

Theorem 2. //P 3 : C r o — > £1, £/ien P ff is continuous on CVo if and only if g (fc, s, .) 
is continuous on R for all k,s 6N. 

Proof. Suppose that P fl is continuous on CVo- Let fc, s e N, t 0 € R and e > 0. Since 
P s is continuous at toe^ ks ^ <= CVo, there exists S > 0 such that 



(2.3) 



t 0 e 



(fcs) 



C r o 



< 5 implies 



Pg (*) - ^ (*o< 



(fes 



< e 



for all z = (zks) <S C r o- Let ( £ M such that \t — to\ < S and defined y = (y nm ) 
by y nm = {*; fc=n ot Ti S=m • So V = (w) e C r o and we have ||y - toe**')^ = 
|i - t 0 1 < 5. From (2.3), we find 

\g(k,s,t)-g(k,s,t 0 )\ = \\p g (y)-P g (i 0 e (fes) ) ^ < e. 

Therefore, the function g (fc, s, .) is continuous on R for each fc, s e N. 

Conversely, assume that the function g (k, s, .) is continuous on R for each fc, s e 
N. We will show that P g is continuous on C r0 - Let x — (x ks ) e C r0 and e > 0. 
Since g satisfies (2'), then P g acts from CVo to £1 by Theoreml. Hence, there is 
a > 0 and (cfc s ) € £1 such that 



(2.4) 



\g(k, s,t)\ < Cks whenever \t\ < a 



for all k, s e N. Since (xk s ) € C r o C M u and (c/; S ) G £1, there exists N G N such 
that 



l^fes I < ^ for all k, s e N with max {fc, s} > iV 
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and 

Y Cks < 3- 

max{/c,s}>./V 

So, \xk. s \ < ot for all k, s e N with max{k, s} > N. From (2.4), we write 
\g (k, s, Xks)\ < Cks for all k, s e N with max {k, s} > N. Hence, we have 

(2.5) Y \9(k,s,x ks )\< J2 

max{fc,s}> A" max{fc,s}> TV 

Since g (k, s, .) is continuous at for all k, s G {1, 2, . . . , TV — 1}, there exists 8 > 0 
with 5 = min {l, ^} such that 

(2.6) \t - Xfesl < S implies |g (fc, s,t) — g (k, s, x ks )\ < g ^ _ ^ 

for any iel. Let z = (zfe s ) € CVo satisfying ||z — £|| Cr0 < (5. Thus, 
l^fes -x ks \ < sup |z fcs - x ks \ = \\z- x\\ c < S 

fc,s£N 

for each k, s e N. By using (2.6), we find 

\g (k, s, z ks ) - g (k, s, x ks )\ < g ^ 
for all k, s e {1, 2, . . . , N — 1}. Hence, we have 

N-l 

(2.7) ^ \g(k,s,z ks ) -g(k,s,x ks )\ < -. 

k.s=l 



Since \z ks \ < |-Zfc s — Xk s \ + \xks\ < $ + f < f + f = a for all k, s e N with 
max{k, s} > N, it follows from (2.4) that |g (fc, s, 2fc s )| < Cfe s for all fc, s e N with 
moi {k, s} > N.We obtain 

oo 

\\ p g ( z ) - p g 0*011 = Y \9(k,s,Zks) ~ g(k,s,x ks )\ 

fc,s=l 
JV-1 

< Y \d( k , s , z ks) - g(k,s,x ks )\+ Y \9( k ,s,z ks )\ + 

k,s=l max((;,s}>JV 

+ Y \g(k,s,x ks )\ 

max{fc,s}> TV 

< e 

by using (2.5) and (2.7). This is completed the proof. □ 

Theorem 3. If P g : C, o — ► £i, then P g is locally bounded on CVo if and only if g 
satisfies (2'). 

Proof. Assume that g satisfies (2') and let z = (zks) <= CVo- By Theoreml, there 
exist (cks) € L\ and a > 0 such that 

(2.8) \g(k, s,t)\ < c ks whenever \t\ < a 

for all k, s € N with max {k, s} > N. Let x — (xk s ) € CVo satisfying 

ii ii ^ a 
\\z — iL < — . 
11 "wo — 2 
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So, we have that 

(2.9) sup \z ks - x ks \ < 77 • 

fe,s£N ^ 

Since r — lining = 0, there exists N' € N such that \zk s \ < § for all k, s € N with 
max{fc, s} > N' . Hence, 

(2.10) sup \z ks \ < 

max{fe,s}>Af ^ 

By using (2.9) and (2.10), we find 

\xks\ < sup \x ks \< sup \z ks - x fes | + sup |,z fea | < a 

max{fc,s}>JV fe,s£N max{fc,s}>AT 

for all k, s £ N with max {fc, s} > AT. From (2.8), we have that 

\g(k,s,x ks )\ < c ks 
for all k, s e N with max {fc, s} > iV. Therefore, 

00 

(2- 11 ) X! \g(k,S,X ks )\ < Y Cks < ^2 C ks = \\Cks\l! ■ 

rna.x{k,s}>N max{fe,s}>A r fe,s=l 

If we put mfc s = sup \g (fc, s, t)\, since g satisfies (2') we see that m ks < 00 for 

\t-Zks\<% 

all fc, s e N. We have 

(2.12) | ff (fc,s,x fes )| < m fes 

for each fc, s <E N. By using (2.11) and (2.12), we obtain 

00 N-l 

\\ p a( x )\\i = Y \g(k,s,x ks )\ = Y \9(k,s,x ks )\ + Y \g(k,s,x ks )\ 

k,s=l k,s=l max{fc,s}>JV 

JV-1 00 N-l 

< y + Y Cks = mks + ii cfes iii • 

k,s— 1 k,s— 1 k,s — 1 

Therefore, 

\\P 9 (X)-P g (z)\\ 1 < \\P 9 (X)\\1 + 11^ Will 

JV-1 

< ll^fl Will + ^^fe s + l|c fc " 



1 

fc,s=l 



Af-1 



1 V — ± 

Let 7 = ||P S (^)|| 1 + J] rriks + Wcks^, then we write ||P ff (x) - P s (z)^ < 7. Hence, 

fe,s=l 



P ff is locally bounded on C r0 - 

Conversely, assume that P ff is locally bounded on C r o- To complete the proof, 
it is sufficient that g is locally bounded on R. The sequence y = (y ks ) is defined as 



a ,k = n and s = m, 
l; ' ^ U k + l , others • 



for all s <G N and a e R. So, it is obvious that y = (y ks ) € C r o- From the 
hypothesis, there exists a,f3 > 0 such that 

(2.13) ||P g (x) - P g {y)\\ < 0 whenever \\x - y\\ Crg < a. 
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Also, the sequence x — (xk s ) is denned as Xk s = { i + 1 ' k "others' ^ or au k,s 
and b € R with |6 — a| < a. So, it is obvious that x — (xk s ) € C r o- Thus, we find 

ll X ~ yllc n = SUP — 2/A;s| = I — «■ I < OL. 

fe,s£N 

Therefore, \\P g (x) - P g (y)\\ < f3 from (2.13). Then, we obtain 

CO 

\g(k,s,b) -g(k,s,a)\ < ^ \g (k,s,x ks ) - g (k,s,y ks )\ = \\P g (x) - P g (y)|| < f3. 

k,s=l 

Since 6 e R is arbitrary, g (fc, s, .) is locally bounded on R. □ 
Example 1. Le£ g : N 2 x R — > R defined by 

/or a// fc, s € N and for all tel. 5mce <? (fc, s, .) is continuous on R /or fc, s e N, 
5 satisfies (2'). Let a = 1 and |t| < 1. Then for all k, s e N, 

I* (*.'.*)! = 4& 

1 

< — — 
— 4fe+s 



oo 



Since jih^ < °°; we c fcs = 4^ f or a ^ fc, s e N. By Theoreml, we find 

k,s=l 

£/ia£ P g : C r o — > £1. Since 5 (fc, s, .) is continuous on R /or a/Z fc, s € N, i/ien £/ie 
superposition operator P g is continuous on C r o by Theorem 2. Also, since g (fc, s, .) 
is bounded on R for all k,s € N, then the superposition operator P g is locally 
bounded on C r0 by Theorem 3. 

3. SUPERPOSITION OPERATORS OF C r0 INTO C p (1 < p < 00) 

In this section, we extend theorems that proved in section 2 as the superposition 
operator acting from the space CVo into C p where 1 < p < 00 by using the methods 
in [11], [15]. For characterization of the superposition operator P g : C r0 — ► £ p , we 
will use the following proposition that it can be expanded with same method as 
Proposition 3.1 in [14]. 

Proposition 1. Let Q, be a double sequence space. If £1 C and P g : ft — > M u , 

then there exist A e N and a > 0 swc/i £/zai (g (k, s, •))max{fc s}>at * s uniformly 
bounded on [—a, a}. 

Theorem 4. Lei 5 : N 2 x R — > R . T/ien P g : CVo - ► £p */ and only if there exist 
JVeN and a > 0 smc/i £/ia£ 

(3.1) ^ sup \g(k,s,t)\ p < 00. 

max{fc,s}>iV 1*1-" 

Proof. Suppose that P g acts from CVo to £ p . Since C\ C C r o and £ p C M u , we 
see that there exist A € N and a > 0 such that {g (k, s, -))max{fc s}>n ^ s uniformly 
bounded on [—a, a] by Propositionl. Therefore, sup \g (k, s, t)\ p < oo for all k, s e 

|i|<c 

N with max {k, s} > A. We define B [k, s, (3) by 

(3.2) B = sup \g(k,s,t)\ p 

\t\<a 
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for all j3 € M with 0 < /3 < a. We assert that B (&) s ) ft) < 00 f° r some 

max{fc,s}>JV 

/3 € K with 0 < /3 < a. To show that the case is true, we assume the contrary. 
Therefore, -B ( A:, s, a ( i + i j j = oo for all i, j e N. Hence, there exist 

n' > n and m! > m such that 

f| , B (^.(i + I))^f e (^.(I4)) + |f B (^.(i + i))> l 

for all i, j £ N and n,m> N. Then, there exist subsequences (wfc)fcli 01 ( n )^Li 
and (mfe)^° =1 of (m)^ =1 such that 

n^+i mj-|-i-l . . -, \ \ ^i+l— 1 m j-\ 



k= 

> 1 



j +I £ B MH)) + -(H)) + 

E E 5 ^ a U + 7 



for all i,j g N and n > m, m > m\. We set T = { (k, s) : k < n\ and s < mi}. 
If (k, s) G T, we take xu s = 0. If fc > n\ and s > mi, then there exist z G N 
and j £ N such that < fc < n,_|_i and nij < s < m_j+i. Hence, there exists 



%ks G 



such that 



(J + })-»(» + })] 

(3.3) 0 < B (j + y)) < l« (*, »■ + 2~* + " 

from (3.1). Therefore, it is obvious that Xks € C r o- By using (3.2), we write 



r 2 < 



r r I m i + i-l . . . . n i+ i-l m j+ i . . 

EE E E K M ' a (H)) + S E*( M ' a (H)>- 

i=lj=l yfe= ni + l s =l v v ■' 7 7 k=l s= mj + l v \ J 

n i+ i m j + 1 /ll 

+ E E s ( fc ' s > a U + 7 

fc=ra i +ls=TOj+l ^ V J 

- E E B ( fc ' s ' a (7 + 7))+ E E B ( fc ^U + 7 

fc=m+l s=l V V J 7 7 fc=l s=mi + l V V J 

n r+ i m r+ i / 'll 



+ E E B ( fc ' s ' Q 

fc=ni + ls=mi + l 



1 m r _|_i — 1 n r +i — 1 "V+i rc-r+i ttv+i 

< E E l5(^,s,a;^)| P + E E \9( k ^,x ks )\ p + ^ ^ | ff (fc, s, x fes )| p + 

fc=ni + l a=l fe = l s=mi + l fc=ni + ls=mi+l 

oo oo 

fe=ls=l 

for all r € N. Hence, (g (fc, s, Efcg))^^ ^ £- p . This is a contradiction, because of 
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Conversely, suppose that there exist N g N and a > 0 such that 

X! su p ^ (M,i)i p < oo. 

ma,x{k,s}>N^- a 

To show that P g : CVo — > C p , let x = (xk s ) S Cr-o- Since r — \imxk s — 0, there 
exists N' > N such that \xk s \ < a for all fc, s g N with max{fc, s} > iV'. Therefore, 
we find 

X! |0(M,a;ka)| P < ^ sup |g(fc,s,i)| p < oo. 

max{fc,s}>AT' ma^{k,s}>N^- a 

Thus, we get P a (x) = 5 (fc, s,x fcs ) g C p . □ 

We need the following proposition that proved in [14] to show the continuity of 
the superposition operator P g : CVo — > £ p . 

Proposition 2. Let X be a normed double sequence space containing all finite 
double sequences and Y be a normed double sequence space such that Y C M u . 
Suppose that 

(i) P g :X^Y, 

(ii) there exists a > 0 such that \\e mn \\ x < a for all m,neN, 
(wi) \\-\\m — @ \\-\\y 071 Y for some (3 > 0. 

If P g is continuous at x, then for any e > 0 there exists S > 0 such that 

\t-Xks\ < <5 implies \g (k,s,t) - g (fc, s,x ks )\ < £ 
for all fc, s g N and iel. 

Theorem 5. /f P g : C r o — > £ p , i/ien P ff is continuous on C r o if and only if g (fc, s, .) 
is continuous on K /or all k, s £ N. 

Proof. Since the conditions in Proposition 2 provided, it's not hard to see the 
necessary condition. 

Conversely, let any x = (xk s ) € CVo and assume that g (fc, s, .) is continuous at 
x ks for all fc, s e N. Then, there exist ^eN and a > 0 such that 

(3.4) sup | 5 (fc, S ,t)| p <oo 

max{fe,s}>JVil*l- a 

by Theorem 4. Since ir = (xks) € CVo, there exist _/V 2 > iVi such that |xfc s | < § for 
all fc, s € N with max{fc, s} > N 2 - Let e > 0. From (3.4), we see that 

iVi — 1 00 00 ATi — 1 00 00 

sup iff ( fc ' s '*)i p <°°. E E sup iff ( /c ' s ' i )i p < °° > X! X! su p iff ( fc >M)i p < °°- 

fe=l 8=^1*1^ fe=JV! s=l l*l^ Q fe=AT lS =Ar 1 l*l< Q: 

Therefore, there exists N g N with N > N 2 such that 

JVi-l 00 _ 



X! X! sup Iff ( fc ' s ' t )l P < 



13 V"! "/I - o 9„+l 

fc =i ,=ivl*l<« 3 - 2P 

00 JVi-l £P 

^ ^ sup \g(k,s,t)f< 

k=N s=l l*l< Q 



Af-1 00 00 AT-1 



Y SU P Iff ( fc ' s ^)l P +H H SU P Iff ( fc ' s ^)l P +H H SU P If (M,*)| P < ^TI 

fe=JVlS =ivl*l<« fc=JVs=JVl l*l<« fe = Ar s= Ar|t|<« 
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Consequently, we obtain that there exists N £ N with N > N2 such that 
(3.5) \9(k,s,t)\ p < 



2p+i ' 

max{fc,s}>7V 



Since g(k,s,.) is continuous at x ks for all k,s £ {1,2, N — 1}, there is 5 £ R 
with 0 < S < § such that 

(3.6) |g (fc, - g (k,s,x ks )\ < ^ 2 (jV-l) J whenever I* ~ Xks \ < S - 

Let z = (z ks ) £ C r o satisfying ||z — x\\ c < 5. Thus, \z ks — x fcs | < ||z — x\\ c < 5. 

From (3.5), we find \g (k,s,z ks ) - g (k,s,x ks )\ P < 2 ^ V _ 1) for all fc, s £ {1,2, ...,N - 1}. 

We write |z fes | < |;z fes - x fes | + |x fes | < S + f < f + f = /3 for all fc, s e N with 
maxjfc, s} > N. We have 

|#(fc, s,z fes ) - g(k,s,x ks )\ p < 2 p ma,x{\g(k,s,z ks )\ p ,\g(k,s,x ks )\ p } 

< 2 P sup \g(k,s,t)\ p 

\t\<a 

for all fc, s e N with max {fc, s} > N. By using (3.4), we obtain 

X] |5 (fe, s, ^ fea ) - g(k,s,x ks )\ p < 2 P sup \g(k,s,t)\ p < —. 

max{ k ,s}>N max{fe,s}>jvl*l-" 



Therefore, 



N-l 



X \g(k,s,z ks ) - g(k,s,x ks )\ p = ^ \g (k, s, z ks ) - g (k, s,x ks )\ p + 

fc,s— 1 — 1 

+ Y Iff (M' z fcs) -g{k,s, x ks )\ p 

max{fe,s}>A r 

< ^- 1 )2W L T) + f < £P - 

Hence, we get ||P g (z) - P 3 (x)\\ = ( £ \g ( k , s, z ks ) ~ g (k, s, x ks )\ p \ < e. It is 

\M=i / 
completed the proof. □ 

Theorem 6. If P g : C, o — > C p , then P g is locally bounded on C r o if and only if g 
satisfies (2'). 

Proof. Assume that g satisfies (2') and let z = (z ks ) £ CVo- By Theorem4, there 
exist N £ N and a > 0 such that 



(3.7) sup |g(fc,s,t)| p < co. 

max{fc, s}>N^- a 

Let x — (x ks ) £ C r0 satisfying \\z — x\\ Cro < | . So, we have that 



(3.8) sup \z ks - x ks \ < -. 

fe,s£N ^ 
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ll 

Since r — limzfc s = 0, there exists N' € N such that \zk s \ < § for all k, s € N with 
max{fc, s} > N. Hence, 

(X 

(3.9) sup \z ks \ < -. 

ma,x{k,s}>N ^ 

By using (3.8) and (3.9), we find 

\x ks \ < sup \xks\ < sup \z ks ~x ks \+ sup \z ks \ < a 

max{fe,s}>JV fe,s£N max{k,s}>N 

for all k, s G N with max {fc, s} > N. From (3.7), we have that 

(3.10) Yl \g(k,s,x ks )\ p < Y sup | 5 (fc, S ,t)| p <cx) 

max{k,s}>N max{k,s}>N^- a 

for all k, s € N with max {fc, s} > N. If we put mks — sup |g (fc, s, t) \ p , since (7 

\t-Zke\<§ 

satisfies (2') we see that rriks < 00 for all k, s G N. We have 

(3.11) |5(fc,s,a; fes )| p < m ks 

for each fc, s G N. By using (3.10) and (3.11), we obtain 

00 JV-l 

\\ p g( x )\\ P p = Y \9{k,s,x ks )\ p = Y \9(k,s,Xks)\ P + Y \d (k, s, x ks )\ p 

k,s — l k,s — l max{k,s}>N 

N-l 

< Y m ks+ Y sup \g(k,s,t)\ p < 00. 

fc,s=l max{k,s}>N^- a 
N-l 

If we take A — ^ m ks + S SU P Iff (&) s : < °°> then 

fe,s=l max{k,s}>N\t\<a 

\\P g (x)-P g (z)\\ p < \\P g (x)\\ p +\\P g {z)\\ p 
< \\P g (z)\\ p + Ah. 

Let 7 = ||P 9 (2;) || + Ap , then wc write ||P g (x) — P g (z)\\ p < 7. Hence, P g is locally 
bounded on C r o- 

Conversely, assume that P g is locally bounded on C r o- To complete the proof, 
it's sufficient that g is locally bounded on R. The sequence y = (yks) is defined as 

a ,k = n and s = m 



Vks 



\ + \ , others 



for all fc, s G N and a G K. So, it's obvious that y = (j/fe s ) G C r0 . From the 
hypothesis, there exists a,/3 > 0 such that 

(3.12) ||P g (x) - P g (y)\\ p < ii whenever ||x - yW^ < a. 

Also, the sequence x = (xk s ) is defined as 

b ,fc = n and s = m 



•f'ks 



l + l , others 



for all fc, s G N and & G R with \b — a\ < a. So, it's obvious that x = (x ks ) G C,-o- 
Thus, we find 

ll x _ vWc n = SU P I 3 ** ~ V ks \ = \b-a\<a. 



fe,s£N 
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Therefore, \\P g (x) — P g {y)\\ < (3 from (3.11). Then, we obtain 



\g(k,s,b) - g(k,8,a)\ < >J \g(k,s,x ks ) - g(k,s,y ks )\ 




= \\P g {x)-P g (y)\\ p <0. 
Since b € R is arbitrary, g (k, s, .) is locally bounded on R. □ 
Example 2. Let g : N 2 x R -> R defined by 

for all k. s e N and for all tel. Let a = 2 and \t\ < 2. Then for all k, s <E N, 



2 



(\Ht-i)\*y 

E ™v\9(k,s,t)\= Yl .^p — — ^ E 2 ^^E 2 ^ < - 

max{fe,s}>Arl r l- z max{fc,s}>AT |!:| - max{fc,s}>Af fe,s = l 

5y Theorem 4, we /ind i/iai P g : C r o — > >C p . S'mce g(k,s,.) is continuous and 
bounded on R for all k, s <E N, then the superposition operator P g is continuous and 
locally bounded on C r0 by Theorem 5 and Theorem 6, respectively. 
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A Fixed Point Approach to Stability of Cubic Lie 
Derivatives in Banach Algebras 

Seong Sik Kim, John Michael Rassias, Afrah A.N. Abdou and Yeol Je Cho 

Abstract: In this paper, we investigate the new stability, superstability and hyperstability of the 
cubic Lie derivations associated with the system of general cubic functional equations: 

f{xy) = x 3 f{y) + f{x)y 3 , 

f(x + ky) - kf(x + y) + kf(x -y)- f(x - ky) = 2k(k 2 - l)f(y) 
in Banach algebras. 

1. Introduction 

The stability theory of functional equations mainly deals with the following question: 

Is it true that the solution of a given equation differing slightly from an another given 
one must necessarily be close to the solution of the equation in the question? 

In the case of a positive answer, we say that the functional equation in question is stable. The 
functional equation is called the superstability (see [12]) if every approximately solution is an exact 
solution of it. Also, it can happen that there is no such alternative, that is, all the solutions of 
the stability inequality are exactly the solutions of the functional equation. In this case, we say 
that the functional equation is the hyperstability (see [3, 13, 18]). For more details on stability of 
functional equations, refer to [6]. 

In 1940, the stability problem concerning the stability of group homomorphisms of functional 
equations was originally introduced by Ulam [22] . The famous Ulam stability problem was partially 
solved by Hyers [14] for the linear functional equation of Banach spaces. Subsequently, the result 
of Hyers was generalized by Aoki [1] for additive mappings. In 1978, Rassias [21] provided a 
generalization of Hyers' theorem which allows the Cauchy difference to be unbounded as follows: 

Theorem R. ([21]) Let f : E — > E' be a mapping from a normed vector space E into a Banach 
space E' subject to the inequality 

\\f{x + y)-f{ X )-f{y)\\<e{\\xV + \W) 

for all x,y £ E, where e and p are constants with e > 0 and p < 1. Then the limit L(x) = 
linin^oo ex i s ~t s f or all x <E E and L : E — > E' is the unique additive mapping which satisfies 

ll/W-i(x)||<^||xf 

for all x £ E. Moreover, if f(tx) is continuous in t for each fixed x £ E, then the mapping T is 
linear. 
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2 A Fixed Point Approach to Stability of Cubic Lie Derivatives 

Later, Cadariu and Radu [4] applied the fixed point method to investigation of the Jensen func- 
tional equation. They could present a short and a simple proof, which is different from the direct 
method initiated by Hyers in 1941 for the generalized Hyers-Ulam stability of Jensen functional 
equation and for quadratic functional equation. 

The following fixed point theorem proved by Diaz and Margolis [7] plays an important role in 
proving our theorem: 

Theorem 1.1. ([7]) Suppose that (Q,c£) is a complete generalized metric space and T : SI — > 
ft is a strictly contractive mapping with the Lipshitz constant L. Then, for any x G O, either 
d(T n x, T n+1 x) = oo for all nonnegative integers n > 0 or there exists a natural number n 0 such 
that 

(1) d{T n x,T n+1 x) < oo for all n > n 0 ; 

(2) the sequence {T n x} is convergent to a fixed point y* of T; 

(3) y* is the unique fixed point ofT in the set A = {y G il : d(T n °x, y) < oo}; 

(4) d(y,y*) < j^diy^y) for all y E A. 

Let A be a complex Banach algebra and M be a Banach .4-bimodule. For all x,y € A, let 
a Banach algebra A endowed with [x,y] — xy — yx. A mapping / : A — >• M. is called a cubic 
homogeneous mapping if 

/(Ax) = \\f(x) 

for all x G A and A G C. A cubic homogeneous mapping D : A — > M. is called a cubic derivation 
([12]) if 

D(xy) = D(x)y 3 + x 3 D(y) 
for all x, y G A. A cubic homogeneous mapping 5 : A — > M. is called a cubic Lie derivation ([9]) if 

5{[x,y]) = [5(x),y s ] + [x\5(y)] 

for all x, y G A. 

Jun and Kim [16] introduced the following functional equation: 

f(2x + y) + f(2x -y)- 2f(x + y) - 2f(x - y) = I2f(x) (1.1) 

and gave a general solution and the generalized Hyers-Ulam stability problem of the functional 
equation (1.1). It is easy to see that f(x) = cx 3 is a solution of the equation (1.1). Thus it is 
natural that the equation (1.1) is called a cubic functional equation and every solution of the cubic 
functional equation is called a cubic mapping. 

Now, we consider a mapping / : X — > Y satisfying the following functional equation: 

f(x + ky) - kf(x + y) + kf(x - y) - f(x - ky) = 2k(k 2 - l)f(y) (1.2) 

for some k G Z + with k > 3. 

Note that (1) /(0) = 0, (2) / is an odd mapping and (3) f(kx) = k 3 f(x) and f(k n x) = k 3n f{x) 
for all n G Z + . Also, it is easy to see that a function f(x) — x 3 is a solution of the equation 
(1.2). Thus the equation (1.2) is called the general cubic functional equation. Eskandani et el. [8] 
and Javdian et al. [15] gave the stability of the general cubic functional equation (1.2) in quasi- 
/3-normed spaces and fuzzy normcd spaces, respectively. In the last few decades, the stability of 
some type for cubic functional equations have been proved by [2, 11, 17, 19, 20]. 
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Motivated by these results, wc investigate the stability and hyperstability of the cubic Lie 
derivations associated with the system of general cubic functional equations: 

(f(xy)=x 3 f(y) + f(x)y 3 , 

\f(x + ky) - kf(x + y) + kf(x -y)- f(x - ky) = 2k(k 2 - l)f(y) 

in Banach algebras. Also, we investigate the superstability of (1.2) by suitable control functions. 

Throughout this paper, let A be a Banach algebra, M be a Banach „4-bimodule and let A = 
{A G C : |A| = 1}. For any mapping / : A — > M., we define 

A„f(x, y) = f(jix + /j,ky) - fi 3 kf(x + y)+ ^kf{x - y) 

- f(px- nky)~2^k(k 2 -l)f(y) 

for all x, y G A and [i G A. 

2. Stability of cubic Lie derivations 

Now, we give the main results in this paper. 
Theorem 2.1. Let ip : A x A —> [0, oo) be a mapping such that there exists L < 1 with 

ip(kx,ky) < k 3 Ltp(x,y) 

for all x,y e A. Suppose that a mapping f : A — > M. with /(0) = 0 satisfies the following 
conditions: 

\\f{[x, y]) - [f{x), y 3 } - [x 3 J(y)} \\ < <p{x, y), (2.1) 
\\A^f(x,y)\\<ip(x,y), (2.2) 
for all x, y G A and [i E A. //, for each fixed x G A, the mapping r M> f(rx) from K to A4 is 
continuous, then there exists a unique cubic Lie derivation mapping 5 : A — > Ai which satisfies the 
equation (1.2) and the following inequality: 

\\f(x) f(-x) S(x)\\ < 2k3{ l_ L) $(0,x) (2.3) 

for all x G A and k G Z + with k > 3, where <p(0,x) — (p(0,x) + ip(0, —x) and the mapping 8 is 
defined by 

5(x) = \^±-(f(k m x) f(-k m x)). 



m—>oo 



Proof. It follows form <p(kx, ky) < k 3 L(p(x, y) that 



!iii L fcL^( fcm ^ fcm y) = 0 ( 2 - 4 ) 



m— Yoo 



for all y G A. Substituting x — 0 and [i = 1 in (2.2), we have 

\\p(ky) - kp(y) - 2k(k 2 - l)f(y)\\ < ^(0, y) (2.5) 
for all y G A, where p(y) = f(x) — f(—y). Replacing y by — y in (2.5), we have 

\\p(ky) - kp(y) - 2k(k 2 - l)f(-y)\\ < p(0, -y) (2.6) 
for all y G A. Thus it follows from (2.5) and (2.6) that 



1 



1 



p(y)-y i p(ky) <^(0,y) (2.7) 



2k 3 
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4 A Fixed Point Approach to Stability of Cubic Lie Derivatives 

for all y G A, where £>(0, y) = <p(0, y) + <p(Q, —y). 

Let ft — {g\g : A — > M, g(0) — 0} and introduce a generalized metric d on fi as follows: 

d(g, h) = inf{c G R + : \\g(x) - h(x)\\ < ap{Q, x) for all x G A}, 

where, as usual, inf 4> — +oo. It is easy to see that (Sl,d) is a generalized complete metric space 
([5])- 

Now, we define a mapping T : — > H by 

Tg(x) = ^g(kx) 

for all x £ A. Let g, h G £1 and c G [0, oo) be an arbitrary constant with d(g, h) < c. Then we have 

\\g{x) - h(x)\\ <c${0,x) 

for all x G A and so 

\\Tg(x) - Th(x)\\ < ^^(0, fcx) < Lc^(0, a:) 
for all x £ A. This means that 

d(Tg,Th)<Ld(g,h) 

for all (7, /i G SI. Thus T is a strictly contractive self-mapping on ft with the Lipschitz constant L 
and so, by Theorem 1.1, there exists a unique mapping S : A — > A4, which is a unique fixed point 
of T in the set Oi = {g G O : d(f,g) < oo}, such that 

«J(fcc) = /c 3 <5(x) 

and 

for ell x £ A since lim m ^oo d(T m p, S) = 0. It follows from (2.7) that d(p,Tp) < ^3. Again, it 
follows from Theorem 1.1 that 



Thus we obtain 

\\p(x) - 6(x)\\ = \\f(x) f(-x) S(x)\\ < 2k3{ l_ L) $(0, x) 

for all x G X. 

Further, it follows from (2.2), (2.4) and (2.8) that 

1 

III- 7 OO k% 

1 

m— >oo 

< lim L m (ip{x,y) -if(-x,-y)) 



\A,S(x,y)\\<2^y^\\\p(k m x,k m y)\\ 

<J^jL^ km ^ km y) (2.9) 



= 0, 

which gives A fl S(x, y) = 0 for all x, y G A and fi G A. If we put /1 = 1 in (2.9), then 

5(x + ky) - kS{x + y) + k5(x - y) - 5{x - ky) - 2k(k 2 - l)5(y) = 0. 

Thus the mapping 6 : A — > A is cubic (see [8]). Therefore, there exists a unique cubic mapping 5 
on A satisfying (2.3). 
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Next, it follows from (2.9) that A A1 <5(0,a;) = 0 and S(pkx) — (pk) 3 S(x) for all x G A and p G A. 
Let the mapping f(tx) be continuous in t G R for any fixed x a G A. For any continuous linear 
functional p on M , now, we can define a function ip : R — > R by 



^(t) = p(5(ta;o)) 



for all tsR, where xq G *4 is fixed. Set 



Mt) = P{ k3n ) 



for all t G R and n G Z + . Since is the pointwise limit of the sequence of ip n (t), ip is a 
continuous cubic mapping and tp(t) = t 3 ip(l) for alH G R (see Theorem 2.3 in [16]). Thus we have 



p(S(tx 0 )) = m = t 3 ij(l) = t 3 p(S(x 0 )) = p(t 3 (S(x 0 )), 



which gives S(tx 0 ) = t 3 S(x 0 ) for all tel. Let A G C. Then A G A and 



|A| 



and so 



A 3 



Since x 0 G .4 is arbitrary, 5 is cubic homogeneous in A. 
Finally, it follows from (2.1) and (2.8) that 

\\5([x,y])-[S(x),y 3 }-[x 3 ,S(y)}\\ 
1 



< lira -^\\5(k m {x,y})-{6(k m x),y 3 }-[x 3 ,6(k m y)}\\ 



< 

= 0 



I™ (^ (fcr " x ' kmy) - - kmy) ) 



for all x, y G A. Then we have 



5([*,j/]) = W*),2/ 3 ] + [* 3 ,<%)] 



for all x, y G A. Thus, <5 is a unique cubic Lie derivation on A satisfying (2.3). This complete the 
proof. □ 



From Theorem 2.1, we have the following: 

Corollary 2.2. Let 9 be positive real numbers. Suppose that a mapping f : A — > M. with /(0) = 0 
satisfies the following conditions: 



f([x,y])-[f(x),y 3 ]-[x 3 ,f(y)} 



V^f{x, y) 



< 



for all x,y G A and p G A. Then there exists a unique cubic Lie derivation 5 : A — > M. such that 

\\f(x)-f(-x)-S(x)\\< 

for all x G A. 



fc 3 (l-L) 
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6 A Fixed Point Approach to Stability of Cubic Lie Derivatives 

Theorem 2.3. Let ip : A x A — > [0, oo) be a mapping such that there exists L < 1 with 



for all x, y G A. Suppose that a mapping f : A — > M. with /(0) = 0 satisfies (2.1) and (2.2). //, for 
any fixed x € A, the mapping r i-> f(rx) from R to M. is continuous, then there exists a unique 
cubic Lie derivation 5 : A^ M. which satisfies the equation (1.2) and the following inequality: 

\\f{x) f(-x) 5(x)\\ < ^_ <p(0,x) (2.10) 

for all x e A and k e Z + with k > 3, where <p(0,x) = (f(0,x) + ip(0, —x) and the mapping 8 is 
defined by 

«<»)- fa. *■-(/(£)-/(-£)) 

for all x G A. 

Proof. Let f2 and d be as in the proof of Theorem 2.1. Then (fl, d) is a generalized complete metric 
space and we consider a mapping T : O — > f2 defined by 

Tg(x) = k 3 g^) 

for all x e A. Then we have 

d(Tg,Th) < Ld(g,h) 
for all /i G £1. It follows from (2.7) that 

p(a;) _ fe 3 p(|) <^{Q, X ) 



for all a; € .4 and k e Z + with k > 3. Thus we have d{Tp,p) < ^ < oo. Therefore, by Theorem 
1.1, it follows that there exists a unique mapping 8 7 which is a unique fixed point of T in the set 
Sli = {g e £1 : d(f,g) < oo}, such that 

5(a;)= hm -j-p(fc m x) = lim k 3m ( fl^-) - f( - -^-)) 

y ' m-s-oo k 3m m->oo V V k m ' V k m ' ) 



for all x G A. Thus we have 



1-L y ^ F > ~ 2fc 3 (l-L)' 
which implies that (2.10) holds. The remaining assertion goes through in the similar method to 
the corresponding proof of Theorem 2.1. This complete the proof. □ 

Remark 2.1. Using the idea of Gavtuta [10], we can obtain other results for the stability of the 
general cubic functional equation A fl f(x,y) = 0. 

Let I G {—1,1} be fixed and ip : A x A — > [0, oo) be a mapping such that 

lim -^-ip{k em x,k em y) =0 

for all x,y € A and 

oo 1 

E p^( 0 >^) <o ° 

for all x e A, where £?(0, a;) = <p(0,x) + (p(0,—x). Suppose that a mapping / : A — > M. with 
/(0) = 0 satisfies (2.1) and (2.2). If, for any fixed x £ A, the mapping r i-> /(ra) from R to M 
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is continuous, then there exists a unique cubic Lie derivation mapping 5 : A — > M. which satisfies 
the equation (1.2) and the following inequality: 

oo 

\\f( x )-f(- x )-S( X )\\< — ]T Tujm^x) (2.11) 



i= — 

J 2 



for all x G A and k G Z + with k > 3. 

(1) Let (p(x, y) = #(||x|| r + \\y\\ r ) and 9, r be positive real numbers with r^3. Then there exists 
a unique cubic Lie derivation 5 : A^ M such that 

\\ f{x )- f{ - x )-8(x)\\< ]k ^ ] \\x\V 

for all x G A. 

(2) The stability problem for r = 3 is singular in \\V IJt f{x,y)\\ < 0(\\ X \\ r + \\y\\ r ) (see [8]). 

Now, from Theorem 2.1, we can consider the superstability of cubic derivation as follows: 

Theorem 2.4. Let 9 and r be positive real numbers with 0 < r < 3. Suppose that there exists a 
mapping ip : A x A — >• [0, oo) such that 

lim —^—-;ip{k m Xl k m y) = 0 

nwoo (k 3m ) 2 

for all x,y G A. If a mapping f : A—t M. with /(0) = 0 satisfies the following conditions: 

\\f([x, y]) - {f(x),y 3 } - [x 3 , f(y)\ \\ < <p(x, y), (2.12) 
\\V,f( X ,y)\\<9\\ X \\ r (2.13) 
for all x, y G A and /i G A, then f is a cubic Lie derivation. 

Proof. Letting yU = 1 and putting x = y = 0 in (2.13), we have /(0) = 0. Also, letting x = 0, y = x 
in (2.13) and using the oddness of /, we obtain f(kx) = k 3 f(x) for all x G A. By induction, 

f(k m x) = k 3m f(x) 

for all x G A and m G Z + . On the other hand, it follows from Theorem 2.1 that the mapping 
S : A — > M. defined by 

W - Jim ^P(k-x) = Jim ^ (/(*"*) - /(-*"*)) 

is a unique cubic Lie derivation. Then S(x) = f(x) — f(—x) for all x G A. So the mapping / is a 
cubic Lie derivation. This complete the proof. □ 

From Theorem 2.4, we have the following: 

Corollary 2.5. Let 9 and r, s be positive real numbers with r + s ^ 3. Suppose that there exists a 
mapping <p : A x A — >• [0, oo) such that 

/or aZZ .t, y £ A. If a mapping f : A^ M. with /(0) = 0 satisfies the following conditions: 

f{[x,y])-[f{x),y*]-[x\f{y)]\<y{x,y), 
\\V,f{x 1 y)\\<9{\\ X \\ r + \\y\\ s + \\x\\ r \\y\\ s ) 



384 



Seong Sik Kim et al 378-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



8 A Fixed Point Approach to Stability of Cubic Lie Derivatives 

for all x,y € A. Then f is a cubic Lie derivation. 

Corollary 2.6. Let 9 and r G R + be positive real numbers with r > 3. Suppose that a mappings 
f : A — > Ai with /(0) = 0 satisfies the following conditions: 

\\f([x,y})-[f(x),y 3 }-[x 3 ,f(y)}\\<e\\x\\ r , 

\\V,f(x,y)\\<e\\x\\ r 

for all x,y E A. Then f is a cubic Lie derivation. 

Next, we show the hyperstability of cubic derivation as follows: 

Theorem 2.7. Let A be a Banach algebra with an element e which is not a zero divisor. Suppose 
that f : A^f A is a mapping for which there exists a function (p : A X A — > [0, oo) such that 

lim^^O, (2.14) 

\\f(x)y 3 -x 3 f(y)\\< V (x,y), (2.15) 
\\f(z)([x, y]) 3 z 3 {[f(x),y 3 ] - [x 3 , f(y)\) \\ < p([x, y],z) (2.16) 
for all x,y,z € A. Then f is a cubic Lie derivation. 

Proof. Let x, y, z g A. Then we have 

||n 3 z 3 (/(x + fey) - kf(x + y) + kf(x - y) - f(x - ky) - 2k(k 2 - l)f(y)) \\ 
< \\n 3 z 3 f(x + ky) - f(nz)(x + ky) 3 \\ + k\\n 3 z 3 f(x + y) - f(nz)(x + y) 3 \\ 
+ k\\n 3 z 3 f(x -y)- f(nz)(x - y) 3 \\ + \\n 3 z 3 f(x - ky) - f(nz)(x - ky) 3 \\ 
+ 2k(k 2 - l)\\n 3 z 3 f(y) - f(nz)y 3 \\ 
for all n £ 1> + , which gives, by (2.15), 

\\z 3 (f(x + ky) - kf(x + y) + kf(x - y) - f(x - ky) - 2k(k 2 - l)f(y)) \\ 
< n~ 3 (ip{x + ky, nz) + k(p(x + y, nz) + kip(x — y, nz) 
+ ip(x — ky, nz) + 2k(k 2 — l)ip(y, nz)) . 
Letting n — > oo and using (2.14), we have 

z 3 (f(x + ky) - kf(x + y) + kf(x - y) - f(x - ky) - 2fc(fe 2 - l)f(y)) = 0 (2.17) 

for all x,y,z e A. Putting z = e in (2.17), / satisfies a cubic functional equation (1.2). 
Next, let A € C and x,y e A. Then we have 

\\n 3 y 3 (f(Xx) - X 3 f(x))\\ < ||nV/(AoO - f(Xy)X 3 x 3 \\ + \X\ 3 \\f{ny)x 3 - n 3 y 3 /(x)|| 

< tp{Xx,ny) + \X\ 3 f(x,ny), 

which gives 

||» 3 (/(Ax) - A 3 /0r))|| < n- 3 (^X,ny) + |A| 3 ^, ny)) . 
Taking n — > oo, we obtain 

y 3 (f(Xx)-X 3 f(x)) =0 

for all x G A and A e C. Letting y = e, we have f(Xx) = X 3 f(x) for all x £ A and A e C. Thus 
the mapping / is cubic homogeneous. 
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Finally, let x, y, z G A. Then we have 

\\n 3 z 3 (f([x,y])-[f(x),y 3 }-[x 3 ,f(y)})\\ 

< \\n 3 z 3 f([x,y])-([x,y}) 3 f(nz)\\ 

+ \\([x,y}) 3 f(nz)-n 3 z 3 ([f(x),y 3 } + [x 3 ,f(y)})\\ 

< 2<p([x,y],nz) 

for all n e Z + and so 

h 3 {f([x,y}) - [f(x),y 3 ] - [x 3 J(y)})\\ < n- 3 ■ 2<p([x,y},nz), 

which implies 

f([x,y]) = [f(x),y 3 ] + [x 3 J(y)} 

for all x,y G A. Therefore, the mapping / is a cubic Lie derivation in A. This completes the 
proof. □ 

From Theorem 2.7, we have the following: 

Corollary 2.8. Let 9 and r be positive real numbers with r < 3. Suppose that A is a Banach 
algebra with an element e which is not a zero divisor and f : A — > A is a mapping such that 

ll/(^)C[^,2/]) 3 - ^ 3 ([/(^),^ 3 ] - [^ 3 ,/(y)])|| < ^H^^iini^ir, 

\\f(x)y 3 -x 3 f(y)\\<e\\xnyr 
for all x,y,z G A. Then f is a cubic Lie derivation in A. 

Proof. The proof follows from Theorem 2.7 by taking tp(x, y) — 6*||a;|| r ||y|| r for all x, y G A. □ 

3. Acknowledgements 

The first author was supported by Dongeui University (2015AA071). Also, this project was 
funded by the Deanship of Scientific Research (DSR) , King Abdulaziz University, under Grant No. 
(31-130-35-HiCi). The authors, therefore, acknowledge with thanks DSR technical and financial 
support. 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan. 
2 (1950), 64-66. 

[2] A. Bodaghi, LA. Alias, M.H. Ghahramani, Approximately cubic functional equations and 

cubic multipliers, J. Ineq. Appl. 2011, 2011:53. 
[3] J. Brzd§k, Hyperstability of the Cauchy equation on restricted domains, Acta Math. Hung. 

(2003), DOI: 10.1007/sl0474-013-0302-3 
[4] L. Cadariu, V. Radu, Fixed points and the stability of Jensen's functional equation, J. Ineq. 

Pure Appl. Math. 4 (2003), No. 1, Art. 4. 
[5] L. Cadariu, V. Radu, On the stability of the Cauchy functional equation: a fixed point 

approach, Grazer Math. Bcrichte 346 (2004), 43-52. 
[6] Y.J. Cho, Th.M. Rassias and R. Saadati, Stability of Functional equations in Random Normed 

Spaces, Springer, New York, Heidelberg, Dordrecht, London, 2013. 



386 



Seong Sik Kim et al 378-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



10 A Fixed Point Approach to Stability of Cubic Lie Derivatives 

[7] J.B. Dias, B. Margolis, A fixed point theorem of the alternative for contrations on a generalized 

complete metric space, Bull. Amer. Math. Soc. 74 (1968), 305-309. 
[8] G.Z. Eskandani, J.M. Rassias, P. Gavruta, Generalized Hyers-Ulam stability for general cubic 

functional equation in quasi-/3-normed spaces, Asian-Europ. J. Math. 4 (2011), 413-425. 
[9] A. Fosner, M. Fosner, Approximate cubic Lie derivations, Abs. Appl. Anal. 2013, Article ID 

425784, 5 pp. 

[10] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive 

mappings, J. Math. Anal. Appl. 184 (1994), 431-436. 
[11] A. Ghaffari, A. Alinejad, Stabilities of cubic mappings in fuzzy normed spaces, Adv. Diff. 

Equ. 2010, Article ID 150873, 15pp. 
[12] M.E. Gordji, S.K. Gharetapeh, M.B. Savadkouhi, M. Aghaei, T. Karimi, On cubic derivations, 

Intcrnat. J. Math. Anal. 4 (2010), 2501-2514. 
[13] E. Gselmann, Hyperstability of a functional equation, Acta Math. Hungar. 124 (2009), 179- 

188. 

[14] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 
(1941), 222-224. 

[15] S. Javdian, J.M. Rassias, Stability of general cubic mappings in fuzzy normed spaces, An. §t. 

Univ. Ovidius Constanta Ser. Math. 20 (2012), 129-150. 
[16] K.W. Jun, H.M. Kim, The generalized Hyers-Ulam-Rassias stability of a cubic functional 

equation, J. Math. Anal. Appl. 274 (2002), 267-278. 
[17] H.A. Kenary, H. Rezaei, S. Talebzadeh, S.J. Lee, Stabilities of cubic mappings in various 

normed spaces: Direct and Fixed Point Methods, J. Appl. Math. 2012, Article ID 546819, 28 

pp. 

[18] Gy. Maksa, Zs. Pales, Hyperstability of a class of linear functional equations, Acta Math. 

Acad. Paedagog. Nyhazi 17 (2001), 107-112. 
[19] A. Najati, Hyers-Ulam-Rassias stability of a cubic functional equation, Bull. Korean Math. 

Soc. 44 (2007), 825-840. 

[20] J.M. Rassias, Solution of the Ulam stability problem for cubic mappings, Glasnik Mat. 
36(56)(2001), 63-72. 

[21] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. 
Soc. 72 (1978), 297-300. 

[22] S.M. Ulam, Problems in Modern Mathematics, Science Editions, John Wiley & Sons, New 
York, USA, 1940. 



Seong Sik Kim: Department of Mathematics, Dongeui University 
Busan 614-714, Republic of Korea 
E-mail: sskim@deu.ac.kr 

John Michael Rassias: Pedagogical Department E.E., Section of Mathematics and Informatics 

National and Capodistrian University of Athens 

4, Agamemnonos St., Aghia Paraskcvi, Athens 15342, Greece 

E-mail: jrassias@primedu.uoa.gr; jrass@otenet.gr 

Afrah A.N. Abdou: Department of Mathematics, King Abdulaziz University 
Jeddah 21589, Saudi Arabia 
E-mail: aabdou@kau.edu. sa 



387 



Seong Sik Kim et al 378-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Seong Sik Kim, John Michael Rassias, Afrah A.N. Abdou and Yeol Je Cho 11 

Yeol Je Cho: Department of Mathematics Education and the RINS 
Gyeongsang National University, Jinju 660-701, Korea 
Department of Mathematics, King Abdulaziz University 
Jeddah 21589, Saudi Arabia 
E-mail: yjcho@gnu.ac.kr 



388 



Seong Sik Kim et al 378-388 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL 19, NO. 2, 2015 



The Similarity and Application for Generalized Interval- Valued Fuzzy Soft Sets, Yan-ping He, 
and Hai-dong Zhang, 208 

Distribution Reductions in a-Maximal Tolerance Level SF Decision Information Systems, 
ShengLuo, 219 

Separation Problem for Second Order Elliptic Differential Operators on Riemannian Manifolds, 
H. A. Atia, 229 

An Integral-Type Operator from Weighted Bergman-Privalov Spaces to Bloch-Type Spaces, 
YongRen, 241 

On the (r,q)-Bernoulli and (r,q)-Euler Numbers and Polynomials, Joung Hee Jin, Toufik 
Mansour, Eun-Jung Moon, and Jin-Woo Park, 250 

Solving Fuzzy Fractional Partial Differential Equations by Fuzzy Laplace-Fourier Transforms, 
Ekhtiar Khodadadi, and Mesut Karabacak, 260 

Aspects of Univalent Holomorphic Functions Involving Ruscheweyh Derivative and Generalized 
Salagean Operator, Alb Lupas Alina, and Andrei Loriana, 272 

On a Certain Subclass of Analytic Functions Involving Salagean Operator and Ruscheweyh 
Derivative, Alina Alb Lupas, 278 

New Classes Containing Multiplier Transformation and Ruscheweyh Derivative, Alina Alb 
Lupas, 282 

New Iterative Scheme for the Approximation of Fixed Points of Asymptotically Nonexpansive 
Mappings in Uniformly Convex Banach Spaces, Shin Min Kang, Arif Rafiq, Young Chel Kwun, 
and Faisal Ali, 287 

Global Behavior and Periodicity of Some Difference Equations, E. M. Elsayed, and 
H. El-Metwally, 298 

Further Results on Normal Families of Meromorphic Functions Concerning Shared Values, 
Xiao-Bin Zhang, and Jun-Feng Xu, 310 



Positive Solutions of Difference- Summation Boundary Value Problem for a Second-Order 
Difference Equation, Jiraporn Reunsumrit, and Thanin Sitthiwirattham, 319 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL 19, NO. 2, 2015 

(continued) 



Essential Norm of Extended Cesaro Operators from F(p,q,s) Space to Bloch-Type Space, 
Xiaomin Tang, 335 

Stability in Volterra Integral Equations of Fractional Order with Control Variable, Payam 
Nasertayoob, S. Mansour Vaezpour, Reza Saadati, and Choonkil Park, 346 

Some Properties of the Hausdorff Fuzzy Metric on Finite Sets, Chang-qing Li, and Liu Yang,359 

Locally Boundedness and Continuity of Superposition Operators on Double Sequence Spaces 
Cro, Birsen Sagir, and Nihan Giingor, 365 

A Fixed Point Approach to Stability of Cubic Lie Derivatives in Banach Algebras, Seong Sik 
Kim, John Michael Rassias, Afrah A.N. Abdou, and Yeol Je Cho, 378 



Volume 19, Number 3 September 2015 

ISSN: 1521-1398 PRINT, 1572-9206 ONLINE 




Journal of 
Computational 
Analysis and 
Applications 

EUDOXUS PRESS,LLC 



Journal of Computational Analysis and Applications 
ISSNno.'s:1521-1398 PRINT,1572-9206 ONLINE 

SCOPE OF THE JOURNAL 
An international publication of Eudoxus Press, LLC 
(twelve times annually) 

Editor in Chief: George Anastassiou 
Department of Mathematical Sciences, 
University of Memphis, Memphis, TN 38152-3240, U.S.A 
ganastss @ memphis.edu 

http://www.msci.memphis.edu/~ganastss/jocaaa 

The main purpose of "J. Computational Analysis and Applications" 
is to publish high quality research articles from all subareas of 
Computational Mathematical Analysis and its many potential 
applications and connections to other areas of Mathematical 
Sciences. Any paper whose approach and proofs are computational,using 
methods from Mathematical Analysis in the broadest sense is suitable 
and welcome for consideration in our journal, except from Applied 
Numerical Analysis articles. Also plain word articles without formulas and 
proofs are excluded. The list of possibly connected 
mathematical areas with this publication includes, but is not 
restricted to: Applied Analysis, Applied Functional Analysis, 
Approximation Theory, Asymptotic Analysis, Difference Equations, 
Differential Equations, Partial Differential Equations, Fourier 
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities, 
Integral Equations, Measure Theory, Moment Theory, Neural Networks, 
Numerical Functional Analysis, Potential Theory, Probability Theory, 
Real and Complex Analysis, Signal Analysis, Special Functions, 
Splines, Stochastic Analysis, Stochastic Processes, Summability, 
Tomography, Wavelets, any combination of the above, e.t.c. 

"J. Computational Analysis and Applications" is a 
peer-reviewed Journal. See the instructions for preparation and submission 
of articles to JoCAAA. Assistant to the Editor: 
Dr.Razvan Me z e i, Lenoir -Rhyne University, Hickory, NC 28601, USA. 

Journal of Computational Analysis and Applications(JoCAAA) is published by 

EUDOXUS PRESS,LLC, 1424 Beaver Trail 

Drive,Cordova,TN3 80 1 6 ,US A,anastas sioug @ yahoo .com 

http//:www. eudoxuspress.com. Annual Subscription Prices:For USA and 

Canada,Institutional:Print $650, Electronic OPEN ACCESS. Individual: Print $300. For 
any other part of the world add $100 more(postages) to the above prices for Print. 
No credit card payments. 

Copyright©2015 by Eudoxus Press,LLC,all rights reserved. JoCAAA is printed in USA. 
JoCAAA is reviewed and abstracted by AMS Mathematical 
Reviews,MATHSCI,and Zentralblaat MATH. 

It is strictly prohibited the reproduction and transmission of any part of JoCAAA and in 
any form and by any means without the written permission of the publisher.lt is only 
allowed to educators to Xerox articles for educational purposes. The publisher assumes no 
responsibility for the content of published papers. 



392 



Editorial Board 

Associate Editors of Journal of Computational Analysis and Applications 



1) George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, U.S. A 

Tel. 901-678-3144 
e-mail : ganastss@memphis . edu 
Approximation Theory, Real Analysis, 
Wavelets, Neural Networks, Probability, 
Inequalities . 

2) J. Marshall Ash 
Department of Mathematics 
De Paul University 

2219 North Kenmore Ave. 
Chicago, IL 60614-3504 
773-325-4216 

e-mail : mash@math . depaul . edu 
Real and Harmonic Analysis 

3) Mark J.Balas 
Department Head and Professor 
Electrical and Computer Engineering 
Dept . 

College of Engineering 

University of Wyoming 

1000 E. University Ave. 

Laramie, WY 82071 

307-766-5599 

e-mail : mbalas@uwyo . edu 

Control Theory, Nonlinear Systems, 

Neural Networks , Ordinary and Partial 

Differential Equations, Functional 

Analysis and Operator Theory 

4) Dumitru Baleanu 

Cankaya University, Faculty of Art and 
Sciences, 

Department of Mathematics and Computer 
Sciences, 06530 Balgat, Ankara, 
Turkey, dumitru@ cankaya . edu . tr 
Fractional Differential Equations 
Nonlinear Analysis, Fractional 
Dynamics 

5) Carlo Bardaro 
Dipartimento di Matematica e 
Informatica 



20) Margareta Heilmann 

Faculty of Mathematics and Natural 
Sciences 

University of Wuppertal 
Gau&stra&e 20 
D-42119 Wuppertal, 
Germany, heilmann@math.uni- 
wuppertal . de 

Approximation Theory (Positive Linear 
Operators) 

21) Christian Houdre 
School of Mathematics 
Georgia Institute of Technology 
Atlanta, Georgia 30332 
404-894-4398 

e-mail : houdre@math . gatech . edu 
Probability, Mathematical Statistics, 
Wavelets 

22) Irena Lasiecka 

Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152 

P.D.E, Control Theory, Functional 
Analysis, lasiecka@memphis.edu 



23) Burkhard Lenze 
Fachbereich Informatik 
Fachhochschule Dortmund 
University of Applied Sciences 
Postfach 105018 

D-44047 Dortmund, Germany 
e-mail: lenze@fh-dortmund.de 
Real Networks, 

Fourier Analysis, Approximation 
Theory 

24) Hrushikesh N.Mhaskar 
Department Of Mathematics 
California State University 
Los Angeles, CA 90032 
626-914-7002 

e-mail : hmhaska@gmail . com 
Orthogonal Polynomials, 
Approximation Theory, Splines, 
Wavelets, Neural Networks 



393 



Universita di Perugia 

Via Vanvitelli 1 

06123 Perugia, ITALY 

TEL+390755853822 

+390755855034 

FAX+390 755855024 

E-mail carlo.bardaro@unipg.it 

Web site: 

http: //www. unipg. it/~bardaro/ 
Functional Analysis and Approximation 
Theory, 

Signal Analysis, Measure Theory, Real 
Analysis . 

6) Martin Bohner 
Department of Mathematics and 
Statistics 

Missouri S&T 

Rolla, MO 65409-0020, USA 

bohnerQmst . edu 

web . mst . edu/~bohner 

Difference equations , differential 

equations, dynamic equations on time 

scale, applications in economics, 

finance, biology. 

7) Jerry L . Bona 
Department of Mathematics 

The University of Illinois at Chicago 
851 S. Morgan St. CS 249 
Chicago, IL 60601 
e-mail :bona@math . uic . edu 
Partial Differential Equations, 
Fluid Dynamics 

8) Luis A.Caffarelli 
Department of Mathematics 

The University of Texas at Austin 
Austin, Texas 78712-1082 
512-471-3160 

e-mail : caffarelQmath . utexas . edu 
Partial Differential Equations 

9) George Cybenko 

Thayer School of Engineering 

Dartmouth College 

8000 Cummings Hall, 

Hanover, NH 03755-8000 

603-646-3843 (X 3546 Seer.) 

e-mail : george . cybenkoQdartmouth . edu 

Approximation Theory and Neural 

Networks 

10) Ding-Xuan Zhou 
Department Of Mathematics 
City University of Hong Kong 



25) M.Zuhair Nashed 
Department Of Mathematics 
University of Central Florida 
PO Box 161364 

Orlando, FL 32816-1364 
e-mail: znashed@mail.ucf.edu 
Inverse and Ill-Posed problems, 
Numerical Functional Analysis, 
Integral Equations, Optimization, 
Signal Analysis 

26) Mubenga N.Nkashama 
Department OF Mathematics 
University of Alabama at Birmingham 
Birmingham, AL 35294-1170 
205-934-2154 

e-mail : nkashamaQmath . uab . edu 
Ordinary Differential Equations, 
Partial Differential Equations 



27;Svetlozar (Zari) Rachev, Professor of 
Finance, College of Business, and 
Director of Quantitative Finance Program, 
Department of Applied Mathematics & 
Statistics 

Stonybrook University 

312 Harriman Hall, Stony Brook, NY 11794- 

3775 

Phone: +1-631-632-1998 , 

Email : svetlozar.rachev@stonybrook.edu 

28) Alexander G. Ramm 
Mathematics Department 
Kansas State University 
Manhattan, KS 66506-2602 
e-mail : rammQmath . ksu . edu 
Inverse and Ill-posed Problems , 
Scattering Theory, Operator Theory, 
Theoretical Numerical 

Analysis, Wave Propagation, Signal 
Processing and Tomography 

29) Ervin Y.Rodin 

Department of Systems Science and 
Applied Mathematics 

Washington University , Campus Box 1040 
One Brookings Dr . , St . Louis, MO 63130- 
4899 

314-935-6007 

e-mail : rodinQrodin . wustl . edu 
Systems Theory, Semantic Control, 
Partial Differential Equations, 
Calculus of Variations , Optimization 



394 



83 Tat Chee Avenue 

Kowloon , Hong Kong 

852-2788 9708, Fax: 852-2788 8561 

e-mail : mazhou@math . cityu . edu . hk 

Approximation Theory, 

Spline functions, Wavelets 

11) Sever S .Dragomir 

School of Computer Science and 

Mathematics, Victoria University, 

PO Box 14428, 

Melbourne City, 

MC 8001, AUSTRALIA 

Tel. +61 3 9688 4437 

Fax +61 3 9688 4050 

sever@csm . vu . edu . au 

Inequalities, Functional Analysis, 

Numerical Analysis, Approximations , 

Information Theory, Stochastics . 

12) Oktay Duman 

TOBB University of Economics and 
Technology, 

Department of Mathematics, TR-06530, 
Ankara, 

Turkey, odumanQetu . edu . tr 
Classical Approximation Theory, 
Summability Theory, 
Statistical Convergence and its 
Applications 

13) Saber N.Elaydi 
Department Of Mathematics 
Trinity University 

715 Stadium Dr. 

San Antonio, TX 78212-7200 

210-736-8246 

e-mail: selaydi@trinity.edu 
Ordinary Differential Equations, 
Difference Equations 

14) Augustine O.Esogbue 

School of Industrial and Systems 
Engineering 

Georgia Institute of Technology 
Atlanta, GA 30332 
404-894-2323 
e-mail : 

augustine . esogbueQisye . gatech . edu 
Control Theory, Fuzzy sets, 
Mathematical Programming, 
Dynamic Programming, Optimization 

15) Christodoulos A.Floudas 
Department of Chemical Engineering 
Princeton University 



and Artificial Intelligence, 
Operations Research, Math . Programming 

30) T. E. Simos 
Department of Computer 
Science and Technology 

Faculty of Sciences and Technology 

University of Peloponnese 

GR-221 00 Tripolis, Greece 

Postal Address: 

26 Menelaou St . 

Anfithea - Paleon Faliron 

GR-175 64 Athens, Greece 

tsimos@mail . ariadne-t . gr 

Numerical Analysis 

31) I. P. Stavroulakis 
Department of Mathematics 
University of Ioannina 
451-10 Ioannina, Greece 
ipstav@cc . uoi . gr 
Differential Equations 
Phone +3 0651098283 

32) Manfred Tasche 
Department of Mathematics 
University of Rostock 
D-18051 Rostock, Germany 
manfred. tasche@mathematik . uni- 
rostock . de 

Numerical Fourier Analysis, Fourier 
Analysis, Harmonic Analysis, Signal 
Analysis, Spectral Methods, Wavelets, 
Splines, Approximation Theory 

33) Roberto Triggiani 
Department of Mathematical Sciences 
University of Memphis 

Memphis, TN 38152 

P.D.E, Control Theory, Functional 
Analysis, rtrggani@memphis.edu 

34) Gilbert G.Walter 

Department Of Mathematical Sciences 
University of Wisconsin-Milwaukee, Box 
413, 

Milwaukee, WI 53201-0413 

414-229-5077 

e-mail : ggwQcsd . uwm . edu 

Distribution Functions , Generalised 

Functions, Wavelets 

35) Xin-long Zhou 

Fachbereich Mathematik, Fachgebiet 
Informatik 

Gerhard-Mercator-Universitat Duisburg 



395 



Princeton, NJ 08544-5263 
609-258-4595 (x4619 assistant) 
e-mail : floudas@titan . princeton . edu 
Opt imizationTheory&Applicat ions, 
Global Optimization 

16) J.A.Goldstein 

Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152 
901-678-3130 

e-mail : jgoldste@memphis . edu 
Partial Differential Equations, 
Semigroups of Operators 

17) H.H.Gonska 
Department of Mathematics 
University of Duisburg 
Duisburg, D-47048 
Germany 

Oil -49-203-3 79-3542 

e-mail : gonska@ in format ik . uni- 

duisburg. de 

Approxima tion The ory, 

Computer Aided Geometric Design 

18) John R. Graef 
Department of Mathematics 
University of Tennessee at Chattanooga 
Chattanooga, TN 37304 USA 
John-Graef@utc.edu 

Ordinary and functional differential 
equations, difference equations, 
impulsive systems, differential 
inclusions , dynamic equations on time 
scales , control theory and their 
applications 

19) Weimin Han 
Department of Mathematics 
University of Iowa 

Iowa City, IA 52242-1419 
319-335-0770 

e-mail : whan@math . uiowa . edu 
Numerical analysis, Finite element 
method, Numerical PDE, Variational 
inequalities, Computational mechanics 

NEW MEMBERS 



Lotharstr. 65, D-47048 Duisburg, Germany 
e-mail : Xzhou@informatik . uni- 
duisburg . de 

Fourier Analysis, Computer- Aided 
Geometric Design, Computational 
Complexity, Multivariate 
Approximation Theory, 
Approximation and Interpolation 
Theory 

36) Xiang Ming Yu 

Department of Mathematical Sciences 
Southwest Missouri State University 
Springfield, MO 65804-0094 
417-836-5931 

e-mail : xmy944f@missouristate. edu 
Classical Approximation Theory, 
Wavelets 

37) Lotfi A. Zadeh 

Professor in the Graduate School and 
Director, 

Computer Initiative, Soft Computing 
(BISC) 

Computer Science Division 

University of California at Berkeley 

Berkeley, CA 94720 

Office: 510-642-4959 

Sec: 510-642-8271 

Home: 510-526-2569 

FAX: 510-642-1712 

e-mail : zadehQcs . berkeley . edu 

Fuzzyness , Artificial Intelligence, 

Natural language processing, Fuzzy 

logic 

38) Ahmed I. Zayed 

Department Of Mathematical Sciences 
DePaul University 
2320 N. Kenmore Ave. 
Chicago, IL 60614-3250 
773-325-7808 

e-mail : azayed@condor . depaul . edu 
Shannon sampling theory, Harmonic 
analysis and wavelets, Special 
functions and orthogonal 
polynomials , Integral transforms 



39)Xing-Biao Hu 40) Choonkil Park 

Institute of Computational Mathematics Department of Mathematics 

AMSS, Chinese Academy of Sciences Hanyang University 

Beijing, 100190, CHINA Seoul 133-791 

hxb@lsec.cc.ac.cn S.Korea, baak@hanyang.ac.kr 

Computational Mathematics Functional Equations 



396 



Instructions to Contributors 
Journal of Computational Analysis and Applications 

A quartely international publication of Eudoxus Press, LLC, of TN. 

Editor in Chief: George Anastassiou 

Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152-3240, U.S.A. 



1. Manuscripts files in Latex and PDF and in English, should be submitted via 
email to the Editor-in-Chief: 

Prof.George A. Anastassiou 

Department of Mathematical Sciences 

The University of Memphis 

Memphis,TN 38152, USA. 

Tel. 901.678.3144 

e-mail: ganastss @ memphis.edu 

Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 

Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to 
save a copy of the style file.)They should be carefully prepared in all respects. 
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten 
point type size and in 8(l/2)xll inch area per page. Manuscripts should have generous 
margins on all sides and should not exceed 24 pages. 

3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright,which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 



397 



4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 

The following items, 5 and 6, should be on page no. 1 of the paper. 

5. An abstract is to be provided, preferably no longer than 150 words. 

6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 

The main body of the paper should begin on page no. 1, if possible. 

7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) . 

Subsections should be identified with section and subsection numbers (such as 6.1. 
Second- Value Subheading). 

If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 

8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right, and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 

9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 

Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table. 

10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline. 

References should include (in the following order): 
initials of first and middle name, last name of author(s) 
title of article, 



398 



name of publication, volume number, inclusive pages, and year of publication. 
Authors should follow these examples: 
Journal Article 

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990). 

Book 

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986. 

Contribution to a Book 

3. M.K.Khan, Approximation properties of beta operators,in( title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 

11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit via email Latex and PDF files 
of the revised manuscript, including the final one. 

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in 
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The 
fee payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage . 

No galleys will be sent and the contact author will receive one (1) electronic copy of 
the journal issue in which the article appears. 



15. This journal will consider for publication only papers that contain proofs for 
their listed results. 



399 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



On the shadowing property of functional equations 

Sun Young Jang 

Department of Mathematics, University of Ulsan, 
Ulsan 680-749, Republic of Korea 
e-mail: jsym@ulsan.ac.kr 

Abstract. Using the shadowing property of the dynamical system, we prove the generalized Hyers- 
Ulam stability of quintic functional equations. 

Keywords: generalized Hyers-Ulam stability, pseudo-orbit, shadowing property, quintic mapping. 

1. Introduction and preliminaries 

Let us introduce some notations which will be used throughout this paper (see [16, 18]). We denote 
N the set of all non-negative integers, A a complete normed space, B(x,s) the closed ball centered at 
x with radius s. Let <j> : A — > A be given. 

For 5 > 0 a sequence (xk)keN in X is a S -pseudo-orbit for <p if 

d(x k+ i, 4>{x k )) < 5 for k e N. 

A 0-pseudo-orbit is called an orbit, that is, a sequence (xk)kGn is an orbit if Xk+i — 4>{xk) for k e N. 

The notion of pseudo-orbit very often appears in several areas of the dynamical systems, especially 
in the case of numerical simulations of dynamical systems.lt is natural to suggest a question whether 
a behavior tracing along the pseudo-orbit is closed to the real behavior of systems. This property 
is called shadowing property. The shadowing property is very useful to figure the stable dynamical 
system. 

Now we proceed to the notion of local invertibility and shadowing. 

Let s,R > 0 be given. A function <f) ■ A — > X is locally (s, R)-invertible at x a € A if for any 
point y in B(<j>(xo),R), there exists a unique element x in B(xo,s) such that <fi(x) = y. If <f> is locally 
(s, i?)-invertible at each a; £ A, then we say that <j) is locally (s, i?)-invertible. 

For a locally (s, i?)-invertible function </>, we define a function <f>~* : B(cp(xo), R) — > B(x 0 , s) in such 
a way that (j)^{y) denote the unique element x from the above definition which satisfies <p(x) = y. 
Moreover, we put 

lip;?^ 1 := sup lip(C 0 1 )- 

x 0 £X 

We will need the following result in [23]. 

Theorem 1.1. Let I € (0, 1), R € (0, oo) be fixed and let <fi '■ X — > A be locally (IR, R)-invertible. We 
assume additionally that lipR(<p~ ) < I. Let S < (l — l)R and let (xk)kefi be an arbitrary S -pseudo- orbit. 
Then there exists a unique element y € A such that 

d(x k+ i,<f>{y)) < IR 

°2000 Mathematics Subject Classification: Primary 39B52, 37C75, 34D30. 
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for fceN. 
Moreover, 

IS 

d{x k+ i,<t>{y) < 

for k e N. 

Let X be a semigroup. Then the function || • || : X — > R is called a (semigroup) norm if it satisfies 
the following properties: 

(1) for all x e X, \\x\\ > 0. 

(2) for allxeX, ke N, ||fcx|| = |fc| • \\x\\. 

(3) for all x, y £ X, \\x\ \ + \ \y\\ > \\x*y\\ and also the equality holds when x = y, where * is the 
binary operation on X. 

Note that (X, *, \\ ■ || ) is called a normed group if X is a group with an identity e, and it additionally 
satisfies that \\x\\ = 0 if and only if x = e. 

We say that (X, *, || • ||) is a normed (semi-) group if X is a (semi-)group with a norm || ||. We 
say that (X, +, d) is a metric group if X is an Abelian group with a translation invariant metric, that 
is 

d(a + x,b + y) = d{a, b) 
for a,b,x € X. Conveniently, we write ||x|| instead of d(a;,0). Thus we have 

d(x,y) = \\x - y\\ 

x 7 y <G X. Given an Abelian group X and n e Z, we define the mapping [tlx] : X — > X by the formula 

[n x ]0) : = "a; 

for x e X. 

Since X is a normed group, it is clear that is locally _R)-invertible at 0, and lipi?:[nx] _1 = 

l 

n ' 

The stability problem of functional equations originated from a question of Ulam [24] concerning the 
stability of group homomorphisms. Hycrs [11] gave a first affirmative partial answer to the question of 
Ulam in the case of Banach spaces. Hyers' Theorem was generalized by Aoki [2] for additive mappings 
and by Th.M. Rassias [19] for linear mappings by considering an unbounded Cauchy difference. The 
paper of Th.M. Rassias [19] has provided a lot of influence in the development of what we call generalized 
Hyers-Ulam stability of functional equations. A generalization of the Th.M. Rassias theorem was 
obtained by Gavruta [10] by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Th.M. Rassias' approach. 

The functional equation 

f( x + y) + f( x -y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic mapping. A generalized Hyers-Ulam stability problem for the 
quadratic functional equation was proved by Skof [20] for mappings / : X — > Y, where A is a normed 
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space and Y is a Banach space. Cholewa [3] noticed that the theorem of Skof is still true if the relevant 
domain X is replaced by an Abelian group. Czerwik [5] proved the generalized Hyers-Ulam stability 
of the quadratic functional equation. 

In [14], Jun and Kim considered the following cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + I2f(x). (1.1) 

It is easy to show that the function f(x) = x 3 satisfies the functional equation (1.1), which is called 
a cubic functional equation and every solution of the cubic functional equation is said to be a cubic 
mapping. 

In [15], Lee et al. considered the following quartic functional equation 

f(2x + y) + f(2x -y)= Af(x + y) + Af(x - y) + 24/ (x) - 6f(y). (1.2) 

It is easy to show that the function f{x) = x A satisfies the functional equation (1.2), which is called a 
quartic functional equation and every solution of the quartic functional equation is said to be a quartic 
mapping. 

The stability problems of several functional equations have been extensively investigated by a num- 
ber of authors and there are many interesting results concerning this problem (see [1], [4], [6]-[9], 
[12])- 

In this paper, we investigate the generalized Hyers-Ulam stability of the following quintic functional 
equations by using shadowing property: 

Df(x, y) := /(3a; + y) - /(3.x) + f{2x - y) + 3/(2x) - 5f(x - y) - 5f(2x + y) 

+10f(x + y)+ 27f(x) - 10/(2/) = 0, 
Ef(x, y) := f(3x + y) + f(2x - y) - 5f(2x + y) + 5f(3x) - 5f(x - y) 

-42f(2x) - 10/(y) + 10f(x + y) + 9f(x) = 0. 

2. Stability using the shadowing property 

First, we are going to introduce the result of the stability of the homogeneity equation worked by 
Tabor et al. [22]. Let X be a complete metric space and G be a metric space. Let tp : G — > G and 
4> : X — > X be given. A mapping / : G — > X is called homogeneous if 

f(${x)) = Mix)) 

for x € G. From the stability of the homogeneity equation and the shadowing property Tabor et al. 
obtained the following lemma [22] . 

Lemma 2.1. [22] Let I e (0,1), R G (0,oo),<5 e (0, (l-l)R),e > 0, m e N, n e 1. Let G be a 
commutative semigroup and X a complete Abelian metric group. We assume that the mapping [nx] is 
locally (IR, R)-invertible and Upa^u^ 1 ) < I . 
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Let f : G — > X satisfy the following two inequalities 

N 

»=i 



< e 



\\f(mx) -nf(x) || < 5 

for x,y € G, where a,i are endomorphisms in X and bi,Ci are endomorphisms in G. We assume 
additionally that there exists a K S {1, . . . , N} such that 



K 



N 



IS 



^2lip(a,i)5 <(l-l)R, e+ li P( a i)\ — j- lR - 

i=l i=K+l 

Then there exists a unique homogeneous mapping F : G — > X such that 



F(mx) = nF(x) 



and 



\\f{x)-F{x)\\< 



IS 

1^7 



N 



for x <G G. Moreover, F satisfies 

aiF{bjX + Ciy) = 0 

i=l 

for x, y € G. 

Let R > 0 be a real number, G an Abelian group, and X a complete normed Abelian group. 
Theorem 2.2. Let e < ^pR be arbitrary and let f : G — > X be a mapping with /(0) = 0 such that 

||I>/(x,|/)||< e (2.1) 
for all x,y e G. Then there exists a unique quintic mapping F : G — > X such that 

F(2x) = 2 5 F{x), 
DF(x,y) - 0, 



\\f(x) - F(x)\\ < -s 



for all x, y G G. 

Proof. Letting y — 0 in (2.1), we have 



f(2x) + 32f(x)\\<e. 



To apply Lemma 2.1 for the mapping /, we may let I = \, 5 = e, K = 2, a± = a 2 = a 3 
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{-ly-Hdx, a k+2t = (-iy +1 {k + (2i - l))id x (i=l,2), a 2fc+2j -i = {-l)(5i)id x (i= 1,2), a 4k = 
3(4fc + l)id x - Then we have 

5=e<^-R < ^R=(l-l)R, 
~ 100 ~ 4 v ; ' 



J2lip(a t )S = 2e < ±R<^R=(l-l)R, 

i=l 

W IS 5 1 

£+ $Z lip(di)^ — , < e + 60- - = 21e < -i? = Zi?. 

i=K+l 

Thus we also obtain lip([nx] _1 ) < Z and so all conditions of Lemma 2.1 are satisfied. Hence we 
conclude that there exists a unique mapping F : G — > X such that 

F(2x) = 2 5 F{x), DF(x, y) = 0, 

for all x, y € G and also we have 

\\f{x)-F{x)\\<\e 

for all x e G. □ 
We prove the generalized Hyers-Ulam stability of another quintic functional equation Ef(x, y) = 0. 

Theorem 2.3. Let e < 205R be arbitrary and let f : G — > X be a mapping with /(0) = 0 such that 

\\Ef(x,y)\\<e (2.2) 
for all x,y G G. Then there exists a unique quintic mapping F : G — > X such that 

F(Ax) = 2 5 F(2x), 
EF(x,y) = 0, 
\\f(x)-F(x)\\ < \e 

for all x,y G G. 

Proof. Letting y — x in (2.2), we have 

11/(4*)- 32/(2a0|| <e. 

To apply Lemma 2.1 for the mapping /, we may let I = |, 5 = e, if = 2, ai = a 2 = idx, 
a k+i = (-l) l (5)idx (i = 1, 2, 3), a 3fc = -(21fc)idx, ffl4fe-i = a4fc = {-hk)id x , a 4k+1 = (4fc + l)idx- 
Then we have 

5 = e<— R < 3 R=(l-l)R, 
~ 200 ~ 4 v ; 



^Up(a i )J = 2e < ^i? < ^ = (1 - OA, 

i=l 

W M <5 1 

e + H li P( a *) ] Tr7 ^ e + 90- - < -R = IR. 



i=K+l 
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Thus we also obtain lipijQnx] x ) < I and so all conditions of Lemma 2.1 arc satisfied. Hence we 
conclude that there exists a unique mapping F : G — > X such that 



F(Ax) = 2 5 F(2x), 
for all x, y € G and also we have 



EF(x,y) = 0 



\\f(x)-F(x)\\<-e 



for all x g G. 



□ 



3. Stability of the functional equation in a metric group 

In this section, we prove the generalized Hyers-Ulam stability of the quintic functional equation 
Ef(x,y) = 0 in metric groups. 

Let X be an Abelian metric group and let R > 0, neNbe fixed. Suppose that the following 
condition holds: 

For all S G [0, 2R] and all y g B(0, S), there exists a unique element x g B (0, f ) in X such that 
y = nx. (3.0) 
We use the operation [i] to denote the unique element x from B (0, f ) in (3.0). 

Lemma 3.1. Let X be an Abelian metric group and let R > 0 be fixed. Suppose that the condition (3.0) 
holds. Then for every fceN the mapping [n k x ] is locally , i?) -invertible and lip R ([n^] -1 ) < n k . 

Proof. Since A" is a metric group it is enough to check that [n k x ] is locally R) -invertible at 0 and 

lipd^r 1 ) <£• 

Let y g B(0,R) be arbitrary. By the assumption, there exists uniquely x\ G B (0, ^) such that 
y = nx. Again there exists x 2 € B (0, Jj) such that Xi = nx 2 . Continuing this process we can get 
Xfe g B (0, Jf) such that y = n k x^ We put Xk = x = [^] k y. If wc put S = \\y\\, we can get ||x|| < 
and n k x — y. Suppose that there exists x g B (0, ^) , i/i, such that n fe x = y. Then there exists 
I g {1, • • • ,n} such that n'x = n'x, n l ~ 1 x ^ n l ~ x x. This contradicts the uniqueness in (3.0). 

For any x, y g 5(0, S 1 ) and 5 g [0, 2i?] 



( 


"1" 


fc 

x — 


'1" 




n 


n 



By the uniqueness, we set 



Hence we have 



So [i] fc is locally i?) -invertible at 0 and lip {([n}% x ) < £ 





"1" 


k 


"1" 




'1" 


( 




X — 










n 




n 




n 



x-y. 



{x-y). 





"1" 


fc 


"1" 


fe 






x — 




y 




n 







2 k 1 



□ 



405 



Sun Young Jang 400-408 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Shadowing property of functional equations 



Theorem 3.2. Let R > 0. Let G be an Abelian group and X be a complete metric Abelian group 
satisfying the condition: for all S € [0, 2R] and all y € B(0, S) there exists uniquely iS6(0,^) such 
that y — nx. Let e < M be arbitrary and let f : G — > X be a mapping such that 



20 

\\Df(x,y)\\<e 

for all x,y G G. Then there exists a unique quintic mapping F : G — > X such that 

DF{x, y) = 0, F(2x) = 2 b F{x), 

and 



(3.1) 



\\f{x)-F{x)\\< 



for all x,y G G. 



Proof. Taking n = 2 in Lemma 3.1, we obtain that the mapping [2^-] is locally (J|, i?)-invertible and 
li Pii {^x}- 1 ) < . Putting x = y = 0 in (3.1), we obtain that ||11/(0)|| < e < R. Set 

" 1 " 



f(x) := f{x) - /(0) - 



11 



(H/(0)) • 



Then we have 



Df(x,y) 



Df(x,y)-ll /(0) 



(H/(0)) 



\\Df(x,y)\\ < e. 



It follows from Lemma 3.1 that ||/(0)|| = || [ yj] (11/(0))|| < f^. If we put y = x in the above inequality 



Df(x, y), then we get f{2x) - 2 5 f(x) 



< e. We can apply Lemma 2.1 for the mapping /. So let 



I = \, 5 = e, a± = a 2 = a 3 = (-l) i_1 ^x, a/c+2« = (-1) J+1 (£; + (2i - (« = 1,2), a 2 fc+2«-i = 

{-l)(5i)id x (i = 1, 2), a 4k = 3(4fc + l)*d x . 
Then 

2 9 
5<(1-Z)ii, ^lip(ai)5< (l-Z)i?, e + ^lip(a t )- — - < Zi?. 

i=l i=3 

Since the assumptions of Lemma 2.1 arc satisfied, there exists a unique mapping F : G — > X such 
that 

1ft F 

F(2x) = 2 5 F(x), DF(x,y) = 0, f(x)-F(x) < — = - (3.2) 

for alls, y € G. In order to get a function approximating to / we put F(x) := F(x)+(f(0) — [yj] (11/(0))). 
Then DF(x,y) = DF(x,y)+U (f(0) - [£] (11/(0))) = £>F(ar, y). Similarly, we have H/^-F^H = 
'/»-#(*)[ 

e 



. Thus F satisfies 

DF(x,y)=0, 



\\f(x)-F(x)\\< 



(3.3) 



for all x,y £ G. 

Finally, we prove the uniqueness part. Suppose that there exists another mapping F\ satisfying 
(3.3). Let h{x) := F^x) - (/(0) - [£] (11/(0))). Then 



DF 1 (x,y)=0, 



f(x)-F 1 {x) 



< 



(3.4) 
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for all x,y e G. Since ||/(0)|| < f I , we obtain that A(0) < e. Putting x = y = 0 in DFi(x,y) = 0 
we get HFi(O) = 0, By the uniqueness of the local division by 11, Fi(0) = 0. If we put x = y in in 
(3.4), then we get Fi(2x) = 32Fi(x). Thus F\ satisfies (3.2), and by the uniqueness we obtain that 
F 1 = F. Thus F 1 =F 1 + (/(0) - [i] (11/(0))) = F + (/(0) - [£] (11/(0))) = F. □ 
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ULAM-GAVRUTA-RASSIAS STABILITY OF AN ADDITIVE 
FUNCTIONAL INEQUALITY IN FUZZY NORMED MODULES 

YEOL JE CHO, REZA SAADATI, AND YOUNG-OH YANG* 

Abstract. In this paper, we investigate the following additive functional inequality: 

N(f(x) + f(y) + f(z) + f(w) , t) > N(f(x) + f(y + z + w),t) 

in fuzzy normed modules over a fuzzy C*-algebra, which is applied to understand 
homomorphisms in fuzzy C*-algebras. 



1. Introduction 

The stability problem of functional equations originated from a question of Ulam 
[1] concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was gener- 
alized by Aoki [3] for additive mappings and by Th.M. Rassias [4] for linear mappings 
by considering an unbounded Cauchy difference. The paper of Th.M. Rassias [4] has 
provided a lot of influence in the development of what we call generalized Hyers- Ulam 
stability of functional equations. A generalization of the Th.M. Rassias theorem was 
obtained by Gavruta [5] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Th.M. Rassias' approach. 

We recall a fundamental result in fixed point theory. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X 
if d satisfies the following conditions: 

(1) d(x, y) — 0 if and only if x — y; 

(2) d(x, y) = d(y, x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 1.1. [6, 7] Let (X, d) be a complete generalized metric space and J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then, for any element 
x G X , either 

d(J n x, J n+1 x) = oo 
for all n > 0 or there exists a positive integer n 0 such that 

1991 Mathematics Subject Classification. Primary 39B72, 39B62, 47H10, 46L05. 
Key words and phrases. Functional equation, fixed point, generalized Hyers-Ulam stability, func- 
tional inequality, linear mapping, fuzzy normed module, fuzzy C*-algebra. 
The corresponding author: yangyo@jejunu.ac.kr (Young-Oh Yang). 

1 



409 



YEOL JE CHO etal 409-417 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO. 3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

2 CHO, R. SAADATI, AND YANG 

(1) d(J n x, J n+l x) < oo for all n > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n "x, y) < oo}/ 

(4) d(y : y*)< J hid(y,Jy)forallyeY. 

We use the definition of fuzzy normed spaces given in [9, 10, 11, 12, 13, 14, 15] to 
investigate a fuzzy version of the Hyers-Ulam stability for the Cauchy- Jensen functional 
equation in the setting of fuzzy normed algebras (see also [16, 17, 18, 19, 20, 21, 22, 
23, 24, 25, 26, 27, 28]). 

Definition 1.2. [9] Let X be a real vector space. A function iV:Ixl^ l^,^] is 
called a fuzzy norm on X if, for all x, y G X and s, t G R, 

(Nl) N(x,t) = 0 for all t < 0; 

(N2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N3) N(cx, t) = N{x, |J| ) for all c G R with c + 0; 

(N4) JV(x + y, s + t) > min{X(a;, s), N(y, t)}; 

(N5) N(x, ■) is a non-decreasing function of R and lim^oo N(x, t) = 1; 
(N6) for any x £ X with a; ^ 0, X(x, •) is continuous on R. 

The pair (X, X) is called a fuzzy normed vector space. 

Definition 1.3. [9] (1) Let (X,N) be a fuzzy normed vector space. A sequence {x n } 
in X is said to be convergent or converge if there exists x G X such that lim^oo N(x n — 
x,t) — 1 for all £ > 0. In this case, a; is called the limit of the sequence {x n } and we 
denote it by iV-lim 

(2) Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is called a 
Cauchy sequence if, for any e > 0 and £ > 0, there exists n 0 G N such that, for all 
n > no and p > 0, N(x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is a 
Cauchy sequence. If each Cauchy sequence is convergent, then the fuzzy norm is said 
to be complete and the fuzzy normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y 
is continuous at a point a;o G X if, for each sequence {x n } converging to x 0 in X, the 
sequence {/(a^n)} converges to f(xo). If / : X — > Y is continuous at each x G X, then 
/ : X — > Y is said to be continuous on X (see [9, 15]). 

Definition 1.4. [17] A fuzzy normed algebra (X, X) is a fuzzy normed space (X, X) 
with algebraic structure such that 

(N7) N(xy, ts) > min{X(x, £), N(y, s)} for all x, y G X and £, s > 0. 
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Every normed algebra (X, || • ||) defines a fuzzy normed algebra (X, N), where 

N(x,t) = V-iT 

t+ \\ x \\ 

for all t > 0. This space is called the induced fuzzy normed algebra. 

Definition 1.5. (1) Let (X,N) and {Y,N) be fuzzy normed algebras. 

(1) An IR-linear mapping / : X — > F is called a homomorphism if 

/(*!/) = /(x)/(y) 

for all x,y E X. 

(2) An IR-linear mapping / : X — > X is called a derivation if 

/(zy) = f(x)y + xf(y) 

for all x,y E X. 

Definition 1.6. Let (U,J\f) be a fuzzy Banach algebra. Then an involution on W is a 
mapping w — > tt* from W into W satisfying the following conditions: 

(a) u** = u for all u<EU; 

(b) (era + = au* + for all u,v eW; 

(c) (wu)* = w*-u* for all u,v <EU. 

If, in addition N(u*u,ts) = min{N(u, t), N(u, s)} and N(u*,t) = N(u,t) for all 
u <EU and £, s > 0, then U is a fuzzy C*-algebra. In this paper, we use * for min. 

2. Functional inequalities in fuzzy normed modules over a fuzzy C*-algebra 

Throughout this section, let A be a unital fuzzy C*-algebra with the unitary group 
U(A) and the unit e and let B be a fuzzy C*-algebra. Assume that X is a fuzzy 
normed A-module with the norm N and Y is a fuzzy normed A-module with the norm 
N. 

In this section, we investigate an A-linear mapping associated with the functional 
following inequality: 

N(f(x) + f(y) + f(z) + f(w),t) > N(f(x) + f(y + z + w),t). 

Theorem 2.1. Let f : X — > Y be a mapping such that 

N(f(x) + f(y) + f(z) + uf(w),t) > N(f(x) + f(y + z + uw),t) (2.1) 
for all x,y, z,w G X , u G U (A) and t > 0. Then the mapping f : X — > Y is A-linear. 
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Proof. Letting x = y = z = w = 0, u = e & U (A) and t > 0 in (2.1), we get 

iV(4/(0),t)>W(2/(0),t) 

and so /(0) = 0. Letting x = w = 0 in (2.1), we get 

N(f(y)+f(z),t)>Nf(y + z),t) (2.2) 

for all y, z E X. Replacing y and z by x and y + z + w in (2.2), respectively, we get 

N(f(x) + f{y + z + w),t)> N(f(x + y + z + w),t) 

for all x,y,z,w&X and t > 0 and so 

+ /(y) + /(z) + f(w),t) > N(f(x + y + z + w),t) (2.3) 

for all x, y, z, w G X and t > 0. Letting z = w = 0 and y = —a; in (2.3), we get 

N(f(x) + f(-x),t)>N(f(0),t) = l 

for all x G X and t > 0 and so f(—x) = —f(x) for all x & X. Letting z = —x — y and 
w = 0 in (2.3), we get 

N(f(x) + f(y) - f(x + y),t) = N(f(x) + f(y) + f(-x -y),t)> N(f(0),t) = 1 
for all x, y G X and t > 0. Thus we have 

f(x + y) = f(x) + f(y) 
for all x,y <E X. Letting z = —uw and x = y = 0 in (2.1), we get 

N(-f(uw)+uf(w),t) = N(f(-uw)+uf(w),t) > N(2f(0),t) = 1 
for all w e X, u e U (A) and t > 0. Thus 

f(uw) = uf(w) (2.4) 

for all ueU(A) and w <E X . 

Now, let a e A with a^0 and M be an integer greater than 4|a|. Then we have 

a 1 , 2 1 

— < < 1 = -. 

MA 3 3 

By Theorem 1 of Kadison and Pedersen [29], there exist three elements Mi,m 2 , m 3 £ 
[/ (A) such that 3fj = U\ + tt 2 + u 3 and so, by (2.4), 



7 v y ; \3 M7 V3 M/ 



= y/( 3 ^ x ) = y + U2X + M 3^) = y (f(uix) + f(u 2 x) + f(u 3 x)) 

= y(«i +u 2 + u 3 )f(x) = y • Zjjf(x) = af(x) 
for all x E X. So / : X — > F is A-linear. This completes the proof. □ 
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Corollary 2.2. Let f : A — > B be a multiplicative mapping such that 

N(f(x) + f(y) + f(z) + fxf(w),t) > N(f(x) + f(y + z + pw), t) (2.5) 

for all x, y, z, w G A, fi G T := {A G C : |A| = ¥} and t > 0. T/ien £/ie mapping 
f : A^> B is a C* -algebra homomorphism. 

Proof. By Theorem 2.1, the multiplicative mapping / : A — > i? is C-linear since C*- 
algebras are fuzzy normed modules over C. So, the multiplicative mapping / : A — > 5 
is a C* -algebra homomorphism. □ 

3. Generalized Hyers-Ulam stability of functional inequalities 

Throughout this section, assume that X is a real fuzzy normed linear space and t 
Y is a real fuzzy Banach space. 

Theorem 3.1. Let f : X ^ Y be an odd mapping for which there exists a function 
ip : X A x (0, oo) — > [0,1] such that there exists L < 1 such that 

ip(x, y, z, w,t)><p (2x, 2y, 2z, 2w, ^ 
for all x,y, z,w G X and t > 0 and 

N(f(x) + f(y) + f(z)+f(w),t) (3.1) 
< N(f(x) + f(y + z + w),t) * ip(x, y, z, w, t) 

for all x,y, z,w G X and t > 0. Then there exists a unique Cauchy additive mapping 
A: X ^>Y satisfying 

N(f(x)-A(x),t) < (o,x,x,-2x, (2 (3.2) 

/or all x E X and t > 0. 

Proof. Consider the set 

5 := {(? : X - F} 
and introduce the generalized metric on 5 defined as follows: 

d(g,h) = inf j/T G M+ : iV(o(x) - /i(a;),t) > p(o, x, x, -2x, ^j, ViG xj. 

It is easy to show that (S, d) is complete (see the proof of Theorem 2.5 of Cadariu and 
Radu [30].) 

Now, we consider the linear mapping J : S — > S such that 



Jg{x) := 2g 
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for all x G X . It follows from the proof of Theorem 3.1 of Cadariu and Radu [6] that 

d(Jg, Jh) < Ld(g, h) 

for all g,he S. Since / : X -> F is odd, /(0) = 0 and f(-x) = -f(x) for all x G X. 
Letting x = 0z = y = w and w = —2w in (3.1), we get 

N(2f(w) - f(2w),t) = N(2f(w) + f(-2w),t) > <p(0, w, w, -2w, t) (3.3) 

for all w G X and t > 0. It follows from (3.3) that 

TV (j(x) - 2f (|) , tj > ip (0, |, | , -x, tj > ip (0, x, x, -2x, ^) 

for all x G X and t > 0. Hence J/) < f . 

By Theorem 1.1, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

A (f) = < 3 - 4 ' 

for all x G X. Then A : X — > Y is an odd mapping. The mapping A is a unique fixed 
point of J in the set 

M = {geS:d(f,g)<oo}. 

This implies that A is a unique mapping satisfying (3.4) such that there exists K G 
(0, oo) satisfying 

N(f(x) - A(x),t) > if (o, x, x, -2x, ^) 

for all x G X and t > 0; 

(2) d(J n f, A) — > 0 as n — > oo. This implies the equality 

Jia 2 "/(^)=^) (3-5) 

for all x G X; 

(3) d(f,A) < j^-jrd(f, Jf), which implies the inequality 

"(/M)<^. 

This implies that the inequality (3.2) holds. 
It follows from (3.1) and (3.5) that 

N(A(x) + A(y) + A(z) + A(w),t) > N(A(x) +A(y + z + w),t) 

for all x,y, z,w G X and t > 0. Thus, by Theorem 2.1, the mapping A : X — > F is a 
Cauchy additive mapping. Therefore, there exists a unique Cauchy additive mapping 
A : X — > F satisfying (3.3). This completes the proof. □ 
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Corollary 3.2. Let r > 1, 9 be nonnegative real numbers and let f : X — > Y be an 

odd mapping such that 

N(f(x) + f(y) + f(z) + f(w),t) 
> N(f(x) + f(y + z + w),t) 

t 

*- 



t + #(||a;|| r + |]y|| r + |p|| r + ||w|| r + ||x||4 • ||y||4 • ||z||4 • ||u>||4) 

for all x,y, z,w G X and t > 0. Then there exists a unique Cauchy additive mapping 
A: X ^ Y such that 

N(f(x)-A(x),t) > 
for all x & X and t > 0. 

Proof. The proof follows from Theorem 3.1 by taking 

(p{X,y, Z,W,t) := — — r— — ttt r r n TTYV 

t + 6'(||a;|| r + \ \y\\ r + \ \z\\ r + \ \w\\ r + \ \x\\i ■ \ \y\\ i ■ \ \z\\i ■ ||w|| 4 ) 

for all x, y,z,w G X, which was introduced by Rassias et al. [32]. Then we can choose 
L = 2 1_r and we get the desired result. This completes the proof. □ 
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Almost ideal statistical convergence and strongly almost 
ideal lacunary convergence of sequences of fuzzy numbers 
with respect to the Orlicz functions^ 

Zeng-tai Gong*, Xiao-xia Liu, Xuc Feng 
College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 73 0070, P.R. China 



Abstract: The purpose of this paper is to introduce the concepts of almost ideal lacunary statistical con- 
vergence (almost ideal statistical convergence) and strongly almost ideal lacunary convergence (strongly 
almost ideal convergence), we give some relations betweeen these concepts. At the same time, some 
connections between strongly almost ideal lacunary statistical convergence and almost ideal lacunary 
statistical convergence of sequences of fuzzy numbers are established. It also shows that if a sequence of 
fuzzy numbers is strongly almost ideal lacunary statistical convergence with respect to an Orlicz function 
then it is almost ideal lacunary statistical convergent. 

Keywords: Fuzzy numbers; Statistical convergence of sequences of fuzzy numbers; Orlicz function 
AMS subject classifications. 08A72, 26E50. 

1 Introduction 

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadehfl]. Recently Mat- 
loka[2] introduced bounded and convergent sequences of fuzzy numbers, studied some of their properties, 
and showed that every convergent sequence of fuzzy numbers is bounded. In addition, sequences of fuzzy 
numbers have been discussed by Aytar and Pehlivan[3], Basarir and Mursaleen [4,5] and many others. 
The notion of statistical convergence was introduced by Fast [6] which is a very useful functional tool for 
studying the convergence problems of numerical sequences. Some applications of statistical convergence 
in number theory and mathematical analysis can be found in [7, 8]. The idea is based on the notion 
of natural density of subsets of N, and the natural density of s subset A of N is denoted by 6(A) and 
defined by 

5(A) = lim -\{k < n : k £ A}\. 

/-convergence is a generalization of statistical convergence, was introduced by Kastyrko, Salat and 
Wilczynski [9] by using the ideal / of subsets of the set of natural numbers N and further studied 
in [10]. Ideal convergence provided a general framework to study the properties of various type of conver- 
gence. Vijay Kumar and Kuldeep Kumar [11] introduced the concepts of /-convergence, I*-convergence 
and I-Cauchy sequences for sequences of fuzzy numbers. In another direction, a new type of conver- 
gence, called lacunary statistical convergence, was introduced in [12] inspired by the investigations in 
[13-16]. A lacunary sequence is an increasing integer sequence 9 = {fc r } r eNu{o}i such that ko = 0 and 

/if Ivy* J\if — i — ► oo, let I r = (k r -i,k r ] and q r = jr 1 ^- In 2011, Pratulananda Das, Ekrem Savas and 

Sanjoy Kr. Ghosal [17] provided a new approach to two well-known summability methods by using ideals, 
and introduced new notions, namely /-statistical convergence and /-lacunary statistical convergence. 

The study of Orlicz sequence spaces was initiated with a certain specific purpose in Banach space 
theory. Recall in [18] that an Orlicz function M is a continuous, convex, nondecreasing funcction defined 
for x > 0 such that M(0) = 0 and M(x) > 0. Lindenstrauss and Tzafriri [19] used Orlicz function to 
construct the sequence space 

^This work is supported by National Natural Science Fund of China (11461062, 61262022) the Natural Science Founda- 
tion of Gansu Province (1208RJZA251). 

* Corresponding author. E-mail: gongzt@nwnu.edu.cn, zt-gong@163.com(Z.T.Gong). 
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l M = { x G w : Y. M ( p) < 00 for some P > o}- 
k=l 

It is well known that the space Im is a Banach with the norm 

OO I I 

||x|| = lim{p > 0 : M(^) < 1}, 

k=l P 

and this space is called an Orlicz sequence space. For M(t) = t p , 1 < p < oo, the space Im coincides with 
the classical sequence space l p . 

Almost convergent sequences was introduced by Lorentz [20] and Maddox [21,22]. x n is said to be 
strongly almost convergent to a number I if 

1 n 

lim- y^ \x k+m -l\ =0, 
k=i 

uniformly for m. 

In this paper, we introduce the concepts of almost ideal statistical convergence and strongly almost 
ideal lacunary convergence of sequences of fuzzy numbers, and try to establish the relation between these 
two notions. In Section 2 we will give a brief overview about statistical convergence, fuzzy numbers, Orlicz 
function. Using the sequence 9 = (k r ) and an Orlicz function, we will define the concepts of almost ideal 
statistical convergence and strongly almost ideal lacunary statistical convergence of sequences of fuzzy 
numbers with respect to the Orlicz function. In Section 3 we establish some relationships between almost 
ideal lacunary statistical convergence and almost ideal statistical convergence. 



2 Definitions and preliminaries 

A fuzzy sets of X is a nonempty subset {(x, u(x)) : x G X} of X x [0, 1] for some function u : X — > [0, 1]. 
The function u itself is often used for the fuzzy set. 

Let C(R n ) denote the family of all nonempty, compact, convex subsets of R n . If a, (3 G R and 
A,B e C{R n ), then 

a(A + B) = aA + aB, (a(3)A = a(/3A), 1A = A, 

and if a, (3 > 0, then (a + (3) A = aA + (3 A. The distance between A and B is defined by the Haussdorff 
metric 

5oo(A, B) = max { sup inf II a — b II, sup inf II a — b II }, 

where || . || denotes the usual Euclidean norm in R n . It is well known that (C(R n ),5 00 ) is a complete 
mrtric space. 

Definitions 2.1[15]. A fuzzy number is a function u from R n to [0,1], which satisfying the following 
conditions 

(1) u is normal, that is, there exists an xq G R n such that u{xq) = 1; 

(2) u is fuzzy convex, that is, for any x,y G R and A G [0, l],u(Xx + (1 — X)y) > min{n(x), u(y)}; 

(3) u is upper semi-continuous; 

(4) the closure of {x G R n : u(x) > 0}, denoted by [u]°, is compact. 
We write the fuzzy number space as L{R n ). 

For 0 < a < 1, the a-level set [u] a is defined by [u] a = {x G R n : u(x) > a}. Then from (1) — (4), 
it follows that [u] a G C(R n ). For the addition and scalar multiplication in L(R n ), we have [u + v] a = 
[u] a + [v] a , [ku] a = k[u] a , where u,v G L(R n ), k G R. For each 1 < q < oo, 

d q (u,v) = { [ 1 [6 00 ([u] a ,[v] a )] q da)* 
Jo 

and doo(u,v) = sup <5oo([u] a , [v] a ), where 5^ is the Haussdorff mrtric. Throughout the paper, D will 
denote d q with 1 < q < oo. 
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Definitions 2.2. [15] A sequence {x n } of fuzzy numbers is said to be statistical convergent to a fuzzy 
number xo if for each e > 0 the set A{e) = {n G N : D(x n , xq) > e} has natural density zero. The fuzzy 
number xo is called the statistical limit of the sequence {x n } and we write st-hin^^oo x n = xq. 
Definitions 2.2. [15] If X is a non-empty set. A family of sets / C 2 X is called an ideal in X if and only 
if 

(1) 0 G /; 

(2) for each A, B G I we have A U B G /; 

(3) for each A G / and Be Awe have Bel. 

An ideal / is called non-trivial if / / 0 and X £ Lit immediately follows that / C 2 X is a non-trivial 
ideal if and only if the class F = F{I) = {X - A : A G /} is a filter on X. The filter F = F(I) is called 
the filter associated with the ideal /. 

Definitions 2.2. [15] Let / C 2 X be a non-trivial ideal in N. A sequence {x n } of fuzzy numbers is said 
to be /-convergent to a number xq if for each e > 0 the set A(e) = {n e N : D(x n , xq) > e} G /. The 
fuzzy number xq is called the /-limit of the sequence {x n } and we write I-lirrin^oo x n = xq. 



3 Main results 



Definition 3.1. Let 9 = {k r } be a lacunary sequence, M be an Orlicz function and p = {pk} be any 
sequence of strictly positive real numbers. A sequence {xk} of fuzzy numbers is said to be almost ideal 
lacunary statistical convergent to the fuzzy number I, with respect to the Orlicz function M, if for every 
e > 0, {r G N : ±\{k G I r : [M( Dfa ^ (x) '° )] Pfc > e}| > 5} G / uniformly for m, 
where 



i=0 

As usual, we write x^ — > l(S(M,p,9)). The set of all almost ideal lacunary statistically convergent 
sequences will be denoted simply by S(M,p,9). Especially, if 9 = {2 r }, or M{x) = x, pk = 1 for all 
k £ N, we shall write S(M,p) and S , (6 I ) instead of S(M,p,6), respectively. 

Definition 3.2. Let 0 = {/c r } be a lacunary sequence, M be an Orlicz function and p = {pk} be any 
sequence of strictly positive real numbers, x = {xk} be a sequence of fuzzy numbers. For some p > 0, we 
define the following sets 



W(M,p,6) = {x = {x k } : {rGN:±Yl [M(^MlH)f fc > 5} G /}, 

r keir P 

o(M,p,9) = {x = {x k } :{reN:±Y. [M( D{tkm{x) > 0) )} Pk > 6} G /}, 

fir' (J 



w < 

kai, 

Woo(M,p,(9) ={x = {x k } : 3K > 0, s.t {r G TV : f ^ [M( D(tfc "; W ' 5) )] Pfc > K} G /}, 
where 

8 U f = (o,o,o...,o), 

I 0, otherwise. 

If x G W(M,p, 9), we say that x is strongly almost ideal lacunary convergent with respect to the 
Orlicz function M, and we write x k — ► l(W(M,p, 9)). Especially, if 9 = {2 r }, we shall write above sets 
W(M,p), W 0 (M,p), Woo(M, p), respectively. 

Theorem 3.1. Let the sequence {p k } be bounded. Then W Q (M,P,9) C W(M, P, 9) C Woo(M,P,9). 
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Proof. Let x G W(M,P,0). Note that 

1 Y,[M( D{tkm{x), ~ 0) )] Pk 

< g y ±\ M ( D{tkm{x)J) )r + -T -[M ( M)r 

- hr f-f 2» 1 V p n h r ^ 2Pk L V p n 

< G Q tf( %(M f + G m ax{l, S up[M(gMf}, 

where H = sup k pk, G = max{l, 2 H ~ 1 }. There exists K = 5, such that 

{reiV:l^[M(^MlO))P>if} 

r k&I r 9 

c {rGiV: i^[M(^^)P > <5} G /. 

Thus we get x G W^M, P, 9). The proof of W 0 (M, P, 9) C W(M, P, 9) is obvious. 
Theorem 3.2. Let M±,M 2 be Orlicz functions. Then we have 

(1) W 0 (M 1 , P, 9) n W 0 (M 2 , P, 9) c Wb(Mi + M 2 , P, 0), 

(2) W(M!,P, 0) n VF(M 2 , P, 9) c W(Mi + M 2 ,P,0), 

(3) Woo(Mi,P, 0) n ^oo(M 2 , P, 9) C ^oo(M! + M 2 , P, 0). 

Proof. (1) Let x G W 0 (Mi, P, fl)nl7 0 (M 2 , P, 0). Then x G W 0 (Mi, P, 0) and x G W 0 (M 2 , P, 9). Therefore 
for each 5 > 0 and p\ > 0, p 2 > 0, we have 

{r G TV : 1 [ Ml ( D{tUx) ^ )] Pk >8}€I, 
hr kei r 91 

{r G at : 1 £ [M2( ^(W(x),0) )]Pfc > «5} € /. 
Now let p = max{pi, p 2 }. then 

— Yl [M l ( D ^ tkm ^^ ) I M 2 ( g ^ fem ^'^ )] Pfc 
^fce/r 9 " 9 

< <L ^{[ Ml (^Mj))] Pfe + [M 2 ( Z)fam( " ) ' 6) )]^}, 

where P = s\x\> k p k , G = max{l, 2 // ~ 1 }. we have 

{reN:^Y, [M( D(ffcm(g),6) ) + M 2 ( ^Mj) )]^ > 5} G /. 

thus x G W" 0 (Mi + M 2 , P, 9). 

The proofs of (2), (3) are similar to (1). 
Theorem 3.3. Let 9 = {k r } be a lacunary sequence, M be an Orlicz function and 0 < h = ini k p k < 
Pk < sup kPk = H. Then W(M, P, 9) C S{9). 
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Proof. Suppose that £\ = |,. then we have 



1 ^^ gtUjO ^ 

hr keir 9 

> 1 £ [M( D(t fcm (x),[) )]pfc 

keI r ,D(t km (x),l)>e 

> 1 £ min([M( £l )]MM( £i r) 

r fce/ r ,D(i fcm (x),0)>£ 

= ^ I {A: G J r : D(t km (x),l) > e} | . min([M( £l )] h , [M( £l )] H ) 

Let x G W"(M,P,0). Then {r £ N : ± [M( D{tkmix) ' l) )]P* > 5} £ I. 

r kei r P 

Thus we get 

{r £ N : ±- \ {k £ I r : D(t km (x),l) > e} \> 5} 



c { r G at : 1 J] [M( -Pfa m (x),0 )]Pfc > K<5} G 7 



^ fce/ r 

where K = min([M(ei)] h , [M(ei)] H ). Hence W(M, P, 9) C 5(0). 

Theorem 3.4. Let 9 = {k r } be a lacunary sequence, M be an Orlicz function. Then we have 

(1) If liminf r g r > 1, then W(M,P) C W(M,P,9); 

(2) If limsup r g r < oo, then W(M,P,9) C W(M,P); 

(3) If 1 < liminf r q r < limsup r q r < oo, then W(M, P) = W(M, P, 9). 

Proof. (1) Suppose liminf r q r > 1, then there exists a > 0 such that q r > 1 + a for all r > 1. Let x G 
W(M, P), we have 



1 J2[M( D( " tkm ^^ )] Pk 



h, 
kei r 

= 1 Yy M { D{ - tkm ( x) ~ l) )Y* 1 ^ 1 [M( Z)(tfcm(a;),[) )] pfe 

h r k r p h r k r —\ p 

k=l k=l 



Since 



k ~ 

{r G at : 1 |^[M(^^M)P > 5} G /, 
Ar fc=i P 

{r G iV : (J- ]T [M( g(W(x) ' 0 )P > 5} G /, 



fe=i 



we have 



{r e at : 1 ^[M( £ ' fam(x) ' 0 )P > 5} £ I. 
It follows that W{M,P) C W(M,P,9). 
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(2) Suppose limsup r g r < oo. Then there exists (3 > 0 such that q r < (3 for all r > 1. Let x G 
W(M, P, 8), and write 

A r = 7T £ [M( D{tkm(x) ' l) )]PK Then {r G N : A r > 5} G /. 

r kei r P 
Now let n be any integer wtih k r -\ < n < k r , then 

1 V[M( jPfam(a;) ' [) )]^ < 1 V[M( jP(tfcm(x),[) )]^ 

= V [M( ^^5 )]w + V[M( jPfam(x) ^ ) )]^ 

^ fee/! P ' fce/ 2 p 

+... + ^[M( Z)fam(x) ' /) )r} 

fceF P 

ki , k2 — k\ k r — k r -\ 
A\ H A2 + ... H : A T 



< (sup^l r )-^- 

= (sup A r )q r 

r 

< (sup A r )(3. 



It follows that 



n ti p 

c {r g AT : 1 ^[M( ^ fam(x) ' 0 )P > lfl G /. 



Hence W{M,P,6) C W(M,P). 

(3) From (1) and (2), (3) is obvious. 
Definition 3.3. Let M be an Orlicz function and p = {pk} be any sequence of strictly positive real 
numbers. A sequence {xk} of fuzzy numbers is said to be almost ideal statistical convergent to the fuzzy 
number I with respect to the Orlicz function M, if for every e > 0, 

{neN: ^\{k < n : [M( ^^^ )P > e}| > 5} G /. 



uniformly for m, where 

/■ 

k F 1 A- F 



, i \ ~l~ "F •■■ + X m _|_fc ^ i \ 



i=0 

As usual, we write xu — ► l(S(M, P)). The set of all almost ideal statistically convergent sequences will 
be denoted simply by S(M, P). Especially, if M(x) = x, p\. = 1 for all k <E N, we shall write 5 instead of 
5(M, P). 

Definition 3.4. Let M be an Orlicz function and p = {pk} be any sequence of strictly positive real 
numbers, for some p > 0, we define the following sets 

W(M,p) = {x = (x k ) :{n£N:- ^[M( gfam(x) '^ )P > 8} G /}, 

n fc=i ^ 

Wo(M,p) = {* = (x fc ) : {n G AV : - f^M{ D{tkm{x) ' Q) )P > 5} G /}, 

n fc=i ^ 
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Woo(M,P,6) = {x = (x k ) :3K>0, s.t {n G N : \ T,k=i[M{ D{tkm p (x)fi) )] Pk > K} G /}, 
where 

fl. *=(0,0,0...,0), 
I 0, otherwise. 

If x G W(M, P), we say that x is strongly almost ideal convergent with respect to the Orlicz function M, 
and write x k -> Z(W(M, P)). 

It similar to the proofs of Theorem 3.1, 3.2 and 3.3, for strongly almost ideal convergence of sequences 
of fuzzy numbers we have the following results. 
Theorem 3.5. Let the sequence (pk) be bounded. Then 

W 0 (M,P) C W(M,P) C VMM,P). 

Theorem 3.6. Let Mi,M 2 be Orlicz functions. Then we have 

(1) W 0 (M 1 ,P)nW 0 (M 2 ,P) c W 0 (M 1 + M 2 ,P), 

(2) W(M l5 P) n W(M 2 , P) C W(Mi + M 2 , P), 

(3) Woo (Mi, P) n Woo(M 2 , P) C W OQ (M 1 + M 2 , P). 

Theorem 3.7. Let M be an Orlicz function and 0 < h = inf kp k < pk < sup k pk = H. Then W(M, P) C 
5. 

In the following theorems, we shall discuss the relationship between the space S(M, P) and S(M, P, 0). 

Let Qr = 

Theorem 3.8. Let # = (Av) be a lacunary sequence, M be an Orlicz function. If liminf r q r > 1, we have 
S(M,P) C S(M,P,0); If limsup^ r < oo, then S(M,P,6) C S(M,P). 

Proof. If liminf r g r > 1, then there exists a a > 0, such that g r > 1 + a for sufficiently large r. Since 
h r = k r — fc r _i and I r = (fe r _i, k r ], we have ^ > Let x G S^M, P), then for every e > 0 for all m 
and for sufficiently large r, we have 

h{k < k r : [M( J(itmW 'V t > e}| 

> ^|{fc€ J r :[M( g(tfem(x) ' f) )r>g}| 

> £ P : lM{ D{tkm{x) ' l) )Y* > e}\. 
1 + a h r p 



Thus 

{r G JY : h{k G I r : [M( £>(W(x) ' ^ )]** > e} |> «*} 
c {r G JY : h{k < k r : [M( ^^M )P > e} \> -^6} G /. 

/by y5 1 "I - CX 

Hence, S{M,P) C S(M,P,9). 

If limsupgv < oo, then there exists a /? > 0, such that for every r G N, we have q r < (3. Let 

x fc -► !(S(M,P,6)) and iV rm = G J r : [M( Dfa ^ (x) '° )]P fc > e}|, then {r G TV : iV rm > <5} G /, choose 

n such that Av- 1 < n < k r , we have 

- | {fc<n: [M( Dfam(a),r) )]P* > e} |< — \ {k < k r : [ M ( ^ fam(x) ' [) )P > e} | 

-N lm + -N 2m + ... + iV rm < (supiV rm ){-^ + i + ... + ' } 



i • _L//t i i 1 i • • • i 7 - 1 ■ rut — v^"-Jr ■*■ ' rut j [ i " i " ■•■ « i 

Kit — 1 r^r — 1 rZr — 1 T "V — 1 rC-p — \ Kj> — ]_ 

< (supiV rm )— — = (sup7V rm )g r < (supA^ rm )/3 

7" /vt* — It* t 
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Which implies that 



{r G N : 1 | {k < n : [M{ D ^ X )> ~ l ) )p > e} |> S} 
c {r G AT : 1 | {A: G J r : [M( ^^j) )p > e} |> 1 5} e L 



Thus we get S(M, P, 0) c S(M, P). 
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Some boundary value problems of fractional 
differential equations with fractional impulsive 

conditions 

Youjun Xu, Xiaoyou Liu * 

School of Mathematics and Physics, University of South China, 
Hengyang 421001, Hunan Province, P. R. China 

This paper is concerned with the existence of solutions for nonlinear impul- 
sive fractional differential equations with families of mixed and closed boundary 
conditions. In both cases, the fractional derivative of lower order is involved in 
the formulation of impulsive conditions. By means of the Banach fixed point the- 
orem, Schaefer fixed point theorem and Nonlinear alternative of Leray-Schauder 
type, some existence results are obtained. Examples are given to illustrate the 
results. 

Key words; Fractional differential equations, Impulse, Mixed boundary condi- 
tions, Closed boundary conditions, Existence 

1 Introduction 

The subject of fractional differential equations has recently evolved as an in- 
teresting and popular field of research. It is mainly due to the extensive ap- 
plications of fractional calculus in the mathematical modeling of physical, en- 
gineering, and biological phenomena (see [1, 2, 3]). For some recent develop- 
ments on the existence results of fractional differential equations, see for example 
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] and the references therein. 

The theory and applications of impulsive initial and boundary value problem- 
s for ordinary differential equations is a well-developed area of analysis, which 
steadily receives attention of many authors [19, 20, 21, 22, 23]. As for impulsive 
fractional differential equations, we can refer to [24, 25, 26, 27, 28, 29, 30, 31, 
32, 33, 34, 35] and the references therein. 

In this paper, we consider the existence and uniqueness of solutions for the 
impulsive fractional differential equations with fractional impulsive conditions 

f c D a x(t) = f(t, x(t)), t € J := [0, T], t ^ t k , k = 1, 2, • • • , m, 

\ Ax(t fc ) = /fc(a;(tfc)) ) A( c DM*k)) = Jfc(3(*fc)). k = 1, 2, • • • ,m, [ > 



* Corresponding author. E-mail address: liuxiaoyou2002@hotmail.com (X.Y. Liu), you- 
junxu@163.com (Y.J. Xu) 
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subjected to two families of boundary conditions: (I) Mixed boundary conditions 

Tx'(0) = -ax(0) - bx(T), Tx'{T) = cx(0) + dx(T), (2) 

and (II) Closed boundary conditions 

x{T) = a lX (0) + hTx'(0), Tx'(T) = Cl x(0) + diTx'(O), (3) 

where c D a is the Caputo fractional derivative of order a G (1, 2) with the lower 
limit zero, 0<7< 1, /: JxM^Misa continuous function, I k , I'l : K — > K are 
continuous, 0 = to < t\ < ■ ■ ■ < t m < t m+1 = T, Ax(tk) — x{t k ) — x(t k ) with 
x(t£) = lim e _j. 0 + x(t k + e), x(t k ) = lim £ ^ 0 - x(t k + e) representing the right and 
left limits of x(t) at t = t k , A( c D~> 'x(tk j) has a similar meaning for c D 1 x(tk) 
and a, 6, c, d, a\,b\,c\,d\ are real constants such that 

T(l - d)(a + 6) + T(l + 6)(c + d) ^ 0, 

(ai-l)(di-l)r + ci(l-6i)T56 0. 

Here we remark that the mixed boundary conditions (2) interpolate between 
Neumann (a = b = c = d = 0) and Dirichlet (a, d — > oo with finite values 
of b and c) boundary conditions. Notice that Zaremba boundary conditions 
(x(0) = 0,x'(T) = 0) can be considered as mixed boundary conditions with 
a — > oo, c = d = 0 and the closed boundary conditions (3) include quasi- 
periodic boundary conditions (b\ = c\ — 0) and interpolate between periodic 
(a\ = d\ = 1, &i = Ci = 0) and anti-periodic (ai = di = — 1, 6i = c\ = 0) 
boundary conditions. 

We note that as pointed out in papers [32, 33, 34], the concept of piecewise 
continuous solutions used in some already published works to handle the impul- 
sive fractional differential equations are not appropriate (see Lemma 3.1 in [32], 
Section 1 in [33] and Section 3 in [34]). The papers on this topic cited above 
except [32] all deal with the Caputo derivative and the impulsive conditions 
only involve integer order derivatives. Here we study the fractional differential 
equations with fractional impulsive conditions subjected to families of mixed 
and closed boundary conditions. 

The rest of the paper is organized as follows. In Section 2 we introduce some 
preliminary results needed in the following sections. In Section 3 we present the 
existence results for the problems (1), (2) and (1), (3). Two examples are 
presented in the last section 4 to illustrate the results. 

2 Preliminaries 

Let us set J 0 = [0, ti], J\ = (ti,t 2 }, J m -i = (im-b'm], J m — {t m ,t m+ i\, 
J' := J\{t\,t2, ■ ■ ■ ,t m } and introduce the space PC (J, K) := {u : J — > R\u e 
C(Jfc,R), k = 0, 1, 2, • • • ,ra, and there exist u(t k ) and u(t k ), k = 1, 2, • • • ,m, 
with u(t k ) = u(th)}- It is clear that PC(J,R) is a Banach space with the norm 
||w|| = sup{|m(£)| : t G J}. 

2 
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Definition 2.1 ([3]). The Riemann-Liouville fractional integral of order q for 
a function f is defined as 

I q .f(t) = ^ J\t - S ) q - 1 f(s)ds, q > 0, 
provided the integral exists. 

Definition 2.2 ([3]). For a continuous function f, the Caputo derivative of 
order q is defined as 



c D"f{t) 



1 



(t-s) 



'-9-1 f ( 



f (n '(s)ds, n-Kq<n,n=[q] + l, 



r(n - q) J 0 

where [q] denotes the integer part of the real number q. 
Lemma 2.1 ([3]). Let a > 0, then the differential equation 

c D a h(t) = 0 

has solutions h{t) = c 0 + c\t + c 2 t 2 + • • • + Cn-it" -1 and 

I a c D a h(t) = h(t) + c 0 + Cl t + c 2 t 2 + ■■■ + Cn-it"- 1 , 
here Cj £ R, i = 0, 1, 2, • • • , n — 1, n = [a] + 1. 

Definition 2.3. A function x e PC( J,M.) with its a-derivative exists on J' 



is said to be a solution of the problem (1), (2) (or the problem (1), (3)) if x 
satisfies the equation c D a x(t) = f(t,x(tj) on J', the impulsive condition 

Ax(t k ) = I k (x(t-)), A( c D'<x(t k ))=I* k (x(t-)) 1 fc = l,2,---,m, 

and the boundary conditions (2) (or (3)). 

Lemma 2.2. Let y £ (7(J,R). A function x is a solution of the fractional 
integral equation 

Jo {t ~r( a ) y( s ) ds + e o + hot, ^eJ 0 ; 

Jo {J= ^y( s ) ds + e o + Ji(s(*r)) - r(2 - 7)*7T (*(*D) 



r(a) 

+M + r(2 - j)t 



t e Ji; 



(4) 



Jo r(a) + e o + Ei=l M^Oi )) 

-r(2- 7 )E!U*7W*r)) + M 



where 



+r(2- 7 )iEi=i 



fc V(^(*, r )) 



t e Jk,k = 1,2, - ■■ ,m, 



2 r T (T-s)° 



eo = 



+ - 



-(6 + d)TA- (d- 1)T 2 £ 
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, M - cb) J 0 T ^py(s)ds (a + b)Tfi (T_^r_l y{s)ds 
"o — 



+ 



A 

(ad - cb)A + (ad-a-b- cb)TB 



A 

with 

A = T(l - d)(a + b)+ T(l + b)(c + d) ± 0, 



A = Y J h{x{tT))-Y{2- 1 )Y J tV*{x{tT)), B = T{2- 1 )Y J i;{ f!; ) \ (5) 

i=l i=l i=l h 

if and only if x is a solution of the fractional mixed boundary value problem 
c D a x(t) = y(t), teJ', 1 < a < 2, 

Ax(t k ) = I k (x(t k )), A( c D"<x(t k ))=r k (x(t-)), fc = l,2,---,m, (6) 
Tx'(0) = -ax(0) - bx{T), Tx'(T) = cx(0) + dx(T). 

Proof. From Lemma 2.1, we know that a general solution x of the equation 
c D a x(t) = y(t) on each interval J k (k = 0, 1, 2, • • • , to) is given by 



r (t - s)° 

a?(t) - I a y(t) + e k + h k t= / / — y(s)ds + e k + h k t, t E J k , (7) 



r* C+ _ 

where e/c, /i/j £l are arbitrary constants. Then we have 

f* (+ _ a \a-2 



f (t - s) a ~ 2 
x '( t ) = Iv -n V(s)ds + h k , forteJfe. 
Jo H.Q! — 



r(2- 7 ) 

[3]), then from (7), we get 



Since C D~<C = 0 (C is a constant), c D 1 t = c D^I a y{t) = J a " 7 2/(i) (see 



- , f or t e Jfe . 



C £>M*) = / 1 v( } , y(s)ds + 

Jo r ( a - V 



r(2- 7 )' 

Using the impulsive conditions in (6), we obtain that for k = 1, 2, • • • , to 
e/t - e fe _i + (/i fe - h k -i)t k = I k (x(t k )), 

That is to say we have, for k = 1, 2, • • • , m, 

efc = eo + ^Mti)) r(2 - 7 )E *7 w*n). (8) 

^ = fto+r(2-7)X;^$_^. 0) 

i=l *« 
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Applying the boundary conditions of (6), we find that (since 0 G Jo, T e J m ) 

a T (T — s)"^ 1 \ 
r ^ y(s)ds + e m + h m Tj , 

a T (T - s) a ~ 2 \ ( f T (T - s)" -1 \ 
r(a-l) y^ ds + hm ) = ce o + d{ J r ^ y(s)ds + e m + h m T). 

These two equalities together with (8), (9) imply 

-(* + d ) T Io {J ^Pv(s)ds + (1 + b)T* ^Tly{s)ds 
eo = — 



+ - 



A 

-{b + d)TA- (d- 1)T 2 B 



A 

(ad - cb) J 0 T ^^y(s)ds (a + b)T y(s)ds 
ho = - A - 

{ad - cb)A + (ad-a-b- cb)TB 

where 

A = T(l - d)(a + b)+ T(l + b)( c + d), 



A = ^ h{x{tT)) T(2 - 7 ) ^ tjl* (x(tr)), b = T(2- 1 )J2^t 

i=l i=l 

Now from (8), (9), we obtain for k = 0, 1, 2, • • • , m, 



WO) 



i=l r i 



e fe + M -e 0 + ]T WH) - r ( 2 - 7) E *7 



i=l 

fe 



+ M + r(2- 7 )t^^gpl 



4 =i *: 



Substituting the values of eo, ft-o m the above relation and by (7), we obtain the 
fractional integral equation (4). 

Conversely, assume that x satisfies the fractional integral equation (4), i.e. 
for t € Jfe, fc = 0, 1, 2, ■ ■ ■ , to, we have 



(t) = ^ ( * r ff + e Q + E WD) 



- T(2 - 7 ) £ *? WO) + M + T(2 - 7)^E ^P - ( 10 ) 

i=l i=l *» 

Since 1 < a < 2, we have c L> a C = 0 (C is a constant) and c L> a i = 0. Using the 
fact that c D a is the left inverse of I a , we get 

c D a x(t)=y(t), tef, 
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which means that x satisfies the first equation of the mixed boundary value 
problem (6). Next we shall verify that x satisfies the impulsive conditions. 
Taking fractional derivative C D 1 of the equation (10), we have, for t e J k , 

From (10), we obtain 

*(*£) = r wT" 1 V{s)ds + e 0 + J2 WO) 
Jo 1 (a) . =1 

k k — 

r(2 - 7 ) £ tji* (x(tr)) + h 0 t k + r(2 - j)t k £ 



z(t* ) = I " fa r( f } " + eo + E WO 



r(2 - 7 )E tfWO + h ^ + r ( 2 - E -4S- 7 



wo 

i=l 1=1 a 

Hence, we have, for k = 1, 2, • • • , m, 

Az(t fc ) = 7^(0 - r(2 - i)tli* k {x{r k )) + r(2 - 7 )^ Jfc * ( J ft 7 fc)) = WO- 

By (11), we have 

Therefore, for k = 1, 2, • • • , to, 



AfDMtfc)) = O ^ff^ = J*(^-)). 



Finally, it follows from (10) that 

x'(t)= f ( * ~ ~ S) ° ~ 2 y{s)ds + h 0 + r(2 - 7) E J;( ff )} ' forfe ^ 



G 
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This equation together with (10) implies that x(0) = e 0 , x'(0) = ho, 

rT ( T -*) a - 2 ..,^. , u , wo ..s^m*(t7)) 



x'{T) 



x(T) = f 
Jo 



o r(a-l) 



J^ v y(s)ds + h 0 +T(2- 7 )J2^ 



1=1 



(T-s) a 



-y(s)ds + e 0 + I i (x(t i )) 



- r(2 - 7 ) £ t7 WD) + ^oT + r(2 - 7 )r]T -^p. 



i=i 



Now, by a direct computation, it is clear that the mixed boundary conditions in 
(6) hold. Therefore x given by (4) satisfies the fractional mixed boundary value 
problem (6). This completes the proof. □ 

Lemma 2.3. Let y e C(J, M). A function x is a solution of the fractional 
integral equation 

( So (t 'r( a ) v( s ) ds + e o + h 0 t, t e J 0 ; 

So ( -^py(s)d S + e 0 + h(x(q)) r(2 - l)tlll{x{t^)) 



x(t) = < 



+M + r(2-7)t fi * ( '_; r)) , teJv, 



So ( ^py(s)ds + eo + Eli *(*(*,-)) 

-r(2-7)Eti*7^W)) + M 
+r(2- 7 )tEti Zi S i P, te J fc ,fc = i,2,-.. ,i 



(12) 



where 



(dx - 1)T J 0 T (^=gp tf ( s ) da + (1 - 6i)T 2 £ y( S )d S 



2 r T (T-s) — 2 , 



eo 



+ 



(di-l)TA+(di-6 1 )T 2 J B 



Ai 



ci/o Tff r^^ s ) rfs + ^- 1 ) T i'o ^-ify^ 



T (T-a)° 



fro 



+ 



-ciA + (ai -ci - l)TB 
Ai 



with A,B defined in (5) and 

Ai = (ai - l)(di - 1)T + ci(l - 6i)T ^ 0, 
i/ and on??/ if x is a solution of the fractional closed boundary value problem 
c D a x(t) = y(t), te J', 1 < a < 2, 

Ax(t k ) = I fc (z(ifc)), A(^z(*fe))= W^)). fc = 1, 2, • • • , m, (13) 
s(T) = aia;(0) + fciTa^O), Tx'(T) = Cl x(0) + diTa^O). 
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Proof. The proof is similar to the one of Lemma 2.2, however, for the sake of 
completeness, we provide the outline of the proof. Using the notations given in 
the proof of Lemma 2.2, we have 

ft (t - s) 01 - 1 
x(t) = — -— — y(s)ds + e k + h k t, teJ k , 
Jo r(a) 

ft (+ - s ) a - 2 

x '( t ) = "FT 7vy(s)ds + h k , forte J fe , 

Jo r(a-l) 

c D^x(t) = / {t S) y( S )d S + ^— for t G J k . 

Jo r ( a - V r ( 2 - 7J 

Applying the boundary conditions of (13), we find that (since 0 G Jo, T G J m ) 

r-T ,rp _ s \a-l 

I y{s)ds + e m + h m T = a 1 e 0 + b l Th 0: 

Jo r ( a ) 

a' T (T - s) a - 2 \ 
r(a-i) y ^ ds + hm ) = Cie ° + dlTh °' 

Using the impulsive conditions in (13), we obtain that for k = 1, 2, • • • , m 

e/t - e fe _i + (h k - h k -i)t k = I k (x(t^)), 

(hk-h k - 1 ) f ^^=It{x(t^)). 

Hence we obtain 

(di 1)T f 0 T ^ T ff^y(s)ds + (1 - b 1 )T 2 J 0 T !£jg£-y(8)da 
eo — 



(d 1 -l)TA + (d 1 -b 1 )T 2 B 

r( a) + ( a i Jo i7n-.ij 

-ciA+ (ai - ci - 1)TB 



+ 



ho = AT 



+ 

with A, B defined in (5) and 

Ai - (ai-l)(di-l)T + ci(l-6i)T. 
The remaining part of proof is similar to that of Lemma 2.2. □ 

Theorem 2.1 (Nonlinear alternative of Leray-Schauder type [36]). Let X be a 

Banach space, C a nonempty convex subset of X , U a nonempty open subset of 
C with 0 € U. Suppose that P : U — > C is a continuous and compact map. Then 
either (a) P has a fixed point in U , or (b) there exist a x G dU (the boundary 
ofU) and A G (0, 1) with x = \P(x). 
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Theorem 2.2 (Schaefer fixed point theorem [37]). Let X be a normed space, 
P a continuous mapping of X into X which is compact on each bounded subset 
B of X. Then either (I) the equation x = XPx has a solution for A = 1, or (II) 
the set of all such solutions x, for 0 < A < 1, is unbounded. 

3 Main results 

This section deals with the existence and uniqueness of solutions to the problems 
(1), (2) and (1), (3). 

Define an operator F : PC{J, R) — > PC(J, R) as 

(Fx)(t) = jT {t ~ ( ^° 1 f{s, x{s))ds + e a +J2 h{x{tr)) 

k 

-r(2- 7 )]Tt7/;(x(t-)) + M 
i=i 

k 

+ r(2- 7 )i]Ti7- 1 /*(x(^)), t€ J k , k = 0,1,2,- •• ,m, (14) 



i=i 

where 



eo = 



-( b + d ) T So + 0 + h ) T2 Jo ^)) ds 

A 

-(& + d)r.4-(rf-i)r 2 fl (i5) 



(ad - c6) J 0 T ^§^/(s, x(s))ds (a + b)T £ ^ 7 ^y ! /( S , x(s))ds 
ho- ^ 

(ad - c6U + (ad - a - b - cb)TB 
+ x ( 16 ) 



with 

A = T(l — d)(a + b)+ T(l + b)(c + d), 



W*r)) 



A = J^I i (x(tr))-T(2- 1 )f^t]i;(x(tr)), £ = r(2 - 7 ) £ . 

i=l i=l i=l *» 

Observe that the problem (1), (2) has solutions if and only if the operator 
equation Fx — x has fixed points. 

Lemma 3.1. The operator F : PC(J,M) — > PC(J,M.) is completely continuous. 

Proof. Observe that F is continuous in view of the continuity of /, Ik and J£ . 
Let C PC (J, E) be bounded, then there exist positive constants Ni, i — 1,2,3, 
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such that \f(t,x(t))\ < N lt |J fc (x(tfc ))| < N 2 and \P k {x{t~))\ < N 3 for all x £ fi, 
fc = 1, 2, ■ ■ ■ , to. Thus, for x £ 0 and t e J, we have 



m -futrv) + m + ™^ + r(2 - 7 )w 3 £ *: 

2—1 



m 

7 



+ |/ l o|T + r(2- 7 )TJV 3 ^C 1 5 (17) 

i=l 

. N 1 \b + d\T a + 1 , |6 + d|T(TO7V 2 +r(2- 7 )iV 3 E™ 1 t7) 
1601 - |A|r(a + l) + |Aj 

+ |A|I» + [Aj ' (18) 

1/101 " |A|r(a + l) + |A| 

N^a + blT* \ad-a-b-cb\TN 3 T(2->y)'E?= 1 tr 1 

\A\T(a) + |A| • U9) 

Hence from (17)-(19), we obtain that, for all x £ f2 and t £ J, 

\(Fx)(t)\< NlT " I N i Ta+1 f \ b + d \ + \ ad - cb \ , + + + 



T(a + 1) |A| V r(a + l) T(a) J 

+ T( m ^ + r ( y WErril? ) (|t+d| + M _ efc|) 

+ yw<a-T)ai,T 1 (k ,_ 1|+H .._ t _ et|) 

m m 

+ TOiv 2 + r(2- 7 )7v 3 (^t7 + T^t7- 1 ), 

i=l i=l 

which implies that the operator F is uniformly bounded on ft. 

On the other hand, let x £ O and for any t\.ti £ Jk, (k = 0, 1, 2, • • • , to) 
with Ti < T2, we have 



< 



|0FV)(t 2 ) - (Fx)(ti)| 

T2 (r 2 - s)"- 1 , _ f'tri-sr 1 



SJ {j ^^ IMs))dS -S, Via) 

k 

+ \h 0 \(r 2 n) + r(2 - 7) E^" 1 ! W*D)lfa - n) 



f(s,x(s))ds 



i=i 



N (-r a — t 01 ) . 

< r ( a + i) + |/lol(T2 - Tl) + r(2 - ^ E*?" 1 ^ - ti). 
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In virtue of (19), we deduce that the last term of the above inequality tends 
to zero as T2 — > t\. This implies that F is equicontinuous on the interval Jk- 
Hence by PC-type Arzela-Ascoli Theorem (see Theorem 2.1 [23]), the operator 
F : PC(J, R) -> PC{J, R) is completely continuous. □ 

Theorem 3.1. Assume that: (1) there exist h e i°°(J,R + ) and <p : [0, oo) — > 
(0,oo) continuous, nondecreasing such that \f(t,x)\ < h(t)ip(\x\) for (t,x) G 
J x E; (2) there exist ip,ip* : [0, oo) — > (0, oo) continuous, nondecreasing such 
that 1 4 (or) | < V(M), |^(z)| < V>*(M) /or a« or e E and k = 1, 2, • • • ,m; (3) 
there exists a constant M > 0 such that 

M 

<p(M)\\h\\ L »P + ip(M)Q + V>*(M)r(2 - 7 )fl > (20) 

w/iere 

p _ T a ^T tt+1 + + |ad- c&| |l + 6| + |a + fo|^ 



and 



r(a + l) |A| V r(a + l) r(a) 

o = »( 1 + 3 w 4 + 3f ^ M )' 



m 

7 



+ + |A| J^*> 

+ V + |A| + |A| ■ 

Then the impulsive fractional BVP (1), (2) has at least one solution on [0, T]. 

Proof. Consider the operator F : PC(J,E) -> PC(J,R) defined by (14). We 
will show that F satisfies the assumptions of the nonlinear alternative of Leray- 
Schauder type. 

From Lemma 3.1, the operator F : PC(J,R) — > PC(J,R) is continuous and 
completely continuous. 

Let x e PC(J,R) be such that x(t) = X(Fx){t) for some A e (0, 1). Then 
using the computations in proving that F maps bounded sets into bounded sets 
in Lemma 3.1, we have 

T a T a+1 f\b + d\ + \ad- cb\ 



\x(t)\ <<p(\\x 



r(a + l) |A| V r(a + l) 



|l + 6| + |a + b| - 
r " ' r(a) 



+ ^\\x\\)\^{\b + d\ + \ad-cb\)+m 



|A| 

+ V*(lkll)r(2 - 7 ) [ ^g 1 i ([6 + d| + |ad - cb\) +J2t] 



i=l 



+ T^C 1 + ,T| (M-l| + |ad-a-6-cb|)] 
»=i ' ' 

<<p{\\x\\)\\h\\ L ~P + i>(\\x\\)Q + V*(IMI)r(2 - 7 )i2- 
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Consequently, we have 



< 1. 



<p(\\x\\)\\h\\ L ^P + i;(\\x\\)Q + r(\\x\\)T(2- 7 )R 

Then by condition (20), there exists M such that ||x|| ^ M. Let 

U = {x£ PC(J,R) : \\x\\ < M}. 

The operator F : U — > PC(J,R) is continuous and completely continuous. From 
the choice of U, there is no x £ dU such that x = XFx for some A £ (0, 1). As a 
consequence of the nonlinear alternative of Leray-Schauder type (see Theorem 
2.1), we deduce that F has a fixed point x in U which is a solution of the 
problem (1), (2). This completes the proof. □ 

Theorem 3.2. Assume that there exist h £ L°°(J, R + ) and positive constants 
H\,H 2 such that, for t £ J, x £R, k = 1, 2, • • • , m, 

\f(t,x)\<h(t), \Ik(x)\ < Hi, \I* k (x)\<H 2 . 

Then the impulsive fractional BVP (1), (2) has at least one solution on [0,T]. 

Proof. From Lemma 3.1, we know that the operator F : PC(J,R) -> PC(J,R) 
is continuous and compact on each bounded subset f2 of PC(J,M). 

Let us show that the set V = {u £ PC(J,R) : u = XFu,0 < A < 1} is 
bounded. Let x £ V, then x = XFx for some 0 < A < 1. For each t £ J, using 
similar estimations given in Lemma 3.1, we have 



\x(t)\ =\X(Fx)(t)\ < \\h\\ L . 

|l + 6| + |a + 6|- 



T a+1 (\b + d\ + \ad-cb\ 



+ 



T{a + l) 



IAI I 



+ H 2 Y{2 - 7 ) 

m 



^ * (\b + d\ + \ad-cb\)+J2tl 

11 i— 1 

— ^=1 i — (\d-l\ + \ad-a-b-cb\) 



IAI 



r(a + l) 
(\b + d\ + \ad-cb\) +m 



This implies that ||x|| < M for all x £ V, i.e. V is bounded. Thus, by Theorem 
2.2, the operator F has at least one fixed point. Hence the problem (1), (2) has 
at least one solution. The proof is completed. □ 



Theorem 3.3. Assume that there exist h £ L°°(J. 
Li,L 2 such that, for t £ J, x, y £ R, k = 1, 2, • • • , m 



and positive constants 



\f(t,x)-f(t,y)\<h(t)\x-y\, (21) 
\I k (x) - I k (y)\ < L^x - y\, \I* k (x) - I* k {y)\ < L 2 \x - y\. (22) 
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Moreover 



\ L ~T a+1 /\b + d\ + \ad-cb\ |l + 6| + |o + 6|\ \\h\\ L ~T a 



7 |A| I r'(a + l) + ~ r(a) / + r(a + l) 

+ r(2- 7 ), 2 (i + M + ^)E^ 



+r(2- 7 )L 2 (T+^^ + 
r /, \b + d\T 



|d-l|T 2 |arf-a-6-c6|T 2 



(23) 



+ 



c&|T 



A 



< 1. 



Then the impulsive fractional EVP (1), (2) has a unique solution on [0, T]. 
Proof. For x,y € PC(J,M), we have 

\a-l 

\p x - P V \ 



0 c 0l 



\(Fx)(t)-(Fy)(t)\< f {t \f(s,x( S ))-f(s,y(s))\ds + 

Jo r (a) 

k k 

+ E IWD) - + r(2 - 7 ) E *7l^(*(*r)) - 

i=l i=l 

+ |/ i 5-^|T + r(2- 7 )T^f 1 |i*( I (t-))-i*fe(«n)l 

rll/jll T a m i 

- . r(a + i) + mLl + r(2 ~ 7)L2 + T * rl) l l|x ~ 2/11 

+ ^-^1 + 1^-^. (24) 

Here eg, fog (or eQ,/ig) mean that eo,/io defined by (15), (16) are related to x 
(or y). Since 

■|6- 



leg - egj < 



|A|I> + 1) 



L ~T a+1 + \l + b\\\h\\ L ~T a+1 



\A\T(a) 



\K-K\t< 



+ ^±^(mL 1+ T(2- 1 )L 2 ±tJ) 

i=l 

+ M^! r( 2- 7)j L 2 Er 1 ]lk-yll 



|ad-c6|||/i|| L =oT a+1 |_a + fe|||^|| L oor Q+1 



(25) 



+ 



|A|I> + 1) 

\ad-cb\T 



A 



\A\T(a) 

m 

(mL 1+ r(2- 7 )L 2 EiZ) 



- M^L^g r(2 _ 7)L2 £ t 7-i] I,, _ ,||, (26) 

i=l 



A 
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then combining (25), (26) with (24), we obtain 



UFrVt) (Fv)(t)\ < \ WHl-T^ ( \b + d\ + \ad-cb\ \l + b\ + \a + bW 
\{Fx){t) (Fy)(t)\ < [ ^ [ f f- n - ) + ^ j 



+ r(2- 7) , 2 ( 1 + M + M_^) E , ? 

i=l 

+ Tt^ + ™ £ '( 1 + ^ E + tel A £E )]l^"»»- 



Which implies that 



\Fx-Fy\\ <j\\x-y\\. 



Now by condition (23), we know F is a contraction. Thus, the conclusion 
of this theorem follows from the contraction mapping principle. The proof is 
completed. □ 

In the rest of this section, we shall state some existence results for the prob- 
lem (1), (3). We omit the proofs since these are similar to the ones obtained for 
the problem (1), (2) above. 

Theorem 3.4. Assume that: items (1) and (2) of assumptions in Theorem 3.1 
hold. (3) there exists a constant Mi > 0 such that 

(27) 



i P (M 1 )\\h\\ L ooP 1 + ^(MOQi + V*(Mr)r(2 - 7 )i?j 
where 

p T« ( \d 1 -l\ + \c 1 \ ll-M + K-lk 

1 r(a + l) |Ai| V r(a + l) r(a) /' 



and 



1=1 

+ (T + ^- A ^ |T2 + |ai ' |/ lT 1|r2 )Er 1 - 
iii i ii 

TTien i/ie impulsive fractional BVP (1), (3) has at least one solution on [0,T]. 

Theorem 3.5. Let the assumptions of Theorem 3.2 hold, then the impulsive 
fractional BVP (1), (3) has at least one solution on [0,T]. 
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Theorem 3.6. Assume that all assumptions of Theorem 3.3 are satisfied but 
with the condition (23) replaced by 

= \\h\\ L ~T a \\h\\ L ~T a+1 Ad l -l\ + \c l \ ll-H + K-ll 
7 r(a + l) |Ai| V r(a + l) r(a) 

|d!-l|T , | Cl |T X ™ 



+ r (2 - 7)i2 ( 1 + ^ + ^)g (? 

Tften i/ie impulsive fractional BVP (1), (3) has a unique solution on [0, T]. 

4 Examples 

In this section we give two simple examples to show the applicability of our 
results. 

Example 4.1. Consider the following impulsive fractional mixed BVP 

c Dlx(t) = j0^{x{t) + arctanx(t)), t e [0, 1], i ^ §, 
Aa(M = lx{ ^ )l A( c D l *x(±))= lx(1 ^ )l (28) 

(17+|x(i-)l)' 1 (2>> (20+|x(i-)l)' ^ ' 

x'(0) = -2x(0) - 3x{l), x'(l) = 4x(0) + 5x(l). 

Here a = |, 7 = j, T = 1, m = 1 and a = 2, 6 = 3, c = 4, d = 5. Clearly, 
we can take h(t) = ^ffp, ^1 = 17 an d £2 = ^ such that (21) and (22) 
hold. As for the condition (23), since A = 16, \\h\\ L <~ = ^, T(2 - 7) = 0.9191, 
V(a + 1) = 1.6084 and T(a) = 0.9191, we get 

7 w 0.0956 + 0.1932 + 0.0345 + 0.0556 = 0.3789 < 1. 

Thus all the assumptions of Theorem 3.3 are satisfied. Then by the conclusion 
of it, the impulsive fractional BVP (28) has a unique solution on [0, 1]. 

Example 4.2. Consider the following impulsive fractional closed BVP 
c D^x(t) = 5t 2 + e-l x WI + smx(t), t e [0, 1], * ^ \, 

MD- Jgi-V A^dMDHcos^O + S, ( 29 ) 
x(l) = Ax{Q) + x'(0), x'(l) = 2x(0) + 3a;' (0). 

In the context of this problem, we have a=|,7=|,T=l,m = l and 
ai = 4, bi = 1, ci = 2, c/i = 3. And clearly Ai = 6 7^ 0, 

|/(i,a;)| = |5i 2 + e _|x| +sinx\ <7, te [0,1], a; e M, 
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\I k {x)\ <2, \I* k {x)\ <4, 

Put /i(t) = 7, H\ = 2 and if 2 = 4. Then from Theorem 3.5, the impulsive 
fractional BVP (29) has at least one solution on [0, 1]. 
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Volterra composition operators from F(p, q, s) to logarithmic Bloch spaces 
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Abstract. This paper characterizes the boundedness and compactness of the Volterra 
composition operators from the general function space F(p, q, s) to the logarithmic Bloch space 
Bl on the unit disk. 
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1. Introduction 

Let D be the open unit disk in the complex plane C, and H(D) be the space of analytic functions 
on D. The space of analytic functions on D such that 

\\f\\ L = sup(l - \ z \ 2 )log-\- \f'(z)\ < oo 
zeD 1 — \z\ 

is called logarithmic Bloch space Bl, which is a Banach space under the norm ||/||b l = |/(0)| + ||/||l- 
Let B L denote the subspace of Bl consisting of those / € Bl for which lim (1 — \z\ 2 ) log j\j \f'{z)\ = 

\z\-*l 11 

0. The space B L is called the little logarithmic Bloch space. Yoneda [8] studied the composition 
operators in the Bl space and the B L space. 

Let a > 0. The a— Bloch space B a is the space of all analytic functions on D such that 

sup(l - \z\ 2 ) a \f'(z)\ < oo. The little a-Bloch space B° consists of all / G H(D) such that 

zeD 

lim (1 — |z| 2 ) a |/'(z)| = 0. It is clear that B a is a Banach space with the norm ||/||s a = |/(0)| + 

\z\-rl 

sup(l - \z\ 2 ) a \f(z)\, and for 0 < a < 1, B a C B L C B x . For more information about the B a , see 

zeD 

[14] . In [5] and [6] Ye studied the weighted composition operator and the extended Cesaro operator 
between B a and Bl- And in [9] Yu studied the Li-Stevic integral-type operators from Bl to B a . 

For 0 < p, s < oo and — 2 < q < oo, / is said to belong to the general function space F(p, q, s) 
if / € H(D) and 

H/lliW) = l/(0)| + {sup f \f(z)ni - \z\ 2 y(l - \Mz)\ 2 Ydm(z)} 1/p < oo. 

a&D J D 

"The authors are supported by the Natural Science Foundation of China (NO. 11171285) and the Priority Academic 
Program Development of Jiangsu Higher Education Institutions. 
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The little general function space Fo(p, q, s) is the space of analytic functions such that / G F(p, q, s) 
and 

lim / \f'(z)\v(l-\z\ 2 y(l-\Mz)\ 2 Ydm{z) = Q. 

Here dm is the Lebesgue area measure in D, and for a G D, <p a (z) = jEiz ^ s ^ ne Mobius trans- 
formation of D. We can get many function spaces if we take some specific parameters of p, q 

and s. For example, F(p,q,s) = Bq+2 and Fq(p, q, s) = B° q+2 for s > 1; F(p,q,s) C Bq+2 and 

p ~p~ p 

Fo(p,q,s) C for 0 < s < 1. It also includes Q s space, BMOA space, Bergman space and 

V 

Besove space. In [12], Zhang studied the weighted composition operator from F(p, q, s) to B a . And 
Ye [7] investigated the weighted composition operator from F(p,q,s) to B^. 
If (p : D — >■ D is analytic, the composition operator induced by ip is 

C v f = fo<p, f€H(D). 

The composition operator has been studied by many researchers on various spaces. Let g 6 H(D), 
the Volterra type operator J g is defined by the following: 

Jgf(z)= f'mWiOdt, z€D. 

Jo 

The companion operator I g is defined as 

I g f(z)= f fiZMOdt, z€D. 
Jo 

If g(z) = z then J g is the integration operator and if g(z) = log then J g is the Cesaro oper- 
ator. Moreover J g f + I g f = M g f — /(0)g(0), where M g is the multiplication operator M g f(z) = 
g(z)f(z), f G H(D). 

Here, we consider the Volterra composition operators which defined as 



Jo 



and 



4< 



JO 

When </?(z) = z, then J 9i</3 = J g ,I g)ip = I g . When g = 1, then I g ^ = C v . Therefore we can regard 
the operators J 9:V , and I g:lf as the generalization of C^, J g and I g . In addition, these operators are 
closely related with the product of composition operator and Volterra type operator. If we replace 
g o (p by g we obtain the products J g C<_p and IgCy Here 



and 



j g c^\z)= f\f 0 tpmsfiOdt 

Jo 

I g C v f(z)= f\fo tpy{0g(Z)dZ. 
Jo 



Therefore we can obtain the characterizations of boundedness and compactness of the operators 
J g C v and I g C v by modifying all results started for J g ^ and I g ^ respectively. 
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In [2], Li and Stevic have characterized the boundedness and compactness of the operators J g ^ 
and Ig >tp from H°°(B) to Zygmund spaces and these oprators between Bloch-type spaces. The 
boundedness and compactness of the Volterra composition operators between weighted Bergman 
space and Bloch type spaces were investigated in [3]. 

In this paper, our main purpose is to characterize the conditions for J g ^ and I g ^ to be bounded 
operators or compact operators from F(p,q,s) to Bl- Throughout this paper, C always denote 
positive constants and may be different at different occurrences. 

2. Some lemmas 

Lemma 2.1. [13] Suppose that 0 < p, s < oo, — 2 < q < oo, q + s > — 1 and / G F(p, q, s). Then 
there is a positive constant C such that ||/||_B a < C||/||^ moreover, if / G Fq(p, q,s), then 
/ G B 1 ^, where a = 

Lemma 2.2. [4] Suppose t > 0 and / G D. Then sup(l — |z|)*|/(z)| < oo if and only if sup(l - 

zeD zeD 

W) t+1 |/'(*)l < oo. 

The next lemma can be proved in a standard way ( see, for example, Proposition 3.11 in [1]). 
Lemma 2.3. Let 0 < p, s < oo, — 2 < g < oo, q + s> —1. The operator J g ^ (I g ,ip) : F(p,q,s) — > 
Bl is compact if and only if for any bounded sequence {f n } in F(p, q, s) which converges to zero 
uniformly on compact subsets of D, we have || Jg tlfi f n \\B L — > 0 (\\I g ^f n \\B L 0) as n — > oo. 
Lemma 2.4. [4] Let a > 0, and / G B a . Then 

(1) \f(z)\ <C||/|| Ba , where a < 1; 

(2) \f(z)\ < Clog( T ^)||/||s Q , where a = 1; 
c 

(a-l)(l-|*|)° 



(3) ^ \\f\\B a , where a > 1. 



3. Main results and proofs 

Theorem 3.1. Let 0 < p, s < oo, — 2 < g < oo, q + s > — 1, g G H{D) and ip be an analytic 
self- map of D. 

(1) If 2 + q > p, then J g ^ is a bounded operator from F(p, q, s) to Bl if and only if 

™g (1 - l^l)! 2 )"- 1 M^)l</M*))ll^)l < oo, 

where a = 2j ^ 2 . 

p 

(2) If 2 + g < then J g ^ is a bounded operator from F(p, q, s) to Bl if and only if 

sup(l - |z| 2 )log(-^)|</(c^))||^(z)| < oo. 
zeD 1 — \z\ 

(3) If 2 + g = p, s > 1, then J 3iV , is a bounded operator from g, s) to Bl if and only if 

sup(l - |z| 2 ) log(-^) log( 2 )|^(^))||^(z)| < oo. 
zeD 1 — kl 1 — 1^(^)1 

Proof. (1) Let a = ^ > 1. 
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<= Assume that / 6 F(p,q,s) and g, ip satisfy the condition in (1). Then we have sup(l — 

zeD 

k| 2 ) Q_1 |/(^)l < C\\f\\F(p, q , s ) by Lemma 2.1 and 2.2. It follows that 

snp(l-|z| 2 )log(-^)|(J^/)'(z)| 
zeD 1 - \z\ 

= snp(l-|z| 2 )log(-^|/(^))|)| 5 'Mz))||^W| 
zeD 1 — \z\ 

< sup(l - \v(z)\ 2 Y^\f^{z))\ sup 1 - log(-\-)\g'^(z)W(z)\ 
zeD zeD (1 - \<p{z)\') a 1-R 

In addition, {J g ,<pf)(0) = 0. Hence J 9i</ , is bounded from F(p,q,s) to .Bl 

=>- Suppose that J 9i¥ , is bor 
H/JiW) <Cby [12]. Thus 



Suppose that J 9j(p is bounded from F(p, q, s) to B^. For w £ D, set /^(-z) = * then 



(iHH 2 )Mj^)l(W«)'(«OI 

= (1 - |^|2 ) l og( _^_ ) | / ^ ( ^ ( ^ )) ||^ ( ^ (w)) ||^ ( ^ ) | 

= ( 1 H^I 2 )io g (^) (1 _ | ^ )|2)a _ 1 bVW)II^HI 

< II^,<p/w)||b l 

< \\Jg,<p\\ ■ \\fw\\F(p,q,s) 

< c, 

which showing that sup (1 „|^ij|2 )a -i log( T j| I |)|g / (( / 9(z))| \f'(z)\ < oo. 

(2) Let a = ?±2 < 1. 

Assume that / G F(p,q,s) and (7, 99 satisfy the condition in (2). Then we have |/(z)| < 
C||/IIf(p,q,s) by Lemma 2.1 and 2.4. It follows that 

sup (i-M 2 )iog(-^— )|GW)'(*)| 

= sup(l - |z| 2 )log(-^)|/(^))|| 5 '(^))||^(z)| 

< sup \f(z)\ sup(l - |z| 2 ) log(-^ )\g'(<p(z)W(z)\ 
zeD zeD 1 — \z\ 

< C\\f\\F(p,q,s)- 

In addition, (J 9i¥ >/)(0) = 0. Hence J 9i</ , is bounded from F(p,q,s) to B^. 
=>- Suppose that J 9iV is bounded from g, s) to We can obtain 

su P (i - \ z \^\og{-\-)\g'{^z))y{z)\ < 00 

zeD 1 — \z\ 

by taking f(z) = l respectively. 

(3) Let a = = 1 and s > 1. 
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Assume that / 6 F(p, q, s) and g, ip satisfy the condition in (3). Then / G F(p, q, s) = B\ 

2 



and \f(z)\ < Clog( I ^T2)||/||F(p, 9 , s ) by Lemma 2.4. It follows that 



snp(l-|z| 2 )log(-^)|(J^/y(z)| 
zeD 1 — \z\ 

= SU P (l-|z| 2 )l 0 g( -Xr- )\mz))\Wi}P{z))W{z)\ 
z£D 1 - \Z\ 

< C\\f\\ F{p ^ s) sup(l - | z p ) log( T j^)log( I _ ^ {z)l2 )\ g '^(z)W(z)\ 

< oo. 

In addition, (J g ,(pf)(0) = 0. Hence J 9jip is bounded from F(p,q,s) to B^. 

=>■ Suppose that J g:lf is bounded from F(p,q,s) to B^. For w £ D, set = log — === , 

then \\f w \\ F(p as) <Cby [12]. Thus 

|2^ 



(i-H^)iog(- -i)|(J fflV / w )'H| 



2 


1 




u> 




2 




1 




w\ 




2 




1 




w\ 



= (l-\w\ 2 )\og(-^)\fMw))\\g'^(w)W(w)\ 



(l-|uf)log(, - ■■■ , ,, 2 ,.,.,,., )|//(^(»-))||^(»0| 

< || Jg^/iullsL 

< ||^<y^|| • || /tu || F(p,g,s) 

< c, 

which showing that sup(l - |g| 2 )log( I ^)log( ri j^ i p )|g / (y(z))||y/(z)| < oo. 

Theorem 3.2. Let 0 < p, s < oo, — 2 < g < oo, q + s > — 1, <7 € H(D) and 99 be an analytic 
self- map of D. 

(1) If 2 + g > p, then J Si¥ , is a compact operator from F(p, q, s) to Bl if and only if 

sup(l - \ z f)log(-\-)\g'(p(z)W(z)\ < 00 (3.1) 
zeD 1 — \z\ 

and 

l J^ 1 (r4^^ log( r^N )l9 ' ( '' <z))lb ' (2)l = 0 - <3 - 2) 

where a = 2 ^ 2 . 

p 

(2) If 2 + g < p, then J ff)¥ , is a compact operator from q, s) to 2?£ if and only if (3.1) holds. 

(3) If 2 + q = p, s > 1, then J fli¥ , is a compact operator from F(p, q, s) to Bl if and only if (3.1) 
holds and 

lim (1 - |^P)log(-A-)log( 2 )\gi(<p(z)W(z)\ = 0. (3.3) 

|vj(z)|->1 1 — |2| 1 - |<£(2j| 

Proof. (1) Let a = ^ > 1. 
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<= For any sequence {/„} in F(p,q,s) such that || F(p,g,s) < 1 an d fn — > 0 uniformly on 
compact subsets of D, it is required to show that by Lemma 2.3, || J g ,cpf n \\B L — > 0 as n — > oo. From 
(3.2), we have that for every e > 0, there exists are (0, 1), such that r < \<p(z)\ < 1 implies 

(1 _V"J)iV' log( r^H >l! '' (yW)l|y ' wl<£ - 

Since f n — > 0 uniformly on compact subsets of D, then there exists an N > 0, such that for all 
n> N, sup \ f n {w)\ < £■ Using Lemma 2.1, 2.2 and (3.1), for all n> N, 

\w\<r 

sup(l-|z| 2 )log(-^)|(J^/ n )'(z)| 
< sup {l-\z\ 2 )\og{-^)\f n ^{z))\\g\^{z)W{z)\ 

|<p(z)|<r 1 ~~ Pi 

+ sup (l-\ z f)log(-^)\f n (^z))\\g'(v(z)W(z)\ 
\<p(z)\>r 1 \ z \ 



< sup (l-lvWI 2 ) 0 - 1 !/"^))! ^p 



1 - 

|2yj-l » . I - 

\<p(z)\>r \<p(z)\>r 

+ sup \U<e(z))\ s"P (i-kl 2 )iog(r-V;)ls'(v(i>))llv'W 



\tp(z)\<r \<p(z)\<r ^ — \ z \ 

< Ce. 

Note that (J fll¥ j/n)(0) = 0, we obtain || J^/nlls^ — >■ 0 as n — > oo. 

Suppose that J gtV> is compact from F(p, q, s) to Bl, then J Si¥ , : F(p, q, s) — > Bl is bounded. 
Taking f(z) = 1, we see that sup(l — \z\ 2 ) log(y^r )\g'{(p{z))\ \ip'{z)\ < oo. Let {z n } be a sequence 

in D such that lim |<£>(£ n )| = 1- We choose the test function f n defined by 

n— >oo 

/„«- 1 -'^" )|2 



(l-<^(z n )z) a ' 

then || /n || F(p,g,s) < C an( i /n — > 0 uniformly on compact subsets of D by computation. In view of 
Lemma 2.3, it follows that \\Jg,ipf n \\B L — > 0 as n — > oo. Since 

\\Jg,M\B L > (1- |Zn| 2 )log( 2 X Jg,M(Zn)\ 

J- |2n| 

= (l-|z n | 2 )log(— 2 )\f n (^ Zn ))\\g'(<p(z n )W(z n )\ 

1 " Un' 2 



(i - 1^) .)-. ^Tq^Mrt^WWI. 



and lim |<£>(z n )| = 1, we obtain 

n— »oo 



1-Unl 2 . , 2 



Hence 

(1 - b( 2 )| 2 )' 
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(2) Let a = ^ < 1. 

4= For any sequence {f n } in F{p,q,s) such that || F(p,g,s) < 1 an d fn — > 0 uniformly on 
compact subsets of D, it is required to show that by Lemma 2.3, || J g! ipf n \\B L — > 0 as n — > oo. Using 

Lemma 2.1 and [ 11, Lemma 3.2] we have sup |/ n (z)| — > 0 as n — > oo. Then by (3.1) 

zeD 

S up(l-\z\ 2 )log(-\-)\(J g ,M'(z)\ 
zeD 1 - \z\ 

= 8U P (1- |z| a )Iog( r ^)|/ B ( V (z))||^Mz))||^)| 

< sup \f n (z)\ sup(l - |z| 2 ) log(-^)| 5 '(^(z))||^(z)| 
zeD zeD 1 — 

-> o, 

as n — » oo. Note that (J g ,< p f n ){ty = 0, we get || Jg^/nll^ — » 0 as n — > oo. 
=>- It has been proved in case a = > i. 

(3) Let a = ^ = 1 and s > 1. 

4= For any sequence {/ n } in F(p,Q, s ) such that || F(p,g,s) ^ 1 an d / n — > 0 uniformly on 
compact subsets of D, it is required to show that by Lemma 2.3, \\J g , v f n \\B L — > 0 as n — > oo. By 
Lemma 2.1 and 2.4, we get \ f n {z)\ < Clog( 1 _? , 2 )- From (3.3), we have that for every e > 0, there 
exists a r G (0, 1), such that r < |</?(z)| < 1 implies 

(1 - k| 2 )log( 1 ^)lQg( 1 _ | ^ (jg)|2 )|g , (y(z))||y/(^)| < e. 
Additionally, for above e > 0, there exists an N > 0, such that for all n > N, sup \f n (w)\ < e. 

\w\<r 

Therefore, by (3.1), for all n > N, 

sup(l-|z| 2 )log(-^)|(J^/„)'(z)| 
zeD 1 — \z\ 

< sup {l-\zf)\og{-\-\\f n {v(z))\\gi^(z))\y{z)\ 
\<p(z)\<r 1 ~~ \ z \ 

+ sup (l-\ z \^l og (-^-)\f n ^(z))\\g'^(z)W(z)\ 
\tp(z)\>r 1 \Z\ 

< e sup (l-|^)i og(: ^)| 5 '(^))||^ (z )| 

\f(z)\<r 1 - \Z\ 

+C sup (l-|^)log(-^— )log( - 2 )\g'(cp(z)W(z)\ 

Mz)\>r 1 -\Z\ i-IWl 

< Ce. 



Note that (J g ,<pfn){0) = 0, we get \\J g ,<pfn\\B L -> 0 as n -)• oo. 

=>- Suppose that J S;¥ , is compact from F(p,q,s) to The condition (3.1) has been proved 
in case a = 2 -f > 1. Let a n = log t^ 2 ^, we take f n (z) = ^(log IZ ^) 2 - ^(log jz^) 3 
such that lim \tp(z n )\ = 1. Then sup „ s ) = sup||/ n || Bl < C and /„ -> 0 uniformly on 



7 



450 



Fang Zhang et al 444-454 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



2 


1 




z n\ 




2 




1 




Zn | 




2 




1 




Zn\ 



compact subsets of D by computation. In view of Lemma 2.3, it follows that \\J g , v f n \\B L — > 0 as 
n — > oo. Thus 



(1 - \z n \ 2 )\og(—^)\f n (ip(z n ))\\g'(ip(z n )W(z n )\ 



(1 - | Ztt |2)l 0 g(_JL_)l 0g ( i _ l_ )\ g > {(p {Zn)W{Zn)\ 

-> 0, 

as n — > oo, which implies 

lim (l-|z| 2 )log(-^-)log( I )\g'^(z)W(z)\=0. 

Theorem 3.3. Let 0 < p, s < oo, — 2 < q < oo, g + s > — 1, g € H(D) and be an analytic 
self-map of D. Then is a bounded operator from g, s) to if and only if 

(i - \J(zwr lo g(r^)i^))ii^^)i < °°> ( 3 - 4 ) 

where a = 2j ^2. 

p 

Proof. Let a = ?±2. 

v 

<= Assume that / G F(p, q, s) and g, ip satisfy the condition in (3.4). By Lemma 2.1, we have 

sup(l-|z| 2 )log(-^-)|(/^/)'(z)| 
zeD 1 — \z\ 

= sup(l- \ z ^lo g (^)\f'^(z))\\g^(z)W(z)\ 
zeD 1 — \z\ 

< sup(l - \<p{z)\ 2 )°\f(<p{z))\ sup i og( 2 } | ( 

< C||/l|F(p,g,a)- 



In addition, (l g ,y>f)(0) = 0. Hence Ig )ip is bounded from F(p,q,s) to Bl 

f ( y \ = (z-<p(w))(i- 

(l-2(p(«l)) a + 1 



Suppose that I BtV is bounded from F(p, q, s) to B L . For w £ D, set f w (z) - (^gWKl^WL 2 ) 



then ||/ w || F(Pi? , s) < Cby [12]. Thus 



(l-\ w ?)log(^^)\(I g M>(w)\ 

= (i-h^m^-^)!/;^))!!^^))!!^)! 

= ( 1 -H 2 )M I ^) (1 _ | ; H|2) J ^H)II^HI 

< II^/wIIbz, 

< II^S.vll " II /w II F(p,g,s) 

< c, 
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which showing that sup (xq^jjsp log j^\g' ((f(z))\ \<p'(z)\ < oo. 

Theorem 3.4. Let 0 < p, s < oo, — 2 < g < oo, q + s > — 1, g £ H(D) and ip be an analytic 
self-map of D. Then I g ^ is a compact operator from F(p, q, s) to Bl if and only if 

su P (l-|^ 2 )log(-^)| 5 '(^))||^(^)| <oo (3.5) 
zeD 1 - \z\ 

and 

where a = 2j ^ 2 . 

Proof. For any sequence {/ n } m (/, s) such that || F(p,g,s) ^ 1 an d /n ~~ ^ 0 uniformly 
on compact subset of D, it is required to show that by Lemma 2.3, ||/ S)¥ ;/n||B L - > 0 as n — > oo. 
From (3.6), we have that for every e > 0, there exists a r G (0, 1), such that r < |<^(z)l < 1 implies 

l-\z\ 2 , , 2 



iog(^^)| 5 Mz))||^(z)|< £ . 



(i-bWI 2 ) a bV i 

Additionally, for above e > 0, there exists an iV > 0, such that for all n > N, sup < £■ 

\w\<r 

Therefore, by (3.5), for all n > N, 

sup(l-|z| 2 )log(-^-)|(/^/ n )'(z)| 
zeD 1 - \z\ 

< sup (l-\z\ 2 )log(-\-)\f^(z))\\g(v(z)W(z)\ 

\<p(z)\<r 1 ~ \ z \ 

+ sup (l-\ z f)log(^MMz))\\9^(z)W(z)\ 

\ip(z)\>r 1 \Z\ 

< e sup (l-\ z \l)log(-^-)\g(p(z)W(z)\ 



\ip(z)\<r T — U| 



1-UI 2 , , 2 



sup||/„|| F(M)S ) sup - - pL^ iog( - " J lgC^))!!^^)! 



< Cs. 



Note that (I 9iV ,/„)(0) = 0, we get \\Ig,<pf n \\B L -> 0 as n -> oo. 

=>• Suppose that is compact from g, s) to Bl, then 7 9j¥ , : F(p, q, s) — >■ 1?l is bounded. 

Taking /(z) = 1, we see that sup(l — \z\ 2 ) log(-j-An)|<7(<^(z))| \<p'(z)\ < oo. Let {z n } be a sequence 

zgd 1 1 

in D such that lim |<£>(£ n )| = 1- We choose the test function f n defined by 

n— >oo 

(z - p(z n ))(l - \p(z n )f) 

then || f n || F(p,q,s) < C anc l /n - ► 0 uniformly on compact subset of D as n — > oo. In view of Lemma 
2.3, it follows that ||/ 9lV /n||s L — >• 0 as n — > oo. Since 

\\i a ,M\B L > (i-\z n \ 2 )iog(-^—)\(i g , v f n y(z n )\ 

J- \ z n\ 
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1 | z n\ 
1 | %n | i/2 



lo g(i 1 r)lf(¥'(^n))||^ / (^n)|, 



and lim |</?(z n )| = 1, we obtain 

n— >oo 

Hence 

Jfc, (i - MW)" ^ijw'W^I^WI - °- 
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THE (p, g)-ABSOLUTELY SUMMING OPERATORS ON THE 
KOTHE BOCHNER FUNCTION SPACES. 



MONA KHANDAQJI, AHMED AL-RAWASHDEH 



Abstract. This paper is devoted to study some properties of the class of pos- 
itive (p, (jr)-absolutely summing operators from a Banach lattice into a Banach 
space. We shall obtain a new characterization of such operators and generalize 
some inequalities on the Kothe Bochner function spaces . 



1. Introduction 



If Y is a normed space and yi, y 2 , ,y n EY, n > 1, let Y* represents the dual 

i 

ofY, then we write a p (j/i;(l < i < n))= (J27=i llyill P ) P > and ZpiVi'A 1 < * < n )) = 

su P||s/*ll<i (E"=i \V* i.Vi)\ P ) li ■• V* € Y*. Let L (X,Y) denote the class of all linear, 
bounded operators from a Banach space X into a Banach space Y. Throughout 
this paper , we will take X is a real Banach lattice with X + ={i€l:i)0}. 
An operator T G L (X, Y) is called a positive (p, g)-absolutely summing operator, 
1 < P < ? < oo, if there is a constant C > 0 such that for every finite set of elements 
{xi} 1<i<n in X + the inequality 

a p (T (xi) : (1 < i < n)) < Ce q (x, : (1 < % < n)) , (1.1) 

holds. 

The positive (p, g)-absolutely summing norm of T is ||T|| J, q ^ — inf C. The space 
of positive (p, q , )-absolutely summing operators will be denoted by 11^ q ^ (X, Y), 
1 < P, q < oo. This space becomes a Banach space with the norm q ^ given by 
the infimum of the constants verifying (1.1). Observe that 

„ ||+ _ / a p (T ( Xi ) : (1 < i < n)) : {xi}^ < n in X+ 
11 P \ with e q [x % : (1 <i <n)) < 1 

and a p (T (a;j) : (1 < i < n)) < \\T\\^ p ^ e q (x» : (1 < i < n)). As usual, if p = oo 
(resp. q = oo), the left (resp. right) hand side of (1.1) is replaced by sup^ ||T(xi)|| 
(resp. sup|| y * || <1 sup^ \y* (j/i)|). The theory of (p, q)— absolutely summing operators 
is a unified theory of various important classes of operators in connection with the 
classes of nuclear and Hilbert-Schmidt operators. If p = q = 1, then the class is 
called positive absolutely summing operator and denoted by 11+ (X, Y) and the 
norm defined on it by ||-|| + . 



2000 Mathematics Subject Classification. 47B10, 46E40. 

Key words and phrases. Absolutely Summing operators;K6the Bochner function spaces. 
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2 MONA KHANDAQJI, AHMED AL-RAWASHDEH 

In the sequel we use the following useful relation which is a simple implication 
of duality (&>)* = t q : 

s q (xi : (1 < i < n)) = sup 

a p (A i: (l<i<n))<l 

with Xi > 0, (1 < p, q < oo) and 1 + 1 = 1 [5]. 

Let (T, ^2,p) be a, finite complete measure space and let L° = L°(T) denote the 
space of all (equivalence classes) of ^-measurable real-valued functions. 

For f,g e L°, / < g means that f (t) < g (t) fi— almost every where, t e T. A 
Banach space (E, \\-\\ E ) is said to be a Kothe space if : 

(1) For f,g e L°, |/| < \g\ and 5 e£ imply / e E and < . 

(2) For each A e E, if fj, (A) is finite, then xa € E. See [4]. 

So Kothe spaces are Banach lattices in the obvious order ( / > 0 if / (t) > 
0 (j,— almost every where t € T). A Kothe space £7 has absolutely continuous 
norm if for each / e E and each decreasing sequence (A n ) converges to 0, then 
II Xa^/We ~ * 0- Let £ be a Kothe space on the measure space (T, X}>m) an( i 
(X, be a real Banach space. Then E (X) is the space of all equivalence classes 

of strongly measurable functions / : T — ► X, such that ||/ (-)llx *= ^ equipped with 
the norm 

\\\.f\\\ E{ X ) = \\\\f(-)\\x\\E- 

The space (E (X) , ^ s a Banach space called the Kothe Bochner func- 

tion space [3]. 

The most important class of Kothe Bochner function spaces are the Lebesgue- 
Bochner spaces L p (X) , (1 < p < oo) and their generalization the Orlicz-Bochner 
spaces (X). If X is a Banach lattice, the Kothe Bochner function spaces 
E (X) are Banach lattices, we put / > 0, when / (t) > 0 [i— almost every where 

t e T. 

The characterization of the positive absolutely summing operator was introduced 
on Lebcsgue-Bochncr spaces L p (X) , (1 < p < oo) and Kothe Bochner function 
spaces in [1], [2], [6], [7]. In this paper, we shall investigate the space of positive 
(p, g)-absolutcly summing operators for the Kothe Bochner function spaces with a 
real Banach lattice X, which is analogous with that given by D. Popa in [7], where 
he showed that n+ (E (X) ,Y)=U+ (E, U+ (X,Y)). 

For T e L (E (X) , Y) , define a function T : E -» L {X, Y) by 

(Tf)(x)=T(fx),f &E, xeX. (1.4) 
Then T is clearly linear and bounded operator. 

2. Main results 

We now introduce the following lemmas which play important role in the proof 
of our main theorem 

Lemma 2.1. Let X be a Banach lattice, Y a Banach space and let E be a Kothe 
space. //Te H+ pq) (E(X),Y), for 1 < p,q < oo with 1 + 1 = 1, then ff e 
n+ q) (X,Y),foraUfeE. 



E 

i=l 



A 7 ; x 7 



(1.3) 
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ABSOLUTELY SUMMING OPERATORS 



Proof. Let T G n+ q) (E (X) , Y) and T be denned as in (1.4). First we show 
that ff € n+ q) {X, Y), for all / G E, f > 0. If / GE+, then for every finite set 
of elements {xi} 1<i<n in X + , we have 

a p ((f/) (a*) : (1 < k < n)) = Q p (T (/a*) : (1 < * < n)) 



Now, using (1.3) 

£<? (fxi : (1 < i < n)) 



sup 

a p (A i: (l<i<n)) <1 



sup 

a p (Ai:(l<*<n)) <1 



sup 

a p (A i: (l<i<n)) <1 



E A */ a 

"'b(x) 

n 



, with Aj > 0 



i=l 



/(•) 



a p (Ai:(l<i<n))<l 



E A < 

n 

E A - 



X 



IE °9 



e g (a;, : (1 < i < n)) . 



Hence, 

a p ((f /) ( Xi ) : (1 < i < nj) < \\T\\+ q) \\f\\ E e q ( Xi : (1 < i < n)) , 

this implies that Tf G 11^ ^ (X, y), for all/ G E 1 , / > 0. In general, since / = 
/+ - where /+,/"€ L+ then f/ G 11+ ?) (X,F), for all / G £7 . ■ 

Lemma 2.2. Lei I a Banach lattice, Y a Banach space and let E be a Kothe 
space. Consider a set of simple functions {fi\i <i<n in E(X), which is defined by 

k 

fi = E 2 -^' XAj, where xa, are the characteristic functions of Aj 's, Xij G X + , for 

3=1 

i = 1, 2, . . . , n, j = 1,2, ...k. Then for each Xi > 0 with a p (Aj : (1 < i < n)) < 1, 
we have 



s q (/»:(!<«< n)) > £i Xa, 



E A 



■ (1 < i < k) . 



Proof. For f G T, /j (i) = xa, (*),« = 1,2, ... ,ra. Without loss of 

3 = 1 

generality we may assume that the A,-'s are pairwise disjoint measurable sets of T 
with \J k j=l Aj — T. Now for each Aj > 0 with a p (Aj : (1 < i < n)) < 1, we have 
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form (1.3) we have the following 



£q (/*:(!<«< n)) > 



E 

n 



E(X) 



X 



E A * [y^xij xaj(-) 

i=l \j=l 



£i XA 3 - 



E A 

i=i 

E A 



A" 



■ (i < i < k) 



x 



Lemma 2.3. Let X be a Banach lattice, Y a Banach space and let E be a Kothe 



space with absolutely continuous norm. For 1 < p,q < oo with - + 



1, if 



T e L(E (X) , F) and T e 17+ 11+ q) (X, Y)) , iften T € IT+ g) (E (X) , F) witft 

wnU) * 

Proof. 

Lemma 1. Proof. Let T e L (E (X) , Y) and f e 11+ 11+ >g) (X, Y)j . It is 

known that if the Kothe space E has absolutely continuous norm, then the sub- 
space of all simple functions is dense in Kothe Bochner function spaces E (X) , [3]. 
So it is sufficient to show that T € Hf > (E (X) , Y) on the restriction of T 
to the subspace of simple functions from E (X) . Choose a set of simple func- 
tions {fi : fi ^ 0} 1<i<n in E(X), then as in Lemma (2.2) assume that for each 
k 

i = 1, 2, . . . , n, fi(t) = E x ij XAj (t), t e T with Aj's are pairwise disjoint mea- 
i=i 

surable sets of T with Dj =1 Aj — T, and Xa/s are characteristic functions of Aj's, 
€ X + , j = 1, 2, ...fc. Since /j 's (i = 1, . . . , n) represent classes of functions, we 
may assume that \x (Aj) > 0, for each j = 1, 2, k . Now given e > 0 there exist 
A, > 0 with a p (A, : (1 < i < n)) < 1 that satisfy ■ 



e q {xij :(l<i<n))< 



7 j ^i x ij 
i=l 



(2.1) 
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Thus, 



a p ((T(fi)):(l<i<n)) = ^||T(/- 



\i=l 



E 



3=1 



< E Ef(xa,)(*«) 

3=1 \i=l 



Using inequality (2.1) and that T ( XAj ) & n+ g) (X, Y) since T e 11+ (e, U+ q) {X, Y)j : 



k / n 



(2.2) 



^ E H^') , e, (s« : (1 < * < n)) 
' — ' 11 (p,q) 



< 



< 



3 = 1 
k 

E 

3 = 1 



£ 1 XA 3 



Ea 

=1 

n 



i=l 



A" 



+ £ ; 
e) : (1< j<n) 



for some Aj > 0 with a p (Aj : (1 < i < n)) < 1. 

Using Lemma 2.2, then for each A, with a p (Aj : (1 < i < n)) < 1, we have 



£ q (/»:(!<«< n)) > £i xa 3 



a^^ 



i=l 



(2.3) 



Then from inqualities (2.2), (2.3) ,we have 

a P ((T (/,)) : (1 < i < n)) < ||t|| + e q {f t : (1 < i < »)) + e \\ X t\\ e ■ 
As 1 1 Xt He is finite and e is an arbitrary, then 

a p ((T (/()) : (1 < i < n)) < ||f || + e 9 (/< : (1 < i < n)) . 

This gives us the result that T e 11+ } (£ (X) , F) with \\T\\^ q) < f 

The following theorem explains the relation between the spaces of positive (p, q)- 
absolutely summing operators over the Kothe spaces 



Theorem 2.1. Let X be a Banach lattice, Y a Banach space and E be a Kothe 
space. Then for 1 < p, q < oo with i + i = 1, 

H (U (E(X),Y)CB+ >q) (E,n+ (X,Y)). 
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Proof. Let T G Tl+ pq) (E(X),Y). Using Lemma 2.1, ff G Tl+ q) (X,Y), for 
all / G E . Hence, from equation(1.2) given e > 0, there exist a finite sequence 
{fi ■ fi > 0} 1<i <n in E + and (iy , j e <7,) in X + , where <7j is a finite set with Oi C AT 
such that for each i = 1,2,... , n, and e g (x^- : (j G <7j)) < 1 

1 p 



(p>?) 



< a 

n 



T(fi)(Xij),(j G <n 



Therefore, 



E 

i=i 



TO) 



(p.?) 



(2.4) 



i=l 

= a p p [f(fi)(xij),(jGai,l<i<n) 

< a p p [T(f iXij ),(j eai,l <i<n)\ 

< jmijJ^to^O'eai.i <*<«)). 

Next we want to show that for each i = 1,2,... , n, if e 9 (rcy : (j € cr*)) < 1, then 
£ q (fi x ij ■ U e C7j, 1 < i < n)) < e 9 (/; : (1 < i < n)) . 

But, from (1.3) 

£g (fiXij ■ (j G o-j, 1 < i < n)) 



sup 

tt P (Ai3:(iG<Ti,l<i<n)) <1 



E E A *J'^ : 

1=1 j'GCTj 



, with Xij > 0. 



B(A) 



As > 0 with e g (x^ : (j G cij)) < 1 and a p (Xij : (j e <7j, 1 < i < n)) < 1, we get 
that a p (Xij : (j G CTj)) < 1 for each z = 1, . . . , n. Therefore, for each i G T, 



EE w). 

z— 1 jGtjj 



sup e^ E A ^ (*) x * ' x * e 



||x*||<l 



i—1 jGcn 



< sup e>w E ( A ^) p E 



|x*||<l 



i=l 



< E^w- 

»=i 



Thus 

e 9 (/i^ij : (j € fTi, (1 < i < n))) 



sup 

« P (Aij:(je<Ti) ,l<i<ra) 



EZ EZ ^ijfi X i 
1=1 j£<Ti 



(2.5) 



< 



= ei (/i : (1 < i < n)) 
< e q (fi- (l<i<n)). 
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Inequalities (2.4) and (2.5) induce, 



E 



T(fi) 



e < 



IITII+J e*(fi:(l<i<n)). 



As e is an arbitrary, hence 

« P ((T(/0) :(l<i<«)) <\\T\\t P , q) e q (fi:(l<i<n)). 



and 



< IITI 



Now let us state another result, which discuss the equality between the spaces 
of positive (p, g)-absolutely summing operators over the Kothe spaces. It easily 
follows from Lemma 2.3 and Theorem 2.1. 

Theorem 2.2. Let X be a Banach lattice, Y a Banach space and let E be a Kothe 
space with absolutely continuous norm . Then for 1 < p, q < oo with i + | = 1, 
we have 

n L) {E W ,Y) = n+ [e, n+ q) {X, Y)) . 
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An Estimate for the Four- Dimensional Discrete 
Derivative Green's Function and Its Applications 
in FE Superconvergence 

Jinghong Liu*and Yinsuo Jia* 

In this article we first introduce definitions of the regularized derivative 
Green's function, the discrete derivative Green's function, the discrete deriva- 
tive S function, and the L 2 -projection operator in four dimensions. Then the 
W'^-seminorm estimates for the regularized derivative Green's function and the 
discrete derivative Green's function are derived. Finally, we show the applica- 
tions of the PF 2 ' 1 -seminorm estimate for the discrete derivative Green's function 
in finite element (FE) superconvergence. 

1 Introduction 

It is well known that estimates for the Green's function play very important roles 
in the study of the superconvergence (especially, pointwise superconvergence) 
of the finite element method (see [1-8]). For one- and two-dimensional elliptic 
problems, one have obtained many optimal estimates for the Green's function 
(see [1]). Recently, for three-dimensional elliptic problems, the M /r2,1 -seminorm 
optimal estimate with order 0{\ In h\ 3 ) for the discrete Green's function and the 
W ' -seminorm optimal estimate with order OQ ln/i|3) for the discrete deriva- 
tive Green's function were derived (see [5, 9]). For the four-dimensional set- 
ting, we also obtained the corresponding VF 1, ^seminorm estimate with order 
0(|ln/i|i) for the discrete derivative Green's function (see [10]). 

In this article, we will discuss the W 2,1 -seminorm estimate for the four- 
dimensional discrete derivative Green's function. Although this estimate can be 
derived by the inverse property from the W^-seminorm estimate, we will give 
a better result by the other way. 

we shall use the symbol C to denote a generic constant, which is independent 
from the discretization parameter h and which may not be the same in each 
occurrence and also use the standard notations for the Sobolev spaces and their 
norms. 

* Department of Fundamental Courses, Ningbo Institute of Technology, Zhcjiang University, 
Ningbo 315100, China, email: jhliull29@sina.com 

i School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
334001, China, email: jiayinsuo2002@sohu.com 
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We consider the following variable coefficient elliptic problem: 

4 

Cu = — ^ dj(ciijdiu) + a 0 u = f in Q, u = 0 on dCl, (1.1) 

where f2 C 1Z* is a bounded polytopic domain and diU = d Xi u(xi,X2, Xs,Xi), i — 
1,2,3,4 stand for usual partial derivatives. We assume a,ij,ao, and / are 
sufficiently smooth given functions, and = a^. Let {T h } be a regular 
family of partitions of CI. Denote a space of continuous piecewise m-degree 
(m > 1) polynomials with respect to this kind of partitions by S h (ft) and let 
<S*o = S (SI) D Hq(S1). Discrctizing the above elliptic equation using Sq as ap- 
proximating space means finding Uh G Sq such that a(uh , v) = (f , v) for all 
v e Sq, where 



f 4 

Jn ij=i 



a(u/j , v) = I ( y ^ ciijdiUhdjV + a 0 u h v) dx 1 dx 2 dx 3 dx4, 

and 



(/,«) = / /i> dx\dxidx%dx4,. 
Jn 

This gives the Galerkin orthogonality relation 

a(u-u h , »)=0Vn€ S#. (1.2) 

For every Z e 0, we define the discrete derivative 5 function dzjS^ e 5q , the 
regularized derivative Green's function dz,iG* z € H 2 (Sl) n i?Q (SI), the discrete 
derivative Green's function dz,iG h z € S*o and the L 2 -projection P^u e 5q such 
that (see [1]) 

(«, d Z j6%) = dtv(Z) V«eSj, (1.3) 
a(c>^G z , v) = (d z ,^ z , w) Vu e ffjftfi), (1.4) 
a{d Z jG z - d Z jG h z , v)=0 Vve Sj, (1.5) 
(u-f\«, v)=0 Vwe S#, (1.6) 
where £ £ 1Z 4 and |£| = 1. dtv(Z) stands for the onesided directional derivative 

y ' \az\^o |AZ| 1 1 



In the following sections, we will bound the terms \dz,iG* z \ 2 1 and \dz,eG z 
and give an application of \dz,iG z \ 2 1 in FE superconvergence. 



2, i 
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2 The W 2 ^-Seminorm Estimate for the Discrete 
Derivative Green's Function 

To derive the estimate for the discrete derivative Green's function, we introduce 
the weight function defined by 

<f> = <f>(X) = (\x - x\ 2 + 9 2 y 2 WXeCi, (2.1) 

where X G f2 is a fixed point, 9 = -fh, and 7 G [4, +00) is a suitable real number. 
For every a G 1Z, we give the following notations: 



(r \ I m 

/ r\v n v\ 2 dx) ,Ni™ >a , n = £|v%i; 



|2 

|/3|=n ' n=0 



where (3 = (fa, fa, fa, fa), = fa+fa + fa + fa, and ft > 0, i = 1, 2, 3, 4 are 
integers. In particular, for the case of m = 0, we write 



MU-.n = ^J^ a \v\ 2 dX^j 



We assume that there exists an qo (1 < go < 00 ) such that 

£: W 2 ' 9 (Q)n W 0 1,9 (f2) — >L'(ft) (l<g<g 0 ) 

is a homeomorphism (see [1]). It means that for all w G W 2 ' 9 (f2) nW^'jO), we 
have the so-called a priori estimate: 

Nkg.n < C{q)\\jCv\\o, q ,n, (2.2) 

where C(g) denotes a positive constant only depending on q. Next, we give 
some lemmas used in the proofs of our main results. 

For the the weight function <f), we have the following lemma. 
Lemma 2.1. For (f> the weight function defined by (2.1), we have the following 
estimates: 

I V n 4> a I < C(a, «)</>"+?, a eft, n=l,2. (2.3) 

/ 0" rfX < C(a - i)-i,9-4(«-i) Va > 1, (2.4) 

/ ^dX < C(fc)| ln<9|, 9 < k < 1. (2.5) 

/ 0" < £7(1 - a)" 1 V 0 < a < 1, (2.6) 
Jn 

Remark 1. The results (2.3)-(2.5) have been proved in [10] and the result (2.6) 
is also easily obtained. 
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For the L 2 -projection operator Ph and the discrete derivative S function 
d Z ,(S z , we have the following lemmas 2.2 and 2.3 (see [10]) 
Lemma 2.2. For P h w the L 2 -projection of w G W 1,9 (fi) D C(Q), and 1 < q < 
oo, we have the following stability estimate: 

||i^Hli, 9 <C|Hli, g - ( 2 -7) 

Lemma 2.3. For d z ^5 z the discrete derivative 5 function defined by (1.3), we 
have the following estimate: 

\d z4 5 h z {X)\ < Ch^Q- Ch ^\ x - z \ (2.8) 

where X,Z e Ci, and C is independent of h, X, and Z. 

Further, we have the following weighted-norm estimate for d z ^S z . 
Lemma 2.4. For dz,e8 z the discrete derivative 5 function defined by (1.3) and 
each real number a > 0, we have the following estimate: 

\\9zA\U-~ - Ch ~ 3+2a - ( 2 - 9 ) 
Proof From (2.1) and (2.8), 

pzAWl-o, < c [ {\x-z\ 2 + e 2 f a h- 10 e- Ch ~'\ x - z \dx 



in 



POD 

< C / (r 2 + 9 2 ) 2a h- w e- Ch " r r 3 dr. 
Jo 



Set h x r = t, then 



/•OO 

\\dzA\\U < Ch- 6+4 "J o (t 2 +1 2 ) 2a e- c H*dt 
< C7r 6+4a . 
The desired result (2.9) is immediately obtained. 

Lemma 2.5. For dz.iG* z the regularized derivative Green's function and 0 < 
a < 1, we have the following weighted-norm estimate: 

\\V 2 d Z iG z \\^ a <c(l + ) h- 3+2a . (2.10) 

Proof. 

\\V 2 d z ,eG z \\l- a = I 4>- a \V 2 d z ,iG z \ 2 dX= f (r^\V 2 d zl G z \) 2 dX 

< c( f \V 2 (c/ ) -^d z/ G z )\ 2 dX+ f \V 2 <p-^d z ^G* z \ 2 dX 

\Jn Jn 

+ JjV^-^\ 2 \Vd Z jG z \ 2 dx^j 

< c (|| v 2 {<f>-*d z , t cr z )\\l + \\d z , e G* z \\y a + \d ZA G z \\^_ a ) 
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< 

c 



c (||£ (r f d z/ c* z ) \\l + \\d z , e G* z \\y a + \d z , t cr z \i^_ a ) 

( [ <p- a \£d ZA G* z \ 2 dX+ f \Vcb-%\ 2 \Vd z , e G z \ 2 dX 
\Jn Jn 

+ [ \V<f>-%\ 2 \d z , e G* z \ 2 dX+ [ \V 2 <t>-%\ 2 \d z , e G* z \ 2 dX 
Jn Jn 

+ \\d z . i G z \\y a + \d z , l G z \\^ 

< C (\\Cd z , e G z \\l_ a + \d z ^G z \\ A ,_ a + \\d ZA G z \\y a ) 

< C \\d Zft 6$\\l_ a +C\a (d ZA G* z , ^- a d z/ G* z ) | + C \\d z , t G* z f^_ a 

< C \\dzA\\l_ a + C | ( dz ^ ^~ ad ^eG*z) | + C \\d z ,,G* z f^ a 



< c\\d z/ s z \\l_ a + c\\d Z jG z \\y a . 

Namely, 

\\V 2 d Z4 G z \\l_ a <C\\d z ^\\l_ a +C\\d Zit Gr z \\y* ■ (2.H) 
Now we need to bound the term \\d Zi eG z \\^ )1 - a . Obviously, when 0 < a < 1, 

\\d z/ G z \\y a < \\ni;r +a \\dz,iG z \\i^ <c( a -^-^)^ \\d z , t cr z \\ 2 Q ,^ ■ 

(2.12) 

where we used (2.4) in the above arguments. From (1.3), (1.4), (1.6), (2.7), the 
inverse property, and the Poincare inequality, we have 

1 + ° / IN 

\\d Z jG* z \\ Q ^ = (dz,eG z ,\d z ,eG z \" sgnd z ,eG z ) 

= a(d z ,eG* z , w) = (d ZA 5 z ,w) = d t P h w(Z) , 2 ^ 

< \P h w[ lt00 <Ch-l\P h w\ hq 

< ChT*\w\ lq , 

where q > 1, and w € W 2 < 1+a (n) f| 1+a (0) satisfies 

a(v,w) = (v, \d Z jG* z \i sgn^G|) V« G H%(Sl). 

Set q = > i j thus \ = t^-\- By the Sobolev Embedding Theorem 

[11] and the a priori estimate (2.2), we get 

Hi,, < CHki+a <C\\d z , e G* z \\l^. (2.14) 

Combining (2.13) and (2.14) yields 

\\d z ,eG z \\l i+o < Ch-I = Ch-^ 1 . (2.15) 



466 



Jinghong Liu et al 462-469 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



LIU, JIA: DISCRETE DERIVATIVE GREEN'S FUNCTION IN 4D 
From (2.12) and (2.15), 

\\dz,iG* z \\y. < C(a)h- e+4a , (2.16) 

where C(a) = Ca^+i. Combining (2.9), (2.11), and (2.16) yields the result 
(2.10). 

Lemma 2.6. For d Z jG* z the regularized derivative Green's junction, we have 
the following W 2,1 -seminorm estimate: 

\dz,eG* z \ 2 ^Ch-^lnhlK (2.17) 

Proof. Obviously, 

\dz,iG* z \\ y < Jj a dX- \\V 2 d z ,iG* z \\l_ a . (2.18) 
Choosing 0 < a < 1, and using (2.6) and (2.10), we have 
\dzjG* z \ 2 21 < C(l-a)- 1 (l + a££)/i- 6 + 4Q 

= f 1 (a) + ip 2 (a). 

We easily obtain 

<Pi{a 0 )= mm ip 1 (a) = Ch~ 2 \lnh\, (2.20) 

0<a<l 

where an = 1 + Further, 

ip 2 (a 0 ) <Ch~ 2 \lnh\. (2.21) 

From (2.19)-(2.21), we immediately obtain the result (2.17). In order to derive 
the estimate of the discrete derivative Green's function d z ^G z , we need the 
following estimate (see [10]). 

Lemma 2.7. For d z ^G* z and d z ^G h z , the regularized derivative Green's func- 
tion and the discrete derivative Green's function, respectively, we have the fol- 
lowing estimate: 

\d Zii G z -d z/ G h z \ 1A <C\mh\i. (2.22) 

We now give the main result in this article. 
Theorem 2.1. For d z ^G z the discrete derivative Green's function, we have the 
following estimate: 

IdzjGzll^Ch-^mhlK (2.23) 
where \dz,iG z \ 2A = E ee r" \ d zjG h z \ 21 ^- 
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Proof. We denote by Hd z ^G* z the interpolant to dz,iG* z . Thus, by the triangle 
inequality, the interpolation error estimate, and the inverse property, we have 

\dz,(G z \ 2 1 < \d Z jG* z — d Z jG h z \ 2 ^ 1 + \d Z jG* z \ 2 _ y 

< \d Z jG* z \ 2 j + \d z ,iG* z - Ud z/ G* z \ h 2 j_ + \Ud z/ G* z - d z ,iG h z \ h 2 x 

< C\8 Z4 G* Z \ 2 ^Ch- 1 \Ud z/ G* z - b z ^G z \ x x 

< c \d z ,iG* z \ 2 ! + ch- 1 \d z . t G* z - m z . t G z \ YY 

+Ch- 1 \d z/ G z -d z ^G h z \ 1 l 

< C\d z ,nG z \ 21 + Ch- x \d Zt zG* z - d z , e G z \ hl . 

(2.24) 

Combining (2.17), (2.22), and (2.24) yields the result (2.23). 

3 An Application in FE Superconvergence 

In this section, we give an application of the estimate for the discrete derivative 
Green's function in FE superconvergence. 

Let Hu be the interpolant to u, the solution of (1.1), and Uh the finite element 
approximation to u. We first assume the following lemma holds. 
Lemma 3.1. Suppose v G S#(ft) and u G W m+2 '°°{VL) f| i^(ft). Then we 
have the following weak estimate: 

|a(u-n«,«)|<C/i m+2 |H| ro+ 2,ooH2,i, ™> 2 , (3-1) 

where \v\^ 1 = J2 e eT h l u k 1, e- 

Finally, we give the following superconvergent estimate. 
Theorem 3.1. Let {T h } be a regular family of partitions of fj and u G 
W m+ p| Hq(Q). For Uh and Tlu, the finite element approximation of 

degree m and the corresponding interpolant to u, respectively. Then we have the 
following superconvergent estimates: 

H-nu\ hoo ^<Ch m+1 \lnh\*\\u\\ m+2 ^, m>2. (3.2) 

Proof. For every Z G 0, applying the definition of d z ^G\ and the Galcrkin 
orthogonality relation (1.2), we derive 

d z ,t(u h - nu)(Z) - a(u h - Uu , d Z jG h z ) = a(u - Uu , d Z jG h z ). (3.3) 

From (2.23), (3.1), and (3.3), we immediately obtain the result (3.2). 
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APOLLONIUS TYPE ADDITIVE FUNCTIONAL EQUATIONS IN 
C*-TERNARY ALGEBRAS AND J5*-TRIPLES 

YEOL JE CHO, REZA SAADATI, AND YOUNG-OH YANG* 

Abstract. In this paper, we consider the following Apollonius type additive func- 
tional equation: 

f(z -x) + f(z y) = -\f{x + y) + 2f(z ^) 

and investigate homomorphisms between C*-ternary algebras and derivations on 
C*-ternary algebras and homomorphisms between J5*-triples and derivations on 
JB*-triples under general control functions. Our paper extend the results obtained 
by Park and Rassias [Choonkil Park and Thcmistoclcs M. Rassias, Homomorphisms 
in C*-ternary algebras and JB*-triplcs, J. Math. Anal. Appl. 337(2008), 13-20]. 



1. Introduction and preliminaries 

A C* -ternary algebra is a complex Banach space A equipped with a ternary product 
(x,y,z) I— > [x,y,z] of A 3 into A, which is C-linear in the outer variables, conjugate 
C-linear in the middle variable and associative in the sense that 

[x, y, [z, w,v]] = [x, [w, z, y],v] = [[x, y,z],w,v] 

and satisfies 

< • ||y|| • \\z\\, \\[x,x,x]\\ = \\xf 

(see [26]). 

If a C*-ternary algebra (A, [•, •, •]) has the identity, i.e., an element e G A such that 
x = [x, e, e] = [e, e, x] for all x G A, then it is routine to verify that A endowed with 
x o y := [x,e,y] and x* := [e,x,e] is a unital C*-algebra. Conversely, if (A, o) is a 
unital C*-algebra, then [x, y,z] := x o y* o z makes A into a C*-ternary algebra. 

A C-linear mapping H : A — > B is called a C* -ternary algebra homomorphism if 

H([x,y,z]) = [H(x),H(y),H(z)} 

1991 Mathematics Subject Classification. 39B52, 17A40, 46B03, 47Jxx, 46K70, 47B48. 

Key words and phrases. Apollonius type additive functional equation, C*-ternary algebra ho- 
momorphism, generalized Hyers-Ulam stability, C*-ternary derivation, Ji3*-triple homomorphism, 
JB* -triple derivation. 
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for all x,y,z G A. A C-linear mapping 5 : A — > A is called a C* -ternary derivation if 

<*([z,y,3]) = P(aO,J/,*] + + [x,y,5(z)\ 

for all ^i/^ei (see [14]). 

Ternary structures and their generalization, the so-called n-ary structures, raise 
certain hopes in view of their applications in physics (see [11]). 

Suppose that J is a complex vector space endowed with a real trilinear composition 
J x J x J 3 (§, f , |) i— > {§f*|} G J" which is complex bilinear in (x, z) and conjugate 
linear in y. Then J7" is called a Jordan triple system if {rry*^} = and 

{{xy* z}u*v } + {{xy*v }u*z} — {xy*{zu*v}} = {z{yx*u}*v}. 

We are interested in Jordan triple systems having a Banach space structure. A 
complex Jordan triple system J with a Banach space norm || ■ || is called a J* -triple if, 
for all x G J7", the operator x\3x* is hermitian in the sense of Banach algebra theory. 
Here the operator x\3x* on J is defined by (x\3x*)y := {xx*y}. This implies that 
xDx* has the real spectrum a(xDx*) C R. A J*-triple J is called a JB*-triple if 
every x E J satisfies a(:rQr*) > 0 and ||dZb*|| = ||a;|| 2 . 

A C-linear mapping H : J — > £ is called a J B* -triple homomorphism if 

({xi/z}) = {H(x)H(y)H(z)} 

for all x,y,z E J . A C-linear mapping <5 : — > J" is called a J B* -triple derivation if 

5({rryz}) = {5(x)y2;} + {x5(y)2;} + {xyS(z)} 

for all x,y, z E <J (see [12]). 

Ulam [25] gave a talk before the Mathematics Club of the University of Wisconsin 
in which he discussed a number of unsolved problems. Among these was the following 
question concerning the stability of homomorphisms: 

We are given a group G and a metric group G with metric p(-,-)- Given e > 0, 
does there exist a 5 > 0 such that if f : G — > G' satisfies p(f(xy),f(x)f(y)) < 5 for 
all x,y G G, then a homomorphism h : G — > G' exists with p(f(x),h(x)) < e for all 
x G G? 

Hyers [5] considered the case of approximately additive mappings / : E — > E' , where 
E and E' are Banach spaces and / satisfies the Hyers inequality: 

\\f( X + y)-f( X )-f(y)\\<e 

for all x,y G E. It was shown that the limit 

L(x) = lim 

exists for all x G E and L : E — > E' is the unique additive mapping satisfying 

||/(x)-L(x)||<c. 
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Th.M. Rassias [17] provided a generalization of Hyers' Theorem which allows the 

Cauchy difference to be unbounded. 

Theorem 1.1. ([17]) Let f : E — > E' be a mapping from a normed vector space E 
into a Banach space E' subject to the inequality: 

11/(3 + y) - f( x ) - f( y )\\ < e (\\xr + \\y\n (1.1) 
for all x,y G E, where e and p are constants with e > 0 and p < 1. Then the limit 

= lim 

exists for all x G E and L : E ^ E' is the unique additive mapping which satisfies 

\\f(x)-L(x)\\ <^IMI P (1-2) 

for all x G E. If p < 0, then the inequality (1.1) holds for all x,y G E with x, y ^ 0 
and the inequality (1.2) /ioWs /or all x £ E with x ^ 0. yl/so 7 z/ ; /or a// x & E, the 
function f(tx) is continuous in t G R, £/ien L zs linear. 

Th.M. Rassias [18] during the 27 t/l International Symposium on Functional Equa- 
tions asked the question whether such a theorem can also be proved for p > 1. Gajda 
[2] who followed the same approach as in Th.M. Rassias [17] gave an affirmative so- 
lution to this question for p > 1. For further research developments in stability of 
functional equations, the readers referred to the works of Cho et al. [3], Gavruta [4], 
Jung [10], Park [15], Th.M. Rassias [19]-[22], Th.M. Rassias and Semrl [23], F. Skof 
[24] and the references cited therein. 

On the other hand, in an inner product space, the following equality: 



I l|2 i II ||2 1 || 1 1 2 i o 

\z — x\\ + \\z — y\\ = -\\x — y\\ +2 



z — 



x + y 2 



2 

holds, which is called the Apollonius' identity. The following functional equation, 
which was motivated by the following equation: 

Q(z - x) + Q(z - y) = ^Q(x - y) + 2Q [z - ^) , (1.3) 

is quadratic. For this reason, the function equation (1.3) is called a quadratic functional 
equation of Apollonius type and each solution of the functional equation (1.3) is called 
a quadratic mapping of Apollonius type. Jun and Kim [9] investigated the quadratic 
functional equation of Apollonius type. 

In this paper, employing the above equality (1.3), we introduce a new functional 
equation, which is called the Apollonius type additive functional equation and whose 
solution of the functional equation is called the Apollonius type additive mapping: 

L(z -x) + L(z -y) = - l -L{x + y ) + 2L[z- ^) . 
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Also, we investigate homomorphisms and derivations in C*-ternary algebras and 
homomorphisms and derivations in Ji?*-triples. 

2. Homomorphisms between C*-ternary algebras 



Throughout this section, assume that A is a C*-ternary algebra with the norm || • \\a 
and B is a C*-ternary algebra with the norm || • \\b- 

In this section, we investigate homomorphisms between C*-ternary algebras. 



Lemma 2.1. ([16]) Let f : A — > B be a mapping such that 



f(z -x) + f(z -y) + \f{x + y) 



< 



2f(z 



x + y 



for all x,y,z G A. Then f is additive. 

Theorem 2.2. Let : X 3 — > [0, oo) be a function such that 

x y z 



lim S n (p 



2n ' 2 n ' 2 n 



0 



and let f : A^> B be a mapping such that 



\\f( Z - IJX ) +ll f( <Z -y) + -f( X + y)\\ B < 



2f[z 



x + y 



(2.1) 



(2.2) 



and 



\\f([x, y, z]) - {f(x), f(y), f(z)} \\ B < <p(x, y, z) (2.3) 

for all n G := {A G C : |A| = F} and x,y,z G A. Then the mapping f : A — > B is 
a C* -ternary algebra homomorphism. 

Proof. Let /i — 1 in (2.3). By Lemma 2.1, the mapping / : A — > 5 is additive. Letting 
y = —a; and z = 0, we get 

|| / (-^)+/i/(x)|| B < ||2/(0)|| B = 0 

for all a; G A and /i G T F . So we have 

-/ W + ^/(a^) = /(-^) + A*/0*0 = 0 

for all x G A and all // G T F . Hence f{fix) = fJ,f(x) for all x G A and /i G T F . By 
the same reasoning as in the proof of Theorem 2.1 of [13], the mapping / : A — > B is 
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C-linear. It follows from (2.4) that 

\\f([x,y,z])-[f(x),f(y),f(z)}\\ B 



= lim 8 r 

+00 



./ 



F; y, A 
2™ • 2 n • 2 

x y z 
2 n 



' ' 2 n )' ^(2™)' ^(2™ 



< lim 8> f ^, ^, 

- »woo ^ V2 n 2 n 

= 0 

for all x, y, z G A. Thus we have 

f([x,y,z]) = [f(x),f(y),f(z)] 

for all x,y,z G A. Hence the mapping / : A — > I? is a C*-ternary algebra homomor- 
phism. This completes the proof. □ 

Corollary 2.3. Lei r ^ 1, 9 be nonnegative real numbers and let f : A ^ B be a 

mapping such that 

\\f(z - pc) + nf{z -y) + \f(x + y)\\ B < \\2f(z - ^) || fl 

and 

\\f([x,y,z}) - [f(x),f(y)J(z)]\\ B < 0(\\x\\% + \\y\\% + \\z\\%) 

for all fi G := {A G C : |A| = 1} and x,y,z G A. Then the mapping f : A — > B is 
a C* -ternary algebra homomorphism. 

Proof. From Theorem 2.2 and (p(x,y, z) = 0(\\x\\^£ + \\y\\ 3 A + lklli r )> we can complete 
the proof. □ 



3. Derivations on C*-ternary algebras 

Throughout this section, assume that A is a C*-ternary algebra with the norm 
In this section, we investigate derivations on C*-ternary algebras. 

Theorem 3.1. Let ip : X 3 — > [0, 00) be a function such that 



■ A- 



lim 8 n (p 



x y z 
2« ' 2 n ' 2™ 



0 



and let f : A ^ A be a mapping satisfying (2.3) such that 

\\f([x,y,z\) - [f(x),y,z] - [x,f(y),z] - [x,y, f(z)]\\ A < <p(x,y,z) (3.1) 
for all x,y,z G A. Then the mapping f : A — > A is a C* -ternary derivation. 
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Proof. By the same reasoning as in the proof of Theorem 2.2, the mapping / : A 
is C-linear. It follows from (3.1) that 

\\f([x,y,z]) - [f(x),y,z] - [x,f(y),z] - [x,y, f(z)]\\ A 



lim 8 T 

n— >oo 



./ 



F> y, A 



y_ 

V2 n /' 2 n ' 2 n 



— ft — I — 
2 n V2 n /' 2™ 



— — f(— 



„ / x y z 

- n^oo r \2 n 2™ 2 n 

= 0 



for all x,y,z G A. So we have 

/(F, y, 2]) = [/(x), y, 2] + [x, f(y),z] + [x, y, f(z)} 

for all x,y,z G A. Thus the mapping / : A — > A is a C*-ternary derivation. This 
completes the proof. □ 

Corollary 3.2. Lei r ^ 1, 9 be nonnegative real numbers and let f : A ^ A be a 

mapping satisfying (2.3) such that 

\\f([x,y,z]) - [f(x),y,z] - [x,f(y),z] - [x,y, f(z)]\\ A 

< o(\\x\\a + hfl + \\4 3 1) 

for all x,y,z G A. Then the mapping f : A — > A is a C* -ternary derivation. 

Proof. From Theorem 3.1 and ip(x,y,z) = 0(\\x\\ A + \\y\\ A + ||-2||i r ), we can completes 
the proof. □ 

4. Homomorphisms between J£?*-triples 



Throughout this paper, assume that J is a J£?*-triple with the norm 
is a J£?*-triple with the norm || • ||£. 

In this section, we investigate homomorphisms between J£?*-triples. 

Theorem 4.1. Let ip : J ? ' — > [0, oo) 6e a function such that 

lim Ftpf^-V* 
n->oo r V.2™ 2 n 2™ 

and /e£ / : J — > £ fre a mapping such that 



0 



/(z - /ix) + /i/(z - y) + -/(x + y) 



<||2/(,-^)|| £ 

£ 4 



and 



| j- and £ 



(4.1) 

||/({xyz}) - {/(x)/(y)/(z)}|| £ < <p(x,y,z) (4.2) 

/or a// /i G and x,y,z G Taen £ne mapping f : J ^> C, is a .IB* -triple 
homomorphism. 
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Proof. By the same reasoning as in the proof of Theorem 2.2, the mapping / : J — > £ 
is C-linear. It follows from (4.2) that 

\\f({xy}])-{f(x)f(y)f(z)}\\ c 
{xyz} 



= lim 8 n 



\2 n ■ 2 n 

_ / x y z 
< lim 8> — , — , — 



2 n J L \2 n y V2 n / V2 n 



= 0 

for all x,y,z G Thus we have 

/({*y*}) = {/(*)/G0/(*)} 

for all x,y,z G J". Hence the mapping / : J — > £ is a J£?*-triple homomorphism. 
This completes the proof. □ 

Corollary 4.2. Lei r ^ 1, 9 be nonnegative real numbers and let f : J — > £ fre a 

mapping such that 



f{z - jiar) + - y) + -/(a; + y) 



< 



2/(* 



and 



\\f({xyz}) - {f(x)f(y)f(z)}\\ c < 6(\\x\\% + \\y\\$ + \\z\\%) 

for all /i G T F and x,y,z G T/ien i/ie mapping f : J ^ C is a J B* -triple 

homomorphism. 

Proof. From Theorem 4.1 and <p(x,y,z) = 0(\\x\\a + ||y||i r + IMIi r )> we can completes 
the proof. □ 



5. Derivations on J£?*-triples 

Throughout this paper, assume that J" is a J£?*-triple with the norm || ■ \\j. 
In this section, we investigate derivations on J£?*-triples. 

Theorem 5.1. Let ip : J z — > [0, oo) be a function such that 

lim 8* (p (*JL*)=0 
n ^oo r 2 n 2 n J 

and let f : J" — > J be a mapping satisfying (4.1) such that 

\\f({xyz}) - {f(x)yz} - {xf(y)z} - {xyf(z)}\\j < <p(x, y, z) (5.1) 
for all x,y,z G J . Then the mapping f : J ^> J is a J B* -triple derivation. 
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Proof. By the same reasoning as in the proof of Theorem 2.2, the mapping / : J — > J 
is C-linear. It follows from (5.1) that 



\\f({xyz}) - {f(x)yz} - {xf{y)z} - {xyf(z)}\\ 



J 



lim 8 n 

n— >oo 



V 8™ / I \2 n /2 n 2 n J l2 n V2 n /2 n J l2 n 2 n V 



< lim8>f— 
= 0 

for all x, y, z G J. So we have 

f({xyz}) = {f(x)yz} + {xf(y)z} + {xyf(z)} 

for all x,y,z £ J. Thus the mapping / : J — > J" is a J_B*-triple derivation. This 
completes the proof. □ 

Corollary 5.2. Let r ^ 1, 9 be nonnegative real numbers and let f : J — > J be a 

mapping satisfying (4.1) such that 



\\f({xyz}) - {f{x)yz} - {xf(y)z} - {xyf(z)}\\ 



J 



< e(\\x\\% + \\y\\% + \\z\\%) 



for all x,y,z G J . Then the mapping f : J — > J is a J B* -triple derivation. 

Proof. From Theorem 5.1 and (p(x,y,z) = 0(\\x\\j[ + \\y\\A + II^IIa)) we can completes 
the proof. □ 
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Abstract 

Using Saigo's fractional integral operators, we establish a generalized version of the Gritss type 
integral inequality related to the bounded integrable functions, whose bounds are integrable functions. 
Some special cases of our results are also considered. 

Key words: Gritss integral inequalities, Gauss hypergeometric function, fractional integral operators. 

1. Introduction 

Fractional differential equations appear more and more frequently for modeling of relevant systems in 
several fields of applied sciences. These equations play important roles, not only in mathematics, but 
also in physics, dynamical systems, control systems and engineering, to create the mathematical model 
of many physical phenomena [l]-[6]. To define upper and lower bounds to solutions of these fractional 
differential equations, one has to adopt the study of fractional integral inequalities. Moreover, fractional 
integral inequalities have many applications in numerical quadrature, transform theory, probability, and 
in statistical problems, but the most useful ones are in establishing uniqueness of solutions in fractional 
boundary value problems. For detailed applications on the subject, one may refer [7]- [21] and the refer- 
ences cited therein. 

In [22] , Gritss proved an inequality, which establishes a connection between the integral of the product 
of two functions and the product of the integrals of individual functions. This well known Gritss inequality 
[22] (see also [23, p. 296]) is defined as follows: 

Let / and g are two continuous functions defined on [a, b], such that m < f(t) < M and p < g(t) < P, 
for each t € [a, 6], where m,p, M, P are given real constants, then 

<±(M-m)(P-p), (1) 
and the constant 1/4 is the best possible. 

In the theory of approximations, the Chebyshev and Gritss inequalities [23]-[25], are useful to give a 



(b-a) 



f(t)g(t) dt 



(b-aY 



f(t)dt / g{t)dt 
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lower bound or an upper bound for the functionals. Therefore, in the literature several generalizations 
of the Grass type integral inequality have been addressed extensively by several researchers (see [26]- 
[43]). Recently, Dahmani et al. [44] using Riemann-Liouville fractional integral operators, established a 
generalization of Grass integral inequality as under: 

Let / and g are two integrable functions with constant bounds defined on [0,oo), such that 
m<f(t)<M, p<g(t)<P, m,p,M,PeR, te[0,oo), 

then for a > 0 



j ^ ij n(«) ) W-/7Wr S w|<( I 4) 



2 

(M-m)(P-p), (2) 



where I a f(t) denote the familiar Riemann-Liouville fractional integral operator of a function f(t). By 
replacing the constants appeared as bounds of the functions / and g, by four integrable functions, Tari- 
boon et al. [45] investigates more general forms of the inequality (2). Moreover, Secer et al. [46] provides 
g-extension of the result due to Tariboon et al. [45] and derive certain interesting consequent results and 
special cases. 

Recently, Kalla and Rao [47], Purohit and Raina [48], [49], Purohit et al. [50], Baleanu et al. [51] and 
Baleanu and Purohit [52] added one more dimension to this study by introducing certain new integral 
inequalities for synchronous functions, involving the fractional hypcrgcomctric integral operators. 

In this paper, our aim is to establish a new generalization of the Grass integral inequality related to 
the integrable functions whose bounds are four integrable functions, involving Saigo's fractional integral 
operators [53]. We also develop some consequent results and special cases of the main results. 

Before stating the fractional integral inequalities, we mention below the basic definitions and notations 
of some well-known operators of fractional calculus, which are used further in this paper. 

Let a > 0, [3,r) E R, then the Saigo fractional integral t °^ or der a for a real-valued continuous 
function f(t) is defined by ([53], see also [54, p. 19], [55]): 

tf/'VW = j\t - tT- 1 2*1 (a + /?, a; 1 - I) f(r)dr, (3) 

where, the function 2-Fi(— ) appearing as a kernel for the operator (3) is the Gaussian hypergeometric 
function defined by 

2F,(a,b;c;t)=^2^--, (4) 

and (a) n is the Pochhammcr symbol 

(a) n = a(a + 1) • • • (a + n - 1), (a) 0 = 1. 

The Saigo fractional integral operator Iq'{' v includes both the Riemann-Liouville and the Erdelyi- 
Kober fractional integral operators given by the following relationships: 

i«f(t) = iz : r'\Ht) = f ^J\t-Tr- i f(T)dT ( a >o) (5) 

and 

I^f(t) = f(t) = ^ At - r) a -' ry(r)dr (a > 0,7, e M). (6) 
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For f(t) = in (3), we get the known formula [53]: 

T a,0, v ,^ _ IV+1)IV+ 1-/3 + 7/) 0 

0 < 4 " r( M + 1-/3)1^ + 1 + ^ + 77) 1 ' (n 

(a > 0, min(p, p, — /3 + rj) > — 1, t > 0) 
which shall be used in the sequel. 

2. A Generalized Gruss Integral Inequality 

Our results in this section are based on the following lemma, giving functional relation for Saigo's 
fractional integral operators, with an integrable functions: 

Lemma 1. Let f, ip\ and tp 2 are integrable functions defined on [0, oo), such that 

¥>i(t) < /(*) < ^(t), for all t e [0, oo). (8) 

Then, for t > 0, a > max {0, — 0) , [3 < 1 and [3 — 1 < r\ < 0, we have 

T(l -fi + rfit-P - °- ~ ' - »~ N 2 



T(l- f3)T(l + a + n) 

(^(t) -/(*))(/(*) -vi(t)) 



r(i-/3)r(i- 


f a - 


fl/) 1 


r(i-/3 + 


r?)r 


r7 


r(i-/3)r(i 


+ a 


+ r?) 


r(i-/3 + 


r?)r 


1 



+ iSfvM'SfvM - r(i r i 1 ^r(t+a + t,) ^ i "' Vl(t)y ' (t) - (9) 

Proof. By the hypothesis of inequality (8), for any t, p > 0, it follows that 
(V2(p) - f(p))(f(r) Mr)) + (Mr) f(r))(f(p) <Pi(p)) 

(Mr) f(r))(f(r) Vl (r)) - (Mp) f(p))(f(p) Mp)) 
= f(r) + f(p) - V(r)f(p) + Mp)f(r) + Mr)f(p) - Vi(r)Mp) 
+ M T ).f(p) + Mp)f(r) - Mp)M t ) - M T )f(r) + fi(r)Mr) 

-Mr)f(r) - Mp)f(p) + Mp)Mp) - Mp)I(p)- (io) 



Consider 



F(t 1 r) = t - fi ^ [a) T) 2F 1 (a + /3,-r 1 ;a;l-j) (r e (0,t) ; t > 0) (11) 



r» 

1 (t-rf- 1 , (a + P)(- V ) (t-r) a 



T(a) t a +P T{a+l) t a +P+ 1 

3 
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(a + /?)(<* + /? + l)(-»7) (-»?+!) (t-T) 



a+l 



T(a + 2) t«+' 3 + 2 

where r e (0,t) (t > 0). Multiplying both sides of (10) by F(t,r) (where F(t,r) is given by (11)) and 
integrating the resulting identity with respect to r from 0 to t, and using (3), we get 

(Mp) f(p))(iof v f(t) igfMt)) + (JSfWt) - i^f(t))(f(p) Mp)) 

iSf"(Mt) /(*))(/(*) - *>i(*)) - (Mp) f(p))U(p) - Mp))iof n {i} 
= igfftt) + f 2 ( P )iSf n {i} - 2f( P )i«f\nt) + MpKf'Vit) + f(p)igfMt) 
MpKfMt) + f( P Kf\2(t) + MpKf'ttt) MpKfMt) 
- igfrtt)f(t) + igfMVMt) - igfMtmt) - Mp)f(p)iof' v in 

+Mp)MpKf' r ' in - <piiP)f(p)iSf r ' I 1 ! ■ (12) 

Next, multiplying both sides of (12) by F(t,p) (p e (0,i) , t> 0), where F(t,p) is given by (11), and 
integrating with respect to p from 0 to t, we obtain 

2(igfrtt) igff(t))(iSfV(t) - tf/'ViM) - ugfiMt) - f(t))(f(t) - Mt)Kf n {i} 
= 2JSf" {i} JSfVW - 2 (iSf'V(t))\ 21^^)1^1(1) 2izf {i} iSfMtmt) 

+2izf\ 2 (t)izf«f(t) - 2jsf" {i} isfMtmt) 

2i«f -Vi (t)i?/' V 2 (t) + 2/«f " {i} iSfMQMt), (13) 

which upon using the formula (7), leads to the desired result (9). 

Now, we obtain a general integral inequality, which gives an estimation for the fractional integral of a 
product in terms of the product of the individual function fractional integrals, involving Saigo's fractional 
hypergeometric operators. We give our results related to the integrable functions / and g, whose bounds 
are integrable functions and satisfying the Cauchy-Schwarz inequality. 

Theorem 1. Let f and g be two integrable functions on [0, oo) and <pi,<p2,ipi and tp 2 are four 
integrable functions on [0, oo), such that 

<Pi(t) < /(*) < ¥>2(t), Mt)<9(t)<Mt), for allte [0,oo). (14) 
Then, for t > 0, a > max {0, — 0} , (3 < 1 and /? — 1 < r\ < 0, we have 



r(i r %)r(t+a + ^) ^''' /(t)g(f) - ^/W/'M*) 

where 



< \/T(f,<Pi,<P2) T(g^h^2). (15) 
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Proof. Let / and g are two integrable functions on [0, oo) and satisfying inequality (14), then for any 
r, p > 0, let us define a function 

H(T,p) = (f(T)-f(p))(g(r)-g(p)), r,p e (0,t),t > 0. (17) 

On multiplying both sides of (17) by F(t,r)F(t, p), where F(t,r) and F(t,p) are given by (11), and 
integrating with respect to r and p, respectively, from 0 to t, we can write 

^-lct-10 ft ft 



2L 2 ( 



a) Jo Jo {t ~ 1 {t ~ pT ^ 2Fl (" + /? ' ~ V ' a; 1 " l) 2Fl (° + /? ' ~ V ' a;1 ~t) U{t ' R)dTdp 



Now, by applying the Cauchy-Schwarz inequality, we have 

T(l - f3 + r^t-t 3 



r<i - «r(i + a + ,) / «°*' /( " 9(t) - C^W/"*)) 

/ r(i-/3 + 77)t^ ^ 2 _ / rA , f l y 

U(l-/3)r(l + a + r/) °< 4 ; 1 j /l V 

r(1 ^ + ^" /ofVW-(CV))1. d9) 



< 



k r(i-^)r(i + a + fj) 

On the other hand, we observe that each term of the series in (11) is positive, and hence, the function 
F(t,r) remains positive, for all t e (0, t) (t > 0). Therefore, under the hypothesis of Lemma 1, it is 
obvious to see that cither if a function / is integrable and nonnegative on [0, oo), then I^f'^fit) > 0; or 

if a function / is integrable and nonpositive on [0, oo), then I^'f' 71 f(t) < 0. 
Now, by noting the relation that 



and 

we have 
and 



(¥*(*)-/(*))(/(«) -¥>!(*)) >0 



T(l-(3 + r,)t- 



iS'f' v {Mt)-g(t))(g{t)-Mt))>o. 



r(i - p)T(i + a + v ) °' 1 

Thus, upon using Lemma 1, we get 

T{1- !3 + ri)t-P T a,p, Vf 2 (f) f T a,0,r, f( .A 2 

< (izf«Mt) - iSf\f(t))(iof' v f(t) iSfrtt)) 
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+ %f"rtt)iSf' v <P2<t) r( i r -V)ra+r+r ? ) J ^' VlWy2W 

= T{f,<p 1 ,<p 2 ). (20) 
Similarly, we can write 

Evidently, on making use of the relations (19), (20) and (21), one can easily arrive at the desired inequal- 
ity (15), which proves Theorem 1. 

3. Consequent Results and Special Cases 

We now briefly consider some consequences of the result derived in the previous section. Following 
[53], by suitably specializing the values of parameters a, (3 and r\ the result presented in this paper would 
find further Griiss type integral inequalities involving the Erdelyi-Kober and the Riemann-Liouville type 
fractional integral operator, on taking relations (6) and (5) into account. To this end, let us set 0 = 0 
and make use of the relation (6), then Theorem 1 yield the following integral inequality involving the 
Erdelyi-Kober type fractional integral operators: 

Corollary 1. Let f,g, ip\, (£2, tpi and ^2 are integrable functions on [0, 00), satisfying inequalities of 
(14-), then, fort > 0,a > 0 and — 1 < r\ < 0, we have 

' [l " ;/) -I a "f(t)g(t)-I a >"f{t)I a '''f{t) 



< y/T'U,<pi,v 2 ) T{g,^ 2 ). (22) 



whe 



T'(u, v, w) = (I a ^w(t) - I a ^f(t)){I a " u (t) - I a "v(t)) 

+ T(ll + afr 1 ) ia ' Vv{tHt) - ia Mt)I a Mt) 

+ r(i + alV a ' M * Mt) " IO " Vw ® ia "'' u ® 

+ I a "v{t)I a "w{t) r( i + tt + ^ a, M*M*)- (23) 

Next, if we replace (3 by —a, and make use of the relation (5), then Theorems 1 corresponds to the 
known results due to Tariboon et al. [45, p. 5, Theorem 9]. 

Further, if we put tpi(t) = m, <p2(t) — M, ipi(t) = p and ip2(t) = P, where to, M,p, P e K, V t e [0, 00), 
then the Theorem 1 yields the following result obtained by Kalla and Rao [47] in a slightly different form: 

Corollary 2. Let f and g be two integrable functions on [0, 00), satisfying the following inequalities 
m<f(t)<M, p<g(t)<P, m,M,p,PeM. for all t e [0, 00). (24) 
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Then, for t > 0, a > max {0, — 0} , [3 < 1 and [3 — 1 < r\ < 0, we have 

T a,P,r) f (,\„(.\ _ T a,(3.;q T a,P,r\ 



r(i - p + T))t-f> 



r(i - p + rf)t-P 



2 



Now, again if we replace /3 by —a, and make use of the relation (5), then the above result of Corollary 
2 corresponds to the known results due to Dahmani et al. [44]. 

Lastly, we conclude this paper by remarking that, we have introduced a new general extensions of 
Grass type integral inequality, which gives an estimation for the fractional integral of a product in terms 
of the product of the individual function fractional integrals involving Saigo's fractional integral opera- 
tors. Our main result related to the intcgrable functions / and g, whose bounds are integrablc functions. 
Therefore, by suitably specializing the arbitrary function tpi(t),<p2(t),ipi(t) and tp2(t), one can further 
easily obtain additional integral inequalities involving the Riemann-Liouville, Erdelyi-Kober and Saigo 
type fractional integral operators from our main result. 
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Abstract 

The purpose of this paper is to investigated the value distribution of solutions of 
some types of g-shift difference Riccati equations and obtained some results about 
the zeros, fixed points and deficient value of solutions of such equations. 
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1 Introduction and Main Results 

Throughout this paper, the term " meromorphic" will always mean meromorphic in the 
complex plane C. Considering meromorphic function /, we shall assume that readers are 
familiar with the fundamental results and the standard notations of the Nevanlinna value 
distribution theory of meromorphic functions such as m(r, /), N(r,f), T(r, /), etc. of 
Nevalinna theory, (see Hayman [12], Yang [19] and Yi and Yang [20]). We use p(f), X(f) 
and A( j) to denote the order, the exponent of convergence of zeros and the exponent of 
convergence of poles of f(z) respectively, and we also use the notion r(f ) to denote the 
exponent of convergence of fixed points of / that is defined as 

N(r, tA—) 

/ .i ,. v ' f(z) — z 1 

r(/)=hmsu P T{r y f) , 
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(GJJ14644,GJJ14774) of China. 
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and S(r, f) denotes any quantity satisfying S(r, /) = o(T(r, /)) for all r on a set F of 
logarithmic density 1, the logarithmic density of a set F is defined by 

lim sup f -dt. 

r^oo \0grJ [lr]nF t 

Throughout this paper, the set F of logarithmic density will be not necessarily the same 
at each occurrence. 

In 2007, Bergweiler and Langley [2] investigated the existence of zeros of f(z+c)—f(z) 
and ^ z+ f(z)^ z ^ ! an d obtained several profound and significant result. 

Theorem 1.1 [2]. There exists S 0 e (0,1/2) with the following property. Let f be 
a transcendental entire function with p(f) < p < 5 + <$o < 1- Then ^^j^y^ has 
infinitely many zeros. 

In 2008, Chen and Shon [4] considered zeros and fixed points of differences and divided 
differences of entire functions with p{f) = 1 and obtained the following theorem. 

Theorem 1.2 [4]. Let c € C \ {0} and let f be a transcendental entire function with 
p(f) = p = 1 that has infinitely many zeros with X(f) = A < 1. Then f(z + c) — f{z) has 
infinitely many zeros and infinitely many fixed points. 

For meromorphic function /, Chen and Shon [5] further investigated the zeros and 
fixed points of f(z + c) — f(z) and obtained 

Theorem 1.3 [5j. Let c G C \ {0} and let f be a meromorphic function of order of 
growth p(f) = p < 1. Suppose that f satisfies A(l//) < A(/) < 1 or has infinitely many 
zeros (with X(f) = 0) and finitely many poles. Then f(z + c) — f(z) has infinitely many 
zeros and satisfies X(f(z + c) — f{z)) = A(/). 

In 2009, Fletcher et al [8] studied the zeros of f(qz) — f(z) and ^jrr^y^ , an d obtained 
the following results 

Theorem 1.4 [8]. Let g e C with \q\ > 1. Let f be a transcendental meromorphic 
function in the plane with 



Then at least one of f(qz) — f(z) and ^—j^-y^ has infinitely many zeros. 
As we all know, the equation 

a(z) + b(z)f(z) 



f(z + c) = 



c(z) + d(z)f(z) 



is called as the difference Riccati equation, where a(z), b(z), c(z), d(z) are meromorphic, 
a(z)d(z) — b(z)c(z) ^ 0, and c e C \ {0}. Similarly, we can call the g-shift difference 
equation 

a(z) + b(z)f(z) 
f{qZ + rl) = c(z) + d(z)f(z) (1) 
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the q-shift difference Riccati equation, where q E C \ {0},ry € C. 

In 2000, Gundcrsen et al [9] studied the growth order of solutions of the Schroder 
equation f(qz) = R(z,f(z)) and prove that p(f) = l °^g\q\ R f° r \l\ > 1 an ^ some other 
conditions. In 2011, Liu and Qi [14] further investigated the growth of solutions of 
some q-shift difference equation f(qz + i]) = R(z, f(z)) and extended some results given 
by Gundersen [9]. Recently, there exist many papers about the value distribution and 
growth of solutions of complex difference, q-difference and q-shift difference equations 
(including [3, 6, 11, 13, 16, 17, 18]). 

Example 1.1 Let q = 2, r\ = 1, we have that f(z) — z satisfies equation 

J( ] l + 2/(z) 

Then f(z) — z = z — z = 0. Thus, this shows that solution of q-shift difference Riccati 
equation has infinitely many fixed points. 



Example 1.2 Let q = 2, r\ = 1, we have that f(z) = 1 + z satisfies equation 

f(2z + 1) = 



! + /(*) ' 

Then f(z) — z = 1 + z — 2 = 1^0. Thus, this shows that solution of q-shift difference 
Riccati equation has no any fixed, point. 

Example 1.3 Let q = 2, r\ = 1, we have that f(z) = z 2 satisfies equation 

1 + Az + (4z 2 + 5z + 4)/(z) 



/(2z + l) 



! + /(*) 



Then f(z) — z = z 2 — z = 0. Thus, this shows that solution of q-shift difference Riccati 
equation has finite many fixed points. 

From Examples 1.1-1.3, it is a natural question to ask: What conditions will guarantee 
that the solutions of q-shift difference Riccati equations has infinitely many fixed points? 
Inspired by the ideas of Refs. [4, 5, 8, 14], we will investigate the zeros and fixed points 
of solutions of some types of complex q-shift Riccati equations and obtain the following 
results. 

Theorem 1.5 For equation (1), let c{z) = b(z) = 1 and a{z), d(z) be nonconstant ratio- 
nal functions such that a(z)d(z) ^ 0 7 and let q € C\ {0},r? € C and \q\ ^1. If f is a 
transcendental meromorphic solution of (1). Thus, we have 

(i) if is not a constant, then f(z) has no deficient value; 

(ii) if [d(z)p m (qz+r]) — l]p m (z)—a(z) ^ 0, then f(z)—p m (z) has infinitely many zeros, 
where p m (z) is a polynomial of degree m. In particularly, if[d(z)(qz + rj) — l]z — a(z) ^ 0, 
then f(z) has infinitely many fixed points. 
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Theorem 1.6 For equation (1), let d{z) = 1 and a{z) , b(z) , c(z) be rational functions 
such that a(z) s= 0, and let q e C \ {0},?7 € C and \q\ ^ 1. If f is a transcendental 
meromorphic solution of (1). Thus, we have 

(i) if a(z) is not a constant, then 0, oo are not deficient values of f(z). Furthermore, 
if only one of a(z),b(z),c(z) has the maximum degree, then f(z) has no deficient value; 

(ii) if deg z {c(z)(qz + r?) — b(z)z — a(z)} ^ 2, then f(z) has infinitely many fixed points 
and r(/) = p{f); 

(in) ifb(z) ee c(z), zb(z) a(z) = ^ and b{z) £ {-g^, where 
to, k are two distinct constants and m + k ^ 0, then f(qz + r)) — f(z) has infinitely many 
fixed points and r{f{qz + rf) — f(z)) = p(f ); 

(iv) if b(z) ee c(z), z 2 b(z) 2 +4(1 + z)a(z) = h(z) , h(z) is a nonconstant rational 
function, and satisfy b(z)[h(qz + rf) — (qz + 77 + l)h(z)} — (qz + n)b(qz + rj)h(z) ee 0, 
(2 + z)b(z) - h{z) ee 0 and (2 + 3z)b(z) + h(z) s= 0, then li^^tzIM has infinitely many 

fixed points and r( /(g '+g~ f W ) = p(f). 

2 Some Lemmas 

Similar to the proof of [1, Theorem 3.1] or [10, Theorem 2.1], we can also get the following 
theorem analogous to the Clunie Lemma [7]. 

Lemma 2.1 [14, Theorem 2.4] Let f be a nonconstant zero-order meromorphic solution 
of 

f n P(z,f) = Q(z,f), 

where P(z, f) and Q{z,f) are q-shift difference polynomials in f . If the degree ofQ(z, f) 
as a polynomial in f(z) and its q-shifts is at most n, then 

m(r,P(z,f)) = S(r,f), 

on a set of logarithmic density 1. 

The following result is a difference counterpart to the standard result due to Mohon'ko 
and Mohon'ko [15] and the proof is similar to that of [10, Theorem 3.2]. 

Lemma 2.2 [14, Theorem 2.5] Let f be a nonconstant zero-order meromorphic solution 
of P(z,f) — 0, where P(z,f) is a q-shift difference polynomial in f(z). If P(z,a) s= 0 
for a small function a(z) of f(z), then 

m(r,^—) = S(r,f), 
J a 

on a set of logarithmic density 1. 

Lemma 2.3 [14, Theorem 2.1] Let f(z) be a nonconstant zero- order meromorphic func- 
tion and q e C \ {0}. Then 

4«) -*,/>. 

on a set of logarithmic density 1. 

4 
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3 The proof of Theorem 1.5 

Suppose that f(z) is a transcendental solution of (1). Since a(z),b(z),c(z),d(z) are 
rational functions, by using the same argument as in [9], we can get that f(z) is of zero 
order. 

(i) We will firstly prove that any constant fi £ C is not a deficient value of f(z). For 
(1), Since c(z) = b(z) = 1, from (1) we have 

P^z, /) := d(z)f(qz + n)f(z) + f(qz + V )- f(z) - a(z) = 0. 

Then Pi(z, /j,) = d(z)^i 2 —a(z) = 0. If fi = 0, a contradiction with a(z)d(z) ^ 0. If /i ^ 0, 
since ^4 is not a constant, we can get a contradiction too. Thus, Pi(z,fj,) ^ 0. From 
Lemma 2.2, we have 

m(r,j^) = S(r,f) 
on a set F of logarithmic density 1. Thus, it follows that 

N(r,-^—)=T(r,f) + S(r,f) 

on a set F of logarithmic density 1. Therefore, for any constant /i e C, we have 

N(r, N(r, 
8(n, /) = 1 - limsup 7T < 1 - hmsup M = 0. 

r^oo 1 \ r T J J r->co,reF 1 \ r 7 J ) 

Thus, <5(^i, /) = 0, that is, \i is not a deficient value of f(z). 

Next, we will prove that oo is not a deficient value of f(z). Let y(z) = jj^. Then 
T(r,y) = T(r,f) + S(r,f). Since f(z) is of zero order, then y{z) is of zero order. 
Substituting f(z) = -^j-^ into (1), we have 

P 2 (z, /) := a(z)y(qz + rj)y(z) + y(qz + 7])- y(z) - d(z) = 0. 
Since d(z) ^ 0, we have Pi{z, 0) ^ 0. By Lemma 2.2, we have 

m(r, -) = S(r,y), 

y 

on a set F of logarithmic density 1. Thus, 

N(r, /) = 7V(r, J) = T(r, y) + S(r, y) = T(r, /) + S(r, /), 

on a set F of logarithmic density 1. So, we can get that oo is not a deficient value of 
/(*)■ 

(ii) Let g(z) = f(z)—p m (z). Since f(z) is a transcendental meromorphic function with 
zero order andp m (z) is a nonconstant polynomial of degree m, then g(z) is transcendental 
with zero order and T(r 7 g) = T(r, f) + O(logr). Substituting f(z) — g(z) + p m (z) into 
(1), we have 

p 3(z,g) := d(z)g(z)g(qz + rj) + d(z)[g(qz + rj) + p m (z)]p m {z) - a(z) - g(z) - p m (z) = 0. 
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Since [d(z)p m (qz + rj) — l]p m (z) — a(z) ^ 0, we have Ps{z, 0) ^ 0. By Lemma 2.2, we 
have 

N(r, 1 ) = N(r, -L) = T(r, 9) + S(r, g) = T(r, f) + S(r, /), 

j{Z)-Pm\Z) 9{Z) 

on a set F of logarithmic density 1. Thus, we can prove that f(z) — p m (z) has infinitely 
many zeros. 

Thus, this completes the proof of Theorem 1.5. 

4 The proof of Theorem 1.6 

Suppose that f(z) is a transcendental solution of (1). Since a(z) , b(z) , c(z) , d(z) are 
rational functions, by using the same argument as in [9], we can get that f(z) is of zero 
order. 

(i) We firstly prove that oo is not a deficient value of f(z). Since d(z) = 1 and from 
(1), we have 

f(qz + r,)f{z) = -c(z)f(qz + V ) + b(z)f(z) + a(z). (2) 
Since f(z) is of zero order, from Lemma 2.1 and (2), we have 

m(r,f(qz + r))) = S(r,f), (3) 

on a set F of logarithmic density 1. Since m(r, /) < m(r, f^+rf) ) m ( r i f(l z + ? 7))i by 
applying Lemma 2.3, from (3) we have 

m(r,f) = S(r,f), 

on a set F of logarithmic density 1. Thus, we have N(r, f) = T(r, f) + S(r, /) on a set 
F of logarithmic density 1. Similar to the method as in Theorem 1.5, we can get that oo 
is not a deficient value of f(z). 

Now, we prove that 0 is not a deficient value of f(z). Set 

Pa(z, /) := f(qz + V )f(z) + c(z)f(qz + r,) - b(z)f(z) - a(z) = 0. (4) 

Since a(z) ^ 0, then we have Pa{z, 0) = — a(z) ^ 0. Thus, it follows by Lemma 2.2 that 
m(r, j) = S(r, f) on a set F of logarithmic density 1. So, N(r, j) = T(r, /) + S(r, f) on 
a set F of logarithmic density 1. By using the same argument as in Theorem 1.5, we can 
get that 0 is not a deficient value of f(z). 

Furthermore, we will prove that any nonzero finite constant /i € C is not a deficient 
value of f(z). For any nonzero finite constant /i, it follows from (4) that 

P 4 (z, /u) = M 2 + fMz) - b{z)) - a(z). 

Since only one of a{z), b(z), c(z) has the maximum degree, then we have P^z, fi) ^ 0. It 
follows from Lemma 2.2 that m(r, jz^) = S(r, f) on a set F of logarithmic density 1. 
So, N(r, jz^) = T(r, f) + S(r, f) on a set F of logarithmic density 1. By using the same 
argument as in Theorem 1.5, we can get that [i is not a deficient value of f(z). 

6 
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(ii) Let g(z) = f(z) — z. Thus, T(r, g) = T(r, /) + 0(logr). Since f(z) is transcenden- 
tal with zero order, then g is transcendental with zero order. Substituting f(z) = g(z) + z 
into (1), and set 

p 5(z, g{z)) ■=g{z)g{qz + + zg(qz + V) + {QZ + V)g{z) + z(qz + c(z)g(qz + rj) 
+ (qz + rj)c(z) — b(z)g(z) — zb(z) — a(z) = 0. 

It follows that P5 (z, 0) = (qz + i])z + (qz + i])c(z) — zb(z) — a(z). Since deg z {(qz + f])c(z) — 
zb(z) — a(z)} ^ 2, then P$(z, 0) ^ 0. By Lemma 2.2, we have 

m(r, = S(r,g), 

on a set F of logarithmic density 1. Thus, 

N(r, J^ZT Z ) = N (r, ~ g ) = T(r, g) + S(r, g) = T(r, /) + S(r, /), 

on a set F of logarithmic density 1. So, we can prove that f{z) has infinitely many fixed 
points and r(/) = p(f). 

(iii) Since b{z) = c(z), set A q f(z) := f(qz + r]) — f(z), it follows from (1) that 

tr , \ t( \ a t( \ f 2 + zf(z) + zb(z) - a(z) 

f(qz + r])- f(z) -z = A g f(z) -z = f( z ) + b(z) ' ® 

mkz 



Since zb(z) — a(z) = (™^ 2 , we deduce from (5) that 



A ^~ z = WnW) ' (6) 



From (4), we have 



Pa{z, -) = m 2 (qz + rj)z + (m + k)mb(z)(qz + rj — z) — (m + k) 2 a(z) = 0, (7) 

777 ~\~ K 

PAz, ^— ) = k 2 (qz + rj)z + {m + k)kb(z)(qz + r\ - z) - (m + k) 2 a(z) = 0. (8) 

m + k 

We will prove that P 4 (z,— = 0 and P 4 (z,— rr ^ s ) = 0 can not hold at the same 
time. If Pi(z,-^) = 0 and Pa{z,-^) = 0, it follows from (7) and (8) that 

(qz + rj)z + b(z)[(q - l)z + rj\ = 0, 

which is a contradiction with the assumptions of Theorem 1.6(iii). Thus, we get that 
P ^-^fk) # 0 OT M z ,~^k) # °- Suppose that P 4 (z,-^) £ 0, it follows by 
Lemma 2.2 that 

m (r, 773 | m r) = S(r,f), 
J\Z) -t- m+fc 
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on a set F of logarithmic density 1. Thus, 

N(r, fn r^r )=T(r,f) + S{r,f), (9) 

J \ Z > + m+k 

on a set F of logarithmic density 1. 

From (6), we will claim that the zeros of f(z) + are all the zeros of A q f(z) — z 
except at most finite many zeros. If z 0 is a common zero of f(z) + and f(z) + b(z), 
it follows that b(zo) — = 0. Since b(z) ^ ana - are rational functions, it 

follows that the zeros of b(z) - ^ is finite. Thus, f(z) + ^ and f(z) + b{z) only 
have finite many common zeros. And since f(z) + and f(z) + have all common 
poles. Thus, it follows that 

Thus, it follows from (9) and (10) that 



on a set F of logarithmic density 1 

kz 
m-\-k 



If P4(z, — -z^tu) ^ 0, similar to the above discussion, we can get that 



w ('■ s^) - N {?• Tw^e:) + °"^> " T <^» + s <- »• 

on a set F of logarithmic density 1. 

Therefore, f(qz + i]) — f(z) has infinitely many fixed points and T(f(qz + r]) — f{z)) — 
P(f)- 

(iv) Since b(z) = c(z), it follows from (1) that 

A,/(*) y= (z + l).f(zf + zb(z)f(z)-a(z) 
M f(z)(f(z) + b(z)) ■ [ ' 

Since z%(zf + 4(1 + z)a(z) = h{zf , set ai(s) = h %$ z) and a 2 (s) = - ^ffi 1 , it 
follows from (11) that 

A,/(*) (z + l)(/(z)- ai (z))(/(z)- a2 (z)) 

/(*) " /(*)(/(*) + &(*)) ' 1 ) 

For (4), we have 

P 4 (z, a x (z)) = a 1 (z)ai(qz + rj) + b(z)[ai(qz + rj) - a\{z)} - a(z) = 0, (13) 
P 4 (z, a 2 (z)) = a 2 (z)a 2 (qz + rf) + b(z)[a 2 (qz + 7])- a 2 (z)} - a(z) = 0. (14) 
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We will prove that Pn(z,oti(z)) = 0 and Pa{z, 0:2(2:)) — 0 can n °t hold at the same 
time. If P^{z, 0:1(2:)) = 0 and P^{z, a 2 {z)) = 0, by a series of calculation, we can get that 
b(z)[h(qz + 77) — (qz + 77 + l)h(z)] — (qz + r/)b(qz + rj)h(z) = 0, which is a contradiction 
with the assumption of Theorem 1.6(iv). 

If Pi(z, oti{z)) ^ 0, similar to the above discussion as in Theorem 1.6(iii), we can get 

N{r, 1 ) = T(r, f) + S(r, /), (15) 
f(z) - oi(z) 

on a set F of logarithmic density 1. Since a(z), b{z), h(z) are nonconstant rational func- 
tions and (2 + z)b(z) — h(z) ^ 0, by using the same argument as in Theorem 1.6(iii), we 
can get 

N ^ j = ( r , f{z) ' ai{z) ) + OOogr) = T(r, f) + 5(r, /), 

on a set F of logarithmic density 1. 

If Pa{z, 02(2)) ^ 0, similar to the above discussion, we can get that 

= N (r, 1 ) + O(Iogr) = T(r, /) + S(r, f), 

on a set F of logarithmic density 1. 

Therefore, /(<?z +g ) ' /(z) has infinitely many fixed points and r( f(g '+g~ /W ) = /?(/). 
Thus, we complete the proof of Theorem 1.6. 
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ENERGY DECAY RATES FOR VISCOELASTIC WAVE 
EQUATION WITH DYNAMIC BOUNDARY CONDITIONS 

JIN-MUN JEONG 1 , JONG YEOUL PARK 2 AND YONG HAN KANG 3 



Abstract. In this paper we consider the energy decay rates for viscoelastic 
wave equation with dynamic boundary conditions. Motivated by results of 
Gcrbi and Said-Houari [7], Cavalcanti and Oqucndo[ll], Li and Zhao [12] 
and we intend to study the energy decay for problem (1.1). By using the 
perturbed energy method, we proved the general energy decay rate. 

1. INTRODUCTION 

In this paper, we consider the following viscoelastic wave equation with 
dynamic boundary condition: 

" ' /"' 

u - Au - aAu + hit- T)div[a(x)Vu(r)}dT = 0 in Q x (0, oo) , 

Jo 

u = 0 on T 0 x (0, oo) , 

(1.1) u" + ^ + a 9 ^- - f hit - T)\aix)VuiT)\ ■ vdr + \u\ m - 2 u = \u\ p - 2 u 
ov av Jo 

on r x x (0, oo) , 

u (x, 0) = Ui(x), u(x, 0) = u 0 (x) in Q. 

Here m > 2, p > 2 and f2 is a bounded open subset of R n (n > 1) with a smooth 
boundary dQ = Fq U Ti, To D Ti = 0, where Tq and Ti are measurable over dQ, 
endowed with the (n — l)-dimensional Lebesgue measure \ n -i(Ti),i = 0,1, 
v is the unit outward normal to dQ, a is a positive constant, h is a positive 
uniformly decay C 1 function, a is a bounded, nonnegative C 1 function, and 
u 0 ,Ui are given functions. 

This problem has its origin in the mathematical description of viscoelastic 
materials. It is well known that viscoelastic materials exhibit natural damping 
which is due to the special property of theses materials to retain a memory of 
their past history. From the mathematical point of view, these damping ef- 
fects are modeled by integro-differential operators. Thus problem (1.1) arises 
in the mathematical description of viscoelastic materials with dynamic bound- 
ary conditions. Therefore, the viscoelastic materials with dynamic boundary 
problems are important and interest as they have wide applications in natural 
science. The term Au', indicates that the stress is proportional not only to 

1991 Mathematics Subject Classification. 35L05, 35L75, 74D10, 74J05. 
Key words and phrases. Energy decay rates, Viscoelastic wave equation, Dynamic bound- 
ary conditions. 
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the strain rate( see [7]). Here, we are does not neglect acceleration terms on 
the boundary. Such type of boundary conditions are usually called dynamic 
boundary conditions. They are not only important from the theoretical point 
of view but also arise in several physical applications. Many authors have 
investigated energy decay rates for nonlinear viscoelastic wave equation with 
boundary dissipation(see [3] , [4] , [5] , [6] , [9] , [17] , [18] , [20] , [21] , [22] , [24] , [25] , [26] ) . 

Cavalcanti et al.[2], proved the exponential decay for the solution of semi- 
linear viscoelastic wave equations with localized damping. 

u — Au — / git — t)Au(t)cIt + a(x)u + \u\ r u = 0 in Q x (0, oo) , 
Jo 

u = 0 on dQ, t > 0 , 

u (x, 0) = Ui(x), u(x, 0) = Uo(x) in Q, 

where Q is a bounded domain of R n {n > 1) with smooth boundary dQ, r > 0, 
g is positive nonincreasing function defined on R + and a : Q — > R + is a 
bounded function, which may vanish on a part of the domain. 
Under the conditions 

Sig(t)<g'(t)<S 2 g(t),t>0, 

for some constants £1,62 > 0 and a(x) > a 0 > 0 in a subdomain u C Q, 
with measure(cu)> 0 and satisfying some geometry restrictions, the authors 
established an exponential rate of decay. 
In [11], Cavalcanti and Oquendo consider 

u — k 0 Au + / div[a(x)g(t — s)Vu(r)]dr + b(x)h(u ) + f(u) — 0, 

under similar conditions on the relaxation function g and a(x) + b(x) > p > 0 
for all x E il. They improved the result of [2] by establishing exponential 
stability for g decaying exponentially and h nonlinear. And Messaoudi [15] 
investigated a general decay rate for a viscoelastic wave equation with Dirichlet 
boundary conditions under a more general condition on g: 

g\t) < -mg(t), < K m > 0, £(t) < 0, vt > o. 

Recently Li and Zhao [12] consider the following problem and proved the 
uniform energy decay for nonlinear viscoelastic wave equation with boundary 
damping. 

ft 

u —kqAu+ \ git — s)div[a(x)'Vu(s)]ds + b(x)h(u) — 0, 
Jo 

(x,t) e Q x (0, 00), 

du ft 

9{t ~ s)[a(x)Vu(s)] ■ vds = /(«), (x, t) e T 0 x (0, 00), 

ov Jo 

u(x,t) = o, (x,t) e Ei = r ± x (0, 00), 

u (x, 0) = Ui(x),u(x, 0) = uq(x), x G Q. 
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Moreover Park et al.[23], Wu and Chen[26] consider the uniform decay es- 
timates of solutions for nonlinear viscoelastic wave equations with boundary 
dissipations. Dynamic boundary problems for wave equation have been con- 
sidered by Gerbi and Said-Houari [7]: 

u - Am - «Am = \u\ p ~ 2 u, x£Q,t>0, 
u(x,t) = 0, xeT 0 ,t>0, 

u"(x,t) = -a[—(x,t) + —{x,t)+-f{\u'\ m - 2 u){x,t)}, x e T±,t > 0, 

u (x, 0) = u 1 (x),u(x, 0) = u 0 (x), iffl, 

Motivated by theses results, in this work we prove the energy decay for 
problem (1.1). Our idea comes from [7], [11], [12], which we are concerned with 
the decay rates for viscoelastic wave equation with dynamic boundary prob- 
lem (1.1) and we also give a decay result of global solutions under a weaker 
assumptions on the relaxation function h(t) (see [11], (HI) below). Therefore, 
our result allows a larger class of relaxation functions and improves earlier 
results in [13] and [12]. The main point for showing desired decay rates in 
constructing a Lyapunov functional C, which is equivalent to the energy of the 
problem (1.1), satisfying 

£'(*) < -c£(t)£(t), for some c > 0(see (3.28)). 

The present work is organized as follows: In section 2, we present some 
assumptions, notations, some known results for our work and state our main 
results. In section 3, we proved the general energy decay rate by the perturbed 
energy method. 

2. Preliminaries and main results 

We begin with some notations and known results for problem (1.1). First 
we recall the following assumptions made in [10] and [19]. 

(HI) h : R + — > R + is a bounded C 1 function satisfying h(0) > 0, and there 
exists a positive differentiable function £(£) such that 

h'(t)<-S(t)h(t),t>0, 
and £(t) and satisfies 

>£'(*), 



<k,£ (t) < 0, Vi > 0, / £(t)dt = oo. 

Jo 



(H2) a : Q — > R + is a nonnegative bounded function and a{x) > do > 0 on 
Q with 



1 — |H|l°° / h(s)ds = I > 0. 
Jo 



(H3) We assume m > r+ [_ p , 2<p<rifn>3 and p > 2 if n — 1, 2, where 

2(n-l) 
n-2 ' 
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Throughout this paper, we define 

Hl o (n) = {ueH 1 (n)\u = 0 on T 0 }, 
and the following scalar products 

(«,«) = fu(x)v(x)dx, (u,v) ri =[ u{x)v{ X )dT, 

and the following norms 

\H\L P( n) = ( / Mx)\ p dxy' p , \\u\\ LP{ri) = ( / \u(x)\ p dr)^. 

To simplify the notations, we denote ||w|]l 2 (Q), IMIl2(Ti) by ||u||ri respec- 
tively. We define the functions J, J : H^ Q — > R by 

I{t) = I(u(t)) = \ \Vu{t) || 2 - || ^fa(x)Vu(t) 1 1 2 y* h{s)ds 
(2.1) +(hoVu)(t)-\\u(t)\\ p PtTl 
and 

J(t) = J(u(t)) = \\\Vu(t)\\ 2 - \\\^(x)Vu(t)\\> J* h(s)ds 
(2-2) +l(hoWu)(t)- 1 -\\u(t)\\^ Tl , 



where (h o Vu)(t) = fih(t - s)\\y/a(x)(Vu(t) - Vu(s))\\ 2 ds, Vw e H^. Then 
we define the energy of a solution u of (1.1) as follows: 

(2.3) E(t) = J(u(t)) + l\\u'(t)\\ 2 + 1 -\\u(t)\\l i . 
We recall the trace Sobolev embedding 

(2.4) H^(n) ^ L 2 (l\) for 2 < q < r = 2(n - \)/{n - 2) 
and the embedding inequality 

(2-5) \\u\\ q:Vl <B q \\Vu\\, 

where B q is the optimal constant. We will also by using the following Sobolev- 
poincare embedding 

Hq(q) ^ L q (n), 

so 

(2.6) \\v\\ q < B* q \\Vv\\, VveH^n) 

for 2 < q < 2n/(n - 2) if n > 3 and q > 2, if n = 1, 2 , 

where B* q is the optimal constant. For t > 0, we define 

(2.7) d(t) = inf sup J(Xu). 

ueH^ Q (n) «| ri ^o,A>o 

Then similar as in [10], [19], we can prove the following lemma. 
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Lemma 2.1. For t > 0, we have 



0 < d\ < d 2 (w) = sup J(\u), 

A>0 



where 



V 2,1 \ p /(p-2) 



(2-8) * = V ( ^ 

^ , - P - 2 , (1 ~ Jo MgW 1 1 y/^)Vu(t) \\ 2 + (ho Vu) (t) ^ p/(p _ 2) 

2{u{ )) ~ 2 P { iK«, ri } • 

We now state a local existence theorem of the problem (1.1) ( see [8], [10], [19]). 

Theorem 2.1. Suppose that (H2),(H3) hold and assume that (uq,Ui) e 
iJp o (fi) x L 2 (f2), £/ien problem (1.1) has a unique local solution which satisfies 

(2.9) u E C([0,T];H^(Q)) n ^([0, T]; L 2 (Q)), «' e L m ([0,T] x I\), 
for some T > 0 and £/ie energy identity 

. 1 /•* 



(2.10) E(t) + J Q \\u(s)\\™ ri ds--J o (h'oVu)(s)ds 

+a f' \\Vu'{s)\\ 2 ds+ 1 / < /i(s)|U/aOr)VM(s)|| 2 rfs = S(0) 
Jo 2 Jo 



holds for0<t<T. 

Remark 2.1. From (2.10), we see that 

(2.ii) ^(0 = -ll«'(0ll^ 1 -«llv«'(0)ll 5 



+-(h o Vu)(t) - 2 h(t)ya(x)Vu(t)\\ 2 < 0. 

Theorem 2.2. ([10], [19]). Suppose that (H2) and (if 3) hold. Assume that 
(u 0 ,Ui) G ifp Q (Q) x L 2 (fi) and satisfy 

(2.12) 7(0) > 0, E(0) < d. 

Then the solution of (1.1) is global and bounded in time, and satisfies 
I(t) > 0, 

(2.13) /||V M (t)|| 2 + \\u(t)\f < j^E(t) < j^E(0) 
for all 0 < t < oo. 
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Remark 2.2. From (2.5) and (2.13), we deduce that 

IMtW^ < B p p \\vu(tw 

' 2p_ 
>-2)/, 



p-2\p-2 v 7 \ I J 



p-2 



We can now state the asymptotic behavior of the solution of problem (1.1). 

Theorem 2.3. Suppose that (H1)-(H3) hold, m > 2 and m < r = 2(n — 

l)/(n — 2) i/ m > 3. ^sswme i/ia£ (wo? M i) e (JT) x L 2 (f2) and satisfy 
(2.12). Then for each t Q > 0, there exist two positive constants c and r such 
that the solution of (1.1) satisfies 

E(t)<ce' r ^ (s)ds , t>t 0 . 

3. Decay rate of global solution 
For positive constants e±, e 2 , let us define the perturbed modified energy by 
(3.1) F(t) = E(t) + e 1 $(t) + e 2 *(t), 

where 



(3.2) $(t) = / u(t)u(t)dx+ " / |Vw(t)| 2 d:r + / u(*W(i)dT, 
and 

(3.3) = - / a(x)u'(t) f h{t - r)(u(t) - u(r))dTdx 

Jn Jo 

- f a(x)u(t) f hit - T)(u(t) - u(r))dTdI '. 
Jri Jo 

Now, we give a lemma which indicates that the generalized energy E(t) and 
the functional F(t) are equivalent in the following sense. 

Lemma 3.1. Let u be the solution obtained in Theorem 2.1, then there exist 
two positive constants f3± and fa such that 

(3.4) faE(t) < F(t) < faE(t). 

Proof. By Young's inequality and poincare's inequality, it yields 

l*(*)l <^lKWII 2 + ^llv w (t)|| 2 

+fl|v M (t)|| 2 + ^||vMt)|| 2 + ^iK(t)||| ri 

(3-5) <\\\u (t) \\*+ l -{a + Bl + Bl 2 ) \ \Vu(t) | | 2 + \ \ \u (t) \ \\ Vi . 
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Using the definition of Young's inequality and poincare's inequality, we 
have 

m)\ <\\\um 2 + BU \~ l \ hovu)(t) 

+\\\umlv^^Y^{hoVu){t) 
(3.6) =i|| M \t)|| 2 + i|| M \t)||| ri + ^^(^ 2 + 5 2 2 )(/ i oV M )(t). 

Using (3.1), (3. 5) and (3.6), we only to choose e± : e 2 small, then there exist two 
positive constants /3 2 such that (3.4) hold. 

Lemma 3.2. ([10], [19]/ Under the conditions of Theorem 2.3, there exists a 
constant c depending on B m , \ n _i(Ti), E(0) and m only, such that the solution 
of (1.1) satisfies 



n«(*)ii^ ri < c(nvu(t)ir + iiu(t)iis, ri )- 

Lemma 3.3. ( [14], [19]/ Let u e L°°(0, T; H^{Q)) be the solution of (1.1), 
then 



J J*h(t - r)(u(t) - u(T))dTdx^j 



y+2 

p/2 



(3.7) <s^(l-Z)(^^) P (hoVuW). 

Lemma 3.4. ( [10], [19]/ Under the conditions of Theorem 2.3, the functional 
$(£) defined by (3.2) satisfies 



(3.8) $ (t)<\\u(t)\\ 2 + \\u K , J]]2 ^ 



+ \l + aS + 



1 + (1 + 5)(1-/) 2 c5 



+ 



a 



m 



\Vu(t)\\' + -\\Vu (t)\\ 



+ (4 ^ +1 g f l \ hoVu)(t) + (1 + ^)|K*)|]£, ri 
(m- 1) 



m5 



u'(t)\\ 



m 
m,Ti 



for some 5 > 0. 
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Proof. By using (1.1), we have 

$'(*)= / u(t)u"(t)dx + [ u(t)u"(t)dY 
Jn JTj 

+ / \u'(t)\ 2 dx + [ \u'(t)\ 2 dY + a [ Vu(t) • Vu' \t)dx 
Jn Jr 1 Jn 

= J u(t) (Au(t) + aAu'(t) - J h{t- T)div(a(x)Wu(r))dT^j dx 



[ u(t)u"(t)dY + ( \u\t)\ 2 dx + ( \u\t)\ 2 dY + a [ Vu(i) ■ Vw' ' (t)da 
Jri Jn Jti Jn 

u{t)\ 2 dx+ f \u'(t)\dY + a [ Vu(t) ■ Vu (t)dx - [ \Wu{t)\ 2 dx 
Jr ± Jn Jn 

ft 



+ / Vu(t) • ( / h(t- T)a(x)Vu(r)dT)dx 
Jn Jo 

+ / u(t)(\u(t)\ p ~ 2 u(t) - \u (t)\ m - 2 u\t))dY 

(3.9) = / \u\t)\ 2 dx + f \u\t)\ 2 dY- f \Vu(t)\ 2 dx + h + I 2 + h. 
Jn iri Jn 



In what follows, we will estimate Jj, i — 1, 2, 3 in (3.9). Using Young's inequal- 
ity, Holder's inequality, poincare's inequality, and Lemma 3.2, we obtain 

(3.10) h = a [ Vu(f) ■ Vu\t)dx 

Jn 

<a(5 f \Vu(t)\ 2 dx + ^ f \Vu\t)\ 2 dx) 
= o(5||V^)|| 2 + ^||W(t)|| 2 ), 



h = 
< 



Vuit) • ( / hit- T)a(x)Vu(T)dr)dx 
Jo 

\ jf \Vu{t)\ 2 dx + ± jf | jf h(t - r)[a(x)(V«(r) - Vu(f)) 



+a(x)VM(t)]rfr)| 2 dx 

J / |VM(t)| 2 ^ + (^ + f) / | f h(t - T)a{x)Vu{t)dT\ 2 dx 
2 Jn 2 2 Jn Jo 



< 

~ 2 

1 'Iff 1 
+ (o + ^) / I / h(t-T)a(x)(Vu(r) - Vu(t))dr\ 2 dx 



"2 85' Jn 



0 



< ^l|V^)H 2 + (\ + ^(IMIlao ^( S )rf S ) 2 ||V M (t)|| 2 

+ ( 2 + ^dl a ll^ jl h (s)ds) j\(t - t)\\Jo(x)(Vu(t) - Vu(t))\\ 2 dr 



(3.H) . 1 + (1 ^ )(1 - 0 ||V^)|| 2 + M±^(,oV^), 
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and 



u{t){\u{t)\ p - 2 u{t) - \u \t)\ m - 2 u \t))dT 



< \\u 



+ 



m 
5 



K*)||™ ri + 



m 



mb 



\u{t)\\ 



m 

m,ri 



m — 1 , 



(3.12) < \\u(t)\\l ri + -c(\\Vu(t)\\ 2 + \\u(t)\\l ri ) + — r ||« (t)||™ ri 



where c is constant in Lemma 3.2. Combing theses estimates (3.9)-(3.12), we 
deduce that 



$'(t) < ||«'(*)ll 2 + Wu'ml + (l + a5 + 1 + l? + ^)||V M (t)|| 2 

Zi fit 

gl 1 1 /. ...n (4(5 + 1)(1 — Z) „ ... 

+4jl|V« WH + < h ° Vm )W 

+ (1 + ^IKOIIki + (*)ll^ ri for any 5 > 0. 



Lemma 3.5. Under the conditions of Theorem 2.3, the functional ^(t), de- 
fined by (3.3) satisfies 



m\t) < (S-a 0 h 0 )\\u\t)\\ 2 + {5 + 25(l-l) 2 



+ + ^ 2 ) ( fc ' oVu )(*) 



, 5(m - 1) 



+ (5+ (1 - Z))||« (t)H^ + ^—^(1 " 0II« (OllmA 



/or some 5 > 0. 
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Proof. By using (1.1) and the green formula we have 



tf'(t) = / a(x)u\t) f h(t - r)(u(t) - u(r))drdx 
Jn Jo 

— / a(x)u (t) / h (t — r)(u(t) — u(r))drdx 
Jn Jo 

— ( / h(s)ds) / \Ja{x)u (t)\ 2 dx 

Jo Jn v 



a(x)u"(t) f hit - T)(u(t) - u(r))drdT 
Jo 

-(J* h(s)ds) \yja(x)u \t)\ 2 dT 

a(x)[Au(t) + aAu'it) - f hit- T)div(a(x)Vu(T))dT\ 

Jo 



x / hit - r)(u(t) - u(r))drdx 
Jo 

— / a(x)u (t) / h (t — r)(u(t) — u(r))drdx 
Jn Jo 

-if h(s)ds) [ \Ja{x)u{t)\ 2 dx 
Jo Jn v 

- / a(x)u(t) /* ti it - r)(u(t) - u(r))drdF 
Jt! Jo 

-(J*h(s)ds) \^x)u{t)\ 2 dT 

I [Vu(t) + aVu{t) - f h(t - T)a(x)Vu(T)dT\ 
Jn Jo 

x / hit - T)a(x)(Wu(t) - Vuir))dTdx 
Jo 

- [ i\u{t)r- 2 u{t)-\u{t)r 2 u{t)) 



x /' hit - T)a(x)(u(t) - u(r))dTdT 
Jo 

— / a(x)u (t) / h (t — r)(u(t) — u(r))drdx 
Jn Jo 

-(f t h(s)ds) J \^a~(x)u{t)\ 2 dx 

aix)u (t) / h it — r){u{t) — u(T))drdT 
Ti Jo 



-(J*h(s)ds) jf \^x)u{t)\ 2 dT. 
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= / Vu(t) f ' h{t-T)a(x)(Vu(t) -Vu(T))dTdx 
Jn Jo 

+a f Vu'(t) / h(t -r)a(x)(S/u(t) -Wu(T))drdx 
Jn Jo 

— / h(t — T)a(x)Vu{j )dr / h{t - T)a{x){Vu{t) - Vu(r))dTdx 
Jn Jo Jo 

— [ \u \t)\ m - 2 u \t) [' hit - r)a(x)(u(t) - uir^drdT 

JTi Jo 

+ / \u{t)\ p ~ 2 u{t) f 1 hit - T)a(x)(u(t) - u(T))dTdT 
Jr 1 Jo 

— / aix)u it) / h (t — r)(u(t) — u(r))drdx 
Jn Jo 

— ( / h(s)ds) / \ Ja(x)u (t)\ 2 dx 

Jo Jn v 

— / a(x)u'(t) f fi it - r)(u(t) - u(r))dTdF 

JTi Jo 

(*h(s)ds) \^{x)u{t)\ 2 dT. 



(3.14) 



9 



i=l 



In the sequel, we will estimate = 1,...,9 in the right hand side of (3.14). 
Exploiting Young's inequality, Holder's inequality, Cauchy-Schwarz's inequal- 
ity, and Lemma 3.3, we get 



J 1= / S7u(t) f h{t - T)a{x)(Vu(t) -Vu(r))dTdx 
Jn Jo 

(3.15) <5\\Vu{t)\\ 2 + l -^{hoVu){t\ 



I 2 = a f Vu'(f) f h{t - r)a(x)(Vu(t) - Vu{r))dTdx 
Jn Jo 



(3.16) <^\\Vu{t)\\ 2 + ^^{hoVu){t), 



2 
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h = - I f h(t - T)a(x)Vu(T)dT f h(t - T)a(x)(Vu(t) - Vu(r))drdx 
Jn Jo Jo 



< 5\\ I hit - T)a(x)Vu(T)dr\\ 2 



/ h(t-r)a(x)(Vu(t) -Vu(r))dTdx\\' 
Jo 

<5\\ [ hit - r)a(x)(Vu(r) -Vuit) + Vu(t))dr\\ 
Jo 

1 /■* 

+T7ll a llL 00 ( / h(s)ds)(hoVu)(t) 
45 Jo 

(3.17) < (25 + - l)( C h(s)ds)(h o Vu)(t) 

45 Jo 

+25(1 - lf\\Vu{t))dr\\ 2 for any 5 > 0, 



(3.18) 



= - / \u (t)\ m - 2 u (t) [' hit - r)a(x)(u(t) - u(r))drdr 
Jri Jo 



< / hit-r) a(x) — \u(t)\ m - L a(x)^\u(t)-u(r)\dTdr 

Jo JTx 

<f\{t-r)^ (aix^lu'it)]™- 1 )^ 1 dT 



x| I (a(x)™\u(t) - u(T)\j m dTj dr 

m— 1 



< jf /i(i-r) (jf a(x)|w'(t)rrfr 



x 



ri 



< 



< 



< 



5(m — 


i) 


m 




1 


/' 


45m 


Jo 


5{m — 


i) 


m 




B m 

| m 


/' 


45m 


JO 


5{m — 





a(x)\u(t) -u(T)\ m dTy dr 
h{t-T)dr f a(x)\uit)\ m dT 



m 



\ L oo f h(r)dr I \uit)\ m dT 
Jo Jr 1 



(i-Olk'WIfc 



jgg(o) \ 

45m \{p-2)l) 



B™c(8 



m — 2 
2 



(/i o Vw)(t) for any 5 > 0, 
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where we used Lemma 3.3, 



h = / \u 



(t)\ p - 2 u(t) C h{t - T)a{x){u{t) - u(r))drdF 
Jo 

<<Sjf \u(t)\ 2p - 2 dT+ B ^^(hoVu)(t) 

2p-2 I ±P^\}J) \ 2 



(3.19) < 5i W|^Y V^ll 



45 

where we used if 1 (ft) ^ L 2 ( p+1 )(ft), 



iJ:,[i l \hoVu)(t) for any 5 > 0, 



Iq — — / a(x)u (t) / h (t — r)(u(t) — u(r))drdx 
Jn Jo 

<| / a(x)u'(t) f h'(t - r)(u(t) - u(r))drdx\ 
Jn Jo 

rB 2 

(3.20) < (J||«'(t)|| 2 + ^(li'oVu)(t) for any 5 > 0, 

4o 



J 7 = -(J*h(s)ds) Jj^/^(x)u(t)\ 2 dx 
h(s)ds) / \\Ja{x)u (t)\ 2 dx 



< - 

(3.21) < -a 0 /i 0 ||M'(t)|| 2 , for all t > t 0 , 
where ho = f 0 to h(s)ds, 

Is = — a(x)u (t) / h it — r)(u(t) — u(r))drdx 
J \ Jo 

cB 2 

(3.22) < S\\u'(t)\\l + —^-(h'oVuMt), for any 5 > 0, 

4o 

and 

h = -{j\{s)ds) \^{x)u(t)\ 2 dT 

(3.23) < (l-Z)H^(Oli^. 
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Combining (3.14)-(3.23), we get 



2 , a ilV7..V+M|2 



*(*)<(<$ -oo/io) || Vu (011 + gllVu 



2pE(0) x P_2N 



+ U + 25(l-0 2 + ^r 2 2 (f^7) HV«(0)dr 



|2 



m — 2 
2 



, r l-< | "(1-0 i N i 1 V1 n2 , B%c( 8pE(0) \ 
+ ^^](^V M )(t) 

/rR 2 rR 2 \ 

+ ^ m ~ ^ (1 - Z)||w'(t)||™ ri for any 5 > 0 and for all t > t 0 . 

TYl> 

Now, we are ready to prove the general result. 

Proof of Theorem 3.1. Since h is positive, we see that, for any to > 0, 

rt rto 

/ h(s)ds > / h(s)ds := h 0 , t > t 0 . 
Jo Jo 

Combining (2.11), (3.8), (3.13), then from (3.1), we have 

F\t) + ei$'(*) + e 2 *'(i) 

< (ei + e 2 5 - e 2 aoho)\\u (t)\\ 2 

r 1 1 / ,\ (, r 1 + (1 + 5)(1-/) 2 «S\ 

+ [--h (t )a 0 + e 1 [l + a6+ - - + — 

2 y 2 m J 

+^2 ^ + 25(1 - If + ^ 2 2 -2 ^ ]I|V-W)H 2 

+ (-a + ei^ + e 2 f)||W(t)|| 2 

+fo + e2 (5 + (i - 0)1II« + + -)ll«(*)lli ri 

r n (m - 1) 5(ra — 1) ..... ' / . \ 1 1 

+[-! + e i^^ + ^ - ; a - oin« wii:, ri 
+l ^ f2( f + l )1(ft ' oVu)(i) 
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(3.24) < -[e 2 (a 0 h 0 - 5) - e 1 ]\\u (t)\\ 2 

-\\h(t)a 0 - Cl (l + a5 + 1 + (1+ f (1 ~° 2 + -) - e 2 K s ]\\Vu(t))\\ 2 

Zi Zi 777 

-[<*-ei(^B 2 2 )-e 2 |]||V«'(t)|| 2 

+[ei (« + ^(i-0 +6aK](hoVtt)W 

+£i(l + ^)IW0l£r, 

-[l- ei ^- e2 *^(l-0]ll«'WIC,r, 
mo m 

+ [ 2 +e2(C 4 | 2 + ^ l)](/l ' 0VM)(t) ' 

^ = 5 + 25(1 - /) 2 + 5sg: 2 2 ( (p ^^(o)y > 0, 

m — 2 

ggc / 8pE(0) \ 2 - Q 

45mV(p-2)Z,l 45 
At this point, first we choose 5 > 0 satisfying 

0 < 5 < a 0 h 0 — — , 

and be such that 

6i = e 2 (a 0 /io - 5) - ei > 0. 
Now, we choose ei and e 2 sufficiently small so that satisfy Lemma 3.1 and 
following: 

0 2 = \h{t)a Q -e 1 (l + a5+ 1 + & + W 1 ~ l ? + ^) _ ^ > 0 

2 2 m 

0 3 = a- ei (— + 5 2 2 )-e 2 - >0, 

m — 1 5(m — 1) . 

6 4 = 1 - ex — - e 2 ^ '- 1 + Z > 0, 

mo m 



Then we have 

(3.25) F'(t) < -6 1 || M '(t)|| 2 -6 2 ||V M (t)|| 2 -6 3 ||V M '(t)|| 2 
+ (e ^ 5 + 1 ^- l h e 2 K) { hoVu m 

+ ei (l + ^)H«, ri - M«'(0II£a + b 5 (h' o Vu)(t). 

fit 
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We choose e\ > 0 sufficiently small, it follows that (3.25), we arrive at 

(3.26) F\t) < -cE(t) + c(h o Vu)(t), Vt > t 0 . 
From (HI), (2.11) and (3.26), we obtain 

at)F'(t) < -c£(t)E(t) + c£(t)(h o Vu)(t) 
< -c£(t)E(t) - c(h' o Vu)(t) 

(3.27) < -c£(t)E(t) - cE'(t), Vt > t„. 
That is 

(3.28) L'(t) < -c£(t)E(t) < -r£(t)L(t), t > t 0 , 

where L(t) = £F(t) + cE(t) is clearly equivalent to E(t) and r is a positive 
constant. A simple integration of (3.28) leads to 

(3.29) L(t) < L(t 0 )e~ r ti> ({s)ds } Vt > t 0 . 
Thus, Lemma 3.1. and (3.29) yield 

E(t) < ce- rJ > )ds , Vt>t 0 . 
This completes the proof of Theorem 2.3. 
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Abstract 

Here is presented the theory of lower order fractional simultaneous 
monotone uniform polynomial approximation with rates using mixed lower 
order fractional linear differential operators. 

To obtain that, we use first ordinary simultaneous polynomial approx- 
imation with respect to the highest lower order right and left fractional 
derivatives of the function under approximation using their moduli of 
continuity. Then we use the total right and left fractional simultaneous 
polynomial approximation with rates, as well their convex combination. 
Based on the last and elegant analytical techniques, we derive preserva- 
tion of monotonicity by mixed lower order fractional linear differential 
operators. 

2010 AMS Mathematics Subject Classification : 26A33, 41A10, 41A17, 
41A25, 41A29. 

Keywords and Phrases: Monotone Approximation, Caputo fractional deriv- 
ative, fractional linear differential operator, modulus of continuity. 

1 Introduction 

The topic of monotone approximation started in [6] has become a major trend 
in approximation theory. A typical problem in this subject is: given a pos- 
itive integer k, approximate a given function whose fcth derivative is > 0 by 
polynomials having this property. 

In [3] the authors replaced the fcth derivative with a linear differential oper- 
ator of order fc. We mention this motivating result. 



1 
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Theorem 1 Let h, k,p be integers, 0 < h < k < p and let f be a real function, 
f( p ) continuous in [—1,1] with first modulus of continuity wi (/^ji) there. 
Let aj{x), j = h, h + 1, k be real functions, defined and bounded on [—1, 1] 
and assume a h (x) is either > some number a > 0 or < some number [3 < 0 
throughout [—1,1]. Consider the operator 

k 

and suppose, throughout [—1,1], 

L(f)>0. (2) 

Then, for every integer n > 1, there is a real polynomial Q n (x) of degree < n 
such that 

L (Q n ) > 0 throughout [-1, 1] (3) 

and 

max |/ (x) - Q n (x)\ < Cn k ~^ x ( , -) , (4) 
— i<x<i y n j 

where C is independent of n or f. 

The purpose of this article is to extend completely Theorem 1 to the lower or- 
der fractional level. All involved ordinary derivatives will become now fractional 
derivatives of lower order and even more we will have fractional simultaneous 
approximation. 

We need 

Definition 2 ([4], p. 50) Let a > 0 and \a] — m, (T-] ceiling of the number). 
Consider f £ AC™ ([0,1]) (space of functions f with /C" 1 " 1 ) g AC ([0, 1]), 
absolutely continuous functions) , z £ [0, 1]. We define the left Caputo fractional 
derivative of f of order a as follows: 

(DU) (x) = r(m 1 _ Q) jf (x i)™-"- 1 /M (t) dt, (5) 

for any x g [z, 1], where T is the gamma function. 
We set 

D°J(x) = f(x), 
D™f(x)=fW(x), Vx€[z,l}. (6) 

Definition 3 ([5]) Let a > 0 and \a] = m. Consider f G AC m ([0,1]), z g 
[0, 1] . We define the right Caputo fractional derivative of f of order a as follows: 

(D a z -f) (x) = r l (m : Q) l (t x)— 1 /(-) (t) dt, (7) 

2 



(1) 
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for any x € [0, z]. 
We set 

D° z _f(x)=f(x), 
DT-f (x) = (-1)™ f (m) (x), V x e [0, z] . (8) 
In particular we give 

Definition 4 LetO < a < 1 and f € AC([0, 1]) (absolutely continuous functions), 
z € [0, 1] . We define the left Caputo fractional derivative of f of order a as fol- 
lows: 

(DZf) (x) = ^^—^ £ (x ty a f (t) dt, (9) 

for any x € [z, 1]. 
We set 

Dlj{x) = f{x), 
Dlj (x) = f (x) , Vxe[z,l}. (10) 

Definition 5 Let 0 < a < 1 and f e AC ([0, 1]), z £ [0, 1]. We define the right 
Caputo fractional derivative of f of order a as follows: 

(D a z -f) (X) = f ^^y £ (t X)~ a f (t) dt, (11) 

for any x £ [0, z}. 
We set 

D° z _f(x)=f(x), 
D\_f{x) = -f'{x), Vxe[0,z]. (12) 

Definition 6 Let f £ C ([0,1]), we define the Bernstein polynomials 

(B N f)(t) = j2f(±-)( N k )t k (l-t) N - k , (13) 
k=o \ / V / 

V i G [0,1], N G N, of degree N. 

Our article [1] was the base to develop the general article [2]. We rely alot 
on [2]. 

We need the following special result from [2] , here is the n = 1 case. 

Theorem 7 Let 1 < [3 < 2 and 0 < a < 1 sitc/i £/ia£ /? = 1 + a. Let f £ 
AC 2 ([0, 1]), and f" £ L x ([0, 1]), N £ N. Set 

(/)(*) :=/(0)+ / B N (f')(t)dt, (14) 
Jo 

3 
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for all 0 < x < 1, a polynomial of degree (N + 1). Set also 



T^ a (/) := 



■)! — a 



r(a + l)7V§ 



sup u)i ( £>f_/, 
xe[o,i] 



2(a + l)^; [0 



+ 



sup wi D^f, 



xe[o,i] 



2(a+l)NiJ [Xtl] 



< oo. 



(15) 



for every N £ N. 
T/ien 

1) the quantity within the bracket of (15) is finite, 

2) P'n+i (/) = b n (/') . 

S) 



P^+i (/)-/ 



(i) 



<Tft a (f), i = 0,l. 



oo,[0,l] 

^4s TV — > oo we derive with rates P$ +1 (/) (uniformly), i = 0, 1. 

We completely left fractionalize Theorem 7, to have 

Theorem 8 i?ere aZZ terms and assumptions as in Theorem 7 and ctj € [0, 1], 
j e Z+. TTien 



(16) 



1^2 (/) - tf* (ftr+i (/))L, [0> i] ^ ro^-if+i) - 



(17) 



wftere j* = [ay] =0 or 1. 

Observe that (17) generalizes (16). 

Proof. By [2], see there Theorem 9. ■ 

We completely right fractionalize Theorem 7, to have 

Theorem 9 Here all terms and assumptions as in Theorem 7, and ctj £ [0, 1], 
j e Z+. r/ien 



\DZ(f)-D^(P N+ Af))\L, [0 , 1] < T j}2! ) + l 



(18) 



where j* = \ctf\ =0 or 1. 

Observe that (18) generalizes (16). 

Proof. By [2], see there Theorem 10. 
It follows the important 
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Corollary 10 Here all as in Theorem 7, A £ [0, 1]. Then 
|| (XD2 (/) + (! -A) £>£(/))- 



< 



-N 



(/) 



oo,[o,i] - r (j* _ aj + !) ' 



(19) 



(Ai?S (Pn+i (/)) + (1 - A) -D"£ (P„ +1 (/))) | 
where dj £ [0, 1], j £ Z + ; j* = \af\ =0 or 1. 
Proof. By [2], see there Corollary 11. ■ 

2 Main Results 



Next comes our main result: the totally lower order fractional simultaneous 
monotone uniform approximation, using mixed fractional differential operators. 

Theorem 11 Let 1 < (5 < 2 and 0 < a < 1 : f3 = 1 + a. Let f £ AC 2 ([0, 1]) 
with f" £ Loo ([0, 1]) , N £ N. Here let k, p £ N : 0 < k < p, and a 0 = 0 < a.\ < 
cti < ... < ctk < ... < a p < 1. Let A £ [0, 1], and ctj (x), j = 0, 1, k be real 
functions, defined and bounded on [0, 1], and suppose a 0 (x) is either > a > 0 
or < ]3 < 0 on [0, 1]. We set 



l T := sup |a 0 1 (x) a T {x)\ , r = 0, l,...,k. 

x£[Q,l] 



(20) 



Here T^' a (/), TV € N, as m ^5^, (N —* oo). Consider the mixed fractional 
linear differential operator 



L\ :=Y,«i{*) [AI>S + (1- A) £>?!]. 



(21) 



TTien, /or any TV e N. £/iere exisis a reaZ polynomial Qn+i of degree (N + 1) 
such that 
1) 

\\(XD^+(l-X)D^)(f)- 

Tfr a (/) 



(XD2 + (1 - \)D?_) (Q N+1 (/))|L Joa] < r( 2_^ ) ■ 3 = h-,P, (22) 



and 



2) 



\\f-Q N+ i(f)\\ 



oo,[0,l] — ^JV 



< (/) 



Z.r(2-a T ) + 



(23) 



Assuming L* x f (x) > 0, for all x £ [0, 1] we get (L* x (Qn+i (/))) (x) > 0 /or all 
x £ [0, 1] . 
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Proof. Here let k, p £ N : 0 < k < p, and ceo = 0 < oei < cei < ... < oifc < 
■ ■• < ol p < 1, that is \a>o] = 0; \af\ = 1, j = 1, We set 

l T := sup |«q 1 (x) a T (x)| < oo, 0 < r < k, (24) 
xe[o,i] 

with lo = 1, and 

"«- I »*(fl(tr^ + 1 )- (25 » 

I. Suppose, throughout [0, 1], a 0 (#) > a > 0. Call 

Q N+1 (/) (*) := P N+1 (/) (*) + Pjv , (26) 

where Pn+i (/) (#) as in (14). 
Then by (19) we obtain 

\\(XD%+(l-\)D?L)(f(x)+p N )- 



{XD2 + (1 - A) D°L) (Q N+1 (/) (*0)IL,[o,i] < r g , i = l,...,p. (27) 

II(/(x) + p w )-Q j v + i(/)(x)|| COi[0 , 1] ( <rr (/)• (28) 

So that we find 



And of course it holds 

C1R1 



11/ - Q^v+i (/)lloc,[o,i] ( < Pn +T 0 N a (/) = (29) 

k 



I 



,§r(2^) +2 



proving (23). 

From (27) and (9), (11), we get 



|| (AD3 +(1- A) D£) (/(*))- 

(A£>3+(l-A)iffi)(Q„ +1 (/))WL i[0|1] < rg-a-) ' i = 1 '-"°' (30) 
proving (22). 

Next we use the assumption L* x f (x) > 0, all x G [0, 1] , to get 
«o 1 ( x ) L \ (Qn+i (/)) (a;) = o^ 1 (a;) L* x f (x) + p N + 
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JL ((27), (28)) 

«o (*) «i (*) { (^*o + (1 - A) 1^1) [Qjv+i (/) (*) - / (s) - Pn ] } > 

3=0 



Pn f E r(2- aj ) + 1 ) ^ (/) = ^ - Piv = 0. (31) 



Hence (Qat+i (/)) (a;) > 0, all ,x e [0, 1] . 

II. Suppose, throughout [0, 1], a 0 (x) < (3 < 0. Call 



Qn+i (/) (x) := P N +i (/) (x) - p N , (32) 



where Pn+i (/) (#) as in (14). 
Then by (19) we obtain 



\\(XD%+(l-\)D?L)(f(x)-p N )- 

{\d2 + (i - A) D°L) (Q n+1 (/) (*0)IU [M] < r g fg) , i = i,...,P- (33) 

And of course it holds 

IK/ (*) - Piv) - Q^v+i (/) Oz)lloo,[o,i] ( < T^ a (/) . (34) 

Similarly we obtain again (22) and (23). 

Next we use the assumption L* x f (x) > 0, all x G [0, 1] , to get 



c^ 1 (x) L* x (Q N+1 (/)) (x) = a^ 1 (x) L\f (x) - p N + 

, ((33), (34)) 

£ a o (x) <*i (x) { {\D2 + (1 - A) D°L) [Qn+i (/) (x) - f (x) + p N ] } < 

3=0 

-Pn + (E r(2-a 3 -) + *) T ^ (/) = ~ Pn + Pn = °' (35) 
Hence (Qat+i (/)) (x) > 0, for any x € [0, 1] . ■ 



Corollary 12 (to Theorem 11, A = 1 case,) Let LJ := £a<j ( x ) D *o- 

i=o 

TTien, /or any TV € N ; t/iere existe a rea/ polynomial Qn+i of degree (N + 1) 

\\d2 (/) - D 2 (Qn+i (f))\L t[0il] < rg-a ) ' j = 1; p ' (36) 

^ inequality (23) is again valid. 

Assuming L*f (x) > 0, for all x £ [0, 1] , we get (LI (Qn+i (/))) (x) > 0 for 
all x e [0, 1] . 
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k 

Corollary 13 (to Theorem 11, A = 0 case) Let Lq := Y^o? [x) D™ 3 _. 

3=0 

Then, for any N G N, there exists a real polynomial Qn+i of degree (N + 1) 
such that 
1) 

\\D*f D"L (Q n +i (/))L i[0i1] < r( 2-a-) ' j = X ' -' P ' (3?) 
iJj inequality (23) is again valid. 

Assuming L$f (x) > 0, we get Lq (Qn+i (/)) {%) > 0 for any x G [0, 1] . 
Finally we give 

k 

Corollary 14 (to Theorem 11, A = \ case) Let L\ := aj (x) 

j=o 

Then, for any N G N, there exists a real polynomial Qn+i o/ degree (N + 1) 
swc/i that 
1) 

\\m+DZ) (/) - {D2 +DZ) (Qn+i (/))|L i[0;1] < ^f^, J = W, 

(38) 

2) inequality (23) is again valid. 

Assuming L\f(x) > 0, we get L\ (Qn+i (/)) (x) > 0 for any x G [0, 1] . 

2 2 
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Modified quadrature method with Sidi transformation for three dimensional 
axisymmetric potential problems with Dirichlet conditions * 
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Abstract 

This paper is the application of the modified quadrature method for the numerical evaluation of boundary integral 
equations of three dimensional (3D) axisymmetric Laplace equations with Dirichlet conditions on curved polygonal 
boundaries. The Sidi transformation is used to remove the logarithmic singularities in the integral kernels and then 
the modified quadrature method is presented to approximate the weakly integrals. Numerical examples show that the 
error of numerical solution for the boundary integral equation of the 3D Laplace equation can converge with the order 
O (h 3 ) by use of a Sidi transformation, and the optimal condition number for the according discrete system is O (h~ l ), 
where h is the uniform mesh step size. 

Keywords: Laplace equation, axisymmetric, modified quadrature method, convergence, stability. 
2010 Mathematics Subject Classification: 65R20, 65N38. 



1. INTRODUCTION 

Consider the Laplace problem with a Dirichlet condition 
A0(x) = 0, in V 

(1.1) 

4>(x) = g(x), on dV 

where V is an axisymmetric domain, which is formed by rotating a two dimensional bounded simply connected region 
Q around z-axis, A is a three dimensional Laplace operator, and g(x) is a known function on dV. 

For practical problems, high precise and validated solutions of (1.1) are required. Some well known methods, 
such as finite element methods (FEMs) , collocation methods (CMs) and finite difference methods (FDMs) can be 
used to solve the mentioned equation above [5, 6, 9-11, 13, 15-19]. 

By ring potential theory, Eq. (1.1) is converted into the first kind boundary integral equation (BIE) and its solution 
can be represented via the following single layer potential 

^0= f TT i°"( x )^- x = (JCi,JC 2 ,JC3)eS, y = (yun.ys) e V, (1.2) 

J s 4n\x - y\ 
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'Corresponding author 

Email addresses: luoxin919@163 . com (Xin Luo), huangj inl2345@126 . com (Jin Huang), ma_yan_ying0126 . com (Yan-Ying Ma) 

September 6, 2014 



526 



Xin Luo et al 526-539 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



where the density function <x(x) is sought on S , and S = dV is the surface of the body V. Here |x - y| denotes the 
Euclidean distance between the point x and y. Using the cylindrical coordinate (p,z, 0), Eq. (1.2) can be written as 



<f>(y) = £p<t>*(x,y)o-(x)dT, x = (p,z)er, y = (p 0 ,z 0 )eQ, (1.3) 
where F is the polygonal boundary of the transformed cylindrical coordinate region Q of region Q, and 

(f>*(x,y) = (f>*(p,z;po,zo)= f -r^ — -M. (1.4) 

Jo 47r l x - yl 

By use of the Hankel transformation [21], the fundamental solution of three dimensional axisymmetric Laplace prob- 
lem can also be represented by 

jl*/ \ 2-1/2(9) e . 

(p*(p,z;p 0 ,zo) = -z — — , (1.5) 

where 

= 2pp Q + (p - po) 2 + (z - zof 
q ' 2pp 0 

and Q-\/2(q) is the second kind of Legendre function, which has the following asymptotic expression 

G-i/2(9) = -^M^) + 0((9-l)ln(9-l)), 
Since the single potential function is continuous on the boundary T, we have 

g(j) = £rt*(x,YWxW, yer. (1.6) 

Eq. (1.6) is the weakly singular BIE system of the first kind , whose solution exists and is unique as long as C r + 1 
[7], where Cp is the logarithmic capacity (i.e., the transfinite diameter). Once the solution <x(x) is solved from (1.6), 
we can obtain the solution in Q' by (1.3). 

In this paper, before discretization the boundary integral equation is converted to an equivalent equation over [0, 1] 
using Sidi transformation [22] at the corners which vary more slowly than arc-length near each corner. This has the 
effect of producing a transformed equation with a solution which is smooth on [0,1]. Then the modified quadrature 
method is applied to deal with the weakly logarithmically singular integrals in (1.6). The modified quadrature method 
consists of regularization of the kernel together with trapezoidal approximation of the integral, and this method is 
superior in efficiency to both Galerkin method and the collocation method since each component in the discrete matrix 
is directly evaluated by the quadrature [3, 4]. The modified quadrature method was first prosed to solve the first kind 
BIEs of two dimensional Laplace problems in [23] and the experimental O (/z 3 ) order of convergence was reported 
in smooth domains. Later, in the case of a circle, Abou El-Seoud was able to prove the existence of solution and an 
O (h 2 ) order of convergence in [24]. Saranen proved the order of convergence O (h 3 ) if the solution is smooth enough 
in [4]. In this paper, our numerical results show the high convergent rate of modified quadrature method for (1.1) by 
using Sidi transformation is O (/i 3 ). In addition, the experimental O (/T 1 ) order of the optimal condition number for 
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the according discrete system of (1.6) is reported, which shows the modified quadrature method for weakly singular 
integral problems possesses an excellent stability. 

The remainder of this paper is organized as follows: in Section 2, the singularity analysis for the integral kernel 
in (1.6) is given in detail. In Section 3, modified quadrature method is applied for the BIEs of axisymmetric Laplace 
equation. In Section 4, some numerical examples are provided to show the efficiency of the proposed methods. 

2. SINGULARITY ANALYSIS OF THE INTEGRAL KERNEL 

Assume that the non-smooth points on the boundary can be seen as the corners on the boundary F = (dQ./{(0,z) 
}\z e R) U (S' n {(0, z)\z <s R}), where S = dV is the surface of the body V, and the corners divide the boundary F into d 
segments, i.e., F = U^ =1 T ; - (d > 1) with C r * 1, and F ; e C 2M (j = 1, d, I e N). Also assume that Yj (j = 1, • • • ,d) 
have the following parametric representations 

x/0 = (x lj ,x 2j ) = (pj(t), Zj (t)) : [0, 1] ^ Yj, j = 1, • • • , d, (2.1) 

where |x^.(f)| = [|p^(f)l 2 + k}(0l 2 ] 1/2 > c > 0, x/0) and Xj(l) denote two endpoints of Yj. Under the parameter mapping 
(2.1), Eq. (1.6) can be converted into the first kind integral equations including definite integrals over [0, 1] 

d „i 

g(x i (t)) = Y J l p/T)0*( Xi (T),x ; W)K(T)|cr(x 7 (T))dT, i = \,- -,d. (2.2) 

7=1 J ° 

In order to degrade the singularities at corners [8, 14], we apply the Sidi transformation [22] to the variable mapping, 
which is defined by 

^W = ^ ; & f(f)= fWwfdw, ^eN. (2.3) 
W/Ai) Jo 

From the equality 

0 (f) = - — -0„_ 2 (O - — (sirmtY^cosnt, 
H n/j. 

which can be obtained by integration by parts, we have the recursion relation 
2y/nY((jj.+ l)/2) 

where Y(z) is the Gamma function. It is easy to see that & M (t) has /i order derivatives at the point t = 0 and t = 1. 
Hence, (ff (t) has also the same order derivatives. For convenience of discussion, we rewrite Eq. (2.2) as the following 
operator equation 

KW = F, (2.4) 

where 

id 



K = [KijJ^j, F = (fufi, ■ ■ ■ JdY , fj = gj (t) = gj (Mt)l 
W = (wi(t), w 2 (r), • • • , w d (r)) T , wj(t) = Ix'jirW^aMT)). 
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In (2.4), the kernel £ l; (f , t) of Ky can be written as 



kij(f,T)=Pj(j)T\Xj(j),Xi(f)) 

_ a u (t,T) [ 1 q u (t,T) - 1 



) + 0{{q ij {t,T)-\)\n{q ij {t,T)-\)) 




lnr pz (t,T) - ln(8/3, 7 (f,T)) + £, 7 (f,r), Pi ( T ) + 0, 



(2.5) 



where 



PM) = PjifiSj)), Zj{r) = Zj(<Pn(T)), 
a U (t,r) = [gj] 1/2 , Pij«,T) = [pj{r) Pi {t)] l l\ 
r«(f.T) = [(Pj(T)- Pi (t)) 2 + (zj(t) - z«(f)) 2 ] 1/2 , 

E U (t,T) = 0(pj(T)( qi j(t,T) - l)ln( 9y (f,T) - 1), 
9y(f,T) = 1 + [(p/T) -p,(0) 2 + (Z/T) -Z ( a)) 2 ](2p/T) P( Wr 1 . 

Now we split K„ into a singularity part and a compact perturbation part as follows 
Kjj = Ah + B„. 

Let an be the kernel of singularity operators A,, (i = 1,2, ■• ■ ,J), 
flfi (,, T ) = ln hg-i/2 sin(7r(f _ T)) | , 

and let 2„ be the kernel of A a 

au(t,T) = ln|2e _1/2 sin(7r(f - t))| . 

Thus, we have au(t,T) = au(t, T)a,,(?,T). 

Denoted by A = diag(Au, A 2 2, ■ ■ ■ , A dd ) and B = [By]^. =1 = K - A. Then the integral operator equation (2.4) 
can be splitted into 

(A + B)W = F, (2.6) 
where the kernel of Bj; is 



[ kij(t, t), i + j. 

Clearly, the operator Ajj is defined on the circular contour with radius e~ 1/2 . From [2, 7, 8], we can see that A„ has 
the special property 




(2.7) 
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where Z* = Z\{0], Z is the set of all integers, and &(t) is the Fourier transform of cr(t) € C°° (i.e., the p order derivative 
of cr is continuous and 2^-periodic for all p > 0). As is easily shown, |Aucr|p + i — \cr\ p , for all cr e H p , where \cr\ p 
on C°° is the norm of the usual space H p . So Ay is an isometry from H p to H p+l [12]. As above, the operators 
Ajj(; = 1, •• • ,d) are isometry operators from ^[0, 1] to H p+1 [0, 1] for any real number m. Hence, A is also an 
isometry operator from (H p [0, l]) d to (H p+1 [0, l]) d . Furthermore, Eq. (2.6) becomes 

(I + A _1 B)W = A _1 F = F, (2.8) 

Let Pj ( j = 1, 2, • • • ,d) be the corner points of the boundary Y. Define a function^ e [-1,1] 



Xj = 



- 1 as j = 1 or j = d, 

7T-6; 

- as 1 < j < d, 



n 

where 6j is the interior angle of the middle corner Pj. 

Since the boundary F is a closed polygon, the solution singularity for (1.6) occurs at the corner points Pi, Pd 
of the boundary F [7, 11, 18]. The solution w/x) - - has a singularity 0(\s - Sjf>) when s = sj, where 
pj = Pj e [~5>0)' an d v and s ; - denote the unit normal and the arc parameter at Pj respectively. 

Lemma 2.1. [20] (1) Let the function CTj(s) = s^'Ujis) (0 > f3j > -1/2), where Uj(s) is differentiable enough on 
[0, 1] with Uj(0) + 0. Then the function Wj(t) can be expressed by 

Wj(t) = c lM> (0)f^ +1)ft+/J (l + 0(t 2 )) as t -> 0 + , (2.9) 

where c\ is a constant independent of t. 

(2) Let the function cr/(s) = (1 - sf>Uj{s) (0 > jSy > -1/2), where S 7 (i) is differentiable enough on [0, 1] with 
Uj(l) + 0. Then the function Wj(t) can be expressed by 

Wj(t) = c 2 Uj{l){\ - tjf+^^d + 0((l - f) 2 ))) as t -> r, (2.10) 

where C2 is a constant independent of f . 

By Lemma 2.1 and /3j > -5, we can obtain (jx + ; + p. > 0 for p > 1. Furthermore, we have the following 
remark. 

Remark 1 Although (Tj(s) has singularities at endpoints s = 0 and s = 1, Wj(t) has no singularity by Sidi 
transformation at t — 0 and f = 1 . 

Bellow we study singularity for the kernels bjj(t,r) = 1,- •• ,d). Obviously, if F, n F ; = 0, £> l; (f, t) are 
continuous on [0, l] 2 , and if T; n Tj ± 0, btj(t, t) have singularities at the points (f, t) = (0, 1) and (?, r) = (1,0), where 
0 denotes the empty set. Here, we only discuss the case in that (f, t) = (1,0), the singularity analysis for the case in 
that (t,r) = (0, 1) can be similarly obtained. Defining the following function 

bijiU t) = b u (t, t) sin^(^), V > L r,- n Tj * 0. (2. 11) 

5 
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Theorem 2.2. Let b u (t, r) be defined by (2.1 1), then b u (t, t) and (k = 1,2) are smooth on [0, l] 2 . 

Proof. By using the continuity of £>,,(f,T) and the boundness of sin^f), we can immediately complete the proof 
for the case i = j. Let T, n Fj = P, = (0,0) (\i - j\ = 1 or d - 1) and #, e (0, 27r) is the corresponding interior angle. 
Then we have r PtZ (t, r) = 0, which shows the kernel bij(t, t) has a logarithmically singularity at (f, r) = (1,0). Suppose 
that a,(f) = \xi(t)\ and o/t) = |x,(r)|. Then we can obtain 

bij(t,T)=h(t,T) + I 2 (t,T). (2.12) 

where 

a,;(/, t) shV(;rr) i , , , a, ,(f, t) sin // (;iT) , . 

hit, r) = - ^ - ^ In |a 2 (f) + a ){T) - la^r) cos 9,\ - -^-^ In |80y(», r)|, 

and 

/ 2 (f,T) = 0(( 9 y(»,T) - l)ln(9y(f,T) - l))^-^- 
Since has order ^ zero at r = 0 and t = 1, the function 7 2 (£, t) is continuous on [0, l] 2 . Let 

/l(r,T) = /ii(»,T)+/i2(»,T), (2.13) 

where 

hiiUT) = ^ln a 2 (f) + fl](r) -2 fli (f)fl/r)cos0 ! 

2tt 0,(1) ; 

and 



_ aij(t, t) suA^t) , . , . 

/l2(f ' T) = - 2, 0,(1) ^vM- 



Obviously, /i 2 (£,r) is a smooth function on [0, l] 2 . Now we will prove 7h(/,t) is also smooth on the same interval. 
We write 

I n {t,T)=hn(t,T)+Im{t,T), (2.14) 

where 

au(t, t) sin /J (7TT) , , , . 

/iu(»,t) = ~ 9 n ; n In l-2a,(0^(T)/(a 2 (0+a 2 (r)) , 

27T 0,(1) 

and 



g ,7(f,T)sin /J (7rT) 1 ^ r ^ 2/A i ^ 
2n 0,(1) 



/ii 2 (f,r) = ~ ] ii Q ^ ln[a 2 (0+a 2 (r)]. 



By 

|2a,(fK(T)/(a- (0 + a 2 (r))| < |cos0,-| < 1, 
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we know that I\u(t, r) is smooth on [0, l] 2 . Let 0 < t, r < s, then we have 
a,(f) = 0(e), aj (T) = 0(e), I sin"(;rr)| = 0(ef) 

and 

|/i n(t, t)\ = 0(e u Ins) -» 0, e -» 0. 
Hence, /h2(/,t) is continuous on [0, l] 2 . Furthermore, 

I — ^ — I " I ~* 0^1) ^ h ( ° + ^' (T)|1 

,ar 0 (/,T) sin"(7ir) (xij(f fl (t))x' lj (ip IJ (t)) + (x 2 /^(f))4 i (^(f)))^(f) , 

+ 0^(1) fl 2 (f) + fl 2 (T) ' 

' J 

I 1 daij(t,T) sin^r), 
+ '27T dr 0^(1) ' 

= 0(^ 1 lne) + 0(s u )0(e 2 ' J )/0(£ 2 ' J+1 ) + 0(e" lne) 

= O(^ 1 lne) + O(^ 1 )-»0, £->0. (2.15) 



Similarly, we have 
l^/mftr). 



< 0(e^ 2 In e) + 0(s^- 2 ) -» 0, as e -» 0, 



1 <9t 2 

which shows that 5 an d fl/ " f jf' T) are continuous on [0, l] 2 . Similar to the proof mentioned above, we can prove 

dl '" d f T) and a -^§^ are continuous on [0, l] 2 . So, we can obtain / m (f, r) e C 2 [0, l] 2 for > 3 and I(t, r) e C 2 [0, l] 2 
for /i > 3 . 

For 0,- = 7r, we have 



i- | aa(t,T) sixf(m) , , 

|iy(f,T)| < ' A ff ^ ; (lnh(0 + flj(T)| 

+ ln8/3, 7 (f,T))| + |0(($y(f,T) - l)ln( 9l7 (f,r) - 1)^^| 

= 0(8? In e) + <9(e^ +2 In e). (2. 16) 

Similar to the case 0,- e (0, 2^), we also can prove Z?, 7 (f, t) e C 2 [0, l] 2 . 

3. MODIFIED QUADRATURE FORMULA AND DISCRETIZATION FOR INTEGRAL OPERATORS 

A reformulated rule based on the modified quadrature formula [4] to achieve the quadrature values for integrals 
with the logarithmically singular kernels can be described as follows 

f 1 N I '(t)\ 

In |? - t\(t(t)At = h Y \n\t - tMtj) + hlnC-^Mt) - hY ln(2\shm jh\)cr(t), (3.1) 

7 
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where tj = jh and the step size is h = 1 IN. 

Now we apply (3.1) to solve the boundary integral equation (1.6). Assume that hj = 1/rij (rij e N, j = 1, • • • , d) is 
the mesh size of Tj, t jm = Tj m = (m - 1 /2)hj (m = 1, ■ ■ ■ , nj) are the nodes on Tj. 

(1) When i + j, we can use trapezoidal rule [1] to construct the Nystom approxiamation K|i of Ky 

QSfrvjXt) = hj J] kij(f, Tj S )Wj{T js ), i, j = 1, • • • ,d, (3.2) 

s=l 

which has the error order at least O (h 3 ) by using the Sidi transformation [22]. The trapezoidal rule approximation By 



for the boundary integral operator By is 

"j 

(B*Wj)(t) = hj ^ bij(t, T jm )Wj(T jm ), t € [0, 1], i, ; = 1, d, 



(3.3) 



which has the error bounds [10, 22] 



(Byv^XO - (B^Wj)(t) 



O (hf +l ), for r/y = rj or Tj n T, = 0, ( e AT, 

0(r' (r+1)+1 ), for r.nr^ia 



where 



minjygj + 1,2], y even, 



min^ + 1,1), y odd. 

(2) When i = j, integral operator K„ = An + By has a logarithmically singularity, we use the reformulated formula 



(3.1) to construct the approximation Alj and Bll of A„ and B„, respectively, 



(Ajjw,-)(0 = - ^''^ T " } ( £ In |2e- 1/2 sin(;r(f - r ls ))\ w,(r, 5 ) - y m {t) 

(=l,f#T„. 



e 1/2 x;(0^(0. 



-In I— gI^| Wi (0). 



where 7,- = YllLi ln(2|sin(m'ft ( )|) and /z ; = !/«,(; = 1, • • • , cf). The error of (3.4) is 



(A>,)(f) - (AiiW,)(0 



(3.4) 



(3.5) 



where c, is a constant number. Accordingly, we have 
(BSwfXO = A/ bijif.Tn.ywifXi,) 

[(p;(0) 2 + (<(?)) 2 ] 1/2 x;(Qy;(o 



+ 



S=l,t*Tj 

Miift T «) 



2tt 



ln|8p,(0|-ln| 



2^e- 1 / 2 



(3.6) 
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Hence, the approxiamation Kj! of K„ can be constructed by 



au(t,T is )hi 

^ m 

2n 



1/2 

[(p;w) 2 + «a)) 2 ] 1/2 ^w^(o 



(Kjjw,-)© = *i X fe »(f,T, s M<T, s ) + ' fa emit) 

s=\,str is 

+ = In I \wi(t) 

2n 2n 



Wi(t), i = !,••• ,d. (3.7) 



Thus the approximate equation of (2.4) is 

K h w h = p h (3 g) 

where 

K h = [K^. =p F h = (/*,/*,•••,/*/, 
f* = (£(x,(0i))> S(*j(f/2», ■ ■ • , g^jitja)))', j = 1 , • • • , d, 

W h = (W*. W*. • • • , W* = (w*(Tii), W*(T a ), • • • , ^((T iMi ))) f , i = 1, • • • , d. 

In fact, E.q. (3.8) can be rewritten as 

(I h + (A h r 1 B h )W h = F h , (3.9) 

where A h = diag(Aj x , A^, • ■ • , Ajj d ), B h = [Bj]f . =1 , and F h = (A h ) _1 F h . 

Obviously, (3.9) has n (= Y?j=\ n j) unknowns. Once W h is solved from (3.6), 0(y) (y e Q,') can be calculated by 

d "/ 

^ W = Z Z P;(^(^))0*(X;(^fe), y)w, 7 . (3.10) 
;■=! i=i 

4. NUMERICAL EXAMPLES 

In this section, two numerical examples about the axisymmetric Laplace equation are computed by modified 
quadrature method in this paper. Let e„(x) = |<^ e xact(x) - <A«(x)| be the errors at the polar coordinate point x-(p,z) by 
modified quadrature method using n (= n j) boundary nodes, and let r n = e n /e n /2 be the error ratio by modified 
quadrature rule, where n = 2n/h. 

Example 4.1 Consider a finite solid cylinder with bottom radius R-2, and the height L = 3. Temperature on the 
upper base is g = 2, and the temperature on the other sides is 0. The analytical solution is 



2g sinhx°z/fl J 0 (x° k r/R) 



* exact ^*°sinh*°L/fl M4) ■ 



where Jq and J\ are 0 order and 1 order Bessel functions respectively. 

Assume that each boundary Fj ( j = 1, • • • ,3) be divided into 2 k (k = 3, • • • ,6) segments. We use <p 3 transformation 

9 
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to compute the points in the subregion Qi = {(r,z)\r = 0.1R : ±-R:0.9R, z = 0.1L : j^L : 0.9L, where N r = N z = 50}. 
By (2.3), we obtain ipi(t) = |cos 3 7rf - |cos7rf + \, where t e [0, 1]. 

The total node number of the whole boundary are n (= 3 x 2 k , k = 3, • • • , 6). The errors and error ratio of the 
polar coordinate points Pi = (0.5, 1), P2 = (0.5, 1.5) and P3 = (0.5,2) by modified quadrature method are listed in 
Table 2. From the numerical results, we can see that log 2 r„ « 3, which shows the experimental convergence order 
of (f> is O (h 3 ). The condition numbers for the matrix K h = A h + B h are listed in Table 1, where |/i m i n | and \A m . dx \ are 
minimum and maximum eigenvalues respectively. Let Cond. be the traditional 2-norm condition number, from Table 
1, we can see H* = Cond.|(2* i 2*,2 t )/C° n( i-l(2*- 1 ,2*- 1 ,2*- 1 ) ~ 2 (k = 4,5,6), which show the modified quadrature method 
has excellent stability. 

Fig. 1 shows that isolines of temperature distribution in the subregion and the errors for points along the line 
0.04 < r < 1.96; z = 0.06 by modified quadrature rule. Fig. 2 and Fig. 3 show the isolines of errors in the subregion 
Qi using modified quadrature rule. 

Table 1 : The condition number for Example 1 



n (2 3 ,2\2 3 ) (2 4 ,2 4 ,2 4 ) (2 5 ,2 5 ,2 5 ) (2 6 ,2 6 ,2 6 ) 

\A min \ 2.912E-3 1.409E-3 6.982E-4 3.164E-4 

|^ max | 1.016 1.017 1.017 1.017 

Cond 3.490E+2 7.219E+2 1.457E+3 3.215E+3 

E k 2.068 2.018 2.207 



Table 2: The errors for Example 1 



n 


(2\2\2 3 ) 


(2 4 ,2 4 ,2 4 ) 


(2 5 ,2 5 ,2 5 ) 


(2 6 ,2 6 ,2 6 ) 


e„(Pi) 


5.840E-4 


8.299E-5 


1.05 1E-5 


1.302E-6 


r„(Pi) 




2 2.815 


22.981 


2 3.012 


e n {Pi) 


6.961E-4 


1.016E-4 


1.296E-5 


1.629E-6 


r n (Pi) 




22.777 


22.970 


22.992 


e n (Ps) 


3.800E-4 


6.858E-5 


9.002E-6 


1.184E-6 


r n {Pi) 




22.470 


22.929 


22.927 



Example 4.2 Consider a finite solid cylinder with bottom radius R = 5, and the height L-l. Temperature on the 
upper base is g = r 2 , and the temperature on the other sides is 0. The analytical solution is 
(x°) 2 - 4 sinhx°z/fl J 0 (x° k r/R) 
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Figure 1 : The distributions of temperature when n = 3 X 2 (left) and errors for points along the line 0.04 < r < 1 .96; z = 0.06 by ifn, transformation 
(right) 




0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 



Figure 2: Isolines of errors of temperature by 3 X 2 3 boundary nodes (left) and Isolines of errors of temperature by 3 X 2 4 boundary nodes (right) 




0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 



Figure 3: Isolines of errors of temperature by 3 X 2 5 boundary nodes (left) and Isolines of errors of temperature by 3 X 2 6 boundary nodes (right) 

Let each boundary Tj (J =!,••• ,3) be divided into 2 k (k — 3, ■ • ■ , 6) segments. We also use <pj, transformation 
to compute the polar coordinate points in the subregion O2 = {(r,z)\r = 0.1R : -^-R : 0.9R, z — Q.IL : j=-L : 

11 
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0.9L, where N r = 50, N z = 50). 

The total node number of all piece-wised boundaries are n (= 3 x 2 k , k = 3,- • • ,6). The errors and error ratio 
of Pi = (0.5, l),P2 = (0.5,3) and P 3 = (0.5,5) by modified quadrature method are listed in Table 4. From the 
numerical results, we can see that log 2 r„ « 3, which shows the same experimental convergence order of cf> is O (/z 3 ). 
The condition numbers for the matrix K h = A h + B h are listed in Table 3, where \A m \ n \ and \A m . dx \ are minimum and 
maximum eigenvalues respectively. From Table 3, we can see — CondJ(2*,2*,2 fc )/Cond..|(2* _1 ,2 fc_1 ,2* _1 ) ~ 

2 (£ = 4,5,6), 

which show the modified quadrature method has excellent stability. 

Fig. 4 shows that isolines of temperature distribution in the subregion £^2 by using n = 3 x 2 6 boundary nodes and 
the errors for points along the line 0.10 < r < 4.00; z = 0.14 by modified quadrature method. Fig. 5 and Fig. 6 show 
the isolines of errors in the subregion Q 2 using modified quadrature method. 



Table 3: The condition number for Example 2 



A* 


A 3 


A 4 


A 5 


A 6 


Uminl 


2.669E-3 


1.302E-3 


6.461E-4 


2.453E-4 


l^maxl 


1.034 


1.034 


1.034 


1.034 


Cond 


3.829E+2 


7.942E+2 


1.601E+3 


4.216E+3 






2.074 


2.016 


2.633 


Table 4: The errors for Example 2 


A* 


(2\2\2 3 ) 


(2 4 ,2 4 ,2 4 ) 


(2 5 ,2 5 ,2 5 ) 


(2 6 ,2 6 ,2 6 ) 


e„(Pi) 


1.249E-3 


5.422E-5 


6.052E-6 


9.154E-7 


r n (Pi) 




2 4.525 


2 3.163 


2 2.775 


e n (Pi) 


6.616E-3 


6.62 1E-4 


8.005E-5 


1.029E-5 


r n (Pi) 




2 3.321 


2 3.048 


2 2.959 


e„(Ps) 


2.378E-2 


3.164E-3 


3.916E-4 


4.948E-5 


r„(P 3 ) 




2 3.113 


2 3.014 


2 2.985 



5. CONCLUSIONS 

In this paper, the modified quadrature method with Sidi transformation are applied for the first kind integral 
equations of 3D axisymmetric Laplace problems on polygons. The numerical results show that the rate of error 
convergence for the modified quadrature can achieve O (h 3 ). Furthermore, the excellent stability of the modified 
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0.5 1 1.5 2 2.5 3 3.5 4 4.5 0 1 2 3 4 5 

r 0.10<r<4.90; z=0.14. 



Figure 4: The distributions of isolines temperature by tp^ transformation when n = 3 X 2 6 and errors for points along the line 0.10 < r < 4.00; z = 
0.14 




0.5 1 1.5 2 2.5 3 3.5 4 4.5 0.5 1 1.5 2 2.5 3 3.5 4 4.5 



Figure 5: Isolines of errors of temperature by 3 X 2 3 boundary nodes (left) and Isolines of errors of temperature by 3 X 2 4 boundary nodes (right) 




0.5 1 1.5 2 2.5 3 3.5 4 4.5 0.5 1 1.5 2 2.5 3 3.5 4 4.5 



Figure 6: Isolines of errors of temperature by 3 X 2 5 boundary nodes (left) and Isolines of errors of temperature by 3 X 2 6 boundary nodes (right) 
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quadrature method has been presented, which shows the condition number of the discrete system of the weakly 
singularity problems is of the order O (/T 1 ). 
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Abstract. Wc introduce a viewpoint to analyze functional inequalities 
for the generalized version of Hyers-Ulam stability problems. Especially, 
this article focuses the following generalized version of Cauchy functional 
inequality containing an general extra term Gf. 

\\f(x + y) - f{x) - fiy) - G f ix, y)\\ < 0(x, y) 

We investigate the functional operator properties of Gf. And by virtue 
of this observation, we provide a method to produce lots of interesting 
additive functional equations as applications. 

Key Words : Generalized Hyres-Ulam stability, Cauchy type additive functional equation, 
functional operator, Banach space, iterative technique 

2010 Mathematics Subject Classification : Primary 39B, Secondary 26D 

1. Introduction 
In 1940, S. M. Ulam proposed the following stability problem (See [9]) : 

"Let Gi be a group and G?2 a metric group with the metric d. Given a 
constant 5 > 0, does there exist a constant c > 0 such that if a mapping 
/ : Gi — > G2 satisfies d(f(xy), f(x)f(y)) < c for all x,y € G±, then 
a unique homomorphism h : G\ — > G2 exists with d(f(x), h(x)) < 5 for 
all x G Gi?" 

In 1941, D. H. Hyers [2] answered this problem under the assumption that 
the groups G\ and G2 are Banach spaces. Later T. Aoki [1] and Th. M. 
Rassias [7] generalized the result of Hyers. Following these results, many 
interesting stability problems have been studied by various mathematicians. 

* Corresponding author. 
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2 CHANG IL KIM, GILJUN HAN, AND SEONG-A SHIM 

Among these, for additive equations, Th. M. Rassias [7] solved the general- 
ized Hyers-Ulam stability of the functional inequality 

||/(a; + y)-/(x)-/(y)||<e(||xf + ||j/|n 

for some e > 0 and p with p < 1 and all x, y G X, where / : X — > Y is a 
function between Banach spaces. 

In 1982-1989, J. M. Rassias [3, 4, 5] solved the generalized Hyers-Ulam 
stability of the functional inequality 

\\f( x + y )-f(x)-f{y)\\<e\\xny\\« 

for some e > 0 and p,q G R with p + q ^ 1 and for all x, y G X, where 
/ : X — > Y is a function from a real normed space X to a real Banach 
space Y. 

Also K. Ravi, M. Arunkumar and J. M. Rassias introduced the product- 
sum function in [8] and M. J. Rassias proved in [6] the generalized Hyers- 
Ulam product-sum stability of the Cauchy type additive functional inequal- 
ity 
(1.1) 

||/(x+y) + /(x-y) + /(y-x)-/(x)-/(y)|| <e(||xr/ 2 ||y|r/ 2 + ||x|| Q + ||y|| a ) 

for every x, y G X with e > 0 and a ^ 1, where / : X — > Y is a function 
from a real normed space A to a real Banach space Y. Here, we look at the 
functional inequality (1.1) as the following. 

|| /(a; + y) - f {x ) - /(y ) + Gf (x, y)\\ < e(||x|r/ 2 ||y|r/ 2 + ||x|| Q + \\y\\ a ), 

where Gf(x,y) = f(x — y) + f(y — x). In this inequality, Gf(x,y) can be 
considered as a functional operator depending not only on x, y G X but also 
on / : X — > Y. We can easily know that Gf(x, y) = f(x — y) + f(y — x) = 0 
for all additive function /. 

With this point of view, in general, for a given functional inequality 

(1-2) \\F(f,x,y)\\<<f>(x,y) 

we split the functional operator F into two parts as 

F(f,x,y) = S(f,x,y) + G f (x,y). 

Here S(f, x, y) is a standard form which characterize the function / satisfy- 
ing (1.2), and Gj is the extra term. Especially in this paper, we deal with 
the case of S(f,x,y) = f(x + y) — f(x) — f(y), and are interested in the 
conditions on Gj as functional operator in this case. In other words, we 
are interested in what kind of terms can be added to the standard additive 
functional equation 

f( x + y ) = f(x) + f(y) 

while the generalized Hyers-Ulam stability still holds for the new functional 
equation 

(1-3) f(x + y) = f(x) + f(y) + G f (x,y). 
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STABILITY OF THE GENERALIZED VERSION OF CAUCHY TYPE EQUATION ... 3 

The precise definition of Gf is given in section 2. Finally we remark that in 
order to the stability holds for the generalized version of the Cauchy type 
functional equation (1.3), a function / satisfying (1.3) should be additive. 
This would be an indispensable necessary condition on Gf in the general 
context. So we have to impose this fact as a condition in Theorem 2.1. 
However we eliminate this condition in some practical problems in section 
3. 

Furthermore in section 3, by our new observations, we illustrate methods 
which are easier than tedious calculations to solve the stability problems. 
And some of the interesting examples made from our observations are listed. 

2. Cauchy type additive functional inequalities with general 

TERMS 

Let X be a real normed linear space and Y a real Banach space. For given 
/ G N and any i G {1, 2, • • I}, let a\ : X x X — > X be a binary operation 
such that 

ai(rx,ry) = r<Ti(x,y) 

for all x, y G X and all r G R. It is clear that <7j(0, 0) = 0. 

Also let F : Y l — > Y be a linear, continuous function. For a map 
/ : X — > Y, define 

G f (x, y) = F(f{a!(x, y)), f(a 2 (x, y)), ■ ■ f{ai(x, y))). 

As mentioned in section 1, we consider the following condition on Gj 
which should be proved when specific expression for Gf is given. 

Condition 1. If / satisfies the equation (1.3), then Gj(x,y) = 0 for all 
x, y G X. 

We remark that Condition 1 implies Gf(x,y) = 0 for all x, y G X when 
/ is additive and satisfies (1.3). Now we prove the following main stability 
theorem. 

Theorem 2.1. Let Gf be a functional operator satisfying Condition 1, and 
assume that 

s t 

(2.1) \\Gf{x,x)\\< ^1^^(^,0)11+^11^(0,(5^)11 

i=l j=l 

for some s, t G N, some real numbers a^, bj, A«, Sj and for all x G X and all 

And let f : X — > Y be a mapping such that the inequality 

(2.2) \\f(x + y)- f(x) - f(y) - G f (x, y)\\ < e(||z||lyf + ||x|| 2 ^ + \\y\\ 2 P) 
holds for all x,y G X , e > 0 and p ^ \ - 



542 



CHANG IL KIM et al 540-554 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



4 CHANG IL KIM, GILJUN HAN, AND SEONG-A SHIM 

Then there is a unique additive mapping A : X — > Y such that 
for all x £ X. 

Proof. First we show that /(0) = 0. Since 

G f (x,y) = F(f{a 1 (x,y)),f{a 2 (x,y)),-- ■ , / (ai{x , y))) 
for a continuous linear map F, we can write 

i<i<i 

for some Cj G M. Since <7j(0,0) = 0, G/(0,0) = c/(0), where c = Xa<i<z c *- 

We claim that c^- 1. If c = — 1, then it is easily checked that a non-zero 
constant function / satisfies (1.3). But this contradicts to Condition 1. So, 

Setting x = 0, y = 0 in (2.2), we have 

0 = /(0) + G / (0,0) = (l + c)/(0). 

Since c / —1, we have /(0) = 0. 

Now we analyze the condition onG/. Setting y = 0 (x = 0, y = x, resp.) 
in (2.2), we get 

(2.4) ||G/(x,0)|| < e||x|| 2p (||Gfy(0, ar)|| < e|M| 2p , resp.) 

for all x £ X. Replacing y by x in (2.2), we get 

\\f(2x)-2f(x)-G f (x,x)\\ <3e\\x\\ 2p 

for all x £ X. By (2.1) and (2.4), we have 

||/(2s)- 2/(s)|| 
< 3e\\x\\ 2p + \\G f (x,: 



,x 



(2.5) 



< 3e||x|| 2p + ^2\\aiGf(XiX, 0)|| + ^\\bjG f (0, 5, 
i=i j=i 



s 



< [s + ^hia.i^ + ^i^ii^i^ ) C | 
i=l j=l 



x\\ 2p 



for all Let 



M = 3+J2\*i\\*i\ 2p +T,\ b i\\ s i\ 2p 

1=1 i=l 
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Suppose that p < \. Then by (2.5), for any n 6 N U {0}, we have 
||/(x)-2-"/(2 n x)|| 
= ||/(x) - 2- 1 /(2z)|| + ||2-V(2x) - 2- 2 /(2 2 x)ll + 
(2-6) • • • +||2- n+1 /(2 n - 1 x) - 2- n f{2 n x)\\ 



< Me \\x 



|2p; 



2 - 4? 

for all x € X. For any n G NU {0}, let f n (x) = 2- n f(2 n x). Then for n > m 
in N U {0}, by (2.6), we have 

\\fn(x) - fm(x)\\ 

= \\2~ n f{2 n x)-2- m f(2 m x)\\ 

= 2- m \\f(2 m x) - 2-(™- m )/(2 n - m (2 m x))|| 

1 _ 2(2p-l)("-™) 



< 2- m Me\\2 m x\\ 2p - 



2-4P 



1 o(2p— l)(n— m) 

< Me||x|| 2 f — -2 m ^) 

ii ii 2-4P 

for all x £ X. Since 2p — 1 < 0, {f n (x)} is a Cauchy sequence in Y. Since Y 
is a Banach space, there exists a mapping A : X — > Y such that 

A(x) = lim / n (x) 
for all x € X. By (2.6), we have 

ll/(x)-A(x)||<2^c||x||* 

for all i£l. Replacing x by 2 n x and y by 2 n y in (2.2), we have 

||2-"/(2"0z + y)) - 2- n f(2 n x) - 2' n f(2 n y) - 2' n G f (2 n x, 2 n y)\\ 
< e(\\x\\ p \\y\\ p + \\x\\ 2p + \\y\\ 2p )2 n ( 2p ~V 

for all x,y G X. Since 2p - 1 < 0, lim n ^ oc 2™( 2 p- 1 ) = 0 and by (2.7), we 
have 

A(x + y) = A{x) + Afo) + lim 2" ri G / (2 n x, 2 n y) 

for all x,y £ X. Since F is linear and continuous, by the conditions of <7j, 
we have 

lim 2- n G f {2 n x,2 n y) 

n^oo 

= lim 2- n F(f(a 1 (2 n x, 2 n y)), f(a 2 (2 n x, 2 n y)), • • •, f{a t {2 n x, 2 n y))) 

n— >oo 

= lim F(2-™/(2V 1 (x,y)),2-™/(2"a 2 (x,y)),...,2-™/(2"a / (x,y))) 



F(A(ai(x, y)),A(a 2 (x, y)), ■ • -, y))) 
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and we have 

A(x + y) = A(x) + A(y) + G A {x, y) 

for all x, y G X. Hence A satisfies (f .3) and so Ga(x, y) = 0 for all x, y G X 
by Condition 1. Thus A is additive. 

Now, we will show that A is unique. Suppose that C : X — > Y is an 
additive mapping satisfying (2.3). Since both A and C are additive, 

A{2 n x) = 2 n A(x), C(2 n x) = 2 n C(x) 

for all x G X and all n G N U {0}. By (2.3), we have 

\\A{x)-C(x)\\ 

< 2- n \\A{2 n x) - f{2 n x)\\ + 2~ n \\f{2 n x) - C{2 n x)\\ 

< -^eWxfn^' 1 ^ 1 — > 0 
- 2-4P 

as n — > oo, because 2p < 1. Hence we can conclude 

A(x) = C{x) 

for all x G X. Thus we prove Theorem 2.1 for the case of p < \. 
Suppose that p> \- Replacing x by 2~ l x in (2.5), we get 

- 2f(2- 1 x)\\ < Me\\x\\ 2p 2- 2p 

for all x G X and by similar calculation as (2.6), we get 

\\f(x)-2 n f(2- n x)\\ 

< J^_ e |U||2p(l _ 2 (1-2P)») 

- 4 p _ 2 ii ii v j 

for all £ G X and all n G N. Then {2 n f(2~ n x)} is a Cauchy sequence in Y. 
Since 1" is a Banach space, there exists a mapping A : X — > Y such that 

A(x) = Jhn 2 n /(2" n x) 

for all x £ X. Moreover, we have 

\\f(x)-A(x)\\<J^e\\x\\ 2p 

for all x G X. Replacing x by 2~ n x and y by 2~ n y in (2.2), we have 

\\2 n f{2- n (x + y)) - 2"/(2- n x) - 2 n f(2~ n y) - 2 n G f (2~ n x, 2~ n y)\\ 
< e(\\x\\ p \\y\\ p + ||x|| 2p + ||y|| 2p )2 n ( 1 - 2p ) 

for all x, y G X. Since 1 - 2p < 0, lim^oo 2 n(1_2p) = 0 and hence 
A(x + y) = A{x) + A(y) + G A {x, y) 

for all x,y £ X. 

The rest of the proof for p > ^ is similar to the above proof for p < \ . □ 
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Surprisingly, if we confine Gf to somewhat special cases, the Condition 1 
in Theorem 2.1 is automatically satisfied just after checking some additional 
conditions on Gf, without considering full equation (1.3). For example, 
among Gf satisfying 

(2.8) G f (x,y)= ^2 Cif(miX + niy) 

l<i<l 

for mi, rii G Q and a G R with 

(2.9) ^ CjiTii = Cj-rii = 0, ^ Cj|mj| / 0 or a\nj\ / 0, 

we can find a class of examples of Cauchy type functional equations satis- 
fying the generalized Hyers-Ulam stability. The following corollary gives an 
answer to this problem, which contains many interesting examples. 

Corollary 2.2. Assume that Gf satisfies (2.8), (2.9) and all of the condi- 
tions in Theorem 2.1 hold except Condition 1. Further, suppose that for all 
k G N, there exists ^Gl such that 

(2.10) \\G f (x,(k + l)x)\\ < \\G f (» k x,k» k x)\\ 
and 

(2.11) G f (-x,-y) = Gf(x,y), 

for all x, y G X and all f : X — > Y. Then there is a unique additive 
mapping A : X — > Y such that 

\\f(x) - /(0) - A(x)|| < | 2 _ 4p| e ll g ll^ 

for all x G X. 

Proof. When Gf has the form of (2.8), if / satisfies (1.3) then /(0) = 0 
or Yli c i = — 1- But in the case of J2i c i = ~ 1> ^ i s easily verified that 
f(x) — /(0) also satisfies (1.3) and (2.2). Hence it is enough to prove with 
the assumption /(0) = 0. 

First, we claim that if / satisfies (1.3) then / is additive. Set y = 0 
(x = 0, resp.) in (1.3), then we have 

(2.12) G f (x, 0) = 0 (G/(0, y) = 0, resp.). 
Setting y = x in (1.3), we have 

G f (x,x) = f(2x)-2f(x). 
So by (2.1) and (2.12), we have 

(2.13) /(2s) - 2f(x) = 0. 
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Prom (2.10), we have 

\\G f (x,kx)\\ <\\Gf([i k -ix, (k - l)/i fe _ix)|| 

(2.14) : 

<\\Gf(n k -lfJ-k-2 ■ ■ ■ fJ-lX, (I k -lfJ>k-2 ■ ■ ■ Hix) || 

for k > 2. By (2.1) and (2.12) we have G f (x,x) = 0 for all x G X. So from 

(2.14) we have 

(2.15) G f (x,kx) = 0 

for all k G N and all x e X. Setting y = kx in (1.3), we have 
G f (x, kx) = f{(k + l)x) - f(x) - f(kx), 

hence by (2.15), 

(2.16) /((& + \)x) — f(x) — f{kx) = 0. 

So, from (2.13) and (2.16) the standard induction argument gives that 

f(nx) = nf(x) 

for all positive integer n, and by the same argument in the proof of Theo- 
rem 2.3 below, we also have 

(2.17) f(rx) = rf(x) 

for all positive rational number r. 

Now, without loss of generality, we may assume that not all mj's are 
zeroes and J2 c i\ m i\ u - Denote by I + , I~ the set of all i's satisfying m; 
to be positive, negative respectively. Then by (2.17), we have 

0 = Gf(x,0) = ^Cifimix) = ^2 Cjf(mjx) + ^ c k f{m k x) 

(2.18) 

= ^2 c i m jf( x ) + ^2 c k {-m k )f(-x). 
jei+ kei- 

By (2.9), we have 

(2.19) ^2 c 3 m i = ~ ^2 c k m k + 0, 

jei+ kei- 
hence by (2.18) and (2.19), we have 

/(-*) = -/(*). 

It means that Gf(—x, —y) = —Gf(x, y), so from (2.11) we have Gf(x, y) = 0 
for all x, y G X, that is, / is additive. 
In fact, we showed that 

firx) = rf(x) 

for all rational number r. 

Now the rest part of the proof is the same as that of Theorem 2.1. □ 
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Note that we don't need continuity condition on / to prove Theorem 2.1. 
As in [7], if we impose the continuity condition we can also get the similar 
conclusion in our cases. So we can get the following theorem. 

Theorem 2.3. Let f : X — > Y be a mapping satisfying the conditions of 
Theorem 2.1. Suppose that f(tx) is continuous on R for each x G X. Then 
there is a unique linear mapping A : X — > Y satisfying (2.3). 

Proof. By Theorem 2.1, there is a unique additive mapping A : X — > Y 
satisfying (2.3). Let r G R. If r € N, then A(rx) = rA{x) for all x G X, 
because A is additive. Since A is additive, 

A(-x) = -A(x) 

for all x £ X and hence if r = 0 or r is a negative integer, then 

A(rx) = rA(x) 

for all x £ X. For any integer 0), 

\ m J \m 

and so 

—A(x) = A ( —x 
m \m 

If r = ^ for integers n, m(m / 0), then 
(2.20) A ( -x) = -A(x) 

for all x £ X. Suppose that r£l. Then there is a sequence {r n } in Q such 
that r = lirm^oo r n and since f(tx) is continuous on R for a fixed x £ X, 
by (2.20), we have 



A(rx) = lim 2" n /(2 n rx) 

= lim 2~ n ( lim f{2 n r k x) J 



= lim A(rfcx) 
= lim rfc^4(a;) 
= r^4(x) 

for all Hence A is a linear mapping. □ 

Remark 2.4. In Corollary 2.2, if we impose the continuity condition on 
f(tx) as in Theorem 2.3, the functional Gf can be extended to 

G .f(. x ^y)= y2 Cif(miX + niy) 



Ki<l 



for Cj, mj, n, G 
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3. Applications 

In this section, by virtue of the theorems in section 2, we prove the gener- 
alized Hyers-Ulam stability theorem for some selected functional equations. 
The first example can be proved by slightly modified application of Corol- 
lary 2.2. Consider the following functional equation : 

(3 fix + y)- f(2x - 3y) - f(3y - 2x) - /(6y - Ax) + Af (Jy - x 
=f(x) + f(y) 

Theorem 3.1. Let f : X — > Y be a mapping such that 

\\f(x + y)- f(2x - 3y) - f{3y - 2s) - f(6y - Ax) + 4/ - x 

-f{x)-fm<<Mnv\\ p + M?* + \\vf*) 

for all x,y G X, some e > 0, and p / \. Then there is a unique additive 
mapping A : X — > Y such that 

\\f(x)-f(0)-A(x)\\< ^J^ eWxfv 

for all x £ X. 
Proof. In this case, 

G f (x, y) = f(2x - 3y) + f(3y - 2x) + f(Qy - Ax) - Af 

Let f{x) = f(x) - /(0). Then 

Gjix, 0) =f(2x) + fi-2x) + Ji-Ax) - Afi-x) 

Gjix, x) =fi-x) + f{x) + Ji2x) - 4/Qx) 

Gjix, kx) =/((2 - 3k)x) + fH3k - 2)x) 

+ /(2(3fc-2)x)-4/^^^ 

Gjix, {k + l)x) =/((-l - 3k)x) + fH3k + l)x) 

3k + 1 



+ /(2(3A; + l)x) - Af 
Now simple calculations give the following. 

Gjix,x) = Gj^-^x,0^j 
Gj(x, ik + l)x) = GjijikX, kfi k x) , 

where fi k = 
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By the same argument in the proof of Corollary 2.2, we have 

(3.2) J(rx) = rf(x) 

for positive rational number r. So, if / satisfies (3.1), we have 

0 =G f (x, 0) = J(2x) + /(-2s) + /(-4s) - 4/(-s) 

(3.3) ' „ , 
=2 (/(s) + /(-s)) . 

By (3.2) and (3.3), if / satisfies (3.1) then Gj(x,y) = 0 for all x, y £ X, 

hence / is additive. 

So the proof is completed by Corollary 2.2. □ 

Second example does not satisfy the conditions in Corollary 2.2, but The- 
orem 2.1 works well for it. Consider the following functional equation : 

(3.4) f(x + y) = f(2x-4y)-f(x)+5f(y) 
Theorem 3.2. Let f : X — > Y be a mapping such that 

\\f(x + y)-f(2x-4y) + f(x)-5f(y)\\ 

<e(IMHMr + IMI 2p + IMI 2p ) 

for all x,y G X, some e > 0, and p ^ \. Then there is a unique additive 
mapping A : X — > Y such that 

for all x e X. 

Proof. Setting y = 0 in (3.4), we have 

(3.5) f(2x) = 2f{x). 
Setting y = x in (3.4) and using (3.5), we have 

(3.6) f(-x) = -f(x). 

Setting x = —2y, y = x in (3.4), and using (3.5), (3.6), we have 

(3.7) f(x - 2y) = -4/(x + y) - 2f(y) + 5/(x). 
Using (3.5) and calculating {(3.4) + 2 x (3.7)}, we have 

f(x + y) = f(x) + f(y), 

hence / is additive. 
Now 

G f (x,y) = f(2x-4y)-2f(x)+4f(y) 
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in this case, so we have the followings. 

G f (x,x) = f(-2x) + 2f(x) 
G f (x,0) = f(2x)-2f(x) 
G f (0,x) = f(-4x) + 4f(x) 

So, we have 

G f (x,x) = 2G f (^,o)+G f (0, |), 

hence 

||G/(x,x)||< 2 1^(1,0)1 + 1^ (0, |)| . 

Thus the proof is completed by Theorem 2.1. □ 

Next two examples have some nondetermined constants in the functional 
equations. Consider the following equation : 

(3.8) f(x + y) + f{mx - ny) + f(ny - mx) = f(x) + f(y) 

for real numbers m,n. If m = n = 0, then we have the result trivially, so 
without loss of generality we assume that 

Theorem 3.3. Let f : X — > Y be a mapping such that 

\\f(x + y) + f(mx - ny) + f(ny - mx) - f(x) - f(y)\\ 

<e(II^IMr + IMI 2p + IMI 2p ) 

for all x,y € X, some e > 0, and p ^ \. Then there is a unique additive 
mapping A : X — > Y such that 

1 1 ~ / \ ., . 3m 2p + \m - n\ 2p 2 
II/(X) " A(X)11 ~ W 2 P |2_ 4P | 6 H X II P ' 

for all x G X. 

Proof. Suppose that / satisfies (3.8). Replacing y by 0 in (3.8), we have 

(3.9) f{mx) = —f(—mx) 
for all x G X. Replacing x by ^ in (3.9), we have 

(3.10) f(x) = f(-x) 

for all x <E X. Hence by (3.10), / is additive. 
For any x, y G X, let 

ai(x,y) = mx — ny, a 2 {x,y) = ny - mx 

and for any s,t EY, let 

F(s,t) = s + t. 

Then cij(rx, ry) = rai(x, y) for all x, y G X and all r G R and F : y 2 — > Y 
is a linear, continuous function. Since 

Gf(x, y) = -f(mx - ny) - f(ny - mx), 
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we have 

Gf(x, x) = —f((m — n)x) — f((n — m)x) 
Gf(x,0) = —f(mx) — f(—mx) 

for all x G X. Hence we have 

G f (x,x) = G f (\x,0) 



for all x e X, where A = m ^ !1 . 

So the proof is completed by Theorem 2.1. □ 

Remark 3.4. When m and n are rational numbers in Theorem 3.3, in virtue 
of Corollary 2.2, we can get the results by checking the followings. 

Gf(—x, —y) = —f(—mx + ny) — f(—ny + mi) 
Gf(x, 0) = —f(mx) — f(—mx) 
Gf(x,x) = —f((m — n)x) — /((n — m)x) 

G f (x, (k + l)x) = -f(jm - n{k + l))x) - f(jn(k + 1) - m)x) 

Gf(x, kx) = —f(jrn — nk)x^ — f(^(nk — m^x^j 

Now simple calculations give the followings. 

Cj|mj| = — \m\ — \m\ / 0 
G f (-x,-y) = G f (x,y) 
G f (x,x) = G f (Xx,0) 
Gf(x, (k + l)x) = Gf(tXkX, kfi k x) 

with A = = "^t 1 * if m £ nk for any k G N. 

If m = nko for some ko G N, then Gf(x, k^x) = 0. So, we can still have 
Gj(x, kx) = 0 for all k G N by restarting induction argument in Corollary 2.2 
from ko. Now Corollary 2.2 can be applied. 

In this case, using Corollary 2.2 looks like more complicated than checking 
Condition 1. But Corollary 2.2 provides a systematic way to prove the 
stability theorem. Also, it is more effective to use Corollary 2.2 when Gf has 
many terms. Furthermore Corollary 2.2 gives a class of functional equations 
which satisfy generalized Hyers-Ulam stability theorem just by calculating 
the properties of Gf. 

Theorem 3.3 can be regarded as a general version of the following stability 
problem appeared in [6]. 

Theorem 3.5. ([6]) Let f : X — > Y be a mapping such that 

|| /(a; + y) + /( X _ y) + f(y - X ) - /( X ) _ /(y)|| 

<e(iMriMr + iMi 2p +iMi 2p ) 
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for all x,y G X, some e > 0, and p ^ \. Then there is a unique additive 
mapping A : X — > Y such that 

3 



ll/(z)-^)ll<^f^NI 2p 



for all x £ X. 



The last example in this paper looks like a little bit complicated, but it 
can be proved by Theorem 2.1. Consider the following equation : 

(3.11) 2 f{x + y) + f(mx) + mf(-x) + f(-x - y) = f(x) + f(y) 

for real number m/-2. 

Theorem 3.6. Let f : X — > Y be a mapping such that 

\\2f(x + y) + /(mi) + mf(-x) + f(-x - y) - f(x) - f(y)\\ 

<<\M p \\y\\ p + M 2p + \\y\\ 2p ) 

for all x,y G X, some e > 0, and p / ^. Then there is a unique additive 
mapping A : X — > Y such that 

(3-12) ll/(x)-A(x)||<^^e||x|| 2 P 
for all x £ X. 

Proof. Suppose that / satisfies (3.11). Putting x = 0, y = 0 in (3.11), we 
have /(0) = 0. Putting y = 0 in (3.11) we have 

(3.13) f(mx) + mf(-x) + f(x) + f(-x) = 0 
for all x G X. Putting x = 0, y = x in (3.11), we have 

(3.14) f(x) + f(-x) = 0 

for all x G X. Plugging (3.14) into (3.13), we have 

(3.15) f(mx) + mf(-x) = 0 

for all x £ X. Applying (3.14) and (3.15) to (3.11), we have 

f(x + y)=f(x) + f(y) 

for all x, y G X. Thus / is additive. 
Since 

Gf(x, y) = -f(mx) - mf(-x) - f(x + y) - f(-x - y), 

we have 

Gf(x,x) = -f{mx) - mf(-x) - f(2x) - f{-2x) 
G f (x, 0) = -f(mx) - mf(-x) - f(x) - f(-x) 
G f (0,x) = -f(x)-f(-x) 
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for all x £ X. Hence 
\\G f (x,x)\\ 

= \\f(mx) + mf(-x) + f(2x) + f(-2x)\\ 

<\\f(mx) + mf(-x) + f(x) + f(-x)\\ + \\f(x) + /(-x)|| + \\f(2x) + f(-2x)\\ 
= \\G f (x,0)\\ + \\G f (0,x)\\ + \\G f (0,2x)\\ 
for all 

Now the proof is completed by Theorem 2.1. □ 

As Remark 3.4, we can show that if m is a rational number in Theorem 3.6, 
then the result can be obtained after straightforward checking the properties 
of Gf as in Corollary 2.2, instead of after proving Condition 1. Furthermore, 
even though the condition m ^ — 2 is needed for using Theorem 2.1 directly, 
if m = — 2 then we can actually conclude that there exists a unique additive 
mapping A : X — > Y satisfying 

\\f(x)-f(0)-A(x)\\<±^e\\x\\* 

for all x £ X, by the argument in the proof of Corollary 2.2. 

And, in all of the theorems in this section, if f(tx) is continuous on M for 
each i£l then A is linear by Theorem 2.3. 
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some inequalities of special means. 
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1 Introduction 

Throughout this paper, we use the following notation 

R = (-00,00), R 0 = [0,oo), and K + = (0,oo). 

The following definitions are well known in the literature. 

Definition 1.1. A function / : I C R —> R is said to be convex if 

f(Xx + (1 - X)y) < Xf(x) + (1 - X)f(y) 

holds for all x,y £ I and A £ [0, 1]. 

In [9], H. Hudzik and L. Maligranda considered, among others, the class of functions which are 
called s-convex in the second sense. 
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Definition 1.2 (0). Let s be a real number s € (0,1]. A function / : Mo 
s-convex (in the second sense), or say, / belongs to the class K 2 S , if 



lo is said to be 



f(Xx + (1 - X)y) < X s f(x) + (1 - A) s /(y) 

for all x,y £ I and A € [0, 1]. 

In [18], the concept of extended s-convex functions was introduced as follows. 

Definition 1.3 ([IB])- For some s € [—1,1], a function / : I C M. 0 — s- R is said to be extended 
s-convex if 

f(Xx + (1 - X)y) < X s f(x) + (1 - \yf(y) 
is valid for all x,y € I and A € (0, 1). 

If/:7CM— >-Risa convex function on [a, b] C J with a < b. Then 



! 2 ~ b-a 



(i.i) 



In the literature, Simpson's inequality may be recited as Theorem 1 1 . 1 1 below . 

Theorem 1.1 ([6]). // / : [a,b] — > K is a four times continuously differentiable function on (a, 6) 
and its fourth derivative on (a, 6) is bounded by ||/^ 4 -'|| = su P2;e(a &)|/^ 4 H a: )| < 00 > ^en 



/(x)dx- 



b — a 



M±M + 2 f f " + h 



< 



{b-af\\f^\ 
2880 



(1.2) 



In recent decades, many inequalities of Hermite-Hadamard type and Simpson type for various 
kind of convex functions have been established. Some of them may be recited as follows. 



Theorem 1.2 (0 Theorems 2.2 and 2.3]). Let f : 1° C 

and a, b G 1° with a < b. 



be a differentiable mapping on 1° 



1- If\f'i x )\ * s convex on [a,b], then 



/(«) + f(b) 1 



f{x)dx 



< 



(b-a)(\f(a)\ + \f(b)\) 



2 b-a 

2. If the mapping |/ / (a;)| P// '- p_1 ^ is convex on [a, 6] for p > 1, then 



/(a) + f(P) 



1 



b — a 



f(x)dx 



< 



b- 



2(p+1)Vp 



|/'(o)|*/(p-i) + |/'(6)|p/(p- 



-Dni-i/p 



(1.3) 



(1.4) 



Theorem 1.3 ([HI Theorems 1 and 2]). Let f : I C K -> K &e differentiable on 1° and a,b € I 
with a <b. If \ f'\ q is convex on [a, b] for q > 1. i/ien 



f(a) + f(b) 1 
2 &-a 



/(x)dx 



< 



6- 



and 



a + b 



b — a 



f(x)dx 



< 



b — a 



\f'(a)\' ! + \r(b)\ q 
2 

l/'WI' + l/W 



1/9 



1/9 



(1.5) 

(1.6) 
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Theorem 1.4 ([TJ Theorems 2]). Let f" : I C K — > K be an absolutely continuous function on 1° 
such that f" G L([a, b]) and a,b G 1° with a < b. If \f"'\ is quasi-convex on [a, b], then 



f{x)dx 



< 



b — a 
6 

1152 



f(a) +4/ 



a + b 



max||/"'(a)|, 



f(b) 
a + b 



f" 



,\f"'(b)\ 



(1.7) 



Theorem 1.5 (0 Theorem 3.1]). Let f : I C R 0 ->• M 0 &e differentiable on 1° , a,b G 1° with 
a < b, and f" G L([a, b]). If |/'"| 9 is s-convex on[a, b] for s G (0, 1] and q > 1, £/ien 



/(«) + f(b) 1 



b — a 



f{x)Ax- h ^[f'{b)^f{a)} 



< 



(b - af 
192 



3 f Q2-s 



2 2 ~ s (s + 6 + 2 s+2 s) 



(s + 2)(s + 3)(s + 4) 



[l/'"(a)l 9 + ir'(6)l 9 ] 1/<? . (1.8) 



Theorem 1.6 ([H] Theorems 3]). Lei / : I C M 0 - * fee a differentiable functions on 1° such 
that f" G L([a, &]) and a, 6 G 7° wit/i a < b. If \f"'\ q is s-convex in the second sense on [a, b] for 
some fixed s G (0, 1], then 



f(x)dx- 



b — a 



/(a) + 4/ 



a + 6 



/(&) 



<^-6^V"(a)l + l/" 



-4-s 



[(1 + s)(2 + s) + 34 + 2 s+4 (-2 + s) + lis + s 2 ] 



(s + l)(s + 2)(s + 3)(s + 4) 

Theorem 1.7 ([HI Theorem 3.1]). Let / : I C M.q — > E be a differentiable function on 1° , a, b G I 
with a < b, /' G L([a, 6]), awe? 0 < A, /i < 1, smc/i that \ f'\ q for q > 1 is extended s-convex on [a, 6] 
/or some /ised s G [— 1, 1]. 



L J/-1 < s < 1, tfien 



1 



^™ + ^/(^i-^//<^ 



< 



6 — a 
2 s /?+ 2 



1 

(s + l)(s + 2) 



1/9 



< I ^ - A + A 2 



i-i/g 



{2(2 - A) s + 2 + [(s + 2)A - 2]2 S+1 + (s + 2)A - s - 3} |/'(a)|« 



+ [2A s+2 -(s + 2)A + s + l]|/'(6)|^ 



1/9 fl 



1-1/9 



(2/i s+2 - (s + 2)/i + . 



+ l)|/'(a)|' + [2(2 - /i) s + 2 + ((s + 2) M - 2)2 S+1 + (s + 2)/x - s - 3] . (1.9) 



1/9 



If s = —1, we have 
r a + b\ 1 



b — a 



f(x)dx 



< 



b — a 
23- 2 /9 



x { [(2 In 2 - 1)|/»|« + |/' (&)!*] 1/9 + [|/'(a)|« + (2 In 2 - l)\f'(b)\ q ] (1.10) 



1/91 
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For more information on Simpson type inequalities in recent years, please refer to [H |31 El |Hl EH 
H3 El LT3 US LT3 EH] and closely related references therein. 

In this paper, we will establish some new integral inequalities of Simpson type for extended 
s-convex functions. 

2 An integral identity 

In order to prove our main results, we need the following integral identity. 

Lemma 2.1. Let / :/ CM->l be a third differentiable mappings on 1° , a, b G / with a < b, and 
f" <= L([a,b]). Then 



f(a) +4/ 



f(b) 



1 

b — a 



f(x)dx 



(b-a) 
96 



3 rl 



t(i-ty 



ntb+d-t^-rfta+a-t)^ 



dt. (2.1) 



Proof. Integrating by parts and changing variable of definite integral yield 



t{l-tf 



f"[tb + (l-t) a -±^)-f"(ta + (l- t f-^ 



dt 



b — a 



t(i-tyf"[tb + (i-t) 



a + b 



(3t 2 -4< + l)/" itb+(l-t) 



a + b 



t(l-tyf'[ta + (l-t)- 



(b-a) 2 
l 



(3r-4i + l)d/' (tb+(l-t) 



o Jo 

- j\it 2 -4t + l)/"^a + (l-0 a ^ 6 ) dl 
a + b 



dt 



a + b 



(3r -4t+ l)d/' ta+{l-t) 



(b-a) 2 
i ( a + b 



b — a 



(6* - 4) d /Ita +(!-*) 



(b- a y 



2/(a) + 8/ 



a + b 



2/(6) 



96 



{b-aY J a 



f{x)dx. 



Multiplying by ^ 9 °^ on both sides of the above equations leads to the identity (pOj. Lemma 
is proved. 



2.1 



□ 



3 Simpson type inequalities for extended s-convex functions 



Now we are in a position to establish some new integral inequalities of Simpson type for functions 
whose third derivatives are extended s-convex functions. 
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Theorem 3.1. Let f : I C R 0 — > R be a third differentiable mappings on I, a, b 6 1° with a <b, 
and /"' £ L([a, b]) such that \f"'\ q is extended s-convex on [a, b] for q > 1 and some /lied s £ [—1, 1]. 



/(a) +4/ 



a + 6 



•/(&) 



1 



(6 - a) £ 
96 



2|/'"(a)|« + ( S + 2) 



6 — a 
a + b 



f(x)dx 



1 15 



1-1/9 



1 



(s + 2) 



(s + 2)(s + 3)(s + 4) 



a + b 



-1 1/9 



•2|/'"(6)|« 



Proof. By virtue of Lemma 2.1 Holder's integral inequality, and the extended s-convexity of 
we have 



/(a) +4/ 



a + b 



/(&) 



1 



6-, 



< 



< 



(b-a) 
96 

(b-a ) ; 
96 



3 /•! 



i(l-t) S 



/"' to +(!-*) 



/0)dx 
a + 6 



r a-t)^-+ti. 



3 / /•! 



i(l-^) 2 di 



1-1/9 



*(i-*r Kir'wi'+a-*) 4 



*a-*r a-*) 



a + b 



96 V 12 



+f|/ w (6)|« ) dt 

1/9 



Tl/9 



(s + 2)(s + 3)(s + 4) 



2|/'"(a)r + (.s + 2) 



/* 



dt 

a + b 
2 



a + 6 



df 



i/'/ 



i/'/ 



( S + 2) 



a + b 



2\f"'(b)\« 



1/9 



Theorem |3.1| is proved. 

Corollary 3.1.1. Under conditions of Theorem \3 . 1\ 
1. if q = 1, we have 



□ 



/(a) + 4/ 



/(*) 



1 



< 



6 — a 
(6 - a) 3 



48(s + 2)(s + 3)(s + 4) 



f(x)dx 

+ + 2) 



a + 6 



U. if q = 1 and s = 1, i/ien 
'a + 6 



/(a) + 4/ 



•/(&) 



6 — a 



< 



/(x)dx 

(b-a) 3 
2880 



l/'"(a)l + 3 



a + 6 



5 
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3. if q = 1 and s — 0, we have 



■l a t 2 b ) /('') 



b — a 



< 



f(x)dx 

jb-a) 3 
1152 



l/"»l+2 



\f"'(b)\ 



4- if Q = 1 and s — —1, we have 



f{a)+4f[^)+f(b) 



b — a 



< 



f(x)dx 

(b - a) 3 
288 



a + b 



\f"'(b)\ 



Corollary 3.1.2. Under conditions of Theorem \3.1 
1. if s — 1, then 



/(a) +4/1^ )+/(&) 



2|/'"(a)|« + 3 



1 



b — a 
a + b 



f(x)dx 



i/'/ 



< 



(6-a) 3 /l\ 



1/9 



1152 \5J 
,,„, a + b 



2|/»|« 



2. if s — 0, we /icwe 



/(o)+4/(^]+/(6) 



b — a 



f(x)dx 



< 



(b - af 
1152 

5. if s = —1, we have 



a + 6 



1/9 



|/"'(6)|« 



b — a 



f{x)dx 



< (^! 2 i/J 

- 1152 \ 



2|/'"(a)| 9 



i/'/ 



a + 6 



2|/"'(fe)r 



i/'/ 



Theorem 3.2. Let f : I C K 0 — > K &e a third differentiate mappings on I, a,b £ 1° with a < b, 
and /"' € £([a, b]) such that \ f"'\ q is extended s-convex on [a, b] for q > 1 and some fixed s £ [—1, 1]. 
Then 



/(a) + 4/(^]+/(6) 



1 



6- 



/(x)dx 



< 



(fo-a) 3 /l\^ 1/,? 



9(i 
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B(* + 2,2? + l)|/"'(a)|9 + 



1 



1 

{2q + s + l)(2q + s + 2) 



a + b 
2 



1/9 



/* 



a + b 



{2q + s + l)(2q + s + 2) 
where B(a, /3) is the classical beta function defined by 



-1 1/9 



+ B{s + 2,2q+l)\f'"{b)\" 



B(a,P)= ^(l-tf^dt, a,0>O. 



Proof. Since \f"'\ q is extended s-convex on [a, b], by Lemma 2.1 and Holder's inequality, we obtain 

r-b 



/(a) +4/ 



3 /■! 



< 



< 



a + b 
2 

t(l-tf 



1 

6 

ib-a) 
96 

(b - af 
96 



t(l-t) 2 ^(l-i) 
(6- a) 3 /1 X 



1 

b — a 



fib) 

f"'(ta + (l-t) 



f(x)dx 
a + b 



na-tf^ + tb 



3 / r 1 \ 
tdt 



t(l~t) 2 "(t s \r(a)\^ + (l-ty 



a + b 



f" 



a + b 



-t s \f"(bW)dt 



1/9 



96 



1 



B(s + 2,2q + l)\f'"(a)\" + 



1 



a + b 
2 



_(2q + s + l)(2q + s + 2) 
Theorem |3.2| is thus proved. 
Corollary 3.2.1. Under conditions of Theorem \K 
1. if s = 1, then 



{2q + s + l){2q + s + 2) 

9 1 1/9 

+ B(s + 2,2q+l)\r(b)\" 



dt 

9\ "|l/9 

dt 



a + b 



1/9 



□ 



f(a) +4f 



a + b 
2 



f(b) 



2\f'"(a)\« + (2q + l) f 



1 

b — a 
a + b 



f(x)dx 

1/9 



< 



{b-af 
192 



1 

(2g + l)( 9 +l)(2« + 3) 



1/-/ 



(2«+l) 



a + b 



2\f'"{b)\" 



1/9 



2. if s = 0, we have 
l\f(a) + 4f 



a + b 
2 



f(b) 



b — a 



f(x)dx 



< 



(fe-a) £ 
192 



1 

(2g + l)(<z+l) 



1/9 



a + b 
2 



1/9 



a + b 
2 



\f"(bW 



1/9' 



7 
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3. if s = — 1, we have 

'a + b 



/(a) + 4/ 



2g|/'"(a 



f(b) 



"'(n\\1 



1 



b — a 
'a + b 



f(x)dx 
<n 1/9 



< 



(6-a) s 



192 



1 



a(2<z + 1) 



1/9 



a + 6 



-1 1/9 



•2g|/ w (6)|« 



Theorem 3.3. Let q > r, £, m, n > 0, / : 7 C R 0 — ^ K 6e a i/iird differentiable mappings on I, 
a, 6 7° urat/i a < b, and /"' € £([a, b]) such that \ f'"\ q is extended s-convex on [a, b] for q > 1 and 
some fixed s € [—1,1]. TTien 



J»+4/ 



a + 6 



-/(&) 



1 



b — a 



f(x)dx 



< 



(b-a) 3 



96 



B 



( 2q-r-\ 3q-£-l 

V 9-1 ' q-i 



1-1/9 



B(r + s + !,£+ l)|/"'(a)| 9 + B{r + l,£ + s + 1) 



/* 



3q — n — 1 

9-1 



1-1/9 r 



7?(m + l,n + s + 1) 



a + b 





g- 


1/9 

+ 


\ B (2q-m 


- 1 








I V 9-1 










1/9 


+ B(m + 


s 


+ 1,71- 


H)|/'"(&)|« 





Proof. Since is extended s-convex on [a,b], by Lemma 2.1 and Holder's inequality, we have 



/(«) + 4/ 



< 



< 



1 

6 

(b-a) 
96 

(6 -a) 3 
96 

+ (1-*) 



3 /■! 



a + & 
2 

*(l-f) S 



/(&) 



1 



6 — a 
f"'[ta + (l-t) 



f{x)dx 
a + b 



f'"[n-t) a 4 b +^ 



i (9-'')/(9-l)( 1 _ t \(2q-t)/(q-l) dt 



1 1-1/9 r /■! 







1/9 r 




^ di 


+ 









dt 

/'II - /!'(r/"'(a)|« 

1-1/9 



(6 -a) 3 
96 



(i_f) 



a + 6 



2q - r - 1 3g - £ - 1 

9-1 ' 9-1 



£(9-"0/(«-l)n — t)( 2 9-™)/(9- 1 ) dt 
1/9 

+t s \f"(b)\«Ut 

1-1/9 



B(r + * + M+l)|/'"(a)|' 



+ fl(r + !,€ + * + !) 



a + b 



1/9 



2g — to — 1 3g — n — 1 



9-1 ' 9-1 



1-1/9 



B(m + l,n + s+ 1) 



a + b 



-1 1/9 



+ B(to + s + 1,71+1)|/'"(&)|« 



The proof of Theorem 3.3 is thus completed. 



□ 



Corollary 3.3.1. Under conditions of Theorem 3.3, if r = m and I — n, we have 
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/(o)+4/(^)+/(6) 1 



b — a 



f{x)dx 



< 



(6-o) s 
96~ 



B ( 2q-r-\ 3g-£-l 

V 9-1 ' 9-1 



1-1/9 



B(r + s+l,e+ (a)\ q + B(r + lJ + s + 1) 



a + b 



91 1/9 



B{r + 1J + s + 1) 



r 



a + b 



+ fl(r + « + M+l)|/"'(6)|« 



Corollary 3.3.2. Under conditions of Theorem\3. 

1. if r = I = m = n, we have 



f(a)+Af[^)+f(b) 



< 



2 

(b-a) 3 
96 



1 



b — a 



f(x)dx 



B 



2q — r — 1 3<7 — r — 1 
9-1 ' 9-1 



1-1/9 



[^(r + l^ + s + l)] 1 / 9 



a + b 



1/9 



|/'"(&)|« 



i/'/ 



if r — I — m = n and s = 1, then 



/(a) +4/(^ ]+/(&) 



b — a 



2 

< ^-g^-[B(r + 2,r + l)] 



1/9 



2g-r-l 3q -r-l^] 1 1/9 
9-1 ' 9-1 



a + b 



1/9 



a + 6 



-1 1/9 



3. if ' r = I = m = n and s = 0, we have 



f{a)+4f[^)+f(b) 



< 



2 

(b-a) 3 



1 



f(x)dx 



96 



B 



b — a 

2q — r — \ 3q — r — 1 



9-1 ' 9-1 



1-1/9 



^(r + l^ + l)] 1 /" 



x |/'»|« + 



a + 6 



1/9 



irwr 



^. if r = £ = m = n and s = —1, we have 



f(a) +4/1^ )+/(&) 



< 



2 

(6 - a) 3 
96 



b — a 



f(x)dx 



[B(r,r+l)] 1 / q 



B 



2q — r — \ 3q — r — 1 
9-1 ' 9-1 



1-1/9 
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/* 



a + b 
2 



1/9 



a + b 
2 



irwr 



Corollary 3.3.3. Under conditions of Theorem 3.3, 
1. if r — £ = m = n = 1, then 



f(a) + 4/ 
1 



a + b 
2 

1/9 



/(*>) 



1 



b — a 



f(x)dx 



< 



96 



(?-l) 2 



(3g-2)(45-3) 



1-1/9 



ir»i 9 



(s + 2)(s + 3) 
ifr = £ = m = n= l and s = 1, then 



f" 



a + b 



i/'/ 



a + b 



ll/9 



/(«) + 4/ 



a + & 
2 

1/9 



•/(&) 



1 



b — a 



f(x)dx 



< 



(fe-a) £ 
96 



(?-l) 5 



(3g-2)(4g-3) 



1-1/9 



a + 6 



1/9 



ni/9 



irwr 



5. if r — £ = m = n = 1 and s = 0, we have 



f(a) +4/ 



/(&) 



1 



1\ 



1/9 



Xl 6 



b — a 
a + b 



f(x)di 



1/9 



< 



(ft-«) 

96 

a + 6 



3 r 



(9-1) 



2 n 1-1/9 



(3g-2)(4g-3) 



Tl/9 



\f"(b)\ q 



if ' r = £ = m = n = 1 and s = — 1, we /iawe 



/(a) + 4/ 



1\ 

2 



a + & 
2 

1/9 



•/(&) 



b — a 



f(x)dx 



< 



(b-a) s 
96 



(?-l) 5 



(3g-2)(45-3) 



1-1/9 



a + 6 



1/9 



|/"'(6)|« 



Corollary 3.3.4. Under conditions of Theorem\3. 
1. if r = £ = m = n = q, we have 



f(a) +4/ 



a + b 



f(b) 



1 



b — a 



x[B(q+l, q + s + l)]V«\\f"'(a)\« + 



f" 



f{x)dx 
a + b 



< 



i/'/ 



{b-af f q-1 V- 1 ^ 



96 \2q-l 



a + b 



\f"'(b)\ q 



1/9' 
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2. ifr = £ = m = n = q and s = 1, then 



f{a)+A.f[ a -±^)+j(b) 



x [B(q + l,q + 2)} 1/q \ \f'"(a)\« + 



b — a 



f(x)dx 



< 



(b- a) 3 ( q - 1 



a + b 



V? 



96 \2q-l 



a + b 



1-1/9 



\f"'(b)\ q 



3. if r = £ = m = n = q and s = 0, we have 



/(«)+4/(^]+/(6) 



b — a 



f(x)dx 



< 



(b- a) 3 ( q - 1 



x [fl( g + l, g + l)]V«J \f"'(a)\* + 



a + b 



V? 



96 \2q-l 



a + b 



1-1/9 



\f"'(b)\ q 



1/9 



1/9 



if r = £ = m = n = q and s = — 1, we have 



/W+4/(^]+/(6) 



b — a 



f(x)dx 



< 



(b-a) 3 / q-1 y- 1/g 



X [E(g ;(Z + l)H l/"»| 9 + 



a + b 



96 V 2 <?-1 



a + b 



\f"'(b)\ q 



1/9 



Similar to the proof of Theorem |3.3[ we may also establish the following theorem. 

Theorem 3.4. Let q > r, £, m, n > 0, / : / C R 0 ~~ ^ K be a third differentiable mappings on I, 
a, b G 1° with a < b, and /"' G £([a, &]) suc/i that \ f"'\ q is extended s-convex on [a, b] for q > 1 and 
some fixed s G (—1,1]. Then 



f(a)+Af[ a ± b )+f(b) 



b — a 



f(x)dx 



< 



{b - a) 3 



0(j 



B 



B(r + s + l,£+ 1)|/"»| 9 + B{r + l,£ + s + 1) 



3q — n — 1 
q-1 



1-1/9 



B(m + l,n + s + 1) 



a + b 



2q-r-l 3q-£-l 

q-i ' q-i 

2q — m — 1 
q-1 ' 

1/9 



1-1/9 





9" 


1/9 




or) 




+ 













+ S(m + a + l,n + l)|/ /// (6)| 



Corollary 3.4.1. Under conditions of Theorem \3.J\ 
1. if r = m = 0, i/ien 

r 6 



/(a)+4/(^J+/(6) 



1 



2<? - 1 2>q-l-\ 



B 



q-1 q-1 
2q — 1 3q — n — 1 

9-1' q-i 



b — a 
1-1/9 r 



f{x)dx 



< 



96 



B(8 + l,t+l)\f'"{a)\" + 



e+s + i 



a + b 



1/9 



1-1/9T 1 



n + s+1 



a + b 



+ B(s + l,n + l)|/'"(&)| <? 
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2. if £ = n = 0, we have 



f{a) +4/ 



a + b 



f(b) 



b — a 



f(x)dx 



< 



96 



B 



2q-r-l 3g - 1 
q-i ' q-1 



1-1/9 



r + s + 1 



\f"(a)\*+B(r + 1,8 + 1) 



f" 



+ 



B 



2q — m — 1 3g — 1 



1-1/9 



q-1 q-1 

3. ifr = £ = m = n = 0, we have 



B(m+1, 8+1) 



a + b 



1 



m + s + 1 



a + b 



\f"{b)V 



1/9 



1/'/ 



/W+4/(^ ]+/(&) 



b — a 



f(x)dx 



< 



96~~ 



B 



2q-l 3q-l 
q-1' q-1 



1-1/9 



S + l 



1/9 



a + b 



1/9 



\f'"(b)\" 



1/9 



4 Applicaions to means 



We now consider for positive numbers b > a > 0 the arithmetic mean A(a,b) = ^ and the 
generalized logarithmic mean 



L r (a,b) 



b r+l _ a r+l 



(r + !)(&- a) 



l/r 



r ^ 0,-1. 



(4.1) 



Let s > 0, q > 1 and define /(a;) = ( s+ i)( s+2 ) f° r - T G If 1 < s < 2 and (s — l)g < 1, we 
have 

+ (1 - i)?/)) 9 < s 9 [tC'-^dxt'-iJa + (1 - t)(«-i)9j,(--i)9] < t^lf'ix^+il - t)'- 1 |/ / "(tf)|*. 
If 0 < s < 1 and —1 < (s — l)q, we have 

\f"(tx + (i - %)| 9 < i-— 1 !/"^^^)!^ + (l - t)' _1 |/"'(»)r 

for x,y ER+ and i e (0,1). If 0 < s < 2 and -1 < (s - l)q < 1, then the function (/'"(a;)! 9 = 
| s |9 x (s-i)g j g ex tcndcd (s — l)-convex on R + . 

Applying Theorem 3.1 to the function |/'"(a;)| 9 = |s| 9 x( s_1 ) 9 yields the following conclusions. 



Theorem 4.1. Let 6 > a > 0, g > 1, 0 < s < 2, and -1 < (s - l)q < 1. Then 



■ [A(a s+ \ b s+2 )+2A s+2 {a, b)} -L s+2 2 (a, b) 



(b-a) 3 .s(s + l)(s + 2) 
96 



(s + 2)(s + 3)(s + 4)_ 

/ i \ 1-1/9 

( 12 ) { [^a {s ~ 1)q + {s + 2)A ( - s - 1 ^(a, b)] 1/q + [{s + 2)A ( - s - 1 ^(a, b) + 2b {s ~ 1)q ] 1/q ). (4.2) 
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Specially, if q = 1, then 
1 



[A(a°+ 2 ,b°+ 2 )+2A^(a,b)]-L s s tl(a,b) 



< 



(b - a) 3 s(s + 1) 



(s + 3)(s + 4) 
x [2A(a s -\ & s - x )+(s + 2)A s - 1 (a, b)] . (4.3) 

Using Corollary |3.3.3[ we have 
Theorem 4.2. Let b > a > 0, q > 1, 0 < s < 2, and -K(s-l)q<l. Then 



A(a s+2 ,b s+2 )+2A s + 2 {a,b) 



< 



{b-a) 3 s( S + l){s + 2) 
96 



(3g-2)(4g-3) 



1-1/9 



1/'/ 



{ [a^- 1 )^ + A^-^(a, b)] 1/q + [A^-^(a, b) + b^ 1 '^] 1/q }. (4.4) 



(s + 2)(.s + 3)_ 

Letting q — 2 and r = £ = m = n = 0 in Corollary |3.4.1| leads to the following theorem. 



Theorem 4.3. Let b > a > 0 and | < s < §. Then 



^[A(a s + 2 ,b^)+2A s + 2 (a,b)]-LtX 2 2 (a,b) 



< 



(b- a) 3 s{s + 2) fs + l 



1/2 



96 V 105 

x {[a 2 ^ +A 2 ^- 1 \a,b)] 1/2 + [A 2 ^- l \a,b) + b 2 ^] 112 }. (4.5) 
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REPRESENTATION OF HIGHER-ORDER EULER NUMBERS 
USING THE SOLUTION OF BERNOULLI EQUATION 

CHEON SEOUNG RYOO, HYUCK IN KWON, JIHEE YOON, AND YU SEON JANG* 

Abstract. In this paper, we derive the several representations of the solution 
of the special Bernoulli differential equation. And then we have the relations 
between Euler numbers and higher-order Euler numbers. 



1. Introduction 

A differential equation is a relationship between a function of time and its deriva- 
tives. Differential equations appear naturally in many areas of science and the hu- 
manities. In mathematics, an ordinary differential equation of the form 

(1) % + P(t)y = Q{t)y a (« #o,i) 

is called a Bernoulli equation which is named after Jacob Bernoulli, who discussed 
it in 1695. Bernoulli equations are special because they are nonlinear differential 
equations with known exact solutions. 

When a — 2, the Bernoulli equation has the solution which is the functions of the 
exponential generating function of the Euler numbers. It is well known that the Euler 
polynomials, E n (x),n = 0, l,--- are defined by means of the following generating 
function; 

(2) -TXT^E^V 

n=0 

[1, 3, 7, 17, 23, 24] We note that, by substituting x = 0 into (2), E n (0) = E n ,n = 
0, 1, • • • are the familiar Euler numbers which is defined by 

(3) —^H^-y 

n=0 

From the definition of E n (x) we know that 

(4) J^J^E k (x)+E n (x)=2x n , n = 0,l,-- - , 



Key words and phrases. Bernoulli equation, Euler numbers, higher-order Euler numbers. 
*Corrcsponding Author. 
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2 C. S. RYOO, H. I. KWON, JIHEE YOON, AND Y. S. JANG* 

where Ek = £fc(0) is the fcth Euler number. These can be rewritten as follows: 

(5) (E(x) + 1)" + E n (x) = 2x n , n = 0, 1, ■ • ■ 

by using the symbolic convention about replacing E n (x) by (E(x)) n . When x = 0, 
these relations are given by 

(6) {E + l) n + E n = 26 0 , S , n = 0,l,--- , 

where So, n is Kronecker symbol and (E + l) n is interpreted as J2k=o (fe)-^fe- 9-15] 
This notion can be expanded to the multiple case. The Euler polynomials of order 
r G N arc defined by the generating function to be 

v 7 n=0 

When jc = 0, si r) = ^ r) (0), n = 0, 1, ■ • • are also called the Euler numbers of order 
r. [8, 10, 18, 19-22] 

Recently, several authors have studied the identities of Euler numbers and polynomials. [3- 
12, 18,28] In this paper, we derive the several representations of the solution of the 
special Bernoulli differential equation. And then we have the relations between Euler 
numbers and higher-order Euler numbers. We indebted this idea to the paper [19]. 



2. Representation of Euler numbers 

As is well known that when a = 2 a special Bernoulli equation 

(8) g+„ = ^ 
has the solution 

(9) „(*) = 
Differentiating the both side of (8) is 

(m\ d2 y i d y o d y 

(10) d^ + Tt =2y di- 

From (8) and (10), we see that 

Continuing this process, we have the following lemma. 

Lemma 2.1. The solution y(t) of the Bernoulli equation for a = 2 in (8) has the 
representation as the following; for some real coefficients a m , m = 0, 1, • • • 

1 . r A m 

(12) ^W^EV^C), r = 0,l,.... 

' m=0 
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REPRESENTATION OF HIGHER-ORDER EULER NUMBERS 

Proof. Suppose that it holds for any k e N. Then for some real constants a m ^,m 
0,nl,--- 

d m y 



(13) V k+1 = I £ a m , 

' m=0 

Differentiating the both side of (12) is 

(14) (Hlj/^i^^S 
v ) dt k\ ^-^ ' dt m+1 

m=0 

Since dy/dt = y 2 — y, this implies that 

k+2 _ 1 A d m+1 y A d m y 

y ~ ( fc + 1) ! h* am,k dtm+1 + ho dfm ' 

Take 



(16) a m ,fe+i = < 

Therefore, we obtain that 



a 0 , fc , m = 0 

a m _i,fe + (fc + l)a TO ,fe, l<m<fc 
a fe;fc , m = fc + l. 



, fe+i 

(17) y k+2 = V 



(fc + 1)! ^ am - k+1 dt™- 

v ' m=0 

By the mathematical induction, we have the desired result. □ 

In the proof of Lemma 2.1 we know that for any given r G N 

(18) a m +i,r+i = ew + ra m+ i tr , 0 < m < r - 1. 

In order to determine the coefficients a TO , r , m = 0, 1, ■ ■ ■ , we consider the function of 
t and jU as follows; for \t\ < 1 

oo / r— 1 \ , r 

(19) /(*.A*)=E(E a ™.^ m 

From (17), we know that 

oo / r— 1 r \ oo / r— 1 

( 2 °) E E ^ m = /(*,**) +E E ) M m 

r— 1 \m— 0 / r— 1 \m— 0 , 

Then we have the following theorem. 



, rV 

r—1 \m— 0 / 



Lemma 2.2. Lei f(t,fj,) be defined in (18). TTien u?e ftave 

f(t,ri = y(l-tr-y 
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Proof. Observe that 

00/1 — 1 r \ 1 oo r 



a z — ' ^ — ' r! 

r—1 \m— 0 / r— 1 m— 1 



(21) 



1 t r i 

=77 S 1 J2 am ' r (r _u^ m ~ a °' r 



it ^— ' ^— (r—1) (r—1) 



— ^ \ ^ J \ ^ ^ 1 1 



^ r=l (m=0 y ' 



From (19) we have 



( 22 ) E ( E ffl -+l.r+lS J ^ = + 7 f^*'") - T^) • 

r=l \m=0 r 7 M V 1 



In (22), the left hand side is 

E ( E ^+^1 =\ E ^ E <W J_ di^" 1 - fl °^J 
(23) '— J- V"'-'i V ' 1— 2 (11,-1 



00 / 1 — 1 , r \ ^ 00 ( r—1 () — ^ — 1 



1 00 t r_1 i 

=- EEvrf-[ 



(r-l)r 1-i 



This implies that 
(24) 



£(x>.^4VS{^<<>-rb}- 

r=l \m=0 J r" \ J 

By (22) and (24), we obtain a first order linear differential equation about t 

(25) | /(t>M) __^_ /(t>/4) = _l_. 

Multiplying the integration factor e^^ 1- *^* = 1/(1 — t) M in the both side of (25) we 
obtain the solution of (25) 

(26) /(tj/i) = I(i_ t) M_I 

A* A* 

because /(0, /j,) = 0. This is completion of the proof. □ 
As is well known that the Taylor expansion of In x at x = 1 is 

(27) lna; = ^ ' (x - 1)™, 0 < x < 2. 

n— 1 

From (27), Lemma 2.1 and Lemma 2.2, the coefficients, a m r , m = 0, 1, • • • , in Lemma 
2.1 are determined in the following theorem. 
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Theorem 2.3. The solution y(t) of the Bernoulli equation for a = 2 in (8) is satisfied 
the following equations; for r = 1, 2, ■ • • 

T ~ ^ 1 1 rl m 

(28) „(«)_(-!)>£ E s^ss*''- 

m=0 v ; JH M m+ i=r 1 m+1 

Proof. From the definition of f(t,ji) and Lemma 2.2, we know that 

r— 1 \m— 0 / n— 1 

Since 

00 (_i\2k+l 

(30) ln(l - t) = ~ t **, 1 < £ < 1, 

fe=i 

this implies that for — 1 < t < 1 

In the right side of (30), taking s = k\ + ■ ■ ■ + k n and changing the order of sums, 
thus we have 

oo 1 1 , r oo oo i / . \ g , s 

r— 1 m— 0 n— 1 s— n i x ,i m _|_i >1 

Mm+i = s 



oo 8 



(32) 2. n!^---// s\ 



=1 n=l h,— ,l m+1 >l 
iiH hi m +i=s 

oo s— 1 



\ " \ " \ ~> g - (~1) S n tS 



H Mm + l— S 

Consequently, we obtain 

(33) EEv^^EE E (ro r +1) , fl : } + / m ^ 

r=lm=0 r ' r=lm=0 h,-,/ m+ i>l 1 + J 1 ™ +1 

IiH h( m +i=r 

comparing the both sides in (32), the coefficients a m . r , m = 0, 1, • • • , r — l(r G N) are 
determined as following 

iiH hZm+l=i" 

From Lemma 2.1, we have the desired result in the theorem. □ 
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By definition of the Euler numbers, E n , n = 0, 1, • • • , we know that 

d m 1 °° t l 

(35) ^)=oE^7T 



Therefore, from Theorem 2.3 we have the following corollary. 

Corollary 2.4. For the Euler numbers, E ni n — 0, l,--- , the solution y(t) of the 
Bernoulli equation for a = 2 in (8) is represented as following; for r = 1, 2, • • • 



y r (t) = E < 



n=0 



r_1 1 1 

m=0 l lr -- ,( m+ i>l 
liH h( m +i=r 



>n!' 



w/iere Ek is k-th Euler number. 

In the case of higher-order Euler numbers, E n r \n = 0, 1, • • • (r G N), we know that 



(36) 



n=0 



From Corollary 2.4 we have the following corollary. 



(r) 

Corollary 2.5. T/ie Euler numbers with order r, En , n € N, are represented as 
following formula; for r = 1, 2, • • • 

r-l 



t. n ( i) 2^ (m + i)i 2^ h---i m+ , ' 



ilH hi m +l=l' 



where Ef, is k-th Euler number. 
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Intuitionistic fuzzy stability of an Euler-Lagrange type quartic 

functional equation 

Ali Ebadian 1 , Choonkil Park 2 and Dong Yun Shin 3 * 
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3 Department of Mathematics, University of Seoul, Seoul 130-743, Korea 

Abstract. In this paper, we investigate the Hyers-Ulam stability of the following Euler-Lagrange type quartic 
functional equation 

f(ax + y) + f(x + ay) + h(a - l) 2 f(x - y) = (a 2 - lf(f(x) + f(y)) + l -a(a + l) 2 f(x + y) 

in intuitionistic fuzzy normed spaces, where o/0,a/ ±1. Furthermore, we investigate intuitionistic fuzzy 
continuity through the existence of a certain solution of a fuzzy stability problem for approximately Euler- 
Lagrange quartic functional equation. 

1. Introduction 

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in various 
problems arising in the field of science and engineering. The fuzzy topology proves to be a 
very useful tool to deal with such situations where the use of classical theories breaks down. 
In 1984, Katsaras [17] introduced an idea of a fuzzy norm on a vector space to construct a 
fuzzy vector topological structure on the space. In the same year Wu and Fang [41] introduced 
a notion fuzzy normed apace to give a generalization of the Kolmogoroff normalized theorem 
for fuzzy topological vector spaces. In 1992, Felbin [8] introduced an alternative definition of a 
fuzzy norm on a vector space with an associated metric of Kaleva and Seikkala type [15]. Some 
mathematics have define fuzzy normed on a vector form various point of view [19, 29, 42]. In 
particular, Bang and Samanta [4] following Cheng and Mordeson [6] gave an idea of fuzzy norm 
in such a manner that the corresponding fuzzy metric of Kramosil and Michalek type [18]. They 
established a decomposition theorem of fuzzy norm into a family of crisp norms and investigated 
some properties of fuzzy normed spaces [5]. The notion of intuitionistic fuzzy set introduced 
by Atanassov [3] has been used extensively in many areas of mathematics and sciences. The 
notion of intuitionistic fuzzy norm [24, 28, 35] is also useful one to deal with the inexactness 
and vagueness arising in modeling. There are many situations where the norm of a vector is 
not possible to find and the concept of intuitionistic fuzzy norm seems to be more suitable in 
such cases, that is, we can deal with such situations by modeling the inexactness through the 
intuitionistic fuzzy norm. The stability problem for Pexiderized quadratic functional equation, 
Jensen functional equation, cubic functional equation, functional equations associated with 
inner product spaces, and additive functional equation was considered in [21, 22, 23, 25, 26, 40], 
respectively, in the intuitionistic fuzzy normed spaces. 
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One of the most interesting questions in the theory of functional analysis concerning the Ulam 
stability problem of functional equations is as follows. If the problem accepts a solution, we say 
that the equation is stable. The first problem concerning group homomorphisms was raised by 
Ulam [39] in 1940. In the next year Hyers [10] gave a first affirmative answer to the question of 
Ulam in context of Banach spaces. Subsequently, the result of Hyers was generalized by Aoki 
[2] for additive mapping and by Rassias [33] for linear mapping by considering an unbounded 
Cauchy difference. The result of Rassias has provided a lot of influence during the last three 
decades in the development of generalization of Hyers-Ulam stability concept. Furthermore, in 
1994, Gavru^a [9] provided a further generalization of Rassias' theorem in which he replaced 
the bound e(||x|| p + ||y|| p ) by a general control function (p(x,y). Recently several stability 
results have been obtained for various equations and mappings with more general domains 
and ranges have been investigated by a number of authors and there are many interesting 
results concerning this problem [1, 7, 11, 12, 13, 30, 31, 34, 36, 37]. In particular, Rassias [32] 
introduced the following Euler-Lagrange type quadratic functional equation 

f(ax + by) + f(ax - by) = (a 2 + b 2 )(f(x) + f(y)), 

for fixed reals a, b with a / 0, b / 0. Jun and Kim [14] proved the Hyers-Ulam stability of the 
following Euler-Lagrange type cubic functional equation 

f(ax + by) + f(bx + ay) = (a + b)(a - b) 2 (f(x) + f(y)) + ab{a + b)f(x + y), 

where a / 0, b / 0, a ± b / 0, for all x, y G X. Also Lee et al. [20] considered the following 
functional equation 

f(2x + y) + f(2x -y) = 4(/(z + y) + f(x - y)) + 24f(x) - 6f(y) 

and established the general solution and the Hyers-Ulam stability for this functional equation. 
This functional equation is called quartic functional equation and every solution of this quartic 
equation is said to be a quartic function. Obviously, the function f(x) = x 4 satisfies the quartic 
functional equation. Kang [16] investigated the solution and the Hyers-Ulam stability for the 
quartic functional equation 

f(ax + by) + f(ax - by) = a 2 b 2 (f(x + y) + f(x - y)) + 2a 2 {a 2 - b 2 )f{x) - 2b 2 (a 2 - b 2 )f(y), 

where a, b G Z \ {0} with a / ±1, ±6. Several Euler-Lagrange type functional equations have 
been investigated by numerous mathematicians [43, 44, 45]. 

In this paper, we consider the following Euler-Lagrange type quartic functional equation 

f(ax + y) + f(x + ay) + l -a(a - l) 2 f(x -y) = (a 2 - lf(f{x) + f(y)) + ±a(a + l) 2 f(x + y) (1.1) 

for a fixed integer a / 0, ±1 and all x, y G X. We determine some stability results concerning the 
above Euler-Lagrange quartic functional equation in the setting of intuitionistic fuzzy normed 
spaces (IFNS). Further, we study intuitionistic fuzzy continuity through the existence of a 
certain solution of a fuzzy stability problem for approximately Euler-Lagrange type quartic 
functional equation. 

Throughout this paper, assume that the symbol N denotes the set of all natural numbers. 

2. Preliminaries 

In this section we recall some notations and basic definitions used in this paper. 
A binary operation * : [0, 1] x [0, 1] — > [0, 1] is said to be a continuous t-norm if it satisfies 
the following conditions: 
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(i) * is associative and commutative, (ii) * is continuous, (iii) a * 1 = a for all a G [0, 1], (iv) 
a * b < c* d whenever a < c and b < d for each a, b,c,d G [0, 1]. 

A binary operation o : [0, 1] x [0, 1] — > [0, 1] is said to be a continuous t-conorm if it satisfies 
the following conditions: 

(i) o is associative and commutative, (ii) * is continuous, (iii) a o 0 = a for all a G [0, 1], (iv) 
a o b < c o d whenever a < c and b < d for each a, 6, c, d G [0, 1]. 

The five-tuple (X, [/,, v, *,o) is said to be intuitionistic fuzzy normed spaces (for short, INFS) 
if X is a vector space, * is a continuous t-norm, o is a continuous t-conorm, and fx, v are 
fuzzy sets on X x (0, oo) satisfying the following conditions. For every x, y G X and s, t > 0, (i) 
[i(x,t) + v(x,t) < 1, (ii) u(x,i) > 0, (iii) fi(x,t) = 1 if and only if x = 0, (iv) fi(ax,t) = fi(x, A) 
for each a / 0, (v) u(x, t) * fi(y, s) < fi(x + y,t + s), (vi) n(x, .) : (0, oo) — > [0, 1] is continuous, 
(vii) lim^oo fi(x, t) = 1 and lim^o v(x, t) = 0, (viii) v(x,t) < 1, (ix) is(x,t) = 0 if and only 
if x = 0, (x) u{ax, t) = u{x, ^) for each a / 0, (v) v(x, t) o u(y, s) > u(x + y,t + s), (vi) 
is(x, .) : (0,oo) — > [0, 1] is continuous, (vii) lim^oo v(x,t) = 0 and lim^o v(x, t) = 1. 

In this case (p, v) is called an intuitionistic fuzzy norm. For simplicity in notation, we 
denote the intuitionistic fuzzy normed space by (X, fx, v) instead of (X, fx, u, *, o). For example, 
let (X, ||.||) be a normed space, and let a * b = ab and a o b = min{a + b, 1} for all a, b G [0, 1]. 
For all x G X and every t G M, consider 

t > 0 



PV 7 | 0, t < 0 



and 

i^(x, t) 



0, t < 0, 



t > 0 



then (-Y, n, v) is an IFNS. 

The concept of convergence and Cauchy sequences in the setting of IFNS were introduced 
by Saadati and Park [35] and further studied by Mursaleen and Mohiuddine [27]. Let (X, /i, u) 
be an IFNS. Then a sequence {x n } is said to be: 

(i) convergent to L G X with respect to the intuitionistic fuzzy norm (/j,, u) if, for every e > 0 
and t > 0, there exists no G N such that fi(x n — L,t) > 1 — e and v(x n — L,t) < e for all n > no- 
In this case, we write (/i, v) — limx n = L or x n — > L as n — > oo. 

(ii) a Cauchy sequence with respect to the intuitionistic fuzzy norm (fi, u) if, for every e > 0 
and t > 0, there exists no G N such that /i(x n — x m , t) > 1 — e and i/(x n — x m , t) < e for all 
n, m > no- 

An IFNS (X, fi, u) is said to be complete if each intuitionistic fuzzy Cauchy sequence in 
(X,fi, v) is intuitionistic fuzzy convergent in (X,fi, v). In this case, (X,n,v) is called an intu- 
itionistic fuzzy Banach space. 

3. Approximation on intuitionistic fuzzy normed spaces 

Theorem 3.1. Let X be a linear space and let (Z,/j,',u') be an IFNS. Let 92 : X x X — ^ Z be 
a mapping such that, for some \a\ > |a| 4 , 

H'{<p(^,0),t) > fi'(ip(x,0),\a\t), 

i/(¥>(-, 0),t) < z/(v?(x,0),Ht) 
a 
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and let (y, v) be an intuitionistic fuzzy Banach space and let f : X — > y be a mapping 
satisfying /(0) = 0 and a ip- approximately quartic mapping in the sense that 

Kf(ax + y) + f( x + ay)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f{y)) 

- ^a(a + l) 2 f(x + y),t)> n'(<p(x, y),t), 

v(f(ax + y) + f( x + ay)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f{y)) 

- ^a(a+l) 2 f(x + y),t)<^(^x,y),t) (3.1) 

for all x,y G X and all t > 0. Then there exists a unique quartic mapping Q : X — > y such 
that 

KQ(x)-f(x),t) > ^(y(x,0), (|a| ~ |a|4)t ), (3.2) 

u(Q(x)-f(x),t) < ^(y(x,0), (|a| ~ |a|4)t ) 

for all x G X and all t > 0. 

Proof. Letting y = 0 in (3.1), we get 

H(f{ax) - a 4 f(x),t) > fjf(ip(x,0),t), 

u(f(ax)-a 4 f(x),t) < v'(<p{x,0),t) (3.3) 
for all x G X and all t > 0, which implies that 

MaV(^) -/(*),*) > /i'Mx,0),|a|t), 

KaV(^)-/(z),i) < ^(x,0),|a|t). (3.4) 
Replacing x by ^ in (3.4), we obtain 

M« 4{ " +1) /(^T)-a 3 "/(4),|a| 4 "t) > M 'Mx,0),|«r +1 t), 
K« 4(ri+1) /(^r)-a 3 "/(^),|a| 4 "t) < ^Mx,0),|«r +1 t). (3.5) 

Replacing t by t-tI+t in (3.5), we get 



\a\ 

|4n 



Ma 4(n+1 V(^)-a 3 V(^),r^p T *) > //(^0),t), 



1 4fi 

Ka 4(n+1) /(-^ I )-a 3 V(^), T 5L T i) < «/(^0),t). (3.6) 



It follows from 



a' t_r± a" a 



n-l 

« 4n /(^) - /(*) = E(« 4(J+1) /(^i) - « 3 v(^)) 
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and (3.6) that 

Ti—l I |4j n—1 I |4j 

- /<*>.£ uli f ) ^ n "(<. 4 " +1 »/(^) - j^LfiO 

j=o 1 1 i=o ■ 11 

>n'{<p(x,0),t), (3.7) 

71—1 I |4j 71 — 1 | |4j 

< i/fafoO),*), 

for all x G A', all t > 0 and n > 0, where 

n—1 n—1 

1"T ^ = w 0 * ^2 * ... * W n _i, y Y UJj = W 0 OW 2 O ••• OWn-1- 
3=0 3=0 

Replacing x by in (3.7), we obtain 

Ma 4( " + ^/(^) -« 4m /(^),E|^i*) * 



Hence 



n+m—l I |4j 

M« 4( " +m) /(^)-a- /( ^), £ ^)>.'(^,0),t) 



3=m 
n+m—l 



K« 4( " +m V(^)-a 4 "7(^), E 1 ^r*)<^(x,o),t) 



for all x G A?, all t > 0, n > 0 and m > 0. Thus 



M« 4(n+m) /(^) - « 4m /(^),t) > M'MM), 1Jg|jL ), 

2->j=m |q|3+i 

K« 4( " +m) /(^) - « 4m /(|,), t) < 0), — ) (3.8) 

2->j=m \a\i+ 1 



for all x G A', all i > 0, n > 0 and m > 0. Since |a| > |a| 4 and S°^ 0 ^|j < 00, the sequence 

a 4ri /(^r) is a Cauchy sequence in (y, fi, v). Since (y, [i, v) is complete, this sequence converges 
to some point Q(x) G DA Fix x G Af and put m = 0 in (3.8). Then we obtain 

x 



M« 4n /(^) - /(*),*) > /i'^Cx.o), — 
"(«*7(£) - /(*),*) < ^(*, o), — r^r ) 
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for all x £ X, all t > 0 and n > 0. Thus we get 



m(g(s) -/(*), t) > Msw-« 4n /(|)^)*^ 4 7(^)-/(x)^: 



> ^ / Mx,o), o ^ n _ 1 |o|4j . ), 



^Q(z) -/(*),*) < z,(Q(x)-a 4 "/(^)4)<>K« 4n /(^)-/(x)4) 

( / _■ Ci ^ 

for large n. By taking the limit as n — > oo, we obtain 

(|q| - |a| 4 )t, 



/x(Q(x)-/(x),t) > M '(^(x,0), 
v(Q{x)-f{x),t) <u'(<p(x,Q), 



2 

(|a| - |a| 4 )t, 



for all x £ X and all t > 0. Replacing x and y by ^ and in (3.1), respectively, we obtain 



^n f{ a_X + V ) + /(x + fly) + 1 (fl _ 1) 2 a 4n /( ^ ) _ (fl 2 _ 1) V«(/(^) + /(£)) 

- \a{a + 1) V»/(^±*), t) > ^), * ), 

2 a" a" a n \a\ in 

u{a4nf{ ax + y ) + /(x + ay) + 1 (a _ 1)2a 4n /( ^ } _ (a 2 _ i) V«(/(^) + /(£)) 

Ci ^ (X (X (X 

-i a(a + i)V»/(^M)<,'(^^),^) 



for all x £ X and all i > 0. Note that 



limy (a = r lim = 1, 

lim i/(a%(4,-^),t)= lim ^i iy ),S = 0 



for all x € X and all £ > 0. We observe that Q fulfills (1.1). Therefore, Q is an Euler-Lagrange 
type quartic mapping. 

It is left to show that the quartic mapping Q is unique. Assume that there is another 
Euler-Lagrange type quartic mapping Q! : X — > y satisfying (3.2). For each x € X, clearly 
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a 4ra Q(Jr) = Q(x) and a 4n Q'(^) = Q'{x) for all n G N. It follows from (3.3) that 



a"' |a| 4n ' 



/'i^j ./V' ; 



l a n " 2|a| 4n ' 



*M/(^)-Q'(i) 



. . \a i a — a it. 



v a n/ ~'a n/ 2|a| 4n 
\a\ n {\a\ - \a\ 4 )t 
~2|a, 
and similarly 

kc(x) - Q'(x),t) < i/Mx,o), a " (l l; 4 ! fc|4)t ) 

for all x G and all t > 0. Since |a| > |a| 4 , we get 

\a\ n {\a\ - \a\ 4 )t. 



lim /j,'(<f(x,0), 

n— >oo 

... . \a\"( \a\ — \a\ "it. 
Jim i/(¥>(s, 0), ' ' ^ ' J ) = °- 



2|a| 4n 
a\ n {\a\ - |a| 4 )t, 
2|a[ 



Therefore, n{Q{x) - Q'(x),t) = 1 and v{Q(x) - Q'(x), t) = 0 for all x G <%" and all t > 0, that 
is, the mapping Q(x) is unique, as desired. □ 

Theorem 3.2. Let X be a linear space and let (Z,/jf,i/) be an IFNS. Let ip : X x X — > Z be 
a mapping such that, for some 0 < \a\ < |a| 4 , 

fi'((p(ax, 0), t) > n'(a<p(x,0),t), 
v'(ip(ax,0),t) < u'(aip{x,0),t). 

Let (y, (i, v) be an intuitionistic fuzzy Banach space and let f : X — > y be a mapping satisfying 
/(0) = 0 and a tp- approximately quartic mapping in the sense that 

Kf(ax + y) + f( x + ay)+ l - a {a-l) 2 f(x-y)-{a 2 -l) 2 {f{x)+f{y)) 

- *a(a + l) 2 f{x + y),t)> n'(<p(x, y),t), 

v(f(ax + y) + f( x + a y)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f{y)) 

- ± a (a + l) 2 f(x + y),t) < i/(<p(x,y),t) 

for all x,y G X and all t > 0. Then there exists a unique quartic mapping Q : X — > y such 
that 

I 1 4 II 
\q r* — \(X\ 

n{Q{x) - f(x),t) > n'(cp(x, 0), 1 1 - 1 k ), 

I 1 4 II 
\q i \ — \(y\ 

v{Q(x) - f(x),t)vi/(<p(x, 0), 11 - 1 k ) (3.9) 
for all x G X and all t > 0. 
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Proof. The techniques are similar to that of Theorem 3.1. Hence we present a sketch of the 
proof. Letting y = 0 in (3.9), we get 

-/(*),*) >M'M*,0),f), 
v(^--f(x),t)<i/(<p(x,0),t) (3.10) 
for all x G X and all t > 0. Replacing x by a n x in (3.10), we obtain 

f( a (n+l) \ f 

M — 4 - /(«"*)> ') ^ aAv(*> °)> n^)' 

f(7 / ( n + 1 )rl / 

K ~ q4 " /(«"*)> 0 < 0), |^) 

for all x G X and all t > 0. For positive integers n and m, 

// (n+m) x ) /( a ™ x ) t 

m - - ^ (x ' 0) ' £ 



/(o( n+ ™)i) /(a m x) , t 



K „ T - , ,*) < ^(pfoo) , ,. ), (3.ii) 

v a 4(n+m) a 4m ' >— ' ; [ajf ; ' v ; 

2-~<j=m a 4 (J+ 1 ) 

for all x E X and all t > 0. Hence {^cr^} is a Cauchy sequence in intuitionistic fuzzy Banach 

space. Therefore, there is a mapping Q : X — > y defined by Q(x) = lim n _ 5>00 ■^" 4t f- > and hence 
(3.11) with m = 0 implies 

I 1 4 II 

M(Q(ar) - /(*), t) > 0), 1 1 - 1 k ), 

i /(Q(x)-/(x),iK(y(x,Q), |a|4 2 " H i) 
for all x G and all i > 0. This complete the proof. □ 

4. Intuitionistic fuzzy continuity 

In this section we establish intuitionistic fuzzy continuity by using continuous approximately 
quartic mappings. 

Definition 4.1. Let f : M — > X be a mapping, where R is endowed with the Euclidean topology 
and X is an intuitionistic fuzzy normed space equipped with intuitionistic fuzzy norm 
Then f is called intuitionistic fuzzy continuous at a point to G R if for all e > 0 and all 
0 < a < 1 there exists 5 > 0 such that for each t with 0 < \t — <o| < 5 

v(f{tx) - f(t 0 x),e) < 1 - a. 

Theorem 4.1. Let X be a normed space and let (Z,fi',i/) be an IFNS. Let (y,fj,,v) be an 
intuitionistic fuzzy Banach space and let f : X — > y be a mapping satisfying /(0) = 0 and an 
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(r, s)- approximately quartic mapping in the sense that for some r, s and some zq G Z 
n(f(ax + y) + f( x + ay)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f(y)) 

- \a(a + l) 2 f{x + y),t)> n'((\\x\\ r + \\y\\ s )z 0 , t), 
v(f(ax + y) + f( x + ay)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f{y)) 

- ±a(a + l) 2 f(x + y),t) <u'((\\x\\ r + \\y\\ s )z 0 ,t) 

for all x, y G X and all t > 0. Ifr,s<4, then there exists a unique quartic mapping Q : X — ^ y 
such that 

MQ(z) - f(x),t) > »'(\\x\\ r z 0 , (M 4 -M r )* )> 

v{Q(x) - f(x),t) < v'(\\x\\ r z 0 , (l ° |4 ~ |a|r)t ) (4.1) 

for all x € X and all t > 0. Furthermore, if for some x £ X and all n G N, the mapping 
% : R — > y defined by H(t) = f{a n tx) is intuitionistic fuzzy continuous. Then the mapping 
t — > Q(tx) from R to y is intuitionistic fuzzy continuous. 

Proof. Define ip : X x X — > Z by ip(x,y) = (\\x\\ r + ||y|| s )zo. By Theorem 3.2, there exists a 
unique quartic mapping Q satisfying (4.1). We have 

M(G(z) " —^i*) = ^—^n ^-'^ 

I |4n/| |4 _ |„|rw 

= MQ(a n x) - /(a n x), |a| 4n t) > fi'(\a\ 4rn \\x\\ r z 0 , 11 U °' 2 11 J ) 

|a| 4 "(|a| 4 -|«l% 
>^(NI *>> 2j^p } ' 

KQ(-)-^4^^) = K^ ^.t), 

= v{Q{a n x) - f(a n x), \a\ in t) < is'(\a\ 4rn \\x\\ r zo, 11 U 1 11 J ), 

<^(||, r ,o J a|4 " ( ^- |a| ^ ) (4.2) 

for all x G -Y, all t > 0 and n G N. Fix x G X and i 0 G R- Given £ > 0 and 0 < a < 1. By 
(4.2), we obtain 

|a| 4 "(|q| 4 -|«l% 
-pvii n u, 2 |l + t 0 |»-|a| rn ; ' 

Mfi(tt) ./W, t)iW „N^]! l 

^■(llxll^ '^^-y ) (4.3, 
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for all t G R and all \t — <o| < 1. Since r < 3, we have lim ra _ s>00 2|i+to| r |a|" 1 = 00 ' an< ^ nence 
there exists no G N such that 

/^/ x f(a n nx) e x 
x f(a n °tx) e N 

for all t G R and all |i — to I < 1- By the intuitionistic fuzzy continuity of the mapping 
s — > f(a n °tx), there exists <5 < 1 such that for each t with 0 < \t — to I < <^ we have 

J(a n °tx) _ f{a n H 0 x) e 

M a 4n 0 a 4n 0 '3^-°' 

./(a"«tx) f(a n H 0 x) e 
^( j j 1 - ) < 1 — a. 

V a 4n 0 a 4n 0 ' 3 ; ~ 

It follows that 

»(Q(tx) " Q(«ox),e) > MQ(ta) - f )* 

M-^s , 3) * M q4wo - Q(tox), -) > Q 

M(Q(te) - Q(*ox),e) > MQ(ta) - /( °Zf } , |)* 

fio^tx) fia^tox) e J(a no t 0 x) e 

'3)*^— ^ G(*ox),g)>a, 

«/(Q(te) - Q(tos),e) < HQ(tx) - /( °Z! X) > |)<> 

^( 3 5 1 - o v\ -. Qitnx), - < a 

V a 4n 0 a 4n 0 '3^ V fl4no U ^'3^- 

f(Q(tz) - Q(t 0 x),e) < u{Q(tx) - /( °2 0 to) > |)<> 

"(-^ 3) o ~ Q ^ 3 } - 1 " a 

for all t G R and all 0 < \t — to\ < 5. Therefore, the mapping t — > Q(tx) is intuitionistic fuzzy 
continuous. □ 

Theorem 4.2. Let X be a normed space and let (Z,fi',i/') be an IFNS. Let (y,(i,i/) be an 
intuitionistic fuzzy Banach space and let f : X — >■ y be a mapping satisfying /(0) = 0 and a 
(r, s)- approximately quartic mapping in the sense that for some r,s and some zo G Z 

n(f(ax + y) + f{x + ay)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f(y)) 

- l -a(a + l) 2 f{x + y),t)> n'((\\x\\ r + \\y\\ s )z 0 , t), 
v(f(ax + y) + f{x + ay)+ l -a{a-l) 2 f(x-y)-{a 2 -l) 2 {f{x) + f{y)) 

l -a(a + l) 2 f{x + y),t)< u'((\\x\\ r + \\y\\ s )z 0 , t) 
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for all x, y G X and all t > 0. Ifr, s < 4, then there exists a unique quartic mapping Q : X — > y 
such that 

m(G(s) - f(x),t) > »'(\\x\\ r z 0 , (|Q|r ~ |a|4)t ), 

v(Q(x) - f(x),t) < ,'(^,0), (|ar ~ |a|4)t ) 

for all x € X and all t > 0. Furthermore, if for some x £ X and all n £ N, £/ie mapping 
FL : R — >• 3^ defined by H(t) = f{a n tx) is intuitionistic fuzzy continuous. Then the mapping 
t —7- Q(tx) from M to y is intuitionistic fuzzy continuous. 

Proof. Define (p : X x X — > Z by (f(x, y) = (||x|| r + ||y|| s )zo for all x £ X. Since r > 4, we have 
a = \a\ r > |a| 4 . By Theorem 3.1, there exists a unique quartic mapping Q satisfying (4.3). 
The rest of the proof can be done by the same line as in Theorem 4.1. □ 
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Applications of sampling Kantorovich 
operators to thermographic images 
for seismic engineering 

Federico Cluni, Danilo Costarelli, 
Anna Maria Minotti and Gianluca Vinti* 



Abstract 

In this paper, we present some applications of the multivariate sam- 
pling Kantorovich operators S w to seismic engineering. The math- 
ematical theory of these operators, both in the space of continuous 
functions and in Orlicz spaces, show how it is possible to approxi- 
mate/reconstruct multivariate signals, such as images. In particular, 
to obtain applications for thermographic images a mathematical algo- 
rithm is developed using MATLAB and matrix calculus. The setting of 
Orlicz spaces is important since allow us to reconstruct not necessarily 
continuous signals by means of S w . The reconstruction of thermo- 
graphic images of buildings by our sampling Kantorovich algorithm 
allow us to obtain models for the simulation of the behavior of struc- 
tures under seismic action. We analyze a real world case study in term 
of structural analysis and we compare the behavior of the building 
under seismic action using various models. 

AMS 2010 Subject Classification: 41A35, 46E30, 47A58,47B38, 94A12 

Key words and phrases: Sampling Kantorovich operators, Orlicz spaces, 
Image Processing, thermographic images, structural analysis. 

1 Introduction 

The sampling Kantorovich operators have been introduced to approximate 
and reconstruct not necessarily continuous signals. In [3], the authors in- 
troduced this operators starting from the well-known generalized sampling 
operators (see e.g. [10, 12, 9, 22, 4]) and replacing, in their definition, the 
sample values f(k/w) with w f^^^ f(u) du. Clearly, this is the most natu- 
ral mathematical modification to obtain operators which can be well-defined 
also for general measurable, locally integrable functions, not necessarily con- 
tinuous. Moreover, this situation very often occur in Signal Processing, when 

"corresponding author, email: gianluca.vinti@unipg.it 

1 



602 



Gianluca Vinti et al 602-617 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



one cannot match exactly the sample at the point k/w: this represents the 
so-called "time-jitter" error. The theory of sampling Kantorovich operators 
allow us to reduces the time-jitter error, calculating the information in a 
neighborhood of k/w rather that exactly in the node k/w. These operators, 
as the generalized sampling operators, represent an approximate version of 
classical sampling series, based on the Whittaker-Kotelnikov-Shannon sam- 
pling theorem (see e.g. [1]). 

Subsequently, the sampling Kantorovich operators have been studied in 
various settings. In [15, 16] the multivariate version of these operators were 
introduced. Results concerning the order of approximation are shown in [17]. 
Extensions to more general contexts are presented in [23, 24, 25, 6]. 

The multivariate sampling Kantorovich operators considered in this pa- 
per are of the form: 



(S w f){x) := ^2x(wx-tk) 



w 



f(u) du 



(x€R n ), (I) 



where / : W 1 — > M is a locally integrable function such that the above series 
is convergent for every x 6 R n . The symbol i& = (t^ , tk n ) denotes vectors 
where each (ifc.)fc. e z, i = 1, ■■■,n is a certain strictly increasing sequence of 
real numbers with A^ = tk i+1 — tfc 4 > 0. Note that, the sequences (ifej^ez 
are not necessary equally spaced. We denote by the sets: 



r>w 



W ' W 



t_k2_ fyc 2 + l 
W ' W 



X ... X 



W ' W 



(II) 



w > 0 and Ak = • Afc 2 • ... • Afc n , k £ Z™. Moreover, the function 
X ■ M n — > M is a kernel satisfying suitable assumptions. 

For the operators in (I) we recall some convergence results. We have 
that the family (S w f) w> o converges pointwise to /, when / is continuous 
and bounded and (S w f) w> o converges uniformly to /, when / is uniformly 
continuous and bounded. Moreover, to cover the case of not necessarily con- 
tinuous signal, we study our operators in the general setting of Orlicz spaces 
L^iW 1 ). For functions / belonging to L v (IR n ) and generated by the convex 
99-function (p, the family of sampling Kantorovich operators is "modularly" 
convergent to /, being the latter the natural concept of convergence in this 
setting. 

The latter result, allow us to apply the theory of the sampling Kan- 
torovich operators to approximate and reconstruct images. In fact, static 
gray scale images are characterized by jumps of gray levels mainly concen- 
trated in their contours or edges and this can be translated, from a mathe- 
matical point of view, by discontinuities (see e.g. [18]). 

Here, we introduce and analyze in detail some practical applications of 
the sampling Kantorovich algorithm to thermographic images, very useful 
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for the analysis of buildings in seismic engineering. The thermography is a 
remote sensing technique, performed by the image acquisition in the infrared. 
Thermographic images are widely used to make non-invasive investigations 
of structures, to analyze the story of the building wall, to make diagnosis 
and monitoring buildings, and to make structural measurements. A further 
important use, is the application of the texture algorithm for the separation 
between the bricks and the mortar in masonries images. Through this proce- 
dure the civil engineers becomes able to determine the mechanical parameters 
of the structure under investigation. Unfortunately, the direct application of 
the texture algorithm to the thermographic images, can produce errors, as 
an incorrect separation between the bricks and the mortar. 

Then, we use the sampling Kantorovich operators to process the thermo- 
graphic images before to apply the texture algorithm. In this way, the result 
produced by the texture becomes more refined and therefore we can apply 
structural analysis after the calculation of the various parameters involved. 
In order to show the feasibility of our applications, we present in detail a 
real-world case-study. 

2 Preliminaries 

In this section we recall some preliminaries, notations and definitions. 



We denote by C(M n ) (resp. C°(]R n )) the space of all uniformly continuous 
and bounded (resp. continuous and bounded) functions / : R n — > R endowed 
with the usual sup-norm ||/||oo : = sup MgR n u = (u±, u n ), and by 

C c (R n ) C C(R n ) the subspace of the elements having compact support. 
Moreover, M (R a ) will denote the linear space of all (Lebesgue) measurable 
real functions defined on R n . 

We now recall some basic fact concerning Orlicz spaces, see e.g. [20, 19, 




The functional If : M(R n ) [0, +oo] (see e.g. [19, 7]) defined by 





is a modular in M(R n ) . The Orlicz space generated by <p is given by 



L v (R n ) := {/ G M (R n ) : I*[\f] < +oo, for some A > 0} . 



The space Lf(R n ) is a vector space and an important subspace is given by 



E (f (M n ) : = {/ € M {R n ) : I v [Xf] < +oo, for every A > 0} . 
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E (f (W n ) is called the space of all finite elements of L v (IR n ). It is easy to see 
that the following inclusions hold: C c (R n ) C ^(M n ) C L^(R n ). Clearly, 
functions belonging to E ip (R n ) and L v (IR n ) are not necessarily continuous. 
A norm on L </3 (]R n ), called Luxemburg norm, can be defined by 

\\f\\ v := inf {A > 0 : I v [f / A] < A} , (/ £ L*{R n )). 

We will say that a family of functions (f w ) w >o C L v (M. n ) is norm conver- 
gent to a function / £ L^(]R n ), i.e., \\f w — f\\ — > 0 for u> — > +oo, if and only 
if lim w ^ +OQ If [X(f w — /)] = 0, for every A > 0. Moreover, an additional 
concept of convergence can be studied in Orlicz spaces: the "modular con- 
vergence". The latter induces a topology (modular topology) on the space 
L^(R n ) ([19, 7]). 

We will say that a family of functions (f w ) w >o C Lf(R n ) is modularly 
convergent to a function / £ L^(]R n ) if \im w -> +00 1* [\(f w - /)] = 0, for 
some A > 0. Obviously, norm convergence implies modular convergence, 
while the converse implication does not hold in general. The modular and 
norm convergence are equivalent if and only if the ^-function ip satisfies the 
A2-condition, see e.g., [19, 7]. Finally, as last basic property of Orlicz spaces, 
we recall the following. 

Lemma 2.1 ([5]). The space C c (lR n ) is dense in L v (R n ) with respect to the 
modular topology, i.e., for every f € L^(M n ) and for every e > 0 there exists 
a constant A > 0 and a function g £ C c (R n ) such that I^[\(f — <?)] < s. 

3 The sampling Kantorovich operators 

In this section we recall the definition of the operators with which we will 
work. We will denote by tk = (t^, ■■■,tk n ) a vector where each element 
(tfcJfciGZ) i = 1) ■••) n is a sequence of real numbers with — oo < < ife i+1 < 
+oo, lmifc.^-i-oo ij.. = ±oo, for every i = l,...,n, and such that there exists 
A, 5 > 0 for which S < A^ := tk i+1 — < A, for every i = 1, ...,n. Note 
that, the elements of (ifcjfc^z are not necessary equally spaced. In what 
follows, we will identify with the symbol IP the sequence (tk)keZ n - 

A function \ '■ ^™ — > K will be called a kernel if it satisfies the following 
properties: 

(xl) X G L 1 (M n ) and is bounded in a neighborhood of 0 £ R n ; 
(X2) for every u £ R n , ^ x(n - t k ) = 1; 

(x3) for some j3 > 0, 

m/3,n»(x) = sup V] |x(«-*fc)| ■ ||M-tfc||2 < +°°' 

where || • ||2 denotes the usual Euclidean norm. 

4 



605 



Gianluca Vinti et al 602-617 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



We now recall the definition of the linear multivariate sampling Kantorovich 
operators introduced in [15]. Define: 



(S w f)(x) := ^2x(wx-tk) 

kez n 



w" 

A-k JR 



u) du 



(x€R n ), (1) 





*fcl+l 


X 


tk 2 


tk 2 +l 


X . 


. X 




w 


w 


W 


W 


w ' w 



where / : R n — > R is a locally integrable function such that the above series 
is convergent for every x £ W 1 , where 



nw 

K k .- 



w > 0 and = A^ • A^ 2 • ... • Afc n , k 6 Z n . The operators in (1) have been 
introduced in [3] in the univariate setting. 

Remark 3.1. (a) Under conditions (%1) and (x3), the following properties 
for the kernel x can be proved: 

mo,un(x) := sup ^ |x(u-ifc)| < +°°> 



kez™ 



and, for every 7 > 0 



lim 

w— >+oo 



\x{wu-t k )\ = 0, 



(2) 



\wu—tk\\ 2 >iw 



uniformly with respect to tt G R", see [15]. 

(b) By (a), we obtain that S w f with / 6 L°°(R n ) are well-defined. Indeed, 

\(S w f)(x)\ < m 0 ,n«(x)ll/lloo < +°°, 
for every x € M n , i.e. : L°°(IR n ) -»• L°°(IR n ). 

Remark 3.2. Note that, in the one-dimensional setting, choosing i& = A;, 
for every k £ Z, condition (x2) is equivalent to 



x(*0 := 



0, k£Z\{0}, 

1, fc = 0, 



where x(v) := J K x( w ) e ™ M t) £K, denotes the Fourier transform of 
see [11, 3, 15, 17]. 



4 Convergence results 

In this section, we show the main approximation results for the multivari- 
ate sampling Kantorovich operators. In [15], the following approximation 
theorem for our operators has been proved. 
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Theorem 4.1. Let f € C°(R n ). Then, for every x £ R n , 

lim (S w f)(x) = f(x). 

w— >+oo 

In particular, if f 6 C(M), then 

lim \\S w f -/IL = 0. 

Proof. Here we highlight the main points of the proof. 

Let / G C°(R n ) and x G M n be fixed. By the continuity of / we have that 
for every fixed e > 0 there exists 7 > 0 such that \f(x) — f(u)\ < e for every 
\\x — U.W2 < 7, %L £ Then, by (x2) we obtain: 

= ( E + E )\x(wx-t k )\ V ^ [ \f(u)-f(x)\ du 
n 11 , 11 11 , A * JR^ 

|| wx— tj. || 2 <u>7/2 ||uix— ifc|| 2 >ui7/2 a 
= h + h- 

For u€R% and ||wx — ifc|| 2 <ti>7/2 we have \\u — x\\2<j for w >0 sufficiently 
large, then by the continuity of / we obtain I\ < mo,n"(x) e ( see Remark 
3.1 (a)). Moreover, by the boundedness of / and (2) we obtain I2 < 211/Hooe 
for w > 0 sufficiently large, then the first part of the theorem follows since 
e > 0 is arbitrary. The second part of the theorem follows similarly replacing 
7 > 0 with the parameter of the uniform continuity of /. □ 

In order to obtain a modular convergence result, the following norm- 
convergence theorem for the sampling Kantorovich operators (see [15]) can 
be formulated. 

Theorem 4.2. Let <p> be a convex (p-function. For every f 6 C c (lR n ) we have 

lim \\S w f-f\\ v = 0. 

Now, we recall the following modular continuity property for S w , useful 
to prove the modular convergence for the above operators in Orlicz spaces. 

Theorem 4.3. Let ip be a convex (p-function. For every f 6 L' p (M n ) there 
holds 

n\S w f\ < 11x1,1 ^ [Amo,nn( X )/], 
5 n ■ m 0 ,n«(x) 

for some A > 0. In particular, S w maps L^iW 1 ) in L^{W l ). 
Now, the main result of this section follows (see [15]). 
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Theorem 4.4. Let (p be a convex tp -function. For every f £ L^(M"), there 
exists A > 0 such that 

lim rf[\(s w f - f)] = 0. 

Proof. Let / € L v (W l ) and e > 0 be fixed. By Lemma 2.1, there exists 
A > 0 and g G C c (M n ) such that i^[A(/ - #)]<£. Let now A > 0 such that 
3A(1 + mo,n n (x)) < ^- By the properties of and Theorem 4.3, we have 

I*[X(S w f-f)] < rf[3X(S w f-S w g)] + I^[SX(S w g-g)] + rf[3X(f-g)] 
^ ™ llxlli ^[A(/ - 5)] + ^[3A(^ 5 - g)] + 7^[A(/ - g)] 



< 



( 1 rT ^ llxlli + lV + /V [3A(^<7 - g)]. 



The assertion follows from Theorem 4.2. □ 

The setting of Orlicz spaces allows us to give a unitary approach for the 
reconstruction since we may obtain convergence results for particular cases 
of Orlicz spaces. For instance, choosing (p(u) = u p , 1 < p < +oo, we have 
that L^{R n ) = L p (R n ) and F*>[f\ = where || • ||„ is the usual L^-norm. 

Then, from Theorem 4.3 and Theorem 4.4 we obtain the following corollary. 

Corollary 4.5. For every f £ L p (M ra ) ; 1 < p < +oo, the following inequality 
holds: 

\\s w f\\ p < r^K,^(x)] (p - 1)/p llxlli 7 " \\f\\ P - 

Moreover, we have: 

lim \\S w f-f\\ p = 0. 

The corollary above, allows us to reconstruct L p -signals (in L p -sense), 
therefore signals/images not necessarily continuous. Other examples of Or- 
licz spaces for which the above theory can be applied can be found e.g., 
in [20, 19, 7, 3, 15]. The theory of sampling Kantorovich operators in the 
general setting of Orlicz spaces allows us to obtain, by means of a unified 
treatment, several applications in many different contexts. 



5 Examples of special kernels 

One important fact in our theory is the choice of the kernels, which influence 
the order of approximation that can be achieved by our operators (see e.g. 
[17] in one-dimensional setting). 

For instance, one can take into consideration radial kernels, i.e., functions 
for which the value depends on the Euclidean norm of the argument only. 
Example of such a kernel can be given, for example, by the Bochner-Riesz 
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kernel, denned as follows b a (x) := 2 a T(a+ l)\\x\\ 2 (n/2)+a 8 (n/2)+a (||x|| 2 ), for 
x G M n , where a > (n — l)/2, B\ is the Bessel function of order A and V is 
the Euler function. For more details about this matter, see e.g. [10]. 

To construct, in general, kernels satisfying all the assumptions (xi), i = 
1, 2, 3 is not very easy. 

For this reason, here we show a procedure useful to construct examples 
using product of univariate kernels, see e.g. [10, 15, 16]. In this case, we 
consider the case of uniform sampling scheme, i.e., tk = k. 

Denote by Xi>-->Xn, the univariate functions Xi '■ ^ — ^ ^ Xi G 
satisfying the following assumptions: 



m 



n i(Xi) : = sup^2\xi(u- k)\ \u- kf < +oo, (3) 



for some j3 > 0, Xi is bounded in a neighborhood of the origin and 

J2xi(u-k) = l, (4) 

for every u £ M, for i = l,...,n. Now, setting x(x) := YYt = iXi( x i), % = 
(xi, x n ) £ W 1 , it is easy to prove that X is a multivariate kernel for the 
operators S w satisfying all the assumptions of our theory, see e.g., [10, 15]. 

As a first example, consider the univariate Fejer's kernel defined by 
F(x) := ^sinc 2 (|), where the sine function is given by 

, i£K 0 , 

TTX N 1 J 

1, x = 0. 

Clearly, F is bounded, belongs to L 1 (M) and satisfies the moment conditions 
(3) for /3 = 1, as shown in [11, 3, 15]. Furthermore, taking into account that 
the Fourier transform of F is given by (see [11]) 



F(v) :-- 



1 — \v/ir\, \v\ < it, 

0, \v\ > 7T, 



we obtain by Remark 3.2 that condition (4) is fulfilled. Then, we can define 

n 

F n (x) = J^J-F(xj), x = (xi,...,x n ) £ W 1 , the multivariate Fejer's kernel, 
i=i 

satisfying the condition upon a multivariate kernel. The Fejer's kernel F 
and the bivariate Fejer's kernel F(x) ■ F(y) are plotted in Figure 1. 

The Fejer's kernel T n is an example of kernel with unbounded support, 
then to evaluate our sampling Kantorovich series at any given x 6 W 1 , we 
need of an infinite number of mean values w n f RW f(u) du. However, if 

k_ 

the function / has compact support, this problem does not arise. In case 
of function having unbounded support the infinite sampling series must be 
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Figure 1: The Fejer's kernel F (left) and the bivariate Fejer's kernel IF(x, y) (right). 




Figure 2: The B-spline M 3 (left) and the bivariate B-spline M%(x, y) (right). 

truncated to a finite one, which leads to the so-called truncation error. In 
order to avoid the truncation error, one can take kernels \ with bounded 
support. Remarkable examples of kernels with compact support, can be 
constructed using the well-known central B-spline of order k G N, defined by 

^w- (^g(-i)'(-) 

where the function (x)+ := max{x, 0} denotes the positive part of x G M 
(see [3, 23, 15]). The central B-spline M3 and the bivariate B-spline kernel 
Mz(x)-Mz(y) are plotted in Figure 2. We have that, the Fourier transform of 
Mfc is given by M^{v) := sinc n (^-) ,»6l, and then, if we consider the case 
of the uniform spaced sampling scheme, condition (4) is satisfied by Remark 
3.2. Clearly, Mfc are bounded on M, with compact support [— n/2, n/2], and 
hence G L 1 (M), for all k G N. Moreover, it easy to deduce that condition 
(3) is fulfilled for every 0 > 0, see [3]. Hence M%(x) := Ui=i M k{xi), 
x = (xi, ...,x n ) G M n , is the multivariate B-spline kernel of order k G N. 

Finally, other important examples of univariate kernels are given by the 
Jackson-type kernels, defined by Jk{x) = c& sinc 2fc (2^^) ; x G M, with 
k G N, a > 1, where the normalization coefficients are given by := 
[J* R sinc 2fc (5^^) • Since are band-limited to [— 1/a, 1/a], i.e., their 

Fourier transform vanishes outside this interval, condition (%2) is satisfied by 
Remark 3.2 and (3) is satisfied since Jfc(x) = 0(\x\~ 2k ), as x — > ±00, k G N. 
In similar manner, by the previous procedure we can construct a multivari- 
ate version of Jackson kernels. For more details about Jackson-type kernels, 
and for others useful examples of kernels see e.g. [11, 7, 2, 3]. 
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6 The sampling Kantorovich algorithm for image 
reconstruction 

In this section, we show applications of the multivariate sampling Kan- 
torovich operators to image reconstruction. First of all, we recall that every 
bi-dimensional gray scale image A is represented by a suitable matrix and 
can be modeled as a step function /, with compact support, belonging to 
L P (M 2 ), 1 < p < +oo. The definition of / arise naturally as follows: 

m m 

!{x,y) := ^^Uij -lij{x,y), (x,y)eM 2 , 
i=i j=i 

where lij(x,y), i,j = 1,2, ...,m, are the characteristics functions of the sets 
(i - 1, i] x (j - 1, j] (i.e. lij{x,y) = 1, for (x,y) G {i - 1, i] x (j - 1, j] 
and lij(x,y) = 0 otherwise). 

The above function I(x,y) is defined in such a way that, to every pixel 
(i, j) it is associated the corresponding gray level CHj. 

We can now consider approximation of the original image by the bivariate 
sampling Kantorovich operators (S w I) w> o based upon some kernel X- 

Then, in order to obtain a new image (matrix) that approximates in L p - 
sense the original one, it is sufficient to sample S W I (for some w > 0) with 
a fixed sampling rate. In particular, we can reconstruct the approximating 
images (matrices) taking into consideration different sampling rates and this 
is possible since we know the analytic expression of S W I. 

If the sampling rate is chosen higher than the original sampling rate, one 
can get a new image that has a better resolution than the original one's. 
The above procedure has been implemented by using MATLAB and tools of 
matrix computation in order to obtain an optimized algorithm based on the 
multivariate sampling Kantorovich theory. 

In the next sections, examples of thermographic images reconstructed by 
the sampling Kantorovich operators will be given to show the main applica- 
tions of the theory to civil engineering. In particular, a real world case-study 
is analyzed in term of modal analysis to obtain a model useful to study the 
response of the building under seismic action. 

7 An application of thermography to civil engineer- 
ing 

In the present application, thermographic images will be used to locate the 
resisting elements and to define their dimensions, and moreover to investigate 
the actual texture of the masonry wall, i.e., the arrangement of blocks (bricks 
and/or stones) and mortar joints. In general, thermographic images have 
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a resolution too low to accurately analyze the texture of the masonries, 
therefore it has to be increased by means of suitable tools. 

In order to obtain a consistent separation of the phases, that is a correct 
identification of the pixel which belong to the blocks and those who belong to 
mortar joints, the image is converted from gray-scale representation to black- 
and-white (binary) representation by means of an image texture algorithm, 
which employs techniques belonging to the field of digital image processing. 
The image texture algorithm, described in details in [13], leads to areas of 
white pixels identified as blocks and areas of black pixels identified as mortar 
joints. However, the direct application of the image texture algorithm to the 
thermographic images (see Figure 3(a)), can produce errors, as an incorrect 
separation between the bricks and the mortar (see Figure 3(b)). Therefore, 
we can use the sampling Kantorovich operators to process the thermographic 
images. In particular, here we used the operators S w based upon the bivariate 
Jackson-type kernel with k = 12 (see Section 5) and the parameter w = 40 
(see Figure 3(c)). The application of the image texture algorithm produces 
a consistent separation of the phases (see Figure 3(d)). 









I 



(a) 




(b) 



(c) 



(d) 



Figure 3: (a) Original thermographic image (75 x 75 pixel resolution) and (b) its 
texture; (c) Reconstructed thermographic image (450 x 450 pixel resolution) and 
(d) its texture. 



In order to perform structural analysis, the mechanical characteristics of 
an homogeneous material equivalent to the original heterogeneous material 
are sought. The equivalence is in the sense that, when subjected to the same 
boundary conditions (b.c), the overall responses in terms of mean values of 
stresses and deformations are the same. The equivalent elastic properties 
are estimated by means of the "test-window" method [14]. 



8 Case-study 

The image texture algorithm described previously has been used to analyze 
a real- world case-study: a building consisting of two levels and an attic, with 
a very simple architectural plan, a rectangle with sides 11m and 11.4 m (see 
Figure 4) . The vertical structural elements consist of masonry walls. At first 
level the masonry walls have thickness of 40 cm with blocks made of stones, 
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while at second level the masonry is made of squared tuff block and it has 
thickness of about 35 cm. Both surfaces of the walls are plastered. The slab 
can be assumed to be rigid in the horizontal plane and the building is placed 
in a medium risk seismic area. According to a preliminary visual survey, the 
structure does not have strong asymmetries between principal directions and 
the distribution of the masses are quite uniform. 




II II 




i n r 











Figure 4: Case-study building: plant (left) and main facade (right). 

The response of the building is evaluated by means of three different 
models. In the first model, only information that can be gathered by the 
visual survey have been used, and the characteristics of material has been 
assume according to Italian Building Code. In the second model information 
concerning the actual geometry of vertical structural elements acquired by 
means of thermographic survey have been used; for example, the survey 
showed that the openings at ground level in the main facade were once larger 
and have been subsequently partially filled with non-structural masonry, 
and thus the dimensions of all the masonry walls in the facade have to 
be reduced. Eventually, in the third model information about the actual 
texture of masonries of ground level (chaotic masonry, Fig. 5(a)) and of 
second level (periodic masonry, Fig. 5(b)) have been used. In particular, 
the actual textures where established using the reconstructed thermographic 
images. 




(a) (b) 

Figure 5: Texture of (a) ground level and (b) second level masonries. 

The main characteristics of the models are reported in Table 1. For the 
mechanical characteristic the Young's modulus E and the shear modulus 
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G are shown. In the third model, the following mechanical characteristics 
(Young's modulus E and Poisson's ratio v) of the constituent phases have 
been used: for the stones of the ground level, E = 25000 N mm" 2 , v = 0.2, 
for the bricks of the second level E = 1700 N mm -2 , u = 0.2, for the mortar 
of both levels E = 2500 N mm" 2 , v = 0.2. 





geometry 


ground level 
E G 
Nmm~ 2 Nmm~ 2 


second level 
E G 
Nmm~ 2 Nmm~ 2 


Model #1 


visual survey 


3346 


1115 


1620 


540 


Model #2 


thermogr. survey 


3346 


1115 


1620 


540 


Model #3 


thermogr. survey 


7050 


2957 


1996 


833 



Table 1: Geometry and masonries' mechanical characteristics in the models. 



The behavior under seismic actions is estimated by means of modal anal- 
ysis, using a commercial code based on the Finite Element Method. The 
periods of the first three modes and the corresponding mass participating 
ratio for the two principal direction of seismic action are reported in Tab. 2. 
For all the models, the first mode is along the y axis, the second is along 
the x axis, and the third is mainly torsional. Anyway, the second mode is 
not a pure translational one since the asymmetry in the walls distribution 
produces also a torsional component. 







Periods 






Mass partecipating 


ratio 










X 


direction 


y 


direction 




1st 


2nd 


3rd 


1st 


2nd 3rd 


1st 


2nd 3rd 




mode 


mode 


mode 


mode 


mode mode 


mode 


mode mode 


Model #1 


0.22 


0.15 


0.13 


0.00 


0.64 0.13 


0.73 


0.00 0.00 


Model #2 


0.22 


0.14 


0.13 


0.00 


0.51 0.27 


0.73 


0.01 0.00 


Model #3 


0.18 


0.13 


0.11 


0.00 


0.46 0.26 


0.68 


0.01 0.00 



Table 2: Periods and mass participating ratio for two directions of seismic action 
of the first three modes . 



As can be noted, the first two models have the same period for the fun- 
damental mode in y direction; nevertheless, in x direction there is a slight 
difference due to the reduced dimensions of masonry walls width discovered 
by means of thermographic survey. In fact, the reduction of dimensions leads 
to a decrease of global stiffness while the total mass is almost the same. The 
periods of third model show a reduction of about 20% due to the greater value 
of equivalent elastic moduli estimated by means of homogenized texture. As 
already noted, for seismic action in x direction the structure response is dom- 
inated by second mode, with also a significant contribution from the third 
mode (which is torsional); for seismic action in y the response is dominated 
by first mode. It is also worth noting that Model #3 shows a reduced mass 
participating ratio for the fundamental mode in each direction, and therefore 
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a greater number of modes should be considered in the evaluation of seismic 
response in order to achieve a suitable accuracy. 

9 Concluding remarks 

The sampling Kantorovich operators and the corresponding MATLAB al- 
gorithm for image reconstruction are very useful to enhance the quality of 
thermographic images of portions of masonry walls. In particular, after the 
processing by sampling Kantorovich algorithm, the thermographic image 
has higher definition with respect to the original one and therefore, it was 
possible to estimate the mechanical characteristics of homogeneous mate- 
rials equivalent to actual masonries, taking into account the texture (i.e., 
the arrangement of blocks and mortar joints). These materials were used 
to model the behavior of a case study under seismic action. This model 
has been compared with others constructed by well-know methods, using 
"naked eyes" survey and the mechanical parameters for materials taken from 
the Italian Building Code. Our method based on the processing of thermo- 
graphic images by sampling Kantorovich operators enhances the quality of 
the model with respect to that based on visual survey only. 
In particular the proposed approach allows to overcome some difficulties 
that arise when dealing with the vulnerability analysis of existing structures, 
which are: i) the knowledge of the actual geometry of the walls (in partic- 
ular the identification of hidden doors and windows); ii) the identification 
of the actual texture of the masonry and the distribution of inclusions and 
mortar joints, and from this iii) the estimation of the elastic characteristics 
of the masonry. It is noteworthy that, for item i) the engineer has usually 
limited knowledge, due to the lack of documentation, while for items ii) and 
iii) he usually use tables proposed in technical manuals and standards which 
however give large bounds in order to encompass the generality of the real 
masonries. Instead, the use of reconstruction techniques on thermographic 
images coupled with homogenization permits to reduce these latter uncer- 
tainty on the estimation of the mechanical characteristics of the masonry. 
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Abstract. Roman-Fores (2008) have studied Stolarsky-type inequality for the fuzzy- 
integral with respect to a fuzzy measure. Recently, Daraby(2012) proved the Stolarsky-type 
inequality for the pseudo-integral with respect to the Lebesgue measure and gave an open 
problem: "Docs Stolarsky's inequality hold for the Choquet integral?" In this paper, we 
prove the Stolarsky-type inequality for the Choquet integral with respect to a fuzzy mea- 
sure. Furthermore, we investigate the Stolarsky-type inequality for the generated Choquet 
integral with respect to a fuzzy measure. 



1. Introduction 

Choquet [1], Couse et al. [2], Mihailovic and Pap [10], Murofushi et al. [11], Narukaw 
et al. [12], Pedrycz et aZ.[13], Rebillc [14], Shieh et al. [17], Torra and Narukawa [20], and 
Tsai and Lu [21] have studied the Choquet integral with respect to a fuzzy measure, for 
examples, convergence theorems for the Choquet integral, some properties of the generated 
Choquet integral, and some applications of the Choquet integral criterion, etc. Furthermore, 
the authors in [15,16,19] have been studied various inequalities, for examples, Jensen-type 
inequality, Hardy-type inequality, and give an open problem: Docs Stolarsky's inequality 
hold for the Choquet integral? 

Jang et al. [5], Jang and Kwon [6], Jang [7-9], Schjaer-Jacobsen [18] have studied the 
Choquet integral of measurable interval-valued functions which are used for representing un- 
certain functions. Roman-Fores [4] also have studied Stolarsky-type inequality for the fuzzy- 
integral with respect to a fuzzy measure. Recently, Daraby [3] and Flores-Franulic proved 
the Stolarsky-type inequality for the pseudo-integral with respect to a CT-0-decomposable 
measure. 

In this paper, we prove a Stolarsky-type inequality for the Choquet integral with respect 
to a fuzzy measure and for the generated Choquet integral with respect to a fuzzy measure. 

1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68. 

Key words and phrases, fuzzy measure, Choquet integral, generated Choquet integral, Stolarsky-type 
inequality, Lebesgue inetgral, measurable function. 
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JEONG GON LEE AND LEE-CHAE JANG 



The paper is organized in five sections. In section 2, we list definitions and some properties 
of the Choquet integral with respect to a fuzzy measure and introduce the two types fuzzy 
Stolarsky's inequality for the fuzzy integral with respect to a continuous fuzzy measure. In 
section 3, we prove the Stolarsky-typc inequality for the Choquet integral with respect to a 
fuzzy measure which is the solution of an open problem : Docs Stolarsky's inequality hold for 
the Choquet integral? In section 4, we prove the Stolarsky-type inequality for the generated 
Choquet integral with respect to a fuzzy measure which is the generalized solution of an open 
problem : Does Stolarsky's inequality hold for the Choquet integral? In section 5, we give a 
brief summary results and some conclusions. 



In this section, we introduce a fuzzy measure, the fuzzy integral with respect to a fuzzy 
measure, and the Choquet integral with respect to a fuzzy measure, the generated Choquet 
integral defined by Mihailovic and Pap [10], and the Stolarsky-type inequality for the fuzzy 
integral with respect to a continuous fuzzy measure of a measurable nonnegative function. 
Let ([0, 1],*4) be a measurable space and #([0, 1]) be the set of all measurable functions from 
[0,1] to [0,1]. 

Definition 2.1. ([11-13]) (1) A fuzzy measure /x : A — ► [0, oo] on a measurable space (X, A) 
is a real-valued set function satisfying 



(2) A fuzzy measure zx is said to be finite if n(X) < oo. 

(3) A fuzzy measure ti is said to be continuous from below if for any sequence {A n } C A 
and A £ A, such that 



(4) A fuzzy measure \i is said to be continuous from above if for any sequence {A n } C A 
and A £ A such that 



(5) A fuzzy measure /x is said to be continuous if it is continuous from below and continuous 
from above. 



Definition 2.2. ([4]) (1) Let fi be a fuzzy measure on ([0, 1},A), f £ #([0, 1]), and A £ A. 
The fuzzy integral with respect to a fuzzy measure zx of / on A is defined by 



2. Definitions and Preliminaries 



(i) M0) = o 

(ii) fj,(A) < fj,(B) whenever A, B £ A and A C B. 



A n t A, then lim fj,(A n ) = fJ,(A). 



(1) 



n(Ai) < oo and A n | A, then lim n(A n ) — n(A). 



(2) 




(3) 



where 



IJLf, A {a) = ix (A n {x £ X\f(x) > a}) 

for all a £ [0, oo). 

(2) A measurable function / is said to be integrable if (F) J A fdji is finite. 



(4) 
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Definition 2.3. ([13]) (1) Let ^ be a fuzzy measure on ([0, 1], A), f G #([0, 1]), and A e A. 
The Choquet integral with respect to a fuzzy measure fj, of / is defined by 

(C) f fd l x= r \x f (a)da (5) 

J A JO 

where 

H f! A{a)=n(An{xeX\f(x)>a}) (6) 

for all a e [0,oo) and the integral on the right-hand side is the Lebesgue integral of /x/,a- 
(2) A measurable function / is said to be integrable if (C) J A fd\x is finite. 

Flores-Franulie et al. [4] proved the two types fuzzy Stolarsky's inequality for the fuzzy 
integral with respect to a continuous fuzzy measure. 

Theorem 2.1. ([4]) (Fuzzy Stolarsky's inequality: decreasing case) Let a,b > 0. If f e 
$([0, 1]) is a continuous and strictly decreasing function and fi is the Lebesgue measure on A, 
then the inequality 

(F) ^ f (x£*) d^ > [(F) ^ ^ f (x*) df^j [(F) ^ f (xi) df)j (7) 

holds. 



Theorem 2.2. ([4]) (Fuzzy Stolarsky's inequality: increasing case) Let a, b > 0. If f e 
$([0, 1]) is a continuous and strictly increasing function and [i is the Lebesgue measure on A, 
then the inequality 

(F) ^ f (x£*) d^ > [(F) ^ f (x$) df^j [(F) ^ f (xi) df)j (8) 

holds. 



3. Stolarsky-type inequality for the Choqeut integral 



In this section, we consider an open problem: Does Stolarsky's inequality hold for the 
Choquet integral? in Daraby [3] and prove a Stolarsky-type inequality for the Choquet integral 
with respect to a fuzzy measure. 

Theorem 3.1. Let \x : A — ► [0, oo) be a continuous fuzzy measure. If f € #([0,1]) is a 
continuous function, then we have 

(C) [ fdne [0,1]. (9) 

J[0,1] 

Proof. Since fi is continuous and / is continuous, M/,[o,i] is increasing continuous on [0, 1] 
and hence we have 0 < A*/,[o.i] ( a ) < 1 f°r a € [0, 1]. Thus, we have 

(C) [ fdfi= [ » mi] (a)da<l. (10) 
J [0,1] Jo 
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That is, 



(C) / ^£[0,1]. (11) 

J[0,1] 



Theorem 3.2. Let \i : A — ► [0, oo) be a continuous fuzzy measure and a, b, a + b <G (0, oo). 
If f G #([0,1]) is a continuous and increasing function, then the inequality 

(C) [ f(xMd^>{C)f f(x-Ad^C)f f(xi)dn (12) 

J [0,1] V 7 J [0,1] V 7 ■'[0,1] v 7 

Proof. Since a,6,a + 6 e (0,oo), > x» and 1^ > x^ for all x € [0,1]. Since / 

is a continuous and increasing function, / (x^+*^ > f (x^ and / (x^+s^ > _f ^1 j for all 
x e [0, 1]. Hence we have 

(*=**)}) >M<W (13) 

and 

M ({x|/ (x^)}) > /x ({x|.f (x^)}) . (14) 
By (13) and (14), we have 

(C) [ /(a^W>(C)/ /(x^W (15) 
J [0,1] v 7 J [0,1] v 7 



and 



(C) / f(x^)dii>{C) fix*) dp. (16) 

J [0,1] V 7 J [0,1] v 7 



By Theorem 3.1, (15), and (16), we have 



(C)^ <fc > [i c )j [oi] f (x^dnj 

> (C) / /(a^Wc) / /(z*W (17) 
J [0,1] v 7 J[0,1] v 7 

Let #([0,00)) be the set of all measurable function from [0,oo) to [0, 00). 

Theorem 3.3. Let \i : A — ► [0, 00) be a continuous fuzzy measure and a > 0, b > 0. If 
f € 3"([0, 00)) is a continuous function, and it is increasing on [0, 1] and decreasing on (1, 00), 
then the inequality 

(C) [ f(xMd^>{C)f f(x k Ad^{C)( f(xi)d» (18) 
J [0,1] v 7 J [0,1] V 7 J [0,1] v 7 

holds. 

Proof. If a > 0, b > 0, then we have 

x^ > xi and x^T 5 > x^ for all x G [0, 1] (19) 

and 

x^T 5 < x» and x^ < x E for all x e (1, 00). (20) 
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Since / is increasing on [0, 1] and decreasing on (1, oo), by (19) and (20), we have 

/ (x^ > f and / (x^ > f (x^ for all x G [0,oo). (21) 

By (21), we have 

l*({x\f(x£*)})>vi({x\f(x*)}) (22) 

and 

fi{{x\f{x^)})>^{{x\f{xi)}). (23) 
By (22) and (23), we have 

(C) [ f(xMd^>(C)( f(xi)d» (24) 

J[0,oo) V 7 i[0,oo) V 7 



and 



(C) / /(^W> (C) / /MW (25) 



'[0,oo) v ' ^ [0,oo ) 

By Theorem 3.1, (24), and (25), we have 

(C) / d/x > f (C) / /(s^Md^ 

j[o,oo) v 7 y J[o,oo) v 7 y 



> 



(C) / f(xi)dv(C) f(x*)dn. (26) 

J[0,oo) V 7 J[0,oo) V 7 



4. Stolarsky-type inequality for the generated Choquet integral 



In this section, we consider the generated Choquet integral with respect to a fuzzy measure 
and investigate Stolarsky-type inequality for the generated Choquet integral. 



Definition 4.1. (9] Let /i be a fuzzy measure and g : [0,oo] — ► [0, oo], g(0) — 0 be an odd, 
strictly increasing, continuous function. 

(1) The generated Choquet integral with respect to fi of / G S"([0, oo)) is defined by 

(GC) f fdf* = g- 1 ( (C) / g o fdg o M ) (27) 

J[0,oo] y J [0,oo ) / 

where g o f is the composition of g and /. 

(2) A measurable function / is said to be integrable if (GC) Jj Q ^ fdfj, G [0, oo). 



Theorem 4.1. Le£ /i : .4 — ► [0, oo) 6e a continuous fuzzy measure, g : [0,oo] — > [0, oo], 
g(0) — 0 be an odd, strictly increasing, continuous function, and a > 0, b > 0. If f € i?([0, oo)) 
is integrable function with (GC) J, Q , fd/j, G [0, 1], and it is increasing on [0, 1] and decreasing 

on (1, oo), and if (GC) Jj Q ^ / ^x°+s^ dfi G (0, 1], £/ien the inequality 

(GC) [ f(xMd»>(GC)[ f (xi) d»(GC) [ f(xi)dfi (28) 

J 10,1] V 7 J [0,1] V 7 J[0,1] v 7 

Zio/ds. 
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Proof. Since a > 0,6 > 0 and / is increasing on [0, 1] and decreasing on (l,oo), by (19) 
and (20), we have 

/ (x^ > f (x°^ and / (x^ > f (x^ for all x G [0,oo). (29) 

Since g is strictly increasing, by (29), we have 

jo/^JTsJ >so/|i^J and g o / (x^^j > g o / (x^ for all x e [0, oo). (30) 

Note that if /i is a continuous fuzzy measure and g : [0, oo] — ► [0, oo], g(0) — 0 be an 
increasing continuous function, then g o fi is a continuous fuzzy measure. Thus, by (30), we 
have 

gon({x\f(x£*)}) ><?°m(W (*«)}) (31) 

and 

gon({x\f(x£s)}) >go/i({x\f(xt)}) . (32) 
By (31) and (32), we have 

(C) I gof(x^)dgon> (C) [ gof(x^)dgov (33) 

J[0,oo) V 7 J[0,oo) V 7 

and 

(C) / gof(x^)dgof,>(C) [ gof(xi)dgo». (34) 

J[0,oo) V 7 >/[0,oo) V 7 

We note that if g is an odd, strictly increasing continuous function, then its inverse g _1 is an 
odd, strictly increasing continuous function. Thus, by (34), we have 

(GC) [ f( x *b)d» = g-'l^f jo/U)djoJ 

J[0,oo) V 7 \ J[0,oo) V 7 J 

'(iC)^ ^gof(x^dgo^j 



> 9~ 

(GC) [ f ( ) (/// (3.1) 

J[0,oo) 



(GC) / d/x = g- l ({C)[ jo/UjrfjoJ 

J[0,oo) V 7 \ J[0,oo) v 7 / 

> g-'^C)^ ^/(^dffo^j 

= (GC) / /(a^W (36) 

J[0,oo) V 7 

By Theorem 3.1, (35), and (36), we have 



(GC) / f(xMd» > ((GC) [ f(xM 

J[0,oo) V 7 V J[0,oo) V 7 



> 



(GC) / f(x k A dfi(GC) / / (xi) d^. (37) 

J[0,oo) V 7 i[0,oo) V 7 
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5. Conclusions 

This study was to solve an open problem: Does Stolarsky's inequality for the Choquet 
integral? Thus, we solved Stolarsky-typc inequality for the Choquet integral with respect to 
a continuous fuzzy integral under some sufficient conditions (see Theorems 3.2 and 3.3). We 
also proved Stolarsky-type inequality for the generated Choquet integral with respect to a 
continuous fuzzy integral under some sufficient conditions (see Theorem 4.1). 

Furthermore, we give another open problem: Docs Stolarsky's inequality for the interval- 
valued generated Choquet integral? 

Acknowledgement: This paper was supported by Konkuk University in 2014. 
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l 

Abstract 

We discuss the boundedness and compactness of extended cesaro operator from 
weighted Bergman space to Zygmund-type space on the unit ball of C n . 

1 Introduction 

Let H(B n ) be the class of all holomorphic functions on B n , where B n is the unit ball in the 
n-dimensional complex space C n . Let dv denote the Lebesegue measure on B n normalized 
so that v(B n ) = 1. For / G H(B n ), let 

*/(*) = X>|£(*) 

j=l 3 

be the radial derivative of /. We write 5R m / = ft™- 1 (&/). 

The Bloch space B = B{B n ) is defined as the space of all / G H(B n ) such that 

\\f\\ B = sup{(l - \z\ 2 )\Kf{z)\ : z G B n } < ex). 

The little Bloch space B 0 = B a (B n ) consists of those / G B satisfying 

(l-|z| 2 )|5R/(z)|^0, as |*| -H. 

For p > 0, a > —1, the weighted Bergman space AP a = A^{B n ) consists of all / G H(B n ) 
such that 

\\f\\ P Al - / \f(z)\?(l-\z\ 2 Tdv(z). (1) 
J B n 

When p > 1, the weighted Bergman space with the norm H-H^g becomes a Banach space. If 
p G (0, 1), it is a Frechet space with the translation invariant metric d(f,g) — \\f — g\\ P AP ■ 

The Zygmund space Z = Z(B n ) consists of those functions whose first order partial 
derivatives are in the Bloch space. As we all know f G Z if and only if ||/||.z = |/(0)| + 

sup(l-|z| 2 )|5ft 2 /WI <oo. " 

zeB n 

The authors were supported in part by the National Natural Science Foundation of China (Grant Nos. 
11371276; 11301373; 1120133) 
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Let Z 0 = Z 0 (B n ) denote the subspace of Z consisting of those / G Z for which 

lim (l-|z| 2 )|5R 2 /WI=0. 

\z\-*l 

Both Z and Z 0 are Banach spaces under the norm \\f\\z- 

A positive continuous function /ion [0,1) is called normal, if there exist three positive 
constants 0 < S < 1, and 0 < s < t < oo, such that, for r G [5, 1) 

Mr) 10, .^too, as r-H. 



(1-r)* " ' (1 -r) f 

In the rest of this paper we always assume that /x is normal on [0, 1) and if /x : B n — > [0, oo) 
is normal, we will also suppose /x is radial on B n , that is, xt(z) = /x(|,z|), z € -B„. 

For a normal function /x on [0, 1), the Zymund-type space Z^ = Zy,{B n ), consists of all 
/ G H(B n ) satisfying the norm: 

ll/lk = l/(0)| + sup n(z)\^f{z)\<™. 

z£B n 

Moreover, the little Zymund-type space Z^q = 2>nfi{B n ) contains / G Z^ such that 

lim M (z)|5R 2 /(z)HO. 

When /x(r) = 1 — r 2 , the (little) Zymund-type space is the (little) Zymund space. 
For g G H{B n ) 1 we consider the extended cesaro operator T g defined on H(B n ) by 



Tgf(z) = f 
JO 



f(tz)Ztg(tz)j. 



Fang and Hu, respectively, gave some sufficient and necessary conditions for the extended 
cesaro operator to be bounded and compact on Zygmund spaces, mixed norm spaces in 
papers [3, 4, 5, 6]. Other related results can be found in [1, 9, 10, 13]. Building on those 
foundations, the present paper focuses on the boundedness and compactness of extended 
cesaro operator from the weighted Bergman space to Zygmund-type space on the unit ball 
of C n . The paper is constructed as follows: some lemmas are given in section 2, section 3 
and section 4 devote to the main results. 

Throughout the remainder of this paper, C will denote a positive constant, the exact 
value of which will vary from one appearance to the next. 

2 Some Lemmas 

Lemma 1. Let g G H{B n ), then 1R(T g f)(z) = f(z)$lg(z) for any f G H(B n ) and z G B n . 
Lemma 2. [12, Theorem 2.1] Suppose that p G (0, oo) and a > —1, then we have that 

1/(0)1 ^ ( i-|J|' 2 / ) l l£i + ^ ' feA - zeB - 

Lemma 3. [8] Suppose that 0 < p < oo, a > — 1, then for all f G A? a , 

ii/ii% * i/(o)i p + / i^fwra - \z\ 2 r +a dv( Z ). 
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From Lemma 3, if / e A? a then 3?/ e A p a+p and P/||^ +p < C||/IU§- 

The following criterion follows from an easy modification of [2, Proposition 3.11]. 

Lemma 4. Assume that 0 < p < oo,a > —1, \i is normal and g e H{B n ). Then T g : 
A p a — > Z M is compact if and only if T g : A v a ^ Z M is bounded and for any bounded sequence 
{//cjfceN in A v a which converges to zero uniformly on compact subsets of B n as k — > oo, then 
\\Tgfk\\z» ->0, fc^oo. 

The next lemma similarly follows the proof of [7, Lemma 1] with minor modifications. 

Lemma 5. A close set JC in Z M , 0 is compact if and only if it is bounded and satisfies 

lim sup^(^)|3? 2 /(2)| = 0. 
N->i feic 

3 The boundedness of T g : A* -> Z^Z^). 

Theorem 1. Suppose that p > 1 and a > —1, p is normal and g G H{B n ). Then T g : 
A v a — > Z p is bounded if and only if 

M i : = SU P T, 9Nr X ! w < °° ; 2 
zeB n (1 - \z\*)( n + a + 1 )/P 

n{zWg{z)\ 

M 2 := sup ; ,9 I V .iw < °°- 3 

Proof. Sufficiency. Suppose (2) and (3) hold. By Lemma 3, 3?/ € ^4q+ p and ||3?/|U p + < 
CH/ll^p . Since T g f(0) = 0, by Lemma 1, Lemma 2 and Lemma 3, it follows that 

\\T 9 f(z)\\ Ztl = \T g f(0)\+ ^p rtz)\&(T g f){z)\ 

z£B„ 

= sup v(z)\Vt(Wg)(z)\ 

z£B n 

= sup n(z)\Stf{zyStg(z) + f{z)&g(z)\ 

< sup n(z)\Zlf(z)Zlg(z)\ + sup n(z)\f(z)$ 2 g(z)\ 

zeB n z£B n 



a;: 



(1 - |z|2)(« + «+P+D/ P "^' " A a+, ' ~ (1 _ | z |2)(n + a+l)/p 

< C||/|Ug < oo. (4) 

From above we obtain the boundedness of T g : A v a — > Z M . 

Necessity. Suppose that T s : A v a — > Z M is bounded. Choose 

^ In a + 1 

t>nmax 1,-H . (5) 

Thus c = pi - (n + 1 + a) > 0. For a e B„, set 

•» + l + Q 



2Nt" 



a- (U) ; ^ EB - ,6) 

By [12, Theorem 1.12], we obtain that f a € A v a and sup ||/ 0 |Ug < C- Moreover, 

a£B„ 

1 t\a\ 2 



fa(a) = ^rnr and |3?/ a (a 

(l-|aP)— (l-|a| 2 )" 



*-+! 
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Using the boundcdncss of T g : A v a — > Z M and Lemma 1, it is clear that 
\\T g f a (z)\\ Zfl = \T g f a (0)\+ snp ^z)\^(T g f a )(z)\ 

zGB n 

= sup n(z)\St(f a Ztg)(z)\ 

z£B n 

= sup ^z)\n.f a (z)ng(z) + f a (z)n 2 g(z)\ 
zeB n 

> M (a)|R/ 0 (a)||%(a)| - ti(a)\f a (a)\\<5t 2 g(a)\ 
t^a)\^g(a)\\a\ 2 ^(a)|^ 2 g (a)| 
(l-|a| 2 ) 2i± ^ +1 (l-\a\ 2 )^^' 

For a e B n , define the function 

2\t- , , \„\1\t- 



(7) 



where t also satisfies (5). By [12, Theorem 1.12], we also get h a e A p a and sup ||/i 0 |Ug < C. 

aeB n 

Moreover, $ih a (a) — 0 and h a (a) = 1/(1 — \a\ 2 ) p . Hence 

\\T g h a (z)\\ Ztt = \T g h a (0)\+ sup f,(z)\^(T g h a )(z)\ 

zGB n 

= sup ii(z)\3th a (z)3lg(z) + h a (z)K 2 g(z)\ 
zeB n 



> fi{a)\m a (a)Vig{a) + h a {a)Vi 2 g(a) 
(l-\a\ 2 )^' 



(8) 



Since a is an arbitrary element in B n , then from (8) we get (2). Combining (7) and (2), it 
follows that 

zeB n (l - |z| 2 )~^ +1 
If we take f(z) = I e A p and obtain $tf(z) = 0. Then 

sup [i(z)\3t 2 (T g f)(z)\ = sup ^z)m(z)ng(z) + f(z)^ 2 g(z)\ 

z£B n z£B n 

= sup [i(z)\® 2 g(z)\ < oo. (10) 

z<EB„ 

On the other hand, we take the functions /j(z) = € Ag, j *= {1j ■■■>"} an d have ^Stfj(z) — 
Zj, j € {1, ...,n}. Thus 

sup mWI^CMWI = sup Ai (z)|Rf J (z)5J. 9 (z)+/ J (z)5i 2 3 (z)| 

= sup n(z)\zj\\Stg{z) + ® 2 g(z)\ < oo. (11) 

Further by (11) it is clear that 

n 

sup n(z)\z\\Slg(z) + M 2 g(z)\ < sup M (z)( V |z,-|) |5ft fl (z) + ^ 2 g{z)\ < oo. (12) 
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Employing (12) we have that 

sup n(z)\$lg{z) + ^ 2 g{z)\ < sup t i(z)2\z\\ s Rg{z) + 3? 2 g(z)| < oo. 

\z\>l/2 z£B n 

It is obvious that sup fi(z)\$lg(z) + $t 2 g(z)\ < oo. Therefore, 

N<l/2 

sup n(z)\$lg(z) + $l 2 g(z)\ < oo. (13) 

z£B n 

Combining (10) and (13) we get that 

M 3 := sup fj,(z)\^tg(z)\ < oo. (14) 

zeB n 

Employing (14) and (9), respectively, we obtain that 

, ._ l/2 (.1.- \ z \2)(n+a+p^„r z£Bn 

n(z)\Vtg(z)\ ^ „ v(z)\Slg(z)Mz\*) 

A P T, — 

Combining (15) and (16), (3) follows. The proof is completed. □ 



.1^1/0 (1 - \ z \2)(n+ a +p+l)/p ~ yC £ )\ y\ )\ 

011 _ v( z )\^y\*)\ < ;m.-ji M./v , 1 1 1 -t - 

>F/2 (1 - |^| 2 )(«+«+P+ 1 )/P ~ , e | n (1 - | z |2)(n+a+p+l)/p < °°' 



Theorem 2. Suppose that p > 1 and a > — 1, /U is normal and g G H(B n ). Then T g : 
A v a — > Z^ 0 * s bounded if and only ifT g : A v a ~^ is bounded and 

]imu(z)\$lg(z)\=0, (17) 

|z|-s-l 

lim M (z)|3ft 2 5 (z)| = 0. (18) 

|z|-*-l 

Proof. Sufficiency. Suppose that T g : A v a — > Z M is bounded, (17) and (18) hold. For any 
polynomial P, by (17) and (18), we have that 

^z)\^{T g P{z))\ < n(z)\VtP(z)Vtg(z)\+»(z)\P(z)Vt 2 g(z)\ 

< mWIWIII^IU + Kz)\*K 2 g(z)\\\P\\oo o, \z\ -+ 1, 

where HSftPHoo := sup |3fP(z)| < oo and ||P||oo := sup \P(z)\ < oo. Since the set of all 

z£B n z£B n 

polynomials is dense in A^, then for any / € A^, there is a polynomial sequence P n such 
that \\P n — /||^4g — > 0, n — > oo. By the boundedness of T 9 : Ag, — > Z M , 

||T 9 P„ - T 9 /||^ < ||T s ||||P„-/|U g -X), rwoo. 

Hence T g (AP) C Z^n. That is, T ff : A£ Z M , 0 is bounded. 

Necessity. Suppose that T s : (Ag) — > Z^n is bounded. Choosing f(z) = 1, we obtain 
(18). Taking fj(z) = Zj, j e {1, ...,n}, we have that 

rtz)\&(T g f j )(z)\=rtz)\z J \\Xg{z)+&g{z)\^0, \z\ -+ 1. 

From the above inequality, 



1. 



3 = 1 

That is, 

(i{z)\9tg(z) + $t 2 g(z)\ -> 0, |z| -> 1. (19) 
Combing (19) and (18), (17) follows. The proof is completed. □ 
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4 The compactness of T g : AP a — > Z^Z^q). 

Theorem 3. Suppose that p > 1 and a > —1, [i is normal and g S H{B n ). Then the 
following statements are equivalent: 

(a) T g : — > Z M is compact. 

(b) T g : A v a ^ 2^^ is compact. 

(c) T g : A v a — > Z M is bounded and 

Urn % = 0. (20) 
lim t^mm - o (21) 

Proof. (b)=>(a). This implication is obvious. 

(a)=>(c). Suppose that T g : A^ — > Z M is compact. It is obvious that T ff : A£ — »■ Z M 
is bounded. Let (z k ) keN be a sequence in B n satislying \z k \ — > 1 as fc — > oo. Consider the 
lunction sequence (f k )keN defined by 

2 xt-n±2±i 



f ^ (i — l^fcl 2 ) , 99 ^ 
/fe(z)= {i-(z,z k )Y ' (22) 

where i satisfies (5). From Theorem 1 we know f k e A^ and sup H/fcH^p < C. It is easy 

fceN 

to check that f k — > 0 uniformly on compact subsets of £>„ as fc — > oo. By Lemma 4, 
lim llTg/feU^ = 0. Using the same proof of (7), it follows that 

fc— >oo 

(l-|z fe | 2 ) p ^ (l-\z k \ 2 ) P 
Next take the function sequence 

(l-(z, zt,))' V (1 - (z,Zk)Y > 



where t also satisfies (5). Then (/ifc)fceN is a bounded sequence in AP a and h k — > 0 uniformly 
on compact subsets oi 

of (8) we obtain that 



on compact subsets of i?„ as k — > oo. By Lemma 4, lim ||T £ ,/ifc||.z = 0. By the same proof 



iit #, r^ii > ^(^fc)|^ 2 .9(gfc)| , , 

(l — l^fel 2 ) ' 

Letting k -> oo in (24), it follows (20). Combining (24) and (23), (21) follows. 

(c)=>(b). Suppose T g : — > Z M is bounded, (20) and (21) hold. By the similar proof 
of (4), we obtain that 

»(zW (T g f)(z)\ < C^ i _^ 2){n+a+p+1)/p + (1 _| z | 2)(n+Q+1)/p JII/llAS- 
From the above inequality , (20) and (21) we have that 
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lim sup M (z)|JR 2 (T g /)(z)| 
N^II/ILg^i 




)ll/ll 



< r lim ( ^ z )\^)\ , l*{z)\&g{z)\ \ 

~ l V(l - | z |2)(n+a+p+l)/p + (1 - \ z \2)(n+a+l)/p) 



(25) 



Employing Lemma 5, the compactness of the operator T g : A p a — > Z^ 0 follows. The proof is 
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The numerical solution for the interval-valued differential 

equations^ 

Li-Xia Pan 

School of Inform. Engineering, Lanzhou University of Finance and Economics, Lanzhou 730020, China 



Abstract A parallel algorithm is developed for the numerical solution of interval-valued differential 
equation. In this paper, we investigated the fuzzy Euler rule, Simpson rule, composite Simpson rule and 
improved Simpson rule of interval-valued differential equation and integral equation, at the same time, 
the truncation errors and convergence theorem are discussed. Finally, an example is given to illustrate 
the methods. 

Keywords: Fuzzy Euler rule; Simpson rule; composite Simpson rule; improved Simpson rule; fuzzy 
integral equation 

1. Introduction 

Introduction to fuzzy differential equations and fuzzy integral equations are presented by Kandel 
and Byatt [1, 2] and later applied in fuzzy processes and fuzzy dynamical systems [3, 4]. The study of 
fuzzy differential equation forms a suitable setting for mathematical modeling of real-world problems in 
which uncertainties or vagueness pervade. Thinking about a physical problem which is transformed into 
a deterministic problem of partial differential equations we cannot usually be sure that this modeling 
is perfect. Especially, if the data (e.g. initial value) are not known precisely but only through some 
measurements the intervals which cover the data are determined. For example, mathematical models 
in science and engineering often contain parameters that are uncertain. These parameters are usually 
represented by random numbers, fields or processes. Therefore there appear problems of differential 
equations with uncertainty. However, when the stochastic characteristics of these parameters are not 
precisely known, an interval representation, or, more generally, a fuzzy representation may be more 
appropriate. Therefore, such uncertainty can be expressed in terms of intervals and ordinary differential 
equations. It is also clear that uncertainty expressed by a fuzzy representation is more appropriate. 

The concept of fuzzy sets which was originally introduced by Zadeh [5] led to the definition of the 
fuzzy number and its implementation in fuzzy control [6] and approximate reasoning problems [7, 8] . The 
fuzzy mapping function was introduced by Chang and Zadeh [6] . Later, Dubois and Prade [9] presented 
an elementary fuzzy calculus based on the extension principle [5]. Puri and Ralescu [10] suggested 
two definitions for fuzzy derivative of fuzzy functions. The first method was based on the H-difference 
notation and was further investigated by Kaleva [11]. The second method was derived from the embedding 
technique and was followed by Goetschel and Voxman [12] who gave it a more applicable representation. 
The concept of integration of fuzzy functions was first introduced by Dubois and Prade [9]. Alternative 
approaches were later suggested by Goetschel and Voxman [12], Kaleva [11] and others. While Goetschel 
and Voxman [12] preferred a Riemann integral type approach, Kaleva [11] chose to define the integral of 
fuzzy function, using the Lebesgue type concept for integration. 

Knowledge about dynamical systems modeled by differential equations is often incomplete or vague. 
For example, for parametric quantities, functional relationships, or initial conditions, the well-known 
methods of solving fuzzy differential equation analytically or numerically can only be used for finding 
the selected system behavior, e.g., by fixing unknown parameters to some plausible values. As a new 

^This work is supported by National Social Science Fund of China (12XJY006) and the Key Project of Teaching Research 
of Lanzhou University of Finance and Economics (20120107). 
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and powerful mathematical tool, fuzzy differential equations have been studied by several approaches 
[13, 14, 15]. 

In this work we concentrate on numerical procedures for solving fuzzy differential equations and 
fuzzy integral equations, whenever these equations possess unique fuzzy solutions. In Section 2 we briefly 
present the basic notations of fuzzy number, fuzzy function, fuzzy derivative, and fuzzy integral. In 
Section 3 a general Cauchy problem is defined and a numerical algorithm for solving it, the fuzzy Euler 
method, is proposed. In Section 4, the Simpson rule, composite Simpson rule, improved Simpson rule of 
fuzzy integral equations and their truncation errors are discussed. In section 5, an example is given to 
illustrate our methods. 

2. Preliminaries 

Let I denote a family of all nonempty, compact and convex subsets of R (intervals). The addition 
and scalar multiplication in I we define as usual (cf. [1, 2]), i.e. for A, B G I, A = [a~ , a + ], B = [b~, b + ], 
and A > 0, 

A + B = [a- + b-,a + + b + ], XA = [Xa~ , Xa + ], (-\)A = [(-A)a+ (-A)a - ]. 

Also, for A el, Ai, A 2 , A 3 , A 4 G R, A 3 A 4 > 0 it holds 

Ai(A 2 A) = (AiA 2 )A (A 3 + X 4 )A = X 3 A + A 4 A 

The Hausdorff metric in I is defined as follows: 

H(A, B) = maxfla - - 6"|, \a + - b + \). 

It is known (cf. [16, 17]) that (I, H) is a complete, separable and locally compact metric space, also it 
becomes a semilinear metric space with algebraic operations of addition and non-negative scalar multi- 
plication. 

For the metric H the following properties hold (cf. [16]): 

H{A + C,B + C) = H(A, B), 

H(A + B,C + D)< H(A, C) + H(B, D), 
H{XA,XB) = \X\H(A,B), 

for every A, B,C,D G I, and every Ael. 

Let A, B G I. If there exists an interval C G I such that A = B + C, then we call C Hukuhara 
difference of A and B. The interval C we denote by A Q B. Notice, for example, that [1, 2] 0 [1, 3] does 
not exist, and AQ B ^ A + {-)B. 

For A = [a~ , a + ] G I denote the diameter and the magnitude of A by 

diam(^4) := a + — a~ and || |^4| || := H(A, {0}) = max{|a~|, |a + |}, 

respectively. It is known that AQ B exists in the case diam(^4) > diam(S) (cf. [16, 17]). Also one can 
verify the following properties for A, B, C, D G I : 

if AQB exists, then \\\AQ B\\\ = H(A, B); 

if A QB,AQC exist, then H(A Q B, A Q C) = H(B, C); 

if AQB,CQD exist, then H(AQ B,C Q D) = H{A + D,B + C); 

if AQB,AQ(B + C) exist, then there exists (AQB)QC and (A Q B) Q C = A Q (B + C); 

if AQ B,AQC,C Q D exist, then there exists (A Q B) Q (A Q C) and (A Q B) Q (A Q C) = C Q B. 

Definition 2.1 We say that the interval-valued mapping F : [a, (3] — > I is continuous at the point 
t G [a, 0\, if for every e > 0 there exists S = 5(t, e) > 0, such that for all s G [a, /?], if \t — s\ < S, one has 
H(F(t),F(s))<e. 
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If F : [a, P] — > I is continuous at every point t 6 [a, f3], then we will say that F is continuous on [a, f3\. 
Further we want to introduce the notions of differentiability and integrability which will be used in 
the paper. 

Definition 2.2 ([18, 19]) Let F : [a, f3] — > I be given. We define the rath-order differential of F as follows: 
Let F : [a, /3] — >■ I and to G We say that F is strongly generalized differentiable of the rath-order 

at to- If there exists elements F^ s \to) 6 I, s = 1, 2, ■ ■ ■ , n. For all h > 0 sufficiently small, there exists 
-F (s ~ 1} Oo) 0 F( a_1 )(t 0 + /i),F( s ~ 1 )(to - fr) 0 F^-^ito) and the following limits hold (in the metric H): 

lim (-hiF^ito -h)Q F( s ~V(to)) = lim (- \ ){F^\%) 0 F^" 1 ^ + /i)) = F^\t 0 ). 

If s = 1, we get the following definition. 

Definition 2.3 ([18, 19]) A mapping F : [a,/3] — >■ I is second type Hukuhara differentiable at to £ [«>/?]> 
if there exists F (to) € I such that the limits 

lim {-h(F(t 0 -h)Q F(t 0 )), lim (-^)(F(to) 0 F(t 0 + h)) 

exist and are equal to F' (to). The interval F' (to) is said to be the second type Hukuhara derivative of 
interval- valued mapping F at the point to- 

The limits are taken in the metric space (I,H), and at the boundary points one considers only the 
one-sided derivatives. The function F : [a, (3] — > I is called second type Hukuhara differentiable on [a, (3] 
if F is second type Hukuhara differentiable at every point to £ [a, 0\. 

Remark 2.1 ([23]) Let F : [a, (3} — » I be given. Denote F(t) = [F~(t), F + (t)], where F~,F + : [a, (3} ->■ R. 
If the mapping F is rath-order differentiable at to € [a,/3], then the real- valued functions F~ , F + are dif- 
ferentiable at t 0 and F' (t 0 ) = [(F+)'(t 0 ), (F _ )'(t 0 )]. 

Remark 2.2 Let F : [a, /3] -»• I be given. Denote F(t) = [F~ (t), F+(t)], where F~,F + : [a,(3] -»• R. If 
the mapping F is nth-order differentiable at to G [a, /3], then the real- valued functions F - , F + are differ- 
entiable at t 0 and F^ 1 )^) = [(F+)( 2fe - 1 )(t 0 ), (F")^" 1 )^)], F( 2fe )(t 0 ) = [(F-)( 2fe )(t 0 ), (F+)( 2k \t 0 )}, 
k = 1,2,- ■■ ,f,/e G Z. 

Remark 2.3 ([23]) Let Let F : [a,/3] — >■ I be second type Hukuhara differentiable on [a,/3]. Then 

(i) F is continuous on [a,/3], 

(ii) the function diam(F) : [a, f3] — > [0, oo) is nonincreasing on [a,/?]. 

For convenience of the numerical calculations, We now follow Goetschel and Voxman [5] and define 
the integral of a interval- valued function using the Riemann integral concept. 

Definition 2.4 Let F : [a, 0\ — > I is an an interval-valued function, F(t) = [F~ (t),F + (t)\. For each 
partition P = {to, ti, ■ • • , t n } of [a, [3] and for arbitrary £j : tj_i < £j < tj, 1 < i < n, let 



The definite integral of F(t) over [a, /?] is 



[ F(t)dt= lim R P , 



where 



max tj 

0<i<n 



provided that this limit exists in the metric H. 

If the interval- valued function F(t) is continuous in the metric H, its definite integral exists [5]. 
Furthermore, 

r/3 r /3 r p 



rP rP rP 

/ F(t)dt:=[ F-(t)dt, F + (t)dt). 

J a. J ql J a 



By the Newton-Leibniz formula (see Theorem 30, Corollary 31, [6]) one can write: if an interval-valued 
function F is second type Hukuhara differentiable on [a, then F(q) = F((3) + (—1) ff F ' (t)dt. 

It should be noted that the fuzzy integral can be also defined using the Lebesgue-type approach [22, 
23]. However, if F(t) is continuous, both approaches yield the same value. Moreover, the representation 
of the fuzzy integral using Definition 2.3 is more convenient for numerical calculations. 
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3. Interval initial value problem 

In this paper, we consider the Cauchy problem for interval differential equations with the second 
type Hukuhara derivative, i.e., 

X'(t) = F(t,X(t)), (1) 

where F : [a, (3] x I — >■ I,Xo = [Xq , Xq] G I with Xq , Xq are the data of the equation, and the symbol 
' denotes the derivative from Definition 2.2. 

A more thorough discussion of the interval-valued function F(t, X) which is necessary before pro- 
ceeding with numerical examples will be given later. Sufficient conditions for the existence of a unique 
solution to Eq. (1) are that F is continuous, nontrivial and that a Lipschitz condition 

H(F(t, A), F(t, B))<L- H(A, B), A, B G I 

is satisfied for some L > 0. These conditions are given by Marek T. Malinowski [24]. Due to Remark 2.1 
we may replace Eq. (1) by the equivalent system 

(X+)'(t) = F-(t,X-(t),X+(t)),X-(t 0 ) = X Q , 

(X-)' (t) = F+(t,X-(t),X+(t)),X+(t 0 ) = X+, { ' 

which thus possesses a unique solution X(t) = [X~(t), X + (t)] £ I, which is second type Hukuhara 
differentiable. Eq.(2) represents an ordinary Cauchy problem for which any converging classical numerical 
procedure may be applied. The most elementary numerical scheme is the Euler and Runge - Kutta 
method. Here, we only discuss the fuzzy Euler method. 

To integrate the system given in Eq. (2) from [a, /3], we replace the interval [a, (3] by a set of discrete 
equally spaced grid points 

a = t 0 < h < ■ ■ ■ < ijv = ft, 

at which the exact solution X(t) = [X~(t), X + (t)] is approximated by some Y(t) = [Y~(t), Y + (t)]. The 
exact and approximate solutions at t n ,0 < n < N are denoted by X n = and Y n = [Y~,Y+], 

respectively. The grid points at which the solution is calculated are 

t n = to + nh, h = — . 

The Euler method is based on the first-order approximation of (X~)'(t) and (X + )'(t), given by 

X~(t n+ i) - X~(t n ) 



h 

X+(t n+l )-X+(t n ) 



h 

then, we obtain 

X n+1 ~ X n + hF+, 
X n+1 ~ X n + hF~ , 

where 

F~ = F~(t n ,X~ ,X+), 
F+ = F + (t n ,X-,X+). 

Following above equality, we define 

Y n+ 1 = Y n +hF + (t n , Y~ , Y+ ) , 
Y n+1 = Y n + hF (*n, Y ~, Y+), 

where Y Q ~ = Xq , F 0 + = Xq. The polygon curves 



Y~(t, h) 4 {[t 0 , [t u Ff], • • • , [t N ,Yj]}, 
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Y+(t, h) 4 {[t 0 , Y+], [h,Y+], ■ ■ ■ , [t N ,Y+]}, 

are the Euler approximates to X~(t) and X + (t), respectively, over the interval to < t < tjy. In what 
follows, we will present a convergence theorem, i.e., 

lim Y~(t,h) =X~(t), 
lim Y + (t,h) =X + (t). 

Let F~(t,u,v) and F + (t,u,v) be the functions F~ and F + of Eq. (2) where u and v are constants 
and u < v. In other words, F~(t, u, v) and F + (t, u, v) are obtained by substituting X = (u, v) in Eq. (2). 
The domain where F~ and F + are defined is therefore K = {(t, u, v)\to < i < ijv, — 00 < w < oo, — oo < 
u < u}. 

Theorem 3.1 Let F~ (t,u,v), F + (t,u,v) belong to C l (K) and let the derivatives of F~ and F + be 
bounded over K. Then, the Euler approximates of Eq. (2) converge to the exact solutions X~ (i) and 
X + (t) uniformly in t. 

Proof As in ordinary differential equations [25], it is sufficient to show By using Taylor's theorem we get 

X n+1 ~ X n + hF n + " ^ ~ ^ 1 ^™ G * n+1 )' 

X Ul « X- + ftF" + (X+( 2 eJ)// /l 2 , £+ G (t n , Wl). 

Consequently 

X n+1 " y n+l = *n " *7 + ^ + (*n , X ~ , ) - hF+(t n , Y~ , Y+) + M^^.C G (i n , Wl), 

Denote = X " - Y~,V n = X + - Y+ . Then 



K+i ~ Yn + i = X n~ Yrt + hF~ (t n , X~ , X+) - hF~ (t n ,Y~ ,Y+) + { - '-^h 2 ,^ G (t n ,t n+1 ), 



where 



|W n+ i| < \W n \+h\F + (t n ,X-,X+)-F + (t n ,Y-\ + 1 ^M-. j 
\V n+ i\ < \V n \ + h\F-(t n ,X-,X+)-F-(t n ,Y-\ + ^-M + , 
M- = max M+ = max 

Kn<N Kn<N 



By applying the Lipschitz condition, we obtain 

|W n+1 | < \W n \ + Lhmax{\W n \,\V n \} + ^M-, 

\V n+1 \ < \V n \ + Lhmax{\W n \, \V n \} + 
denote U n = \W n \ + \V n \, since max{a, b} = |(a + b + \a — b\), then 

\W n+1 \ + \V n+1 \ < (1 + 2Lh)(\W n \ + \V n \) + yM" + yM+ 

ET„ < (1 + 2Lfc)tf„-i + yM" + yM+ < (1 + 2L/ t )"[/ 0 + + yM+). 

lim(|W r n | + |^ n |) = |Wb| + |^ 0 |, 



then 



then 



Since W 0 = ^ - V = °. V o = x o ~ Y o + = °> we obtain 



lim W n = 0, lim V n = 0. 
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4. Fuzzy integral equations 

The notation of fuzzy integral equation may be introduced indirectly by replacing the fuzzy Cauchy 
problem 

X'(t) = F(t,X(t)),t€[a,P] (3) 
X{to) = X 0 , 

by a fuzzy integral equation 

rt 



X(t)=X 0 Q(-l) f F(s,X(s))d 

Jto 



S. 

to 

Due to the form of integral of interval- valued function F(t), we may replace Eq.(3) by the equivalent 
system 

X(t) = X 0 Q(-l)[f F-(s,X-(s),X + (s))ds, [ F + (s,X~(s),X + ( S ))ds], 

Jto Jto 

which thus possesses a unique solution X(t) = [X~(t), X + (t)] £ I, which is second type Hukuhara differ- 
entiable. Eq.(3) represents an ordinary integral for which any converging classical numerical integration 
may be applied. 

However, this equation may not be easily used for approximating X(t) because of the possible com- 
plexity of the integrand F(t, X(t)). Generally, it would be quite tiresome to determine F~(s,X(s)) and 
F + (s, X(s)) at arbitrary stage of the computation. A more applicable approach is presented in this 
section. 

Prior to representing a numerical procedure for calculating the integral of an interval- valued function, 
we will further restrict our discussion to X(t) = (X~(t), X + (t)) interval-valued function for which X(t) 
is continuous. 

4.1. The numerical method for integration 

To calculate the Riemann integrals f£ F~(t)dt and f£ F + (t)dt, we apply the Simpson rule(SR) and 
composite Simpson's rule(CSR). The interval [a, (3] is partitioned by equally spaced points: 

a = to < t\ < ■ ■ ■ < ijv = P, 

and the integral of an arbitrary crisp function F~(s, X~(s), X + (s)), F + (s, X~(s), X + (s)) over [a, ft] is 
approximated by 

iy-(s,X'(s),X + (s))ds^^(F-( a ,X~(a),X + (a))+AF-(^,X~(^),X + (^)) 

+F-((3,X-((3),X + (f3))) 

[ F + (s, X-(s),X+(s))ds « X'(a), X+(a)) + 4F+(^, X~£±£), X+fi±?-)) 

+F + (f3,X~(f3),X + (l3))) 
Furthermore, if the interval [a, (3] is partitioned by equally spaced points: 

a = i 0 <*!<■■■ < t 2 N = P- 

The grid points at which the solution is calculated are 

8 -a 

U-U-! = ^r>*i = a + ih,0 < i < 2N, 
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Let F~(t) = F-(t,X~(t),X + (t)),F+(t) = F+(t, X~ (t), X+(t)), according to the Simpson rule over 
[t 2 i,t 2i+2 ], we get 

j' 2l+2 F-(t)dt = \{F-{t 2i ) + AF~{t 2i+1 ) + F-(t 2t+2 ) - ^(^) 4 fe), 

J^ +2 F + {t)dt = \{F+{t 2i ) + 4F + (t 2l+1 ) + F + (t 2l+2 ) - ^(F+)\£ t ), 
then we get the composite Simpson rule is 

/ F~(t)dt = J2 F-{t)dt^-{F~(t 0 ) + F~(t 2i ) + AY,F~{t2i + i) + 2Y J F~{t 2i )), 

Ja i=0 Jt2 i i=0 i=0 

/ F+(t)dt = J2 / F+(t)dt^-(F+(t 0 ) + F+(t 2l ) + 4Y J F + (t 2l+1 ) + 2Y J F + (t2i)), 

Theorem 4.1 Let F~(s),F + (s) belong to C 4 [a,/3], Then, the truncation error of the Simpson rule is 

R^F) G [mm(R 1 (F-),R 1 (F + )),m a x(R 1 (F-),R 1 (F + ))}, 

where R\(F~) = -i^( F -)^(r,),R 1 (F+) = - (^(F+)( 4 )(0, € [a,0\. 

Proof For the F(t) = [F (t), F + (t)], constructing the polynomial P 3 (t), P^~(t) that their power are less 
than 3, which satisfy 

P 3 -» = F-(a), P+(a) = F+(a), 
PH^) = F-^\ P 3 +(^) = F+(^), 



thus, we obtain 



(Ps-)'(^ 1 ) = (F-)'(^), (P 3 + )'(^) = (F + )'(°^-), 
Since the algebraic accuracy of the Simpson rule is 3, then 

F-(i) - P 3 -(t) = _ „)(( -^±l)(t- b),n € [eft, 

F+(t) - P+(t) = (F+ ^ >(Q (t - a)(t - ^±E)(t - (,),{£ [a,D\, 

«.(F-)4/;<q^) (t -«) (t -^ J )«-^, 

^)4 J praO( t -.)( ( -^) (t -*)*. 

It is easily to see that (t — a)(t — ^y^)(t — b) < 0 for arbitrary t G [a,/3],F(t) is continuous over [a,/3], 
applying the integral mean value theorem, then, there exist r/i,^i G [a,0\, such that 

*<0--£^V>«<*>, 

Then, 

R 1 (F) G [min(i? 1 (F-),^ 1 ( J F+),max(i? 1 (F-),^ 1 (F + ))]. 

Theorem 4.2 Let F~(s), F + (s) belong to C 4 [a, f3]. Then, the truncation error of the composite Simpson 
rule is 

R 2 (F) G [min( J R 2 ( J F-), J R 2 (F + ),max( J R 2 ( J F-), J R 2 (F+))], 

where R 2 (F~) = -^^ F -)W(rj),R a (F+) = -^(F+jWfc),!^ G [a,0\. 
Proof The proof is similar to Theorem 4.1. 
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4.2. The improved Simpson rule(ISR) 



To improve the order of the accuracy of the classical Simpson rule, we propose a new numerical 
calculation formula, we call it the improved Simpson rule. The interval [a, 0\ is partitioned by equally 
spaced points: 

a = to < t\ < ■ ■ ■ < ijv = 0, 

0 -a 

h = t i -U-i = t -^,l<i<N, 

and the integral of an arbitrary crisp function F~~(s, X~(s), X + (s)), F + (s, X~(s), X + (s)) over [a,0] is 
approximated by 



r 

J a 



F-(s,X-(s),X+(s))ds « h(F-£±P + J2F-( U + 

1=1 

N-l 



i=l 



Define 



£ F+(8,X-(8),X+{8))d8 « h{F+£±£) + £ F + ( 

,a + 0 



2 

U + ij+i 



)), 
))• 



N-l 



i N = h(F-{ — 



u + 1, 



S N = KF^ ( ^±l) + Y J F-( 



N-l 



)), 



))• 



Then, we have 



lim 

iV-s>oo 



/•/? 

S~=X-= F'(s,X~(s),X + ( S ))ds, 

J a 

/ F+(s,X^(s),X+(s))ds. 

J a 



lim 5+ = 



N->OQ 

Theorem 4.3 If F(i) is continuous (in the metric H) over [a, 0], the convergence of Sj^, to X~, X + , 
respectively, is uniform in t. 

Proof The continuity of F(t) guarantees the existence of the definite integral of F(t). Thus Rp = 

N 

F(£i)(ti —ti-i) converges to this integral in the metric H if 

i=i 

lim { max [h — U-i)} = 0. 

N-Hx> l<i<N 

It is easily seen that the improved Simpson rule using 2N+1 integration nodes can be represented in the 
form of Rp where S^, holds. For arbitrary Rp = (Rp, Rp) and X = (X~, X + ) we have 



and since 



H(R P ,X) = m&x{\R- -X~\,\R+ -X+\}, 



lim H(R P , X) = 0, max (h - h-i) ->• 0 



we obtain that Rp,Rp converge uniformly to X~,X + , respectively. Consequently, and (which 
are a particular case of Rp, Rp) converge uniformly to X~ , X + as well. Thus, it concludes the proof of 
Theorem 4.3. 
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5. Example 

f X'(t) = (l-t)[0,4],t€ [0,1] . 
\ X(t 0 ) = [0,3], 14 

In [12], it has proved (4) possesses a unique second type Hukuhara differentiable solution expressed by 

X(t) = [At - 2t 2 ,3] fortG [0,1]. 



Table 1 Relative values at various points for X(t) 



h 


FER 


SR 


CSR 


ISR 


Exact 


0.01 
0.02 
0.05 
0.10 
0.20 


[1.9800,3.0000] 
[1.9600,3.0000] 
[1.9000,3.0000] 
[1.8000,3.0000] 
[1.6000,3.0000] 


[2.0000, 3.0000] 
[2.0000, 3.0000] 
[2.0000, 3.0000] 
[2.0000, 3.0000] 
[2.0000,3.0000] 


[1.9956,3.0000] 
[1.9911,3.0000] 
[1.9778,3.0000] 
[1.9556,3.0000] 
[1.9022,3.0000] 


[1.9802,3.0000] 
[1.9608,3.0000] 
[1.9050,3.0000] 
[1.8200,3.0000] 
[1.6800,3.0000] 


[2.0000, 3.0000] 
[2.0000, 3.0000] 
[2.0000, 3.0000] 
[2.0000, 3.0000] 
[2.0000, 3.0000] 



The numerical results of the exact solutions and approximate solutions of X(t) are shown with Table 1. 
Except the the Simpson rule, then the composite Simpson rule is the better approximation for the exact 
solution. In our example, the approximation solution is equal to exact solution by using Simpson rule, 
indeed, this is a coincidence, because from Theorem 4.1 and 4.2 we know that composite Simpson rule is 
better than Simpson rule in approximating X{t). 
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Abstract 

In this paper we deal with approximate controllability for semilinear inte- 
grodifferential control systems with unbounded operators and nonlinear inte- 
gral terms by using the homotopy property of topological degree theory. Our 
method is to apply for the compactness of the solution mapping under the 
natural assumptions on inclusion relations of state spaces by using the known 
Sobolev's imbedding theorem and a variation of solutions of the given system. 

Keywords: semilinear integrodifferential control system, approximate con- 
trollability, compactness, topological degree theory, reachable set, 

AMS Classification Primary 35B37; Secondary 93C20 

1 Introduction 

In this paper, we are interested in the following semilinear functional integrodiffer- 
ential control system on Hilbert spaces: 
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2 



x\t) = Ax(t)+g(t,x(t),f*k(t,s,x(s))ds) + (Bu)(t), 0 < t, 
x(0) = Xq. 

Let H be a Hilbert space and V be another Hilbert space as a dense subspace of 
H. Here, A : D(A) C H — > H is an unbounded operator and the controller B is 
a linear bounded operator from a Banach space L 2 (0,T; U) to L 2 (0,T; H) for any 
T > 0, where U is a Banach space, the nonlinear term g is a semilinear version of 
the quasilinear form. 

The problem of existence for solutions of semilinear evolution equations in Ba- 
nach spaces has been established by several authors [1, 2] and references and therein. 

As for control problems for the semilinear control systems, Naito [3] and [2, 4, 5] 
proved the approximate controllability under the range conditions of the controller 
B. In recent years, Carrasco and Lebia [6, 7] discussed sufficient conditions for 
approximate controllability for semilinear differential equations with delay. The 
previous results on the approximate controllability of semilinear control systems 
have been proved as a particular case of sufficient conditions for the approximate 
solvability of semilinear equations by assuming either the compactness of the semi- 
group generated by A or the approximate controllability of the corresponding linear 
system. 

The purpose of this paper is to establish the approximate controllability for semi- 
linear integrodifferential control systems with unbounded operators and nonlinear 
integral terms under more general conditions on the nonlinear term and the con- 
troller. We no longer require the strict range condition on B. First, provided that 
the injection V C H is compact, we will obtain the compactness of the solution map- 
ping of initial data to state space by using the known Sobolev's imbedding theorem 
and a variation of solutions of the given system, thereafter, we investigate approx- 
imate controllability of (1.1) by using the homotopy property of topological degree 
theory, which is applicable for control problems and the optimal control problem of 
systems governed by nonlinearity. 



2 Nonlinear functional equations 

If H is identified with its dual space we may write V C H C V* densely and the 
corresponding injections are continuous, where V* stands for the dual space of V. 
The norm on V(resp. H) will be denoted by || • || (resp. | • |). For the sake of 
simplicity, we may consider 

\\ U \\* < \ U \ < u E V, (2.1) 
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Controllability 3 

where || • ||* is the norm of the element of V*. 

We need to impose the following conditions: 
Assumption (A). Let A : D(A) C H — > H be given a linear operator such that 

(Al) A(0)=0, (Au,u) > wilMI 2 , VveV, 

(A2) | Au | < w 3 (||-u|| + 1), where u>i, u 3 are some positive constants. 

Assumption (K). Let k : IR + x Hl + V — > H be a nonlinear mapping satisfying 
the following: 

(Kl) For any x G V the mapping k(-, -,x) is measurable; 
(K2) There exist positive constants K 0 , K\ such that 

\k(t,s,0)\ < K 0 , \k(t,s,x)-k(t,s,y)\ < K^x-yW 
for all (t, s) eR + x [-h, 0] and ijgV, 

Assumption (G). Let g : IR + xVxH^-Hbea nonlinear mapping satisfying the 
following: 

(Gl) For any x G V , y G H the mapping g(-,x,y) is measurable; 
(G2) There exist positive constants L 0 ,L 1 ,L 2 such that 

\g(t, 0,0)| < L 0 , < £i||z-£|| + L 2 |y-y| 

for all t G M + , rr G V, and y,y E H. 

From the following inequalities 

wi||-u|| 2 < Re (Au,u) + co2\u\ 2 < C\Au\ \u\ + < max{C, o>2}||'u||d(A)M, 

where 

\\u\\ D{A) = {\Au\ 2 + \u\ 2 f' 2 
is the graph norm of D(A), it follows that there exists a constant Co > 0 such that 

INI ^ColMI^M 172 . (2.2) 

Thus we have the following sequence 

cFcffcfc £>(-4)*, 
where each space is dense in the next one which continuous injection. 
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Lemma 2.1. With the notations (2.1), (2.2), we have 

(V, V*) 1/2 , 2 = H, and (D(A), H) w = V, 

where (V, V*)i/ 2>2 denotes the real interpolation space between V and V* (Section 
1.3.3 of [8]). 

For x G L 2 {-h, T; V), T > 0 we set 

G(t,x) — g(t,x(t), / k(t,s,x(s))ds). 
Jo 

The above operator g is the semilinear case of the nonlinear part of quasilinear 
equations considered by Yong and Pan [9]. Here as in [9] we consider the Borel 
measurable corrections of x(-). 

Lemma 2.2. Let x e L 2 {0, T; V), T > 0. Then G{-, x) e L 2 {0, T; H) and 

I \G(; x) \\ L 2 {0 ,t;H) < L 0 Vf +(L 1 Vf+ L 2 K X T) \ \x\\ L ^ T , v) . (2.3) 
Moreover if x±, x 2 G L 2 (0,T; V), then 

\\G(;x 1 )-G(;x 2 )\\ L 2 {0jT , H) < (L 1 Vf + L 2 K 1 T)\\x 1 -x 2 \\ L 2 {0iT . v) . (2.4) 
Proof. From (G2), (2.1) and the above inequality it is easily seen that 

\\G(.,x)\\ LHo , T;H) <\\G(.,0)\\ + \\G(-,x)-G(.,0)\\ 

< L 0 Vf + Li\\x\\^o >T; v) + / k(-,s,x{s))ds\\ L 2 { ^ T . H) 

Jo 

< L 0 Vf +(L 1 Vf + L 2 K{T) | \x\ \mo,T-,v) ■ 

Similarly, we can prove (2.4). □ 



Now, consider the following semilinear control system with B = I: 

x'(t)=Ax(t) + G(t,x(t)) + h(t), t > 0, 
x(0) = x 0 . 



(2.5) 



Referring to the result by Jeong and Rho [10], the result on the solvability of the 
equation (1.1) can be given as follows. 
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Controllability 5 

Proposition 2.1. (1) Let x 0 G H and h G L 2 (0,T;V*), T > 0. Then the nonlinear 
equation (2.5) has a unique solution x belonging to 

L 2 (0,T; V)f]W 1 ' 2 (0,T; V*) C C([0,T];H) 

and satisfying there exists a constant C\ such that 

\\ x \\L 2 {Q,T-v)r\w^ 2 {o,T;V*) < + \ x o\ + ||^||l 2 (o,t ; v*))- (2-6) 

(2) For any x 0 G V and h G L 2 (0,T; if). Then the nonlinear equation (2.5) has 
a unique solution x belonging to 

L 2 (0, T; D(A)) n W 1>2 (0, T; H) C C([0, T]; V) 

anrf satisfying there exists a constant C\ such that 

ll a: l|L 2 (0,T;D( J 4))nW 1 . 2 (0,T;H) < Cl(l + H^oll + 1 1 h \ \ L 2 (0,T;H) ) • ( 2 -7) 

^ 7/ (x 0 , h) e H x L 2 (0,T; V*), then the mapping 

H x L 2 (0, T; V*) 3 (x 0 , h) t-> x G L 2 (-/i, T; K)) fl W^^O, T; \/*) 
zs Lipschitz continuous. 

3 Approximate controllability 

In this section we make the natural assumption that the embedding V C H is com- 
pact. Let A and G be the operators satisfying Assumption (A) and (G), respectively. 
Let Xh be the solution of the equation (2.5) corresponding to h G L 2 (0,T; H) . We 
define the solution mapping S from L 2 (0, T; H) to L 2 (0, T; V) by 

(Sh)(t) =x h (t), heL 2 (0,T;H). (3.1) 

Let A and £ be the operators corresponding to the maps A and G, which are defined 
by A(x)(-) = Ax(-) and Q(h)(-) = G(-,Xh), respectively. Then since the solution x 
is represented by 

x h (t)=x 0 + [ ((/ + G - AS)h)(s)ds. (3.2) 
Jo 

The following is from the Theorem 2 of Au bin [12] 

Lemma 3.1. Under the compactness of the imbedding V C H , we have that the 
imbedding L 2 (0, T; D(A)) n W 1 ' 2 ^, T; H) C L 2 (0, T; V) is compact. 
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Theorem 3.1. The mapping S : h >-)■ x h is compact from f 2 (0,T; if) to L 2 (0,T; V) 
where Xh is the solution of (2.5) corresponding to h. Therefore, Q — AS is a compact 
mapping from f 2 (0, T; if) to itself. 

Proof, lihe L 2 {0,T; H) then form (2.6) it follows that x h e L 2 {0,T; V) satisfying 

II^I|l2(0,T;V) < Ci(l + \x 0 \ + ||/l||L2(0,T;V)), (3-3) 

and so G(-,x h ) e f 2 (0,T; if). Consequently, according to (2) of Proposition 2.3 we 
have x h G f 2 (0, T; D(A)) fl W^ 1,2 (0, T; if) and from (2.3), (2.7), and (3.3) 

lk/i||L 2 (0,T;D( J 4))nW 1 ' 2 (0,T; J H') < C\ \ | 1 + Xh) + h\ \l 2 (0,T;H) 

< d { 1 + L 0 Vf + (L, Vf + L 2 K X T) | \x\ | L2 ( 0> r;V) + I W Uw;ff) } ■ 

Thus, from (3.3) it follows that if h is bounded in f 2 (0,T; if), then so is Xh 
in L 2 (0,T;D(A)) n W /1,2 (0, T; if). Invoking Lemma 3.1, since L 2 (0,T; D(A)) n 
W 1,2 (0, T; if) C L 2 (0,T;\/) is compact, the mapping h t-> rr^ is compact from 
from L 2 (0,T; H) to L 2 (0,T;V^). Hence, the mapping h h- >■ g/i = x/j is compact 
from L 2 (0,T; H) to L 2 (0,T; if). Therefore, by Assumption (G), £ is also a com- 
pact mapping from f 2 (0, T; if) to L 2 (0, T; if) and so is Q - A from L 2 (0, T; if) to 
itself. □ 

Lemma 3.2. Put J 7 ' = Q — AS. Then we have 

W^u\\lP(0,T;H) < ^lCO|M| L2(0 ,T;V*) + l)+N 2 (T), (3.4) 

w/iere 

Ni(T) =(1 + ^-^^(LiVT + L 2 K ± T), (3.5) 

N 2 (T) ={cu 3 Vf + Ci(L iVT + La^iTJlOxol + 1) + 1 + wr 1 w 3 I 0 T. (3.6) 

Proof. Taking scalar product on both sides of (2.5) by x(t) 

1 d 

2dt' 



KOI' + ^II^)!! 2 < ||G(t,a;(t)) + MOII*IW*)ll 



<^|G(f,x(0) + MOI 2 + yll* 



Integrating on [0,t], we get 

k(*)| 2 + ^ /V(s)ir^< ko| 2 + — t \\G(t,x(t)) + h(s)\ 2 ds. 
^ Jo w i io 
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By using H/" older inequality, it follows that 

||^IU 2 (0,T;V) = \\x h \\ L 2 {0;T . v) < Vf(\x 0 \ + —\\G{-,x(-)) + h\\ L 2 {0>T . H) , (3.7) 
From (2.3), (3.3), (3.7) and Assumption (A) it follows that 

||^||l 2 (0,T;H) < \ \Qu\\l'\0,T;H) + W 3 (| \Su\ \l*(0,T;V) + 1) 

< \\Gu\\l2(0,T;H) +^3^(10:01 +Wr 1 ||^M + M|| i 2 (0iT .y, ) + l) 

< u 3 Vf(\x 0 \ +Ui~ 1 \\u\\ L 2 { ^ T . H) + 1) 

+ {l + ui^ 1 u 3 Vt(L 0 Vt + (LiVt + L2KiT)\\x u \\ L 2(Q yT . v - ) } , 

therefore, (3.4) derives from (3.3). □ 

The solution of (1,1) is denoted by x(T; g, u) associated with the nonlinear term 
g and control u at time T. 

Definition 3.1. The system (1.1) is said to be approximately controllable at time 
T if Cl{x(T; g,u) : u G L 2 (0,T;U)} = H where CI denotes the closure in H. 

Theorem 3.2. Let Assumptions (A), (K), and (G) be satisfied and let the embedding 
V C H be compact. Then the system (1.1) is approximately controllable at time T. 

Proof. We denote the range of the operator B by He- Then L 2 (0, T; H) = Hb + H^, 
where ~H B is the closure of H B in L 2 (0, T; H). Then for each y G L 2 (0, T; H), there 
exists a unique (y 1 ,y 2 ) G Hb x H b such that y = y 1 + y 2 . Let P be the projection 
of L 2 (0, T; H) onto H B defined by P(y) = y 1 . Let 

T = Q — AS, and Tu = F{Pu) 

for u G L 2 (0,T; if). Then J 7 is also a compact mapping from L 2 (0,T; if) to itself. 
We define the reachable sets for the system (1.1) as follows: 

R T = {x(T; g,u) : u G L 2 (0,T;U)}. 

Actually we are going to show that Rt is a dense subset of H. Let us fix T 0 > 0 so 

that 

N^To) = (l+u^wzy/nXLiy/n + LiKtTo) < 1, (3.8) 

Let z G H. Put z 0 = (z + x 0 )/T 0 G L 2 (0,T 0 ; H), where Xq is the given initial data. 
Then there exists a unique representation z 0 = z\ + Zq with Zq E H B and £q G if B . 
Let r be such that ||£o||l 2 (o,To;/T) < r an d 

e V r = {y G L 2 (0,T 0 ;H) : ||t/|| L 2(o,T 0 ;H) < r}. 
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Take a constant d > 0 such that 

(r + iV 2 (T 0 ))(l - iV^To))- 1 < d, (3.9) 

where N 2 is the constant defined by (3.6). Let us consider the equation 

z 0 = \Fu + u, 0 < A < 1. (3.10) 

Let u be the solution of (3.10). Since z 0 e V d and from (3.4) and Assumption (A) 
it follows that 

\\u\\ < \\Z 0 \\ + \\FU\\ <r + iVi(To)||«|| La(0l To;H)+^2(7o), 

and hence, by (3.8) and (3.9) 

||u|| < (r + iV 2 (T 0 ))(l-iV 1 (T 0 ))- 1 <d. 

It follows that u <£_ dV d where dV d stands for the boundary of V d . Thus by using the 
homotopy property of topological degree theory, there exists u B G L 2 (0, T 0 ; H) such 
that 



x 0 + [ ((/ + g - AS)u B ){s)ds. 
Jo 



Since ub G Hb, there exists a sequence G L 2 (0,T 0 ; U) such that -B-u n h- > u in 
L 2 (0,T 0 ; H). Then by (3) of Proposition 2.1, we have that x(-;g,u n ) >->■ i„ B = z in 
L^O^oj^nVy 1 ' 2 ^,^;^*) C C([0,T o ];#). Thus we conclude z G i^. Therefore, 
the system (1.1) is approximately controllable at time T 0 . Since the condition (3.8) 
is independent of initial values, Considering the control system (1.1) with the initial 
value x(Tq) = xt 0 , we can extend the result to the time 2T 0 . Hence, repeating 
this process we conclude that the system (1.1) is approximately controllable at time 
T. □ 

Example 3.1. Let 

H = L 2 (0,7r), \/ = /J 0 1 (0,tt), V* = H~ 1 (0,n), 



, . f 11 duix) dv(x) 
a(M ' u)= / ~dx dx~ dX > 

Jq LLJb LLJj 



and 



(Ax)(0 = -^f with D(A) = {yeH 2 (0,n):y(0)=y(7r) = 0}. 

Then it is easily seen that the system (1.1) with the operator A mentioned above is 
approximately controllable at time T . 
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STABILITY OF POSITIVE- ADDITIVE FUNCTIONAL EQUATIONS 

IN FUZZY C*-ALGEBRAS 

AFRAH A.N. ABDOU*, FATMA S. AL-SIREHY AND YEOL JE CHO 

Abstract. In this paper, we introduce a positive-additive functional equation in fuzzy 
C*-algebras. Using fixed point methods, we prove the stability of the positive-additive 
functional equation in fuzzy C*-algebras. 



1. Introduction 

The stability problem of functional equations was originated from a question of Ulam 
[1] concerning the stability of group homomorphisms: 

Given a group G\, a metric group G2 with the metric d(-, •) and a positive number e, 
does there exist 5 > 0 such that, if a mapping f : G\ — > G 2 satisfies 

d(f(xy),f(x)f(y))<5 

for all x,y G G\, then a homomorphism h : G± — > G2 exists with 

d(f(x),h(x))<e 

for all x e Gi? 

Hyers [2] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers' Theorem was generalized by Aoki [3] for additive mappings and by Th.M. 
Rassias [4] for linear mappings by considering an unbounded Cauchy difference, respec- 
tively. The paper of Th.M. Rassias [4] has provided a lot of influence in the development 
of what we call generalized Hyers- Ulam stability or Hyers- Ulam-Rassias stability of func- 
tional equations. A generalization of Th.M. Rassias' theorem was obtained by Gavruta 
[5] by replacing the unbounded Cauchy difference by a general control function in the 
spirit of the Th.M. Rassias' approach. Rassias [6]-[8] followed the innovative approach 
of Th.M. Rassias' theorem [4] in which he replaced the factor 

iw+ iMr 
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2 ABDOU, AL-SIREHY AND CHO 

by 

\\x\\ p - h\\ q 

for any p, q G R with p + q ^ 1. The stability problems of several functional equations 
have been extensively investigated by a number of authors and there are many interesting 
results concerning this problem (see [9], [10], [11], [12], [13]). 

2. Preliminaries 

We recall a fundamental result in fixed point theory. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if 
d satisfies the following conditions: 

(1) d(x, y) — 0 if and only if x — y; 

(2) d(x,y) = d(y,x) for all x,y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 2.1. ([14, 15]) Let (X,d) be a complete generalized metric space and let J : 
X — >■ X be a strictly contractive mapping with Lipschitz constant L < 1 . Then, for each 
x G X , either 

d{J n x, J n+1 x) = oo 

for all n > 0 or there exists a positive integer uq such that 

(1) d(J n x, J n+1 x) < oo for all n > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X : d(J n °x, y) < oo}; 

(4) d(y,y*)< I ^d(y,Jy)forallyeY. 

We use the definition of fuzzy normed spaces given in [16, 17, 18, 19, 20, 21, 22] to 
investigate a fuzzy version of the Hyers-Ulam stability for the Cauchy- Jensen functional 
equation in the fuzzy normed algebra setting (see also [23, 24, 25, 26, 27, 28, 29, 30, 31, 
32, 33, 34, 35]). 

Definition 2.2. ([16]) Let X be a real vector space. A function N : X x R — > [0, 1] is 
called a fuzzy norm on X if, for all x, y G X and s, t G R, 

(Nl) N(x,t) = 0 for all t < 0; 

(N2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N3) N(cx,t) = N(x,±) ifc^O; 

(N4) N(x + y,s + t)> min{iV(x, s), JV(y, *)}; 

(N5) N(x, ■) is a non-decreasing function of R and lim^oo N(x, t) = 1; 
(N6) for all x ^ 0, iV(x, •) is continuous on R. 

The pair (X, X) is called a fuzzy normed vector space. 
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STABILITY OF POSITIVE-ADDITIVE FUNCTIONAL EQUATIONS IN FUZZY C*-ALGEBRAS 3 

Definition 2.3. ([16]) (1) Let (X, X) be a fuzzy normed vector space. A sequence {x n } 
in X is said to be convergent or converge if there exists x G X such that 

lim N(x n — x, t) — 1 

n— s>oo 

for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by 
AMim^oo x n = x. 

(2) Let (X, X) be a fuzzy normed vector space. A sequence {x n } in X is called a 
Cauchy sequence if, for each e > 0 and t > 0, there exists no € N such that, for all 
n> n 0 and p > 0, 

X(a; n+ p - x n ,t) > 1 - £. 

It is well-known that every convergent sequence in a fuzzy normed vector space is a 
Cauchy sequence. If each Cauchy sequence is convergent, then the fuzzy norm is said to 
be complete and the fuzzy normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y is 
continuous at a point Xq G X if, for each sequence {x n } converging to Xq in X, then the 
sequence {f(x n )} converges to f(x 0 ). If / : X — > Y is continuous at each x G X, then 
/ : X — > Y is said to be continuous on X (see [16, 22]). 

Definition 2.4. ([24]) A /kzzy normed algebra (X,N) is a fuzzy normed space (X, N) 
with the algebraic structure such that 

(N7) N(xy, ts) > min{iV(:r, t), N(y, s)} for all x, y G X and t, s > 0. 

Every normed algebra (X, || • ||) defines a fuzzy normed algebra (X, X), where 

N(x,t) = V-ir 

t + ||o:|| 

for all t > 0. This space is called the induced fuzzy normed algebra. 

Definition 2.5. (1) Let (X, X) and (Y, X) be fuzzy normed algebras. An M-linear 
mapping / : X — > Y is called a homomorphism if 

/M = f{x)f{y) 

for all x,y & X. 

(2) An M-linear mapping / : X — )■ X is called a derivation if 

/(zy) = f{x)y + xf{y) 

for all x,y <E X. 

Definition 2.6. Let (U,N) be a fuzzy Banach algebra. Then an involution on W is a 
mapping u u* from into W which satisfies the following conditions: 
(a) u** = u for all u eU; 
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(b) (au + (3v)* = au* + ~/3v*; 

(c) (uv)* = v*u* for all u,v EU. 

If, in addition, N(u*u, ts) = min{iV(w, t), N(u, s)} and N(u*,t) = N(u, t) for all u E U 
and t, s > 0, then U is a fuzzy C*-algebra. 

In this paper, we use * for min. 

Definition 2.7. ([36]) Let (A,N) be a fuzzy C*-algebra and x E A be a self-adjoint 
element, i.e., x* = x. Then x is said to be positive if it is of the form yy* for some y E A. 
The set of positive elements of A is denoted by A + . 

Note that A + is a closed convex cone (see [36]). It is well-known that, for any positive 
element x and n > 1, there exists a unique positive element y E A + such that x = y n . 
We denote y by a> (see [37]). 

Kenary [38] introduced the following functional equation: 

/((^ + ^) 2 ) = (v / 7M+v / M) 2 

in the set of non-negative real numbers. 

In this paper, we introduce the following functional equation 

t({x^ + ^) m ) = (T{x)™ + T(y)^Y (2.1) 

for all x,y E A + and a fixed integer m greater than 1, which is called a positive-additive 
functional equation. Each solution of the positive-additive functional equation is called 
a positive- additive mapping. 

Note that the function f(x) = cx for any c > 0 in the set of non-negative real numbers 
is a solution of the functional equation (1.1). 

In 1996, Isac and Th.M. Rassias [39] were the first to provide applications of sta- 
bility theory of functional equations for the proof of new fixed point theorems with 
applications. By using fixed point methods, the stability problems of several functional 
equations have been extensively investigated by a number of authors (see [40], [41], 
[42]-[45]). 

Throughout this paper, let A + and B + be the sets of positive elements in fuzzy C*- 
algebras (A, N) and (B, N), respectively. Assume that m is a fixed integer greater than 
1. 
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3. Stability of the positive-additive functional equation (1.1): fixed point 

approach 

In this section, we investigate the positive- additive functional equation (1.1) in C*- 
algebras. 

Lemma 3.1. ([46]) Let T : A + — > B + be a positive- additive mapping satisfying (1.1). 
Then T satisfies 

T(2 mn x) = 2 mn T(x) 

for all x G A + and m,n G N. 

Using the fixed point method, we prove the Hyers-Ulam stability of the positive- 
additive functional equation (1.1) in fuzzy C*-algebras. Note that the fundamental 
ideas in the proofs of the main results in this section are contained in [14, 40, 41]. 

Theorem 3.2. Let if : A + x A + x (0, oo) — > [0, 1] be a function such that there exists 
an L < 1 with 

/ 2 m t\ 

V(x,y,t)>v(2 m x,2 m y,—) (3.1) 

for all x, y G A + and t > 0. Let f : A + — > B + be a mapping satisfying 

N(f({x^+y^) m ) - + f(y)^) m ,t) > V (x,y,t) (3.2) 

for all x,y G A + and t > 0. Then there exists a unique positive- additive mapping 
T : A + -)• A + satisfying (1.1) and 

/ (2 m — 2 m T)t\ 
N(f(x)-T(x),t) > <p(x,x,± >-) (3.3) 

for all x G A + and t > 0. 

Proof. Letting y = x in (2.2), we get 

N(f(2 m x)-2 m f(x),t)> V (x,x,t) (3.4) 
for all x G A + and t > 0. Consider the set 

X := {g : A + -+ B + } 
and introduce the generalized metric on X as follows: 

d(g,h) = inf jyu G R + : N(g(x) - h(x),t) > ip(x,x, ^j,VxG A + , t > o|, 

where, as usual, inf 0 = +oo. It is easy to show that (X, d) is complete (see [47]). 
Now, we consider the linear mapping J : ightarrowX such that 

Jg(x) :=2^(^) 
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for all x G A + . Let g, h G X be given such that d(g, h) = e. Then we ahve 

N(g(x) — h(x),t) > (p(x, x, t) 

for all x G A + and t > 0. Hence we have 

JV(J(K*) - Jh(x) ,t)=N (2 m g^) - 2 m h(£),t)><p (x, x, ^) 

for all x G A + and t > 0 and so d(g, h) = e implies that d(Jg, Jh) < Le. This means 
that 

d(Jg, Jh) < Ld(g, h) 
for all g,h G X. It follows from (2.4) that 

T 1 ^ 



N(f(x)-2 m f (JL) lt )><p(x,x,—) 



for all x G A + and t > 0 and so Jf) < j^. 

By Theorem 1.1, there exists a mapping T : A + — >■ Z? + satisfying the following: 

(1) T is a fixed point of J, i.e., 

T {^) = ^(*) ( 3 - 5 ) 
for all x G A + . The mapping T is a unique fixed point of J in the set 

M = {geX:d{f,g)<oo}. 

This implies that T is a unique mapping satisfying (2.5) such that there exists \i G (0, oo) 
satisfying 

N(f(x)-T(x),t)>tp(x,x, 

for all x G A + and t > 0; 

(2) d(J n f,T) — )■ 0 as n — > oo. This implies the equality 

„'i»2'""/(^)=T W 

for all x e A + ; 

(3) d(f,T) < jzj;d(fi Jf), which implies the inequality 

d (f, T ) < 7i ^r~F- 

— 2 m 2 m L 

This implies that the inequality (2.3) holds. 
By (2.1) and (2.2), we have 

^(/( M ^ r )-((^/(^))" + (2»-»/ 
x y t 



t 
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for all x,y G A + , n6N and t > 0 and so 

n(t((x* - (t(x)™ +T(y)^ m ,t^ = 1 

for all x, y G A + and t > 0. Thus the mapping T : A + — >■ £? + is positive-additive. This 
completes the proof. □ 

Corollary 3.3. Let p > 1, #i,6> 2 be non-negative real numbers and f : A + — > B + be a 

mapping such that 



> * - P w (3.6) 

t + 9i(\\x\\p+ \\y\\P) + 9 2 ■ \\x\\2 ■ \\y\\2 

for all x,y G A + and t > 0. T/ien i/iere exists a unique positive- additive mapping 
T : A + — )■ Z? + satisfying (1.1) and 

JV(/(x)-T(x),Q> INI" 

/or a// x G A + and t > 0. 

Proof. The proof follows from Theorem 3.2 by taking 

~ t+^i(ikr+iii/ii p )+^-iix^-ib^ 

for all x, y G and i > 0 and L = 2 m - mp . □ 

Theorem 3.4. Let (p : A + x A + x (0, oo)] — > [0, 1] be a function such that there exists 
L < 1 with 

x y t 



(p(x, y, t) > <p . 

r \ tat ) — r y 1 2 m 2 m L , 

for all x, y G A + and t > 0. Let f : A + — > B + be a mapping satisfying (2.2). Then there 
exists a unique positive- additive mapping T : A + — > A + satisfying (1.1) and 

N(f(x) - T(x),t) > <p(x, x, (2 m - 2 m L)t) 

for all x G A + and t > 0. 

Proof. Let (X, d) be the generalized metric space defined in the proof of Theorem 3.2. 
Consider the linear mapping J : X — > X such that 

M*) ■= ^9(2 m x) 
for all x G A + . It follows from (2.4) that 

N(f\x)-^f(2 m x),t)> V (x, X) 2 m t) 
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for all x E A + and t > 0. So d(f, Jf) < 

The rest of the proof is similar to the proof of Theorem 3.2. □ 



Corollary 3.5. Let 0 < p < 1, 0\,O 2 be non-negative real numbers and f : A + — > B + 

be a mapping satisfying (2.6). Then there exists a unique positive- additive mapping 
T : A + — > B + satisfying (1.1) and 



N(f(x)-T(x),t)> * i+g2 ||s 

for all x E A + and t > 0. 

Proof. The proof follows from Theorem 3.4 by taking 

t 

<p(x,y,t) 



\p 



i p I, I, p 

2 



t + 0i(||a;||p+ \\y\\ p ) + 0 2 ■ \\xp ■ \\y\ 
for all x, y E A+ and t > 0 and L = 2 mp ~ m . □ 



Acknowledgement. This project was funded by the Deanship of Scientific Research 
(DSR), King Abdulaziz University, under Grant No. (31-130-35- HiCi). The authors, 
therefore, acknowledge with thanks DSR technical and financial support. 



References 

[1] S. M. Ulam, A Collection of the Mathematical Problems, Interscience Publ. New York, 1960. 
[2] D.H. Hycrs, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA 27 (1941), 
222-224. 

[3] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 
(1950), 64-66. 

[4] Th.M. Rassias, On the stability of the linear mapping in Banach spaces , Proc. Amer. Math. Soc. 
72 (1978), 297-300. 

[5] P. Gavruta, A generalization of the Hyers- Ulam-Rassias stability of approximately additive map- 
pings, J. Math. Anal. Appl. 184 (1994), 431-436. 

[6] J.M. Rassias, On approximation of approximately linear mappings by linear mappings, Bull. Sci. 
Math. 108 (1984), 445-446. 

[7] J.M. Rassias, On approximation of approximately linear mappings by linear mappings, J. Funct. 
Anal. 46 (1982), 126-130. 

[8] J.M. Rassias, Solution of the Ulam stability problem for quartic mappings, Glas. Mat. Ser. Ill 34 
(54) (1999), 243-252. 

[9] P. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific Publishing 

Company, New Jersey, Hong Kong, Singapore and London, 2002. 
[10] G.L. Forti, Comments on the core of the direct method for proving Hyers-Ulam stability of functional 

equations, J. Math. Anal. Appl. 295 (2004), 127-133. 
[11] G.L. Forti, Elementary remarks on Ulam-Hyers stability of linear functional equations, J. Math. 

Anal. Appl. 328 (2007), 109-118. 
[12] D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Variables, 

Birkhauser, Basel, 1998. 



658 



AFRAH A.N. ABDOU et al 651-660 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



STABILITY OF POSITIVE-ADDITIVE FUNCTIONAL EQUATIONS IN FUZZY C*-ALGEBRAS 9 

[13] S. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic 

Press Inc., Palm Harbor, Florida, 2001. 
[14] L. Cadariu and V. Radu, Fixed points and the stability of Jensen's functional equation, J. Inequal. 

Pure Appl. Math. 4, no. 1, Article ID 4 (2003). 
[15] J. Diaz and B. Margolis, A fixed point theorem of the alternative for contractions on a generalized 

complete metric space, Bull. Amer. Math. Soc. 74 (1968), 305-309. 
[16] R. Saadati and S.M. Vaezpour, Some results on fuzzy Banach spaces, J. Appl. Math. Comput. 17 

(2005), no. 1-2, 475-484. 

[17] R. Saadati and C. Park, Non-Archimedian C-fuzzy normed spaces and stability of functional equa- 
tions, Comput. Math. Appl. 60 (2010), no. 8, 2488-2496. 

[18] R.P. Agarwal, Y.J. Cho, R. Saadati and S. Wang, Nonlinear C-fuzzy stability of cubic functional 
equations, J. Inequal. Appl. 2012, 2012:77, 19 pp. 

[19] R. Saadati, On the "On some results in fuzzy metric spaces", J. Comput. Anal. Appl. 14 (2012), 
996-999. 

[20] C. Park, S.Y. Jang and R. Saadati, Fuzzy approximate of homomorphisms, J. Comput. Anal. Appl. 
14 (2012), 833-841. 

[21] A.K. Mirmostafaee, M. Mirzavaziri and M.S. Moslehian, Fuzzy stability of the Jensen functional 

equation, Fuzzy Sets Syst. 159 (2008), 730-738. 
[22] A.K. Mirmostafaee and M.S. Moslehian, Fuzzy versions of Hyers-Ulam-Rassias theorem, Fuzzy 

Sets Syst. 159 (2008), 720-729. 
[23] J.I. Kang and R. Saadati, Approximation of homomorphisms and derivations on non-Archimedean 

random Lie C* -algebras via fixed point method, J. Inequal. Appl. 2012, 2012:251, 10 pp. 
[24] C. Park, M. Eshaghi Gordji and R. Saadati, Random homomorphisms and random derivations in 

random normed algebras via fixed point method, J. Inequal. Appl. 2012, 2012:194, 13 pp. 
[25] A. Ebadian, M. Eshaghi Gordji, H. Khodaei, R. Saadati and Gh. Sadeghi, On the stability of an 

m-variables functional equation in random normed spaces via fixed point method, Discrete Dyn. 

Nat. Soc. 2012, Art. ID 346561, 13 pp. 
[26] J.M. Rassias, R. Saadati, Gh. Sadeghi and J. Vahidi, On nonlinear stability in various random 

normed spaces, J. Inequal. Appl. 2011, 2011:62, 17 pp. 
[27] Y.J. Cho and R. Saadati, Lattictic non- Archimedean random stability of ACQ functional equation, 

Adv. Difference Equ. 2011, 2011:31, 12 pp. 
[28] D. Mihet and R. Saadati, On the stability of the additive Cauchy functional equation in random 

normed spaces, Appl. Math. Lett. 24 (2011), 2005-2009. 
[29] C. Park, Lie * -homomorphisms between Lie C* -algebras and Lie ^-derivations on Lie C* -algebras, 

J. Math. Anal. Appl. 293 (2004), 419-434. 
[30] C. Park, Homomorphisms between Lie JC* -algebras and Cauchy- Rassias stability of Lie JC*- 

algebra derivations, J. Lie Theory 15 (2005), 393-414. 
[31] C. Park, Homomorphisms between Poisson JC* -algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97. 
[32] C. Park, J.R. Lee, Th.M. Rassias and R. Saadati, Fuzzy * -homomorphisms and fuzzy ^-derivations 

in induced fuzzy C* -algebras. Math. Comput. Model. 54 (2011), 2027-2039. 
[33] J. Vahidi, C. Park and R. Saadati, A functional equation related to inner product spaces in non- 
Archimedean C-random normed spaces. J. Inequal. Appl. 2012, 2012:168, 16 pp. 
[34] Y.J. Cho, Th.M. Rassias and R. Saadati, Stability of Functional Equations in Random Normed 

Spaces; Springer Optimization and Its Applications, 86, Springer, New York, 2013. 
[35] M. Mohamadi, Y.J. Cho, C. Park, P. Vetro and R. Saadati, Random stability on an additive- 
quadratic- quartic functional equation. J. Inequal. Appl. 2010, Article ID 754210, 18 pp. 
[36] J. Dixmier, C* -Algebras, North-Holland Publ. Com., Amsterdam, New York and Oxford, 1977. 



659 



AFRAH A.N. ABDOU et al 651-660 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



10 ABDOU, AL-SIREHY AND CHO 

[37] K.R. Goodearl, Notes on Real and Complex C* -Algebras, Shiva Math. Scries IV, Shiva Publ. 

Limited, Cheshire, England, 1982. 
[38] H.A. Kenary, Hyers-Ulam stability of some functional equations in non-Archimedean and random 

normed spaces, Preprint. 

[39] G. Isac and Th.M. Rassias, Stability of ip-additive mappings: Appications to nonlinear analysis, 

Intcrnat. J. Math. Math. Sci. 19 (1996), 219-228. 
[40] L. Cadariu and V. Radu, On the stability of the Cauchy functional equation: a fixed point approach, 

Grazer Math. Bcr. 346 (2004), 43-52. 
[41] L. Cadariu and V. Radu, Fixed point methods for the generalized stability of functional equations 

in a single variable, Fixed Point Theory Appl. 2008, Article ID 749392 (2008). 
[42] M. Mirzavaziri and M.S. Moslehian, A fixed point approach to stability of a quadratic equation, 

Bull. Braz. Math. Soc. 37 (2006), 361-376. 
[43] C. Park, Fixed points and Hyers-Ulam-Rassias stability of Cauchy- Jensen functional equations in 

Banach algebras, Fixed Point Theory Appl. 2007, Article ID 50175 (2007). 
[44] C. Park, Generalized Hyers-Ulam-Rassias stability of quadratic functional equations: a fixed point 

approach, Fixed Point Theory Appl. 2008, Article ID 493751 (2008). 
[45] V. Radu, The fixed point alternative and the stability of functional equations, Fixed Point Theory 

4 (2003), 91-96. 

[46] C. Park, H.A. Kenary and, S.O Kim, Positive- additive functional equations in C* -algebras, Fixed 

Point Theory 13 (2012), 613-622. 
[47] D. Mihet and V. Radu, On the stability of the additive Cauchy functional equation in random 

normed spaces, J. Math. Anal. Appl. 343 (2008), 567-572. 

Afrah A.N. Abdou and Fatma S. Al-Sirehy, 
Department of Mathematics, King Abdulaziz University, Jeddah 21589, Saudi Arabia 
E-mail address: aabdou@kau.edu.sa; baalamri@kau.edu. sa 

Yeol Je Cho, 

Department of Mathematics Education and the RINS, Gyeongsang National University, 
Chinju 660-701, Korea, and King Abdulaziz University, Jeddah 21589, Saudi Arabia 
E-mail address: yjcho@gnu.ac.kr 



660 



AFRAH A.N. ABDOU et al 651-660 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Common fixed point theorems for occasionally weakly 
biased mappings under contractive conditions in Menger 

PM-spaces 

Zhaoqi Wu^ 1 , Chuanxi Zhu 1 , Jing Wang 2 

1 .Department of Mathematics, Nanchang University, Nanchang 330031, P. R. China 
2. Department of Mathematics, Zhejiang University, Hangzhou 310027, P. R. China 

Abstract 

In this paper, utilizing the concepts of weakly biased mappings and occasionally weakly 
biased mappings for a pair of self-mappings in Menger PM-spaces, some new common fixed 
point theorems under contractive conditions are obtained. Some examples are also given to 
exemplify our main results. 

Keywords: common fixed point; Menger PM-space; weakly biased mapping; occasionally 
weakly biased mapping 



1 Introduction 

The theory of probabilistic metric space was initiated and studied by K. Menger in 1942[l]-[2], and 
has been applied to many fields, such as cluster analysis, mathematical statistics and chaos theory[3]- 
[4]. The study on fixed point problems in probabilistic metric spaces has attracted much attention 
during the past few years (see e.g. [5]- [7]). 

The concepts of compatible mappings and occasionally weakly compatible mappings in metric 
spaces were introduced by Jungck [8]-[9]. The concept of compatible mappings in a Menger space 
was initiated by Mishra [10] and since then many fixed point results are obtained [11]-[13] . In 2009, 
Fang defined the property (E.A) for two single-valued mappings in Menger PM-spaces and studied 
the existence of common fixed points [14]. In 2011, Ali et al. obtained some common fixed point 
results for strict contractions in Menger PM-spaces using the common property (E.A) for two pairs 
of single-valued mappings [15]. In [16], the authors studied the existence of common fixed points for 
hybrid pairs of mappings satisfying the common property (E.A) in Menger PM-spaces. 

Hussain et al. introduced the concepts of weakly biased mappings and occasionally weakly biased 
mappings in metric spaces [17]. Using such concepts, the authors further studied the common fixed 
points under contractive conditions for two and four single valued mappings [18]. Recently, A. Bhatt 
and H. Chandra introduced such concepts in Menger PM-spaces[19]. 

The purpose of this paper is to study the existence of coincidence and common fixed points for 
weakly biased mappings and occasionally weakly biased mappings under some contractive conditions. 
Some examples are also given to illustrate our results. 

2 Preliminaries 

A mapping F : R — » M + is called a distribution function if it is nondecreasing left-continuous with 

sup-F(t) = 1 and inf Fit) = 0. We will denote by & the set of all distribution functions while H will 

tm teM w 
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always denote the specific distribution function defined by 

H{t > - { i, tx 



Let Fi,F 2 G 9). The algebraic sum Fi@F 2 is defined by (Fi®F 2 )(t) = sup min{Fi(ti), F 2 (t 2 )}for 

ti+t 2 =* 

all t G R. Let / and g be two functions defined on M. with positive values. The notation f > g means 
that f(t) > g{t) for all t G R, and there exists at least one to G R such that /(to) > ff(^o)- 

A mapping A : [0, 1] x [0, 1] — ► [0, 1] is called a triangular norm (for short, a t-norm) if the following 
conditions are satisfied: 

(1) A(o,l) = a; 

(2) A(o,6) = A(b,a); 

(3) A(a, c) > A(6, d) for a>b,c>d; 

(4) A(a,A(6,c)) = A(A(o,6),c). 

Definition 2.1[4]. A triplet (X, A) is called a Menger probabilistic metric space ( for short, a 
Menger PM-space) if X is a nonempty set, A is a t-norm and & is a mapping from X x X into ^ 
satisfying the following conditions (we denote J£"(x,y) by F x ,y): 

(MS-1) F x>y (t) = H(t) for all t € R if and only if x = y; 

(MS-2) Fa.yC*) = ^(t) for all t G R; 

(MS-3) F x>w (t + a) > A(Fa.^(t), F*, y (a)) for all x,y,ze X and i, s > 0. 

Remark 2.1 [4]. A sequence {x n } is said to be ^-convergent to x G X(we write x n — ► x) if for 
any given e > 0 and A G (0, 1], there exists a positive integer N = N(e, A) such that F XntX (e) > 1 — A 

whenever n > N, which is equivalent to lim F Xn x {t) = 1 for all t > 0; {x n } is called a ^-Cauchy 

n— »oo ' 

sequence in (X, J^~, A) if for any given e > 0 and A G (0, 1], there exists a positive integer N = N(e, A) 
such that F XnXm (e) > 1 — A whenever n,m > N; (X, jF, A) is said to be ^-complete if each ^-Cauchy 
sequence in X is ^-convergent in X. 

Remark 2.2 [4]. Let (X, d) be a metric space. Define a mapping jF : X x X — ► £F by 

&(x, y){t) = F XiV (t) = H(t - d(x, y)), Vx, y G X, t G R. (2.1) 

Then (X, J^~, A m « n ) is a Menger PM-space induced by (X, d) with A m j n (a, 6) = min{a, b}, Va, 6 G [0, 1]. 
If (X, d) is complete, then (X, JF, A m j n ) is ^-complete. 

The following lemma will play an important role in proving our main results in Section 3. 

Lemma 2.1 [4]. Let (X, J^", A) be a Menger PM-space with a continuous t-norm A on [0, 1] x [0, 1], 

x,y G X, {x n },{y n } C X and x n -> x, y„ -> y. Then liminf F x . n ^(t) > F,j,(i) for all t > 0. 

n— +oo 

Particularly, if F x „(•) is continuous at the point to, then lim F x v (to) = «(to)- 

n— »oo 

We denote by C(f,g) the set of all coincidence points of / and g. We recall the definition of 
occasionally weakly compatibility and (E.A) property for self-mappings in Menger PM-spaces. 

Definition 2.2[9]. Let (X,&, A) be a Menger PM-space. Then / : X -> X and # : X -> X are 
said to be occasionally weakly compatible if fgx = gfx for some x G C(f,g). 

Definition 2.3[14]. Let (X, J£", A) be a Menger PM-space. A pair of mappings (/,<?) is said to 
satisfy t/ie property (E.A), if there exists a sequence {x n } in X and some a G X such that lim /x n = 

n^oo 

lim gx n = a. 
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We next recall the definitions of weakly g-biased mappings and occasionally weakly g-biased map- 
pings for a pair of self-mappings in Menger PM-spaces. 

Definition 2.4[19]. Let (X,JP,A) be a Menger PM-space, / : X — > X be a self-mapping. A 
pair of mappings / and g are said to be weakly g-biased, if for any x G C(f,g) we have F g f Xjgx (t) > 
F fgXjfx (t),Vt>0. 

Definition 2.5 [19]. Let (X, J£", A) be a Menger PM-space, / : X — > X be a self-mapping. A pair 
of mappings / and g are said to be occasionally weakly g-biased, if there exists some x G C(f,g), such 
that F gfx>gx (t) > F fgxJx (t),Vt > 0. 

Remark 2.3. It is easy to see that occasionally weakly compatible mappings and weakly g-biased 
mappings are both occasionally weakly g-biased mapping. But the following examples show that the 
converse are not true. 

Example 2.1. Let X = [0,1] be endowed with the usual metric, that is, d{x,y) = \x— y\, Vx, y G X. 
Define & : X x X -> 9 as ^(x,y)(t) = F x>y (t) = H(t - d(x,y)), \/x,y G X,t G R, then by Remark 
2.2, we know that (X, J^", A m j n ) is a Menger PM-space. Define /, : X — > X as follows: 

f2x, ife€[0,i); 
7 \l, i&G[i,l]. 



2x, ifxG[0,i); 
i&€ [f, 1]. 



It is easy to see that C(f,g) = {\}, and d{gf\,g\) = \gf\ - g\\ = |0 - \\ = \ < |1 - \\ = 
\fd\ ~ f\\ = d(fg\,f\). Therefore, F gf i g i(t) > F fg iji(t),\/t > 0, and thus (f,g) are occasionally 

weakly g-biased mappings on (X, ^,A m j n ). Furthermore, fg\ ^ gf\, so (f,g) are not occasionally 
weakly compatible mappings. 

Example 2.2. Let X = [0,1] be endowed with the usual metric, that is, d{x,y) = \x— y\, Va;, y G X. 
Define f,g:X^X&s follows: 



fx 



2x 2 , ifxG(0, 1]; 
i ifx = 0. 



\2x, i£c€(0,l]; 
9X ~\\, ifx = 0. 

It is easy to see that C(f,g) = {0, 1}. For 0 G C(f,g), we have d(gf0,g0) = \gf0 - g0\ = \ > 0 = 
\fg0 - /0| = d(fg0, fO). So H{\ - d(gf0, f0)) < H{\ - d(fg0, /0)), that is, there exists to = \ > 0, 
such that F g fojo(ta) < FfgQjo(to). Thus, (f,g) are neither occasionally weakly compatible mappings 
nor weakly g-biased mappings on (X, J^",A m j n ). But for 1 G C(f,g), we have d(gfl,gl) = \gfl — 
gl\ = 2 < 6 = \fgl-fl\ = d(fglji). So H(t - d(gfl, gl)) > H{t - d(fgl, /l)), Vi > 0, that is, 
F g fi,gi(t) > Ff g iji(t),\/t > 0. This shows that (/, ff) are occasionally weakly g-biased mappings on 



3 Main results 

In this section, we shall give the main results of this paper. We first present the following common 
fixed point theorem for a pair of self-mappings in Menger PM-spaces. 

Theorem 3.1. Let {X, JF, A m j n ) be a Menger PM-space, where A m j n = min{a, b}. Suppose that 
f,g : X — > X are self-mappings satisfying the following conditions: 
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(i) (/, g) satisfies the property (E.A); 

(ii) g(X) is a ^-closed subset of X; 

(iii) For any x, y G X with x ^ y, 

Ffxjy > m i n {Fgx,gy,2 Wfx,gx © Ffx,gy]ii [Ffy,gx © Ffx,gy]}, (3-1) 

where a f(t) means f(at). Then (/, g) has a coincidence point in X. Moreover, if / and g are 
occasionally weakly g-biased mappings, then / and g have a unique common fixed point in X. 

Proof. Since (/, g) satisfy the property (E.A), there exists {x n } C X, such that 

lim fx n = lim gx n = a G X. 

n^oo n—>oo 

Since g{X) is ^-closed, there exists some u £ X, such that a = gu. Thus 

lim fx n = lim gx n = gu. (3.2) 

n— >oo n— +oo 

We claim that fu = gu. Suppose fu ^ gu. Then there exists some to > 0, such that 

Ffu,gu(2to) > Ff u gu (t 0 ). (3.3) 

Without loss of generality, we can assume that to is a continuous point of Ff u ^ gu {-). In fact, by the 
left continuity of the distribution function, we know that there exists some 5 > 0, such that 

F fu ,gu{2t) > F fu>gu (t), Vt G {t 0 - 5, to}. 

Since the distribution function is nondecreasing, the discontinuous points are at most a countable set. 
Thus, when to is n °t a continuous point of Ff u ^ gu (-), we can always choose a point t\ in (to — S, to] to 
replace to- 

Noting that lim fx n = gu and fu ^ gu, there exists no £ N such that for all n > no, fx n / fu. 

n^oo 

From (3.1) we know that for all n > no, 

F fXnJ u(to) > mm{F gXn , gu {to),[F fXn)gXn © F /u>gu ](2t 0 ), [F fu , gXn © F /w ]}(2t 0 )}. (3.4) 

It is easy to verify that 

limmi[F fXnjgXn © F fum ](2to) > F fum (2t 0 ). (3.5) 

In fact, for any 5 G (0,2to), we have 

[Ff Xn , gXn © F fUt9U ](2to) > vam{F fXnj g Xn (S),F fUigu (2t 0 - 5)}. 

Letting 5 — > 0, by the left continuity of the distribution function, we obtain (3.5). Similarly, we 
can prove that 

limM[F fUigXn © F fXntgu ]{2to) > F fu , gu (2t 0 ). (3.6) 
Noting that to is the continuous point of Ff Utgu (-), by Lemma 2.1, we have 

lm^F fXn j u (to) = F gu j u {to). 

Thus, letting n — > oo in (3.4) and using (3.5) and (3.6), we obtain 

F gu ju(to) > mm{l, Ff u>gu (2to), Ff Ut g U (2t 0 )} = F fu , gu (2t 0 ), 

4 
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which contradicts with (3.3). So we get fu = gu, that is, u is a coincidence point of / and g. 

Since / and g are occasionally weakly g-biased mappings, we assume that for v £ C(f,g), i.e., 
fv = gv, we have F g f v ^ gv (t) > Ff gv j v (t),Vt > 0. Since fv = gv, we have ffv = fgv and gfv = ggv. 

We next prove that ffv = fv. In fact, suppose this is not true, that is, ffv ^ fv, then fv ^ v. 
By condition (iii), there exists some t* > 0, such that 

F fvjfv{t*) > rnm.{F gv ^f v {t*), [F fv>gv ffi Fff V)9 f v ](2t # ), [Ff fv>gv ffi Ffv, g fv]}(2t*)}- (3.7) 

For any e G (0, 2t*), we have 

[Ff v ,gv © F ffv,gfv]}(2t*) > mia.{Ff V)gv (e),Fff Vj gf v (2U - e)} = min{l, Fff v ^ fv {2t* - e)}. 

Letting e — * 0, by the left continuity of the distribution function, we have 

[Ffv,gv®Ff fV! g fv ](2t*) > Ff fV) gf v {2t*) > A(Ff fV) f v {U) (Q) 

> A(Fff v j v (t*), Ff gv j v (U)) 

= A(Fff v j v (t*),Fff v j v (t*)) > Fff v j v (U). 

On the other hand, we have 

l F ffv,gv © Ffv,gfv](2t*) > min.{[Fff V)gv (t*),Ff V) gf v (t*)} = mm.{Fff v j v (t*), F gVjg f v (t*)} 

> vam{Fff Vt f v (U),Ff gv j v (U)} 
= mm{F ffv j v (Q,F ffvJv (U)} = F ffvJv (Q. 

Then by (3.7), we obtain Ff v jf v (t*) > Ff v jf v (t*), which is a contradiction, and thus ffv = fv. 
Since / and g are occasionally weakly g-biased, we get 

Fgfv,gv{t) > F fgvJv (t) = F ffvJv (t) = l,Vt > 0. 

This implies that gfv = gv = fv. So fv is a common fixed point of / and g. 

Finally, we prove the uniqueness of the common fixed point. In fact, suppose x\ and X2 are two 
common fixed points of / and g, and x\ ^ x%. Then there exists some t** > 0, such that 

F fxi,fx2\t**) mi^{Fg Xl g X2 (t**) , [Fj Xl g Xl ffi Fj X2 , gx2 ] ( 2t ) , [Fj X2 ,g X 1 ffi Ff XljgX2 \ (24**)} 
> TD.in{F^ Xl j X2 (t**), 1, Ff xi j X2 (t**)} = Ff xl j X2 (t JfJf \ 

which is a contradiction. Hence, / and g have a unique common fixed point in X. 

Next, we further study the existence of coincidence points and common fixed points for two pairs 
of self mappings in Menger PM-spaces by introducing the following class of functions. 

Suppose that the function ip : [0, 1] — ► [0, 1] satisfies the following two conditions: 

(1) tp is nondecreasing; 

(2) ip(x) > x, \/x £ (0, 1) and ^(0) = 0. 

Theorem 3.2. Let (X, J^, A) be a Menger PM-space with A a continuous i-norm on [0, 1] x [0, 1]. 
Suppose that A,B,S,T : X — > X are self- mappings satisfying the following conditions: 

(i) (B,T) satisfies the property (E.A); 

(ii) B{X) C S{X) and T(X) is a ^-closed subset of X; 

(iii) For any x, y £ X with Ax ^ By and any t > 0, 

FaxM*) > 4>{vam{F Sx>Ty {t), [F AXtSx ffi F ByjTy ](2t), [F Ax>Ty ffi F By>Sx ](2t)}), (3.8) 

5 
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Then (A, S) and (B, T) each has a coincidence point in X. Moreover, if (A, S) and (B, T) are oc- 
casionally 5-biased mappings and occasionally T-biased mappings, respectively, then A, B, S and T 
have a unique common fixed point in X. 

Proof. By condition (i), we know that there exists a sequence {x n } in X, such that 

lim Bx n = lim Tx n = a£l. (3-9) 

n— +oo n— >oo 

Since B(X) C S(X), for each x n , there exists y n G X, such that £?x n = Sy n . Therefore, 
limn^oo Sy n = a£ X. 

We next prove that lirrin^oo Ay n = a. For this sake, we first prove that liminfn^oo F Aynt Bx n (t) = 
l,Vi > 0. In fact, suppose this is not true, then there exist to > 0, a subsequence {y nk } C {yn} and 
some 0 < eo < 1, such that liminffe^oo F Ayn t B Xn (*) = 1 ~~ e o- Thus, there exists ko G iV, such that 
for all k > ko, we have ^4y nfc 7^ Bx nk . 

By condition (iii), we know that for all k > ko, 

FAy nk ,Bx nk {t 0 ) > tp(mm{F S y nkjT x nk (to), [FAy nk ,Sy nk ® F Bx nk ,Tx n J (2t 0 ), [Fa^ ,Tx nfc © F Ba!nfc ,Sj/„ J (2* ) }) , 

(3.10) 

It is easy to verify that 

l ™mi[F Ay Sy © F B x nk ,Tx nk ](2t 0 ) > liminf F^ Ba; (2i 0 ). 

and 

liminftF^.Taw © F Ba; sy„ J (2*) > liminf F Ay Bx „.(2t 0 ). 

Then by (3.10), we have 1 -e 0 = liminffc^oo F Aynk ,Bx nk (to) > -0(min{l, 1 -e 0 , 1 -eo}) > 1 -eo, which 
is a contradiction. Therefore, lim inf n _»oo F Ayn> B Xn (t) = l>Vt > 0. 

Note that for all t > 0 and any 5 G (0, t), 

Fl yra) a(t) > A(F 4?/n , B j /n (t - S),F Bxn ,a(S)). 

Letting n — > oo, we have 

liminf F Ayn:a (t) > A(limmf F Ayn . Byn (t ~ S), liminf F Bxn , a (S)) > A(l, 1) = 1. 

n— >oo n— »oo n^oo 

Hence, liminfn^oo F AynA {t) = 1, Vt > 0, and thus linin^oo ^4y n = o. 

Since T(X) is J^-closed in X, from (3.9) we know that there exists v £ X, such that Tv = a. We 
now prove that Bv = Tv. Suppose this is not true, that is, Bv ^ Tv. Noting that lim n — xx, Ay n = Tv, 
there exists no £ N, such that for all n > no, Ay n ^ Bv. 

Without loss of generality, we can assume that t\ is a continuous point of Ft v ,Bv{')- By condition 
(iii), we have 

F Ayn ,Bv{ti) > ^(min{F Stol>rH (t), [F Ayn ,s Vn © F Bv , T v}(2t), [F Ayn;Tv © F Bv , Syn ](2t)}), (3.11) 
Similarly, we can verify that 

liminf [F A y njSyn © F Bv ,TvK2ti) > F Bv M 2t i) 

n^oo 

and 

liminf [F AyntTv © F B „ )52/n ](2t 1 ) > F BVjTv (2t 1 ). 
Letting n — > oo in (3.11), we obtain 

F Tv ,Bv{^) > V'(min{l,F^ Tt) (2ti), F B „,r«(2ti)}) = ip(F Bv ,Tv( 2t i)) > F Bu ,r„(2ti), 
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which is a contradiction. Therefore, Bv = Tv, and thus v is a coincidence point of (B,T). 

Since B{X) C T{X), and Bv = a, there exists u£l, such that Bv = Su. Then Su = Bv = Tv = 
a. We next prove that Au = Su. Suppose this is not true, that is, Au ^ Su, then by condition (iii), 
we know that for all t > 0, 

F Au ,Su(t) = F Au>Bv (t) > ip(min{F Su ,Tv(t), [F Au , Su © F B%Tv ](2t), [F Au>Tv © F Bv , Su }(2t)}) 

= ^(min{l,l,F Au! s u ](2i)}) = ^(F AU}Su (2t)}) > F Au>Su {2t), 

which is a contradiction. Therefore, Au = Su, and thus u is a coincidence point of (A, S). 

It follows that C(A,S) / 0 and C{B,T) / 0. Since (A, S) and (B,T) are occasionally S-biased 
mappings and occasionally T-biased mappings, respectively, we can assume that w E C(A,S) and 
z G C(B,T), such that for all t > 0, we have F SAw ,Sw(t) > F ASWjAw (t) and F TBz ,Tz{t) > F BTz , Bz (t). 

By Aw = Sw and Bz = Tz, we have AAw = ASw, SAw = SSw, BBz = BTz and TBz = TTz. 

We claim that Aw = Bz. In fact, suppose this is not true, that is, Aw ^ Bz, then by condition 
(iii) of Theorem 3.2, we obtain 

F Aw>Bz (t) > ip(mm{F Sw ,Tz(t), [F Aw>Sw © F Bz>Tz ]{2t), [F Aw , Tz © F Bz>Sw ](2t)}) 
= ip(imn{F AWtBz (t), 1, F Aw>Bz (t)}) = ip(F AW)Bz (i)) > F Aw>Bz (t), 

which is a contradiction. Therefore, Aw = Bz, and thus Aw = Sw = Bz = Tz. 

We next prove that AAw = Aw. In fact, suppose this is not true, that is, AAw ^ Aw, which 
implies that AAw ^ Bz, then by condition (iii), we know that for all t > 0, 

F AAw , Aw {t) = F AAW;Bz (t) > ip(mm{F SAw ,Tz(t), [F AAw ^ S Aw © F Bz>Tz ](2t), [F AAw ^ Tz © F Bz>S Aw]{2t)}). 

(3.12) 

Noting that 

FsAw,Tz(t) = F SAz ,Sz(t) > F ASWjAw (t) = F AAw<Aw (t), 

[F AAw> SAw © F BZj T Z ] (2t) > F AAW:S Aw(2t) > A(F AAWjAw (t),F AW: sAw(t)) 

= A(F AAW)Aw (t), F Sw ,sAw(t)) > A(F AAW)Aw (t), F A s WtAw (t)) 

= F AAui:Aw (t), 

and 

[F AAw> t z © F BZ)S Aw]{2t) = [F AAW)Aw © F Sw ,sAw]{2t) > mm{F AAw ^ Aw (t) , F SWi sAw{t)} 

> mm{F AAW)Aw (t) , F ASw , Aw {t)} = F AAw>Aw (t), 

by (3.12), we have 

F AAw , Aw {t) > ip(F AAW:Aw (t)) > F AAWtAw (t), 

which is a contradiction. Therefore, AAw = Aw. Since (^4, S) are occasionally weakly S-biased 
mappings, we have FsAw,Sw(t) > F A s w ,Aw(t) = l,Vi > 0, and thus SAw = Sw = Aw. 

Furthermore, BAw = Aw. In fact, suppose that BAw ^ Aw, that is, Aw ^ BBz, then by 
condition (iii), we know that for all t > 0, 

F Aw , BAw (t) = F Aw>BBz (t) > ip(mm{F Sw ,TBz(t), [F AW)S w © F BBz ^ TBz ]{2t), [F AWtTBz © F BBz>Sw ](2t)}). 

(3.13) 

Similarly, we can obtain that 

F AW:BAw {t) > ip{F BAv}tAw (t)) > F BAWjAw (t), 

which is a contradiction. Therefore, BAw = Aw. Since {B, T) are occasionally weakly T-biased 
mappings, we have F TAw>Aw (t) = F TBZ)Tz {t) > F BTz>Bz (t) = F BAWtAw (t) = l,Vi > 0, and thus 
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TAw = Aw. Hence, we have AAw = BAw = SAw = TAw = Aw, that is, Aw is a common fixed 
point of A, B, S and T. 

Finally, the uniqueness of the common fixed point of A, B, S and T can be easily obtained by 
condition (iii). 

Remark 3.1. From the proof of the above theorem, it is easy to see that the conclusions still hold 
if we replace the condition (i) and (ii) by the following ones: 

(i) ' (A, S) satisfies the property (E.A); 

(ii) ' A(X) C T(X) and S(X) is a ^-closed subset of X. 



4 Applications 

In this section, we will give some examples to illustrate the validity of our main results. 

Example 4.1. Let (X,d) be a metric space, where X = [0,1] and d(x,y) = \x — y\, and 
(X, J^,A m j n ) be the Menger PM-space induced by (X, d). Define /, g : X — > X as follows: 



fx 



I, ife€(0,i]; 
I, if* e 




gx 



It is obvious that gX = [~, |] is a ^-closed subset of X. Also, (/, g) satisfies the property (E.A). 

In fact, take x n C X, and x n = + g > then we have x n — ► g as n — > oo, and thus fx n , gx n — > | as 
n — > oo. Moreover, it is easy to verify that for any x,y £ X with x ^ y, (3.1) holds. Besides, noting 
that C(f,g) = {i, i}, and F fi a i(t) > i*7 i *i(i)Vf > 0, we get / and 5 are occasionally weakly 

^-biased mappings. Thus, all the conditions of Theorem 3.1 are satisfied and / and g have a unique 
common fixed point in X. In fact, | is the desired fixed point. 

Example 4.2. Let (X, d) be a metric space, where X = [0,1] and d{x,y) = \x — y\, and 
(A, A m i n ) be the Menger PM-space induced by (A, d). Define A, B, S, T : A — > A as follows: 



5x = Tx 




i£c€ [0,i); 

ifxe[i,l]. 



x+i, ifx g [0, |; 

3 ' x 3 ' 

2 

U' 



ifx€(i 1]. 



It is obvious that AX = BX = [A, §], SX = TX = [|, §], BX C SA and TA is a ^-closed subset 
of A. Also, (A, S) satisfies the property (E.A). In fact, take x n C A, and x n = i, then we have 

i n -» 0 as n -> 00, and thus Ax n ,Sx n — ► ^ as n — > 00. Moreover, it is easy to verify that for any 
x,y £ X with x y, (3.8) holds. Since C(j4,5) = {0, i}, and fo^i > F AS i A 1 (i) , Vi > 0, we 

6 ' 6 6 ' 6 

get ^4 and 5 are occasionally weakly S-biased mappings. Thus, all the conditions of Theorem 3.2 are 
satisfied and A, B, S and T have a unique common fixed point in A. In fact, | is the desired fixed 
point. 
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Abstract 

In this paper, we study the existence of symmetric positive solutions for the nonlinear multi-point boundary value 
problem on time scales. By applying fixed-point index theorem, the existence of at least two or many symmetric 
positive solutions is obtained. An example is given to illustrate our main results. 
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1 Introduction 

The theory of dynamic equations on time scales goes back to its founder Hilger [4] and is undergoing repeat 
development as it provides a unifying structure for the study of differential equations in the continuous case and the 
study of finite difference equations in the discrete case. We refer to the books by Bohner and Peterson [1, 2] and 
Lakshmikantham et al. [6] . 

The existence of positive solutions for second-order nonlinear boundary value problems has been studied by many 
authors using the fixed point theorem in cones. To identify a few, we refer the reader to [5, 8, 10, 12, 14, 15] and 
references therein. However, they did not further provide characters of positive solutions, such as symmetry. It is 
now natural to consider the existence of symmetric positive solutions, see [3, 9, 11, 13]. 

In [13], Yao considered the following two-point boundary value problem (BVP) 

r w"(t) + h(t)f(w(t)) = o, o<t<i, 

\ cm(0)-/3w'(0) = 0, au(l) +/3w'(l) = 0. 

The author obtained the existence of n symmetric positive solutions and established a corresponding iterative scheme 
by using a monotone iterative technique. 

In [9] , Sun and Zhang considered the following m-point BVP 

C u"(t) + a(t)f(t, u(t)) = 0, 0 < t < 1, 

| u(0) = u(l) = <*«(!*). 

By using Krasnoselskii's fixed point theorem in cones and combining it with an available transformation, they estab- 
lished some simple criteria for the existence of at least one, at least two, or many symmetric positive solutions. 

Motivated by the above works, in this study, we consider the following second-order multi-point BVP on time 
scales 

(p(t)/(t)) V + /((,«(i)) = 0, t€(a,b)r, 

m — 2 

i=i y ) 

m-2 

au(b)+/3^ A \b) = J2 a MVi), 

where T C R be a symmetric bounded time scale, with a = minT, b = max T, [a, 6]t = [a, 6]nT and u [A] = p{t)u A (t) 
is called the quasi A-derivative of u{t). 

Throughout this paper we assume that following conditions hold: 

(CI) p € C v ([a, 6]t, (0, oo)), / £ C([a, b]j x (0, oo), (0, oo)) and p, f are symmetric functions on [o,6]t such that 
p(b + a-t)= p{t), f{b + a- t, u) = f{t, it), 

(C2) a, j3 £ [0, oo), cti G [0, oo), £j, iji £ (a, b)j such that = b + a — rji for i € {1, 2, m — 2} . 

1 
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By using the fixed point index theory in the cone [7], we get the existence of at least two or many symmetric 
positive solutions for the BVP (1.1). Hence, we improve and generalize the existing results of symmetric positive 
solutions for second-order m-point BVP to some degree, and so it is interesting and important to study BVP (1.1). 
In fact, our results are also new when T = R (the differential case) and T = Z (the discrete case). Therefore, the 
results can be considered as a contribution to this field. 

The organization of this paper is as follows. In Section 2, we provide some definitions and preliminary lemmas 
which are key tools for our main results. We give and prove our main results in Section 3. Finally, in Section 4, we 
give an example to illustrate how the main results can be used in practice. 



2 Preliminaries 

In this section, to state the main results of this paper, we need the following lemmas. 
Define by 0(t) and tp(t), the solutions of the corresponding homogeneous equation 



under the initial conditions 



(p(t)u A (t)f = 0, t€(o,6)i, 



61(a) = p, 6 [A] {a) = a, 
<p(b) = /3, if [A] (b) = -a. 



Using the initial conditions (2.2), we can deduce, from (2.1) for 6(t) and f{t), the following equations: 

0(t) = P + a f 

J a P{r) 

' b At 



Define the number D 



D = -p(t) 



9{t) <p(t) 

e A (t) ^ A (t) 



f b At 

for each t € \a, bh. From (2.3) and (2.4), we have that D = 2a8 + a 2 , . . Define 

Ja p{t) 

1 m — 2 1 m — 2 

i=l i=l 
^ m—2 m-2 

i=l i=l 

Lemma 2.1 Let (CI) and (C2) hold. Assume that 
((73) 

Then the BVP (1.1) has a unique solution 

fb 



where 



u(t)= f G(t,s)f(s,u( S ))Vs+^P-e(t) + ^P-< P (t), 

J a 



rti 9 \ - I / *(*M«)> a<t<s<b, 
1 ' ' D \ 0(sMt), a<s<t<b, 



(2.1) 
(2.2) 

(2.3) 
(2.4) 



(2.5) 



(2.6) 



(2.7) 



m — 2 m — 2 

1 - ;d X) "^(£0 E^/ G(^s)f(s,u(s))Vs 



i=l 

m — 2 f ,}y 



B(f) 



-—^2 aiip(rn) E Ql / G (Vi,s)f{s,u(s))Vs 

i=l i=l a 

at G(^s)f( S ,u(s))Vs - £) ai 0(fc) 

i=l ^ a i=l 

m — 2 „fo m — 2 

J2 «< / G( Vl , s)f(s, u(s))Vs 1 - - 



and A is given by (2.5). 



(2.8) 



(2.9) 
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Proof. Let 



u(t) = [ G(t,s)f(s,u(s))\7s + ^p-8(t) + E! ^p-ip(t} bca soluti >f (J.I), then w Nave I bat 

J a 



D w D 



«(*) - £ ^e(s)<p(t)f(s,u(s))Vs + J" ifl(%( s )/( s ,«( > ))V f 



and 



(p(t)u A (t)) V 



+ ^p(t)0 A W + ^W A (t), 



p(t)^ A (t)Y [ ^e( s )f(s,u(s))Vs + p(p(t)) v A (p{t))^e{t)h{t) 



+ 
+ 



(p(t)e A (t)) V ^ 6 l^( s )/( s ,u( s ))V s -p(pW)e A (p(t))^(t)/ i W 

_p(^)) [_^A (p(t))ew+e A (pWV(t) j fc(t) 



-ft(t). 



Since 



u(o) = | a 6 ^(a)^( S )/( S ,n( S ))V S +^e(a) + ^^(a), 
p(a)u A (a) =p(a)fl A (a) T u(a))V* + ^p(a)0 A (a) + ^lp(a)^ A (a), 



we get 



Since 



B <J1 (a v[a) -/3p( a )<p A (a)) = £ a A f s)f(s,u(s))Vs + + ^*>(& 

i=l Lia 

u(b) = f ±9(sMb)f(s, u(s))Vs + ^8(b) + %P-<p{b), 

J a 

p{b)u A {b)=p{b)v A {b) f j-0(s)f{8M*))Vs+ ^P-P(b)0*(b) + ^p(% A (b), 

J a 



we obtain 



^ (a6(b) + Pp(b)6 A (b)) = J2aA C G(rn, s)f(s, «(s))Vs + + ^W) 

i=l L^a 

From (2.10) and (2.11) and the fact that 

D := -p(t) 



we get 



m-2 



m-2 



*(/) + 



m — 2 



i=l 



*(/) + 



- X a Mi) A (f) = E Q * / G(&, *)/(*, «(«))Va 
i=i J »=i -' 0 

1 m — 2 m — 2 ,.{, 

1 --=-£) Oiflfaj) A(f)=J2 a > G( Vi ,s)f(s,u(s))Vs 
i=i _ ;=i 



which implies that A(/) and satisfy (2.8) and (2.9), respectively. □ 



(2.10) 



(2.11) 
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Lemma 2.2 For t, s £ [a, b]j, we have G(b + a — t,b + a — s) = G(t, s). 

Proof. In fact, if t < s, then b + a — t > b + a — s. In view of (2.7) and the assumption (CI), we get 



1 / fb+a-s At \ / At 

= H p+a f!w) dT )( p+a f*w) dT 



= G(t,s), a<t<s<b. 

Similarly, we can prove that for a < s < t < b, G(b + a — t, b + a — s) = G(t, s). So, we have G(b + a — t, b + a — s) = 
G(t,s) for all (t, s) € [a,b]j x [a, b]j, i.e., G(t,s) is symmetric function on [a,6] T x [a,6] T . □ 

It is easy to see that from the conditions (CI), (C2) and Lemma 2.2, A(f) = B(f). So, we obtain that the solution 
of BVP (1.1) 

u(t)= f G(t,8)f(8,u(s))Vs+—- 
Lemma 2.3 Let (CI) and (C2) hold. Assume 

m — 2 m — 2 

(C4) A > 0, 1 - - £ a Ar>i), 1 ~ ^ E <*MZi) > °- 

i=l i=l 

Then the unique solution u of the BVP (1.1) satisfies 

u(t) > 0 forte [a,b]j. 

Proof. It is an immediate subsequence of the facts that G > 0 on [a, 6]t x [a, b]j and B(f) > 0. □ 
Lemma 2.4 Let (CI), (C2) and (C4) hold. Then the unique solution u of the BVP (1.1) satisfies 

u(t) > r ||u|| , 



where \\u\\ = max \u(t)\ and 

te[a,b]j 



Proof. We have from (2.7) that 



r= ^r—- (2.12) 

0 < G{t,s) < G(s,s), t e [a,b]y, 



which implies 

u(t) < [ G(s, s)f(s, u(s))Vs + for all t G [a, 6] T . 

Applying (2.7), we have that for t G [a, b]j 

9{t) 



G(t,s) 
G(s,s) 



where F be given as in equation (2.12). Thus, we have 




a < t < s < b, 

>r, 

a < s < t < b, 



min G{t,s) > TG(s,s). (2.13) 

te[a,b] T 



4 
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So, for t G [a, b]j, 

u(t) = f G(t,8)f(sM*))Vs+ — 

> f rG(s,s)f(s,u(s))Vs+^ 

Ja a 

> rQ^Gfo «)/(«, u(«))V« + M 

> r|M|. 

□ 

Let B = C[a, b] is a Banach space with the norm = max |u(t)|. Define the cone if C B by 

te[o,6] T 



K = < u G B : u(t) is nonnegative, symmetric on [a, b]j and min u(t) > T \\u\ 

I ' te[a,b] T 

where T be given as in equation (2.12). 

We can define an operator T : if — > B by 

Tu(t)= / G(t,s)f(s,u(s))Vs+ ES ^, (2.14) 

where G and £>(/) are defined as in (2.7) and (2.9), respectively. 

Lemma 2.5 iet (CI) — (C4) /ioM. TTien T : K K is completely continuous. 

Proof. For all u £ if , by (CI) - (C4), we have from (2.14), Tu(t) > 0, for all t G [a,b]j. Furthermore, by (2.7) and 
(2.13), 

Tu(t) > f FG(s,s)f(s,u(s)Ws+ 

> r^J*G(s,s)f( S ,u(s))\7s+ I3( ^l 

> r\\Tu\\, 

i.e., min Tu(t) > T \\Tu\\ . 

te[a,b] T 

Noticing p(t), u(t) and f(t,u) are symmetric on [a, b]j and by Lemma 2.2, we have 
Tu(b + a-t) = [ G{b + a-t,s)f(s,u(s))Vs+ 1 ^ 



f G{b + a-t,b + a- s)f (s, u(sj) V(6 + a - s) + 
T G(t, s)f (s, u(s)) V(6 + a - s) + 

J a 



a 

= Tu(t), 

i.e., Tu(b + a — t) = Tu(t), t G [a, 6]t. Therefore Tu(t) is symmetric on [o, 6]t- 

So, Tu G if and then Tu C if. Next, by standard methods and Arzela-Ascoli theorem, one can easily prove that 
operator T is completely continuous. □ 



3 Main Results 

In this section, we consider the existence of at least two or many symmetric positive solutions of the BVP (1.1). 
The following fixed point theorem is fundamental and important to the proof of our main results. 

Lemma 3.1 (See [7]). Let if be a cone in a real Banach space B. Let D be an open bounded subset of B with 
Dk — D fl if 7^ 0 and Dk K. Assume that T : Dk — > if is completely continuous such that u ^ Tu for u G 8Dk- 
Then the following results hold: 

(i) If \\Tu\\ <u, it G dD K , then i K (T, D K ) = 1. 

(ii) If there exists e G if \ {0} such that u =fc Tu + Ae for all u G 8Dk and all A > 0, then ik{T, Dk) = 0. 
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(Hi) Let U be open in P such that U C Dk ■ If in(T, Dk) = 1 and ik{T, Uk) = 0, then T has a fixed point in 
Dk \ Uk- The same result holds if i K {T, D K ) = 0 and ii((T, Uk) = 1- 

We define 

K p = {u G K : \\u\\ < p}, 

tt p = {ueK : min u(t) <Tp} = {u€K : r||u|| < min u(t) < Tp}. 

t£[a,b]j te[a,b]j 

Lemma 3.2 Q p has the following properties: 

(a) Q p is open relative to K. 

(b) K rp CftpCKp. 

(c) u G Q p if and only if min u(t) = Tp. 

te[a,b] T 

(d) Ifu€ Q p , then Tp < u(t) < p for t G [a, b] T . 

Now for convenience we introduce the foilowing notations. Let 

fr P = min \ min f(t,u):u€ [Tp, p] \ , 

fS = 



max < max f(t, u) : u 6 [0, p] > , 

te[a,b] T ' 



B = 



in — 2 nfo m — 2 

i=i Ja i=i 

m — 2 „fc m — 2 

G( S , S )Vs 1 - - ^ o^) 



-0" 



G(s,s)Vs + — 
a 



Theorem 3.1 Suppose (CI) - (C4) froZd. 

(C5) There exist pi, p 2 , p3 G (0, oo) with pi < Tp 2 and p 2 < p z such that 

fS 1 < PiL, fp p2 > p 2 L, fS* < P3 L. 

Then problem (1.1) has at least two symmetric positive solutions u\, u 2 with ui G 0, P2 \ K P1 , u 2 G K P3 \ Q, P2 . 
(C6) There exist pi, p 2 , p 3 G (0, oo) with pi < p 2 < Tp s < p 3 such that 

fP pl > PiL, ft, 2 < P2L, ffa > p 3 L. 
Then problem (1.1) has at least two symmetric positive solutions u\, u 2 with ui G K P2 \ fl pi , u 2 G £1 P3 \ K P2 . 

Proof. We only consider the condition (C5). If (C6) holds, then the proof is similar to that of the case when (C5) 
holds. By Lemma 2.5, we know that the operator T : K — » K is completely continuous. 

First, we show that ik(T,K p1 ) — 1. In fact, by (2.14), ffi 1 < piL, we have for u G 8K P1 , 



Tu(t) = 



f G(t, S )f(s,u(s))X7s+ B ^- 



[ G(s,s)f(s,u(s)) 

J a 



Vs + 



m — 2 m — 2 

Y,m / G(s,s)f(s,u(s))Vs - £) ai 0(fc) 

1 i=i • /a i=i 

X)«</ G(a,a)/(a,ti(«))Va 1 - = a ^i) 

i=i Ja i=i 



< 



/ G(s,s)Vspii+ — piL 

^ G(s, s)Vs + ^ piL = pi, 



i.e., ||Tu|| < ||u|| for u G 8K P1 . By (i) of Lemma 3.1, we obtain that iK(T,K pl ) — 1. 
Secondly, we show that iK(T, fi P2 ) = 0. Let e(£) = 1. Then e G dK\. We claim that 



u^Tu + \e, u G 9fi P2 , A > 0. 
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Suppose that there exists wo £ dQ P2 and Ao > 0 such that 

«o = Tuo + Aoe. 
Then, Lemma 2.4, (2.14) and (3.1) imply that for t € [a,b]j 

u 0 



(3.1) 



Two + Aoe 

b 



G(t, s)f (s, u 0 {s)) Vs + M + A oe 



> V G{s,s)Vsp 2 L + p 2 L + 

Ja a 



Ao 



or 



B 



r I / G(s,s)X7s + - ] p 2 L + X 0 



= rp 2 + A 0 , 

i.e., Fp2 > Tp2 + Ao, which is a contradiction. Hence by (ii) of Lemma 3.1, it follows that in{T, Q P2 ) = 0. 

Finally, similar to the proof of ix(T, K P1 ) = 1, we can prove that ik(T, K P3 ) = 1. Since p\ < Yp 2 and Lemma 
3.2 (b), we have K P1 C Kr P2 C Q P2 - Similarly with p 2 < P3 and Lemma 3.2 (6), we have Q P2 C K P2 C K P3 . 
Therefore (in) of Lemma 3.1 implies that BVP (1.1) has at least two symmetric positive solutions wi, u 2 with 
wi G Q. P2 \ K P1 , u 2 € K P3 \ Q. P2 . □ 

Theorem 3.1 can be generalized to obtain many solutions. 
Theorem 3.2 Suppose (CI) — (C4) hold. Then we have the following assertions. 

(C7) There exists {pi}l™° +1 C (0,oo) with pi < Yp 2 < p 2 < ps, < rp4 < ... < rp2m 0 < p2m a < P2m 0 +i such that 

fPim-i < p 2m _ 1 L, (m = 1,2, ...,m 0 ,m 0 + 1), frl^ > P2™L, (m = 1, 2, ...,m 0 ). 
T/ien f/ie PFP (1-1) has at least 2mo symmetric positive solutions in K . 

(C8) There exists {pi}^™° C (0, ao) pi < Tp 2 < p 2 < pz < Tp 4 < ... < rp 2mo < P2m 0 such that 

/o P2m_1 < P2 m -iL, fr 2 p ™ m >P2™L, (m = 1, 2, m 0 ). 
27ien i/ie BVP (1-1) Z 10 *' a * feast 2mo — 1 symmetric positive solutions in K. 
Theorem 3.3 Suppose (CI) — (C4) hold. Then we have the following assertions. 

(C9) There exists {pi}i=° +1 C (0, co) with pi < p 2 < Tp 3 < p 3 < ... < p 2mo < Fp 2ma+ i < p2m a +i such that 
fr^'li > P2m-iL, (m = 1,2, ...,m 0 ,m 0 + 1), / ( f m < p 2m L, (m = 1, 2, m 0 ). 

Then the BVP (1.1) /las at /east 2mo symmetric positive solutions in K . 
(C10) There exists {pi}^™i C (0, ao) with pi < p 2 < Tp 3 < p3 < ... < rp2m 0 -i < P2m 0 -i < P2m 0 such that 

frl7~-i >Pzm-iL, fS 2m <p 2m L, (m= 1,2,..., mo). 
TVien i/ie PFP (1.1) /ias at least 2mo — 1 symmetric positive solutions in K. 

4 An Example 



Example 4.1 In BVP (1.1), suppose that T 



r/i = -, i.e., 



, = 1, m = 3, a = /? = 1, ai = ^,£i = | and 

z o 



f w AV (rO + /(£,w) = 0, 4 6(0,1)!, 



w(0) - w [A1 (0) = *w ( I 



u(l) + U^(l)= 



2 \ 5 



(4.1) 



1 /4 



2 \5 
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where 



f(t,u) 




By simple calculation, we 



;et D = 3, 9{t) = l + t, ip(t) = 2-t, A = 



_9_ 
20 




103 
144 



, L 



72 
103 



and 



<?(t,a) = i{ 




It is clear that conditions (CI) — (C4) are satisfied. Taking pi = -, P2 = 4, p3 = 9, we can obtain that 

pi < I>2 and p2 < pa. 



Now, we show that (C5) is satisfied: 



/ 0 2 < 0.75 < piL = 1.048, 
fl > 3 > p 2 L = 2.796, 
fo < 6.25 < p z L = 6.291. 



Then, (C5) condition of Theorem 3.1 hold. Hence, we get the BVP (4.1) has at least two symmetric positive solutions. 
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Approximate fuzzy double derivations and fuzzy Lie *-double 

derivations 
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Abstract. Using the fixed point method, we prove the Hyers-Ulam stability of fuzzy double derivations and 
fuzzy Lie *-double derivations on fuzzy Banach algebras, fuzzy C*-algebras and fuzzy Lie C*-algebras associated 
with the following additive functional equation of n-Apollonius type 

1 1 ™ 

Y^f(z-xi) = -- J2 f( xi +x i) + n f( z - tf^2 x i) 

i — 1 l<i<j<n i—1 

for a fixed integer n with n > 2. 

1. Introduction and preliminaries 

Let A be a subalgebra of an algebra £>, X a ,6-bimodule and 5 : A — > B be a linear mapping. 
A linear mapping / : A — >■ X is called a 5-derivation [26] if f(ab) = f (a) 5(b) + 5(a)f(b) for 
all a, b € A. Clearly, if 6 = id, the identity mapping on A, then a 5-derivation is an ordinary 
derivation. On the other hand, each homomorphism / is a ^-derivation. Thus, the theory of 5- 
derivation combines the theory of derivations and homomorphisms. If g : A — > A is an ordinary 
derivation and 5 : A — > A is a homomorphism, then / = g5 is a 5-derivation. Although, a 
(5-derivation is not necessarily of the form gS, but it seems that the generalized Leibniz rule, 
f(ab) = f(a)5(b) + 5(a)f(b), comes from this observation. Mirzavaziri and Omidvar Tehrani 
[27] took ideas from the above fact, they defined a (g, /i)-double derivation as follows: If linear 
mappings f,g,h:A^A satisfy 

f(ab) = f(a)b + af(b) + g(a)h(b) + h(a)g(b) (1.1) 

for all a, b G A, then the linear mapping / : A — > A is called a (g,h) -double derivation. 
Moreover, a (g, g)-double derivation is called a g-double derivation and they proved that if A 
is a C* -algebra, / : A — > A is a *-linear mapping and g : A — > A is a continuous /-double 
derivation then / is continuous. 

In 1984, Katsaras [21] introduced an idea of a fuzzy norm on a vector space to construct a 
fuzzy vector topological structure on the space. In the same year, Wu and Fang [47] introduced 
a notion fuzzy normed apace to give a generalization of the Kolmogoroff normalized theorem 
for fuzzy topological vector spaces. In 1992, Felbin [14] introduced an alternative definition of a 
fuzzy norm on a vector space with an associated metric of Kaleva and Seikkala type [20] . Some 
mathematics have defined fuzzy normed on a vector form various point of view [24, 36, 48]. 
In particular, Bag and Samanta [4] following Cheng and Mordeson [7], gave an idea of fuzzy 
norm in such a manner that the corresponding fuzzy metric of Kramosil and Michalek type 
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[23]. They established a decomposition theorem of fuzzy norm into a family of crisp norms 
and investigated some properties of fuzzy normed spaces [5] . 

A classical equation in the theory of functional equations is the following: "when is it 
true that a function which approximately satisfies a functional equation must be close to an 
exact solution of the equation?" . If the problem accepts a solution, we say that the equation 
is stable. The first problem concerning group homomorphisms was raised by Ulam [46] in 
1940. In the next year, Hyers [16] gave a first affirmative answer to the question of Ulam in 
context of Banach spaces. Subsequently, the result of Hyers was generalized by Aoki [1] for 
additive mapping and by Rassias [40] for linear mapping by considering an unbounded Cauchy 
difference. Furthermore, in 1994, Gavru^a [15] provided a further generalization of Rassias' 
theorem in which he replaced the bound e(||x|| p + ||y|| p ) in by a general control function <p(x, y). 
Recently several stability results have been obtained for various equations and mappings with 
more general domains and ranges have been investigated by a number of authors and there are 
many interesting results concerning this problem [11, 12, 13, 17, 18, 19, 22, 28, 29, 30, 31, 33, 
37, 38, 42, 43, 44, 45]. 

Bourgin [6] proved the Hyers-Ulam stability of ring homomorphisms in unital Banach al- 
gebras and Badora [2] gave a generalization of the Bourgin result concerning derivations in 
operator algebras, which was first obtained by Semrl [41]. In [3], Badora proved the Hyers- 
Ulam stability of the functional equation f(ab) = af(b) + f(a)b, where / is a mapping in a 
unital normed algebra A. In the following, we will give some notations that are needed in this 
paper. 

we recall some notations and basic definitions. 

Definition 1.1. Let X be a real vector space. A function N : X x R — > [0, 1] is said to be a 
fuzzy norm on X if for all x,y G X and all t, s G R, 
(ATI) N(x,t) = 0 fort< 0; 

(JV2) N(x, t) = 1 for allt>0 if and only if x = 0; 
(NS) N(cx,t) = P(x, A) for each c / 0; 
(NA) N(x + y,s + t)> min{N(x, t),N(y, s)}; 

(N5) N(x, •) is a non- decreasing function on R and lim^oo N(x,t) = 1; 
(N6) for x / 0,N(x, •) is continuous on R. 

The pair (X, N) is called a fuzzy normed linear space. 

One may regard N(x, t) as the truth value of the statement "the norm of x is less than or 
equal to the real number t" . 

Example 1.2. Let (X, \\ • ||) be a normed linear space and a, /3 > 0. Then 



is a fuzzy norm on X . 

Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said to be convergent 
if there exists x £ X such that lim n ^ OQ N(x n — x, t) = 1 for all t > 0. In that case, x is called 
the limit of the sequence {x n } and we denote it by — lim n ^ooX n = x. 

A sequence {x n } in X is called Cauchy if for each e > 0 and each t > 0 there exists an 
no G N such that for all n > ran and all p > 0, we have N{x n j rP — x n , t) > 1 — e. 

It is well-known that every convergent sequence in fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy normed is said to be complete and the 
fuzzy normed vector space is called a fuzzy Banach space. We say that a mapping / : X — > Y 
between fuzzy normed vector spaces X and Y is continuous at point xo £ X if for each sequence 
{x n } converging to xq in X, then the sequence {f{x n )} converges to f(xo). If / : X — > Y is 
continuous at each x G X , then / is said to be continuous on X [5]. 




t > 0, x G X, 

t<0, xex 
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Let X is a Banach algebra. Then an involution on x is a mapping x — > x* from X into X 
which satisfies 

(1) (x*)* = x for x G X; 

(2) (ax + /3y)* = ax* + ]3y* for x, y G X and a, /3 G C; 

(3) (xy)* = y*x* for x,y £ X. 

If, in addition, ||x*ar|| = ||x|| 2 for all x G X, then X is a C*-algebra. 

Definition 1.3. Let X be a *-algebra and (X,N) be a fuzzy normed space. 

(1) The fuzzy normed space (X, N) is called a fuzzy normed *-algebra if 

N(xy, ts) > N(x, t).N(y, s), N(x*,t) = N(x, t) 
for all x,y G X and all positive real numbers t. 

(2) A complete fuzzy normed *-algebra is called a fuzzy Banach *-algebra. 
Example 1.4. Let (X, \\ ■ ||) be a normed *-algebra. Let 

1 t>0, xeX, 

t < 0, x € X. 

Then (X,N) is a fuzzy normed *-algebra. 

Definition 1.5. Let (X, \\ ■ ||) be a normed *-algebra or aC* -algebra and N be a fuzzy norm 
on X. 

(1) The fuzzy normed *-algebra (X,N) is called an induced fuzzy normed *-algebra. 

(2) The fuzzy C* -algebra (X,N) is called an induced fuzzy C* -algebra. 

Let (X, N) and (Y, N) be induced fuzzy normed *-algebras. Then a C-linear mapping 
/ : (X,N) — > (Y,N) is called a fuzzy *-homomorphism if f(xy) = f(x)f(y), f(x*) = f(x)* 
and a C-linear mapping / : (X, N) — > (X, N) is called a fuzzy *-derivation if f(xy) = f(x)y + 
xf(y), f(x*) = f(x)* for all x, y G X. 

Definition 1.6. Let (X,N) be a fuzzy normed *-algebra and g,h : (X,N) — > (X,N) be C- 
linear mappings. A C-linear mapping f : (X,N) — > (X,N) is called a fuzzy *-(g,h) -double 
derivation if 

f{xy) = f(x)y + xf(y) + g(x)h(y) + h(x)g(y), 
f(x*) = f(x)*, g(x*)=g(x)*, h(x*) = h(x)*, 

for all x,y G X . 

Example 1.7. Let H : (X,N) — > (X,N) be a fuzzy *-homomorphism. Then H is a fuzzy 
— I) -double derivation where I : (X,N) — > (X,N) is the identity mapping. 

Let X be a nonempty set. A function d : X x X — > [0, oo] is called a generalized metric on 
X if d satisfies 

(1) d(x, y) = 0 if and only if x = y for x, y G X; 

(2) d(x,y) = d(y,x) for all x,y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y, z G X. 

We recall the a fundamental result in fixed point theory. 

Theorem 1.8. ([25, 39]) Let (X,d) be a complete generalized metric space and J : X — > X 
be a strictly contractive mapping with Lipshitz constant L < 1. Then, for each given x G X, 
either 

for all n > 0, 

or there exists a natural number uq such that 

(1) d(J n x, J n+1 x) < oo for all n > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X : d(J n °, y) < oo}; 

(4) d(y, y*) < j^diy, Jy) for all y G Y. 
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In 1996, Isac and Rassias [18] were the first to provide applications of stability theory of 
functional equations for the proof of new fixed-point theorems with applications. By using fixed 
point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [8, 35]). 

Ebadian and Ghobadipour [9] proved the Hyers-Ulam stability of double derivations on 
Banach algebras and Lie *-double derivations on Lie C*-algebras. 

Ebadian et al. [10] considered the following additive functional equation of n-Apollonius 
type 

n 1 i n 

Y J f{z-x i ) = — fixi + x^+nfiz-^Y,^ (1-2) 

n ^-^ n z ^-^ 

i=l l<i<_7<n i=l 

where n is a fixed integer with n > 2 and proved the Hyers-Ulam stability of homomorphisms 
and derivations on induced fuzzy Lie C*-algebras assocated with the functional equation (1.2). 

In this paper, we consider a mapping / : X — > X satisfying (1.2) and use the fixed point 
alternative theorem to establish the Hyers-Ulam stability of fuzzy double derivations on fuzzy 
Banach algebras and Lie *-double derivations on induced fuzzy Lie C*-algebras associated with 
the functional equation (1.2). 

We define the difference operators D^f k : X n+1 — > X and A : X 2 — > X by 

n ^ \ 11 

Df J ,f(z,x 1 ,---,x n ):= J S2f i fk( z - x i) + - Y] fk{^Xi + fixj) -nf k (nz ^Vux;), 

l — ' n L — ' n z L — ' 

i=l l<i<j'<7T. i=l 

A /i,/2,/ 3 0>y) : = h( x v) ~ h{x)y - xfi(y) - f 2 {x)h{y) - f 3 (x)f 2 (y), 

for all x,y, z,x\, ■ ■ ■ , x n G X, all G T 1 := {u € C : \u\ = 1}, and k G {1, 2, 3}. 
Throughout this paper, we assume that J = {1, 2, 3}. 

2. Approximate fuzzy double derivations on fuzzy Banach algebras 

In this section, we assume that (X, N) is a fuzzy Banach algebra and prove the Hyers- Ulam 
stability of fuzzy double derivations on fuzzy Banach algebras related to the additive functional 
equation of n-Apollonius type (1.2). 

Definition 2.1. Let g,h : X — > X be C-linear mappings. Then a C-linear mapping f : X — > X 
is called a fuzzy (g, h) -double derivation if f satisfies 

f{xy) = f{x)y + xf(y) + g{x)h(y) + h(x)g{y) 

for all x,y G X . 

In the following theorem, we show that under condition an almost fuzzy double derivation 
is a fuzzy double derivation. 

Theorem 2.2. Let A > 1 and k G J. Let f^-X^X be mappings such that /fc(Ax) = Xf(x) 
for all x G X. If there exists a function (p : X 8 — > [0, oo) such that 

lim ^-ip(X m x,X m y,X m z,X m w,X m u,X m v,X m t,X m s) = 0, (2.1) 

N{fi(nx + ny + zw) - nfi{x) - nfi(y) - f 2 {^u + nv) - /u/ 2 (n) - nf 2 {v) - f 3 (/j,t + fis) 
- l*Mt) - fif 3 (s) - h(z)w - zh(w) - f 2 {z)h(w) - f 3 (z)f 2 (w),t) 

> 7 1 V ( 2 - 2 ) 

t + (p{x,y, z,w,u,v,t,s) 

for all x, y, z, w, u,v,t, s G X and all //£C, then f\ is a fuzzy (f 2 , f'3)-double derivation on X. 
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Proof. Let k £ J. It is clearly /fe(0)=0. Let z = w = u = v = t = s = 0in (2.2). Then we 
have 

N(fi{nx + fiy) - nfi(x) - fifi(y),t) 
= iV(/i(/iA m x + fi\ m y) - M\ m x) - M\ m y), X m t) 

> XH 

~ X m t + ip(X m x, X m y, 0, 0, 0, 0, 0, 0) 
for all x, y G X, all (i £ C and all t > 0. Since 

lim = = 1, 

m ^ t + ^<p(X m x, X m y, 0, 0, 0, 0, 0, 0) 

fi(fJ,x + fj,y) = nfi(x) + nfi(y) for all x,y £ X and all fi G C. 

Similarly, we have f2^u + A*v) = ^f2{u) + fJ-f2(v) and + /is) = nfs(t) + fJ-fs(s) for all 
x,y £ X and all fi £ C. 

Now letting x = y = n = u = t = s = 0 and /U = 1 in (2.2), we have 

iV(z«0 - - zh(w) - f 2 (z)h(w) - h{z)f 2 (w),t) 

= N{X m zX m w) - h{X rn z)X m w - X m zf 1 (X m w) 

- f2(X m z)f 3 (X m w) - h{X m z)f 2 {X m w), X 2m t) 

> X^H 

~ X 2m t + ip(0, 0, X m z, X m w, 0, 0, 0, 0) 

for all z, w £ X and all t > 0. Since 

lim 



m ^°° t + ^^(0, 0, A m z, X m w, 0, 0, 0, 0, ) 

= + Zfl{w) + f2{z)h{w) + h{z)f 2 {w) 

for all x,y £ X, that is, /i is a fuzzy (/2, ./^-double derivation on X. □ 

Theorem 2.3. Let </? : X n+1 — >■ [0, oo) 6e a function such that there exists an L < 1 mt/t 

/n 2 — 1 n 2 — 1 n 2 — 1 \ n 2 — 1 
V o—z, • • • , 5— x n < K—Lip{z, xi, ■ ■ ■ ,x n ) (2.3) 



/or all z, xi, • • • ,x n £ X . Let k £ J and fk-X^-X be mappings satisfying fk(0) = 0 and 

N(D„h(z, xi,-- - ,„),«) > , + (2-4) 

/or a// x, y, z, x\, ■ ■ • , x n £ X , all \i £ T 1 and allt > 0. Then dk{x) = N—\im. m -> 00 ( n %_ 1 ) m /&(( " ' n E 1 
exist for each x £ X , and define unique C-linear mappings d k : X — > X such that 

N{f k {x) - d k {x),t) > - 2 _ _ L) ^ + 0> . . . ; Q) 

jth 

for all x £ X and all t > 0. Moreover, d\ is a fuzzy (d-2, ds)-double derivation on X. 
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Proof. Let k £ J. Consider the set f2 := {u : X — > X,u(0) = 0} and introduce the generalized 
metric 



d(u, v) = infjr, G R + : N(u(x) - v{x),rjt) > 



t + ip{x, (),■■■ ,0,^,0,- ■■ ,0)' 
jth 



where inf 0 = +oo. The proof of the fact that (fi, d) is a complete generalized metric space 
can be found in [8]. Now we consider the mapping J : SI — > ft defined by 



Ju(x) := — = -u 



n 2 ( n 2 - 1 



n 2 — 1 \ n 2 

for all u G $7 and Let e > 0 and u,t)6flbe given such that d(it, u) < e. Then 

N(u(x) - v(x),et) > ; \ r 

t + <p(x,0,--- ,0,^,0,- ■• ,0) 

for all x G X and all t > 0. Hence 

tj 2 — 1 Tl 2 II 2 — 1 

N(Juix) — Jv(x),Let) = N(—^ u( ^ — x) » v( = — x),Let) 

n z — 1 n 2 — 1 

A7 . ,n 2 -l ,ra 2 -l ra 2 - 1 
= iv(it( 5 — x) - u( ^ — x), ?. — Let) 



> 



^Lt + <p(^x,Q,--- ,0,^ T ^x,0,--- ,0) 



2_1 t" ■ ,«2_ ^ 

— x,U, • • • ,U, — 

n z 
jth 

^> nf 

" t>^Lt+^L<p(x,0,--- ,0,^,0,- •• ,0) 

jth 

t 

~ t + <p(x,0,--- ,0,^x^,0,- •• ,0)' 
jth 



and so v) < e implies that d(Jg, Jh) < Le for all u, v G fi. Letting /i = 1 and z = Xj = x 
for each 1 < p < n with p j , x p = 0 in (2.4) , we have 



n 2 — 1 „ , N „ /n 2 — 1 



^ /fcOE)-n/ife — 2-x ,t > — (2.6) 

V n V n ) ) t + (p(x,0,--- ,0,^x^,0, ■■• ,0) 

jth 

for all x G X and all t > 0. It follows from (2.6) that d(f k ,Jf k ) < ^P^. By Theorem 1.8, 
there exists a mapping d k ■ X — > X such that the following holds: 
(1) d k is a fixed point of J, that is, 

, ,n 2 — 1 . n 2 - 1 , . . . . 

d k ( —x) = —d k x 2.7 

for all x G X. The mapping d k is a unique fixed point of J in the set A = {v G f2 : d(n, u) < oo}. 
This implies that d k is a unique mapping satisfying (2.7) such that there exists r] G (0, oo) 
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satisfying N(f k (x) - d k (x),rjt) > t+ip ( xA ... J t x , 0 ,-,o) for all x G X and all t > 0. 

jth 

(2) d(J m f k , d k ) — > 0 as m — > oo. This implies the equality 



T)^ T)^ — 1 

N — lim (^^ r/fc ((^^ rx ) = dfc ( x ) 
m^oo n z — 1 n z 



exists for each x & X. 

(3) d(f k ,d k ) < jhz d (fk,Jfk), which implies inequality d(f k ,d k ) < n2 _ 1 ^ and so 





n n 

,2 



JV(/ fc (x) - d fe (x), i) > (n2 _ 1)(1 _ L)t + nv9(X)0) ... ) 0,^,0,... ,0)' 

It follows from (2.3) and (2.4) that 
N(D ll d k (z,xi, ■ ■ ■ ,x n ),t) 

= lim (^—-) m N (D,f k ((^±r z , (^^rxi, • • • , (^V* n ) , 4 

nwoo n z — 1 \ V n n n J 



" (^) m t + <P((^)^, (^) m X!, • • • , (^) m X„) 

~ ™^ * + (^)"V((^)"% Pg 1 )^ • • • , (^)"^n) 
t 

> hm 



m-s-oo t + L m if(z, Xi, ■ • • , X n ) 

for all z, xi, ■ ■ ■ ,x n <E X,t > 0 and all jj, € T 1 . Thus 

^ fid k {z - Xi) = ^ d k (nxi + fiXj) + nd k (fiz ^^/xx;) 

for all z, xi,--- ,x n € X. By [32], d& : X — > X are Cauchy additive, that is, d k (x + y) = 
d k (x) + dfc(y) for all x,y £ X. 

By a similar method to the proof of [34], one can show that the mappings d k are C-linear. 

By (2.5), we have 

N ^^— l ) 2m ^h ,/ 2 ,/3((^) m ^ (^rv),*) 
(^) 2m t 



> 



> 



(^) 2m t + ^((^) m x,(^)™y,LV-- ,0) 
(^) 2m i 



(^l)2m t + (^l)m L m ¥ ,( X) y, 0, • • • , 0) 

for all x,y £ X and all t > 0. Since 

(^) 2m t 

lim v " ; = l 

m ^°° {^) 2m t + (^) m L"V(*, y, 0, • • • , 0) 

for all x,y £ X and all t > 0, 

A ( i li d 2 ,d3(x,y) = 0, 
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for all x,y G X. So 

di(xy) = di(x)y + xdi(y) + d 2 (x)d 3 (y) + d 3 (x)d 2 (y) 

for all x,y G X. Hence d\ is a fuzzy (cfe, d3)-double derivation on X. □ 

Corollary 2.4. Let X be a normed vector space with norm \\-\\, 5 > 0 andp be a real number 
with p > 1 . Let k G J and : X — > X 6e mappings satisfying 



N(DMz,x lt - ,*„),*) > t + 5(11^ + ^1^ 



(2.8) 



JV(A fl f2 f Jx,y),t) > — -n ^ -- (2.9) 

for all x,y, z, xi, ■ ■ ■ ,x n G X, a// /x G T 1 and aZZ i > 0. Then there exist unique C-linear 
mappings d k : X ^ X such that 

f n 2 _ i\l-p _ n 2(l-p)^ 

.Vi./,i.D ,/,(,-../) > 



(n 2 - l) 1 ^ - n 2 (!-P)t + 2no"(n 2 - l)- p ||x||P 
for all x G X and all t > 0. Moreover, d\ : X ^ X is a fuzzy (d 2 , d 3 )-double derivation on X. 
Proof. The proof follows from Theorem 2.3 by taking 

n 

<p(z,xi, ■■■ ,x n ):= S(\\z\\ p + ^2 \\ x i\\ P ) 

i=i 

for all x, y, z, x±, ■ ■ ■ ,x n G X. It follows from (2.8) that f k (0) = 0. Choosing L = (^z^) 1 ^ p , 
we get the desired result. □ 

Theorem 2.5. Let </? : X n+1 — > [0, oo) be a function such that there exists an L < 1 such that 

( r? n 2 n 2 \ n 2 

V ~2 T^i ~2 " " ' ~2 7 X ™ - T L( ^(^> ^i, ■ ■ ■ , x n ) (2.10) 

\ n z — 1 n z — I n z — 1 / n z — 1 



/or all z,x±, ■ ■ ■ ,x n G X. Lei k £ J and f k :X—>Ybe mappings satisfying f k (0) = 0, (2.4) 
and (2.5). T/ten i/ie fimii dk(x) = N - \im m ^ 00 ( Ik ^) m f k ((^—^) m x) exist for each x G X, 
and define unique C-linear mappings dk ■ X — > X such that 

N(f k {x) - d k (x), t) > — 2 _ _ L)f ( + nL J^ o, . . } , o,^, 0, • • • , 0) 

jth 

for all x G X and all t > 0. Moreover, d\ : X — > X is a fuzzy (d 2 , d 3 )-double derivation on X. 

Proof. Let (CI, d) be the generalized metric space in the proof of Theorem 2.3. Consider the 

linear mapping J : Q — > Q defined by Ju(x) := n r ^ l u (^ n i_i xj for all u G fl and x G X. We 

can conclude that J is a strictly contractive self-mapping of fl with the Lipschitz constant L. 
Let k G J. It follows from (2.6) that 

n 2 - 1 \ n 2 - 1 



N[nf k [ -^-x f k (x), t > (2.11) 

n A ) n J t + ip(x, 0, ■ ■ ■ , 0, x , 0, • • • , 0) 



jth 
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2 

for all x G X and all t > 0. Replacing x by w "_ 1 x in (2.11), we obtain 
, T (n 2 -1 r . ( n 2 \ , , , \ nt 



n z \n z — 1 J I 2 n . 

nt + fi^x, 0, • • • , 0, ^— -x, 0, • • • , 0) 



> 



jth 

nt 



nt + ^Lipix^,--- ,0,^,0,- ■■ ,0) 

It follows that d(/ fc , J/ fc ) < 

The rest the proof is similar to the proof of Theorem 2.3. □ 

Corollary 2.6. Let X be a normed vector space with norm \\-\\, 5 > 0 and p be a real number 
with p < 1. Let k G J and fk X ^ X be mappings satisfying (2.8) and (2.9). T/ien i/iere 
exist unique C-linear mappings dk ■ X — > X such that 

f n 2 _ 1 \p-l _ n 2(p-l) + 

JV(/ fc (x)-d fc (x),t)> 



(„2 _ _ n 2(p-l) t + 2( 5 n 2p-l( n 2 _ 

/or all x £ X and all t > 0. Moreover, dk X ^ X is a fuzzy (d,2, d%)-double derivation on X . 
Proof. The proof follows from Theorem 2.5 by taking 

n 

tp(z,xi, ■■■ ,x n ) := 5(\\z\\ p + ^2 \\xi\\ P ) 



i=i 



for all x,y,z,x±, - ■ ■ ,x n e X. It follows from (2.8) that / re (0) = 0. Choosing L = (^rj) p , 
we get the desired result. □ 

3. Approximate fuzzy *-double derivations on fuzzy C*-algebras 

Throughout this section, we assume that X is a unital C*-algebra with unit e and unitary 
group U (X) := {u G X : n*n = nn* = e}, and (X, iV) is an induced fuzzy C*-algebra. 

Theorem 3.1. Let (p : X n+l — > [0,oo) be a function such that there exists an L < 1 satisfying 
(2.1). Let k G J and fk'-X—tX be mappings satisfying / re (0) = 0, (2.4) and 

MA^(»..),«)> , + y(Mi< ; 0| ... |0) , (3.1) 

^(.■)-A«.»)> Hy( ,;... in) (3.2) 

/or a// u, v G U(X) and all t > 0. T/ien £/iere exist unique *- mappings dk ■ X — >■ X satisfying 

(n 2 -l){l-L)t 



N(fk(x)-dk(x),t) > 



(n 2 - 1)(1 - L)t + n</?(x, 0, • • • , 0 >s _a^, 0, • • • , 0) 



/or all x £ X and all t > 0. Moreover, d\ : X — > X is a fuzzy *-{d2,d%)- double derivation on 
X. 
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Proof. Let k £ J. By Theorem 2.3, there are C-linear mappings d k '■ X — > X such that 
N - lim^oo^r/fe ((^r*) = d k (x) for all x G X. 



By (2.3) and (3.1), 



/n 2 — 1 \2m + 



(^) 2m t + y?((^)"^, (^) m «, o, • • • , o) 

'n 2 — l\2m+ i (n 2 — 1' 



{^) 2m t + (^±) m L"V(«, v, 0, • • • , 0) 
for all u,v <E U (X) and all t > 0. Since 



lim 



"° (^) 2m t + (^) m L^(u,v, 0, • • • , 0) 
for all u, v G U(X) and all t > 0, 

A dltd2jd3 (u,v) = 0 

for all u, v G U(X). Hence 

di(tfy) = c/i (u)t> + udi(u) + c/2(u)c2 3 (?;) + ^(m)^^) (3.3) 

for all u, v G U(X). The mapping c?i is C-linear and each i £ I is a finite linear combination 
of unitary elements, that is, x = J27=i a i u i f° r «j £ C and n« G U(X). It follows from (3.3) 
that 

n n 

d\{xv) = diC^^aiUiv) = difajUjv) 
i=i i=i 

= ^ ai(di(«i)t; + Uidi{v) + d 2 (ui)d 3 (v) + d 3 (ui)d 2 (v)) 
i=i 

n n n n 

= a » u «)' L ' + X] a i u i) d i v + rf 2(^ ajUj)ci3(t;) + d 3 (^ aiUi)d 2 (v) 

i=l i=l i=l i=l 

for all x G X and all v G C/(X). So 

di(xw) = cZi + xdi(v) + d 2 (x)d 3 (t;) + d 3 (x)d2(i;) 

for all x G .4 and all v G *7(X). 
Similarly, we can obtain that 

di(xy) = d\(x)y + xdi(y) + d 2 (x)d 3 (y) + d 3 (x)d 2 (y) 

for all x,y £ X. 
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By (2.3) and (3.2), 

^(^m^rv) - (^rA((^) m «r>f) 
> (^rt 

(*&) m t + <f((^) m u, 0, • • • , 0) 

( n 2 — l \m+ 

> 1 

" (^) m t + (^) m L^(u,0,... ,0) 
for all u G U(X) and all i > 0. Since 

lim - v n ' = l 

m ^°° (^) m t + (^) m L"V(u, 0, • • • , 0) 

for all u G U(X) and all t > 0, 

d fe (u*) = d k (u)*. 

The mapping d& is C-linear and each x £ X is a finite linear combination of unitary elements, 
that is, x = Yli=i aiUi ^ or ai e ^ an d Ui <E U (X). So 

ran n 

4(x*) = 4(^a?u*) = ^ajdfc(ui)* = d fc (^(aiUj))* = d fc (x)* 

for all Hence di : X — > X is a fuzzy *-(d 2 , c?3)-double derivation on X. □ 

Theorem 3.2. Let ip : X n+1 — > [0,oo) be a function such that there exists an L < 1 satisfying 
(2.3). Let k G J and : J -> J fee mappings satisfying /fc(0) = 0, (2.4), (3.1) and (3.2). 
TTien i/iere exist unique * -mappings d k : X — > X satisfying 

N(f k (x) - d k (x), t) > - 2 nZ-TV^V^n n nT 

(n z — — L)t + nLip{x, 0, • • • , 0,^x^, 0, • • • ,0) 

for all x £ X and all t > 0. Moreover, di : X — > X is a fuzzy *-(d2, d 3 )-double derivation on 
X. 

4. Approximate fuzzy Lie *-double derivations on induced fuzzy Lie C*-algebras 

An induced fuzzy C*-algebra X endowed with the Lie product [x,y] = xy — yx on X, is 
called an induced fuzzy Lie C* -algebra. 

Throughout this section, we assume that X is a unital Lie C*-algebra with unit e and unitary 
group U (X) := {u G X : u*u = uu* = e}, and (X, N) is an induced fuzzy Lie C*-algebra. 

Definition 4.1. Let X be an induced fuzzy Lie C* -algebra. Let k G J and fk-X^-Xbe 
C-linear mappings. A C-linear mapping f\ is called a fuzzy Lie (f 2 , f 3 )-double derivation if 
fi([x,y}) = [fi(x),y] + [x,h(y)] + [f 2 (x), f 3 (y)] + [f 3 (x), f 2 (y)} for allx,y€X. 

For given mappings ft '■ X — > X, we define 

r fi,f2,f 3 ( x ,y) : = h([x,y}) - [h(x),y] - [x,fi(y)\ - [h{x),h(y)} - [Hx)J 2 {y)\ 

for all x, y G X. 
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Theorem 4.2. Let (p : X n+1 — > [0,oo) be a function such that there exists an L < 1 satisfying 
(2.3). Let k G J and f k :X^-X be mappings satisfying f k (0) = 0 , (2.4) and 



N(T fuh , h (u,v),t) > t + ^ U)0) ... )0r 



(4.1) 



N (fk(u*) - f k (u)*,t) > (4.2) 

t + ip(u,0, - ■ ■ ,0) 

for all u, v G U(X) and all t > 0. Then there exist unique C-linear ^-mappings dk ■ X — > X 
such that 

N(f k (x) - d k (x),t) > {n2 _ _ L) \ n + ~^ Q - L) \^ Qj . . . ; 0) 

jth 

for all x G X and all t > 0. Moreover, d\ : X — > X is a fuzzy Lie *-(d 2 , d 3 )-double derivation 
on X . 

Proof. Let k G J. By the same reasoning as in the proofs of Theorems 2.3 and 3.1, we obtain 
C-linear *-mappings d k : X — > X such that d k {x) = N - lim m ^ 0O (^^) m / fe (( ? ^^) m x) for 
each x & X. It follows from (2.3) and (4.1) that 

N(T dM (u,v),t) = N - Jim^((-^-) 2 -r /l)/2)/3 ((^)^, (?-Zl rv ),t) 



> lim 



(^) 2m t 

(0^1)2m t + ^(n^i)^, 0, • • • , 0) 



(^) 2m i 

> lim V 



™ l^) 2m * + (^) m L™ip(u, v, 0, ■ ■ ■ , 0) 
for all u,v e U (X) and all £ > 0. Since 

lim v " ; = l 

"™ (^r 1 ) 2 " 1 * + (^) m L™<p{u, v, 0, • • • , 0) 

for all u, v G 17 (-X") and all t > 0, 

di([u,u]) = [di(it),u] + + [d 2 (u),d 3 (t;)] + [d 3 (u), d 2 (u)] 

for all u,v G ?7(-X"). Since di : X — >■ X is C-linear and each x G X is x = YLl=i a * u * where 
tij G U(X) and G C, 



di([a;,u]) = di(^[ajUj,?;]) = ^ diQaijtij, v]) 
i=l i=l 

n 

= + [iti,di(y)] + [d 2 (u;),d 3 (?;)] + [d 3 (uj),d 2 (?;)] 



i=i 

n 



= [di(^2atiUi),v] + [(^aiUi),di(v)] + [d 2 (^ am), d 3 (v )] + [d 3 (^ cw), d 2 (v)] 

i=l i=l i=l i=l 

= [di(a;),v] + [x,di(u)] + [d 2 (x) , d 3 (v)] + [d 3 (x), d 2 (v)] 
for all x G X and v £ U (X). By a similar method, we obtain that 

di[x,y] = [di{x),y] + [x,di(y)] + [d 2 {x),d 3 (y)} + [d 3 (x), d 2 (y)] 
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for all x,y £ X. Thus the C-linear mapping d\ : X — > X is a fuzzy Lie *-(d,2, c^-double 
derivation on X, as desired. □ 

Corollary 4.3. Let X be a C* -algebra with norm \\ • \\, 5 > 0 and p be a real number with 
p > 1 . Let fk-X^-X be mappings satisfying 



N(D M z, Xl ,... ,x n ),t) > t + 5{MP + T n = j XillP y 



(4.3) 



jv(/*((— 5-rv) - fk((^^rur,t) > 



11- n A t + 5{ - L }rnp 



for all z, x±, • • • ,x n £ X , all u,v 6 U {X), all fx G T 1 , all t > 0 and m = 0, 1, 2, • • • . Then 
there exist unique C-linear mappings dk ■ X — > X such that 

( n 2 _ lU-p _ n 2(l-p)^ 



(n 2 - I) 1 "? - n 2 (!-P)t + 2n5(n 2 - 

for all x £ X and all t > 0. Moreover, d\ : X — > X is a fuzzy Lie *-(c?2, d^)- double derivation 
on X . 

Theorem 4.4. Let (p : X n+1 — > [0, oo) be a function such that there exists an L < 1 satisfying 
(2.10) . Let k G J and f k :X->Xbe mappings satisfying f k (0) = 0, (2.4), (4.1), and (4.2). 
Taen £aere exist unique C-linear * -mappings f^iX—lX such that 

N(fk(x)-d k (x),t)> { " 2 - l ^ - L)l 



(n 2 - 1)(1 - L)t + mp{x, 0, • • • , 0,^x^, 0, • • • , 0) 

jth 



for all x £ X and all t > 0. Moreover, d\ : X — > X is a fuzzy Lie *-(d2, d^)-double derivation 
on X . 

Proof. The proof is similar to the proofs of Theorems 2.5 and 4.2. □ 

Corollary 4.5. Let X be a C* -algebra with norm || ■ ||, S > 0 and p be a real number with 
p < 1. Let k £ J and f k ■ X — > X be mappings satisfying (4.3) and 

N (r fl h h ((^-) m u,(^—) m v)),t] > — 2 

V 7 ' 7 ' 7 n 2 -r y n 2 -l' " J ~ t + 25(^ I ) m P 

tP* tP t 

N(fk((^r — ) m «*) " fk((-o ) m u)*,t) > — 

for all u, v £ U(X), all t > 0 and m = 0, 1, 2, ■ ■ ■ . Then there exist unique C-linear mappings 
dk : X — > X such that 

f n 2 _ 1\P-1 _ n 2 (P-!)t 

N(f k (x)-d k (x),t)> " " 



(n 2 - I)?" 1 - n 2 (P- l h + 25n 2 P- 1 (n 2 - l)- 1 ||x| r D 



for all x £ X and all t > 0. Moreover, d\ : X — > X is a fuzzy Lie *-(dz, d^-double derivation 
on X . 
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SOME NEW GENERALIZED RESULTS ON OSTROWSKI TYPE 
INTEGRAL INEQUALITIES WITH APPLICATION 

1 A. QAYYUM, 2 M. SHOAD3, AND 1 IBRAHIMA FAYE 

Abstract. The aim of this paper is to establish some new inequalities similar 
to the Ostrowski's inequalities which arc more generalized than the inequalities 
of Dragomir and Ceronc. The current article obtains bounds for the deviation 
of a function from a combination of integral means over the end intervals cover- 
ing the entire interval. Some new purterbed results are obtained. Application 
for cumulative distribution function is also discussed. 



1. Introduction 

In 1938, Ostrowski [13] established an interesting integral inequality associated 
with differentiable mappings. This Ostrowski inequality has powerful applications 
in numerical integration, probability and optimization theory, stochastic, statistics, 
information and integral operator theory. A number of Ostrowski type inequalities 
have been derived by Cerone [1], [2] and Cheng [3] with applications in Numerical 
analysis and Probability. Dragomir et.al [5] combined Ostrowski and Grass inequal- 
ity to give a new inequality which they named Ostrowski-Griiss type inequality. 
Milovanovic and Pecaric [12] gave the first generalization of Ostrowski's inequal- 
ity. More recent results concerning the generalizations of Ostrowski inequality are 
given by Liu [11], Hussain [10] and Qayyum [16]. In this paper, we will extend and 
generalize the results of Cerone [1] and Dragomir et.al [5]-[8] by using a new kernel. 

Let S (/; a, b) be defined by 

S(f;a,b):=f(x)-M(f;a,b), (1.1) 

where 

b 

M(f;a,b) = ] -!—Jf(x)dx (1.2) 

a 

is the integral mean of / over [a, b]. The functional S (/; a, b) represents the devia- 
tion of / (x) from its integral mean over [a, b] . 

Ostrowski [13] proved the following integral inequality: 

Theorem 1. Let f : [a, b] — > R be continuous on [a, b] and differentiable 
on (a,b) , whose derivative f : (a,b) — > K is bounded on (a,b) , i.e. \\f'\\ 00 = 
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su P*e[a,b] |/' (*)| < oo, then 

\S(f;a,b)\ < 



b — a 



x — 



a + b 



M 



b — a 



(1.3) 



for all x e [a, b] . 

In a series of papers, Dragomir et al [5]-[8] proved (1.3) and some of it's variants 
for / ' S L p [a, b] when p > 1, for Lebesgue norms making use of a peano kernel. 
If we assume that / ' e [a, b] and H/'H^ = ess \f (t)\ then M in (1.3) may 

t£[a,b] 

be replaced by H/'H^ . 

Dragomir et al [5] -[8] utilizing an integration by parts argument, obtained 

\S(f;a,b)\ (1.4) 



< 



i 

b—a 



(^) 2 + (x-^) 2 } H/'lU./'eioo [a,b] 



i 

b—a 



(x-a) q+1 +(b-x) q+1 
9+1 



H/'Hp./'eLp [a,6],p>l,i + i = l, 
where / : [a, 6] — > M is absolutely continuous on [a, 6] and the constants 4, 



<?+i 



and \ are sharp. In [14], Pachpatte established Cebysev type inequalities by us- 
ing Pecaric's extension of the Montgomery identity [17]. Cerone [1], proved the 
following inequality: 



Lemma 1. Let f : [a, b] 



be absolutely continuous function. Define 



T(x;a,/3) := f (x) 



1 



a + , 



[aM (/; a, z)+/3M (/;*,&)] 



where 



T(x;a,P)\ 

' ^ ) [ a (x-a)+P(b-x)}\\f'\\ 00 ,f'€L 00 [a,b], 



(1.5) 
(1.6) 



< < 



1 r [a* (or - a) + /9« (b - x)]« \\f'\ 

(a+/3)( 9 +l)« 

,/'G£p [o,6],p>l,i + | = l, 



1 



a+/3 



|/'|| 1 ,/'€Li[a,6] 



where the usual L p norms \\k\\ defined for a function k € L p [a, b] as follows: 



and 



\k\\ p - 



:= ess sup \k (i)| 

t£[a,b] 



J \k(t)\ p dt\ ,1 <p<oo. 
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With the help of two different kernels (1.7) and (1.9) given below, we extended 
the version of Cerone [1] and Dragomir's result [5]- [8]. 

Lemma 2. Let P (x, .) : [a, 6] — > R, the peano type kernel is given by 



p(x,t) 



' + a<t<x, 



(1.7) 



77ien, 



(a;;a,£)| 



1 



^{x-(a + / l ^)} 



a + /3 

h ( b — a 

+ 



/(*) 



a + /U 2 
1 



— f(a) + -P-f(b) 
x - a b — x 



a + /3 



a 



x — a 



f(t)dt 



f(t)dt 



, / ' G Loo [a, b] 



(a+/3) »J lloo 



< < 



(x 



(6 



9+1 1 



(1.8) 



(g+1) 9 (a+/3) 



/'ei p [a,6],p>l,i + i = l, 



/ (a + /3)-/i^ 



I V 



+ 



(a-0) + h 



b—a 
2 



a(b— x)-\-j3{x — a) 
(x — a)(b—x) 

fi(x — a) — a(b—x) 
(x—a)(b—x) 



Lemma 3. Denote by P (x, .) ; [a, b] — ► R the kernel is given by 



P(x,t) := < 



2(a+P)(x-a) (* a) , a < t < a;, 

2(a+/)(6-x) (* - b f > X < * ^ 5 ' 



(1.9) 
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Then, 



\t(x;oi,P)\ 
1 



(1.10) 



2 (a + (3) 



[a(x-a)-(3(b-x))f'(x)-f(x) 



+ —- [aM (/; a, x) + (3M (/; x, b)} , 
a + a 



a(x-a) 2 +p(b-x) 2 ] |05fy,/"eico [a, b] 



< 



(29+1)9 



a* (x - a) q+1 + (3 q {b-x) q+1 



MX 



f"EL p [a,b],p> l,i + \ = l, 



(a(x-a) + [3(b- x) + \ a (x-a)-p(b- x)\) 
{ ,/"e£i[o,i]. 

Using a generalized form of (1.9), we constructed a number of new results for 
twice differentiable functions. These results are given in Lemma 4 and theorem 2 
which are more generalized by (1.8)-(1.10). These generalized inequalities will have 
applications in approximation theory, probability theory and numerical analysis. 
We will show in our paper an application of the obtained inequalities for cumulative 
distribution function. 

2. Main Results 

We will start our main result with this lemma. 

Lemma 4. Let f : [a, b] — > R be an absolutely continuous mapping. Denote by 
P (x, .) : [a, b] — > R the kernel P(x, t, h) is given by 



P(x,t) = < 



CK+/3 X 



l_i [t-( a + h b -^)] 2 , a<t<x, 



(2.1) 



K a+fi b- 

for all x e [a + h^^,b — h^^] and h e [0, 1] .where a,/3 £ I are non negative 
and not both zero. Before we state and prove our main theorem, we will prove the 
following identity: 

b 



J P(x,t)f"(t)dt 



1 

2(a + (3) 

t_ 

b — x 

1 

~(a + P) 

l_ 

b — x 



a 
x — a 



x — [ a + h - 



(2.2) 



x — b — fi- 



b—a 



a 



x — a 
x — [b — h 



x — ya, + h 
b — a 



b — a 
2 
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1 b-a 



a 0 
x - a b - x 



1 u2 (b-a) 



2 r 



a + 0 8 
1 



—J'ib)--^-J'{a) 



a + 0 



x — a 

b 



±-f mdt + JL-lf (l . )tll 



Proof. From (2.1), we have 



\t)dt 



0 i r[t-(b-h b -^)}\„ ( 



>- x J 



After simplification, we get the required identity (2.2). 



□ 



We now give our main theorem. 



Theorem 2. Let f : [a, b] — > R be an absolutely continuous mapping. Define 



r(x;a,0) 



1 



2 (a + 0) 

0 



x — a + h 



b — a 



b — x 
1 

(a + 0) 

0 



x- b-h 



b — a 



a 



x — a 



x — a + h 



-lb- h- 



b — a 



f'{x) 

b — a, 
2 

fix) 



1 b-a 
-h 



+ 



a + 0 2 
1 h2 (b-a) 



—/(a) + -/-/(&) 

x - a b - x 



a + 0 8 



a 



b — x 



f'(b) /'(a) 



x — a 



+ — - [aM(f;a,x)+0M(f;x,b)] 
a + 0 



(2.3) 
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where M (/; a, b) is the integral mean defined in (1.2), then 
\r(x;a,P)\ 



(2.4) 



< < 



_§_ 
b- 



6(a+/3) ' f"^ L co[a, b] 



-(a + h^)]^ 1 -^)^ 1 } 



(x-a)" 



11/ "II, 



2(2 9 +l) i (a+0) 



f"GL p [a,b],p>l,h + h = h 



P <? 



a(x - a) + P(b- x) - h(b- a)(a + P) 

h 2 (b-a) 
2 



a , _£_ 

x — a b—x 



+ 



+ 



h 2 (b-a) 



a) + h(b-a)(a- P) 


J3 a_ 




b—x x—a 





for all x <G [a, b] ,where \\k\\ is the usual Lebesgue norm for k € L[a, b] with 



:= ess sup \k (t)\ < oo 
te[a,b] 



and 



J \k(t)\ P dt j . ! ' p v 

Proof. Taking the modulus of (2.2) and using (2.3) and (1.2), we have 



(x;a,p)\ 



P(x,t)f"(t)dt 



< \P(x,t)\\f"(t)\dt. (2.5) 



Therefore, for / " € [a, 6] we obtain 



•(^;«,/3)l<ll/"IL/ |pOm)I<&. 



Now let us observe that 

b 



J \P(x,t)\dt 

a 

a 

2{a + p)(x- a) 

a 

P 

+ 2(a + P) (b-x) 



t- [a+h 



b — a 



1 2 



dt 



t- b-h 



b — a, 



dt. 
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After simple integration, we get 

b 

J \P(x,t)\dt 



6 (a + p) 

Hence the first inequality is obtained. 



^{[--(« + ^)] 3 + (^) 3 } 



< 



r(x;a,l3)\ 

^{[--(« + ^¥)] 3 +(^) 3 } 



II/ "I 



6 (a + /3) 

Further, using Holder's integral inequality in (2.5) we have for f " £ L p [a, b] 



■(x;a,P)\<\\f"\\ p n\P(x,t)f 



dt 



where ± + ^ = f and p > 1. Now 



(a + f3)(j \P(x,t)\ q dt 



6-a\l 2 <? 



dt 



a 

+^f[t-(b-h b -^)] 2q dr« 



^1 \t-(„ + ht^\] 2q+1 1* 

2i(2q+l)(x-a)i V b \ U ^ U 2 J i 'a 
§1_ U Ih hb-a\1 2 1 lb 



+ PI \t-(b- h 1 ^)] q I 

^2i(2q+l)(b-x)i [ b \ U 11 2 )\ I- 

Again, after simple integration, we get 



(a + /3) 



I 0 



dt 



1 

2(2<7 + l)< 



(x — a) 

+ 



(a + h^ +1 ^(h^ +1 } 



(b- 



w{( ha ^) 2q+1 -[*-( b - hb -^)] 2q+1 } 
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Hence the second inequality is obtained as below. 

h(x;a,(3)\ 
1 

2(2g+l)* 



< 



(x 
+ 7 



ii/'V 



Finally, for / ' " G L\ [a, b], using (2.1), we have the following inequality from (2.5), 



\T(x;a,(3)\ < sup \P(x, t)\ \\f "|li 

te[a,b] 



where 



' a(x - a) + P (b - x) - h(b - a) {a + P) ' 



{a + /3) sup \P(x,t)\ 

te[a,b] 



h 2 (b-a) 
2 



P 



x — a b—x 

\\0 (b - x) - a(x - a) + h(b - a) (a - P) 



+ 



+ 



h 2 (b-a) 



_§_ a_ 

b—x x—a 



This gives us the last inequality as below. 



\r(x;a,P)\ < 



a(x-a)+P(b-x)-h(b-a)(a + P) 



+ 



h 2 (b-a) 



x — a b—x 



+\P(b-x) -a(x-a) 
+h(b-a) (a-p) + ^ r ^ 



b—x x — a 



±{ct+py 



This completes the proof of theorem. 



□ 



Some special cases of Theorem 2 

In this section, we will give some useful cases. 
Remark 1. If we put h — 0 in (2.4), we get (1.10). 

Remark 2. If we put h — 0 in (1.8), we get Cerone's result given in (1.6). 
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Remark 3. If we put h = 1 in (2.4), we get a new result. 



\r{x;a,0)\ 



(2.6) 



< 



^{(.*-A) 3 + (^) 3 } 
^{(^) 3 + (^) 3 } 



6(a 



^Wf'lL, f'e Loo [a, b], 



+ (^{(^) 29+1 -(-^) 29+1 } 
f"eL p [a,b],p>l, 1 



(2 9 +1)<i 



Hi 11/ "Hp 



p <i 



= 1, 



' a(x-a)+0(b-x)-(b-a)(a + 0) 



b-a 



+ 



|/3 (b -x)-a(x-a) + (b- a) (a - 0) 



+ 



b—a 



b—x x—a 



where A = s±*. 



Corollary 1. // we pitf x = A in above , we get 



\T(A;a,0)\ 



(2.7) 



r ^#^ll/"lloo. /"eioo[a,6] 



< < 



A 



a) 5 \ 2 / (6-o1« V 2 I 



(b-a)" \ 2 ) (b-a)" 

,f"eL p M,p>UtJ = i, 



(a+/3) 11/ "Hp 



(2«+l)« 
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Remark 4. If we put h = \ in (2.3) and (2.4) we get the following inequality: 



2(«+/3) 
1 



— (a 

c— a V 



3a+b\ 



_A_ („ _ a+3b\ 2 
b-x 4 J 



(a+/9) 



- a (--^)-^A*- a -T) 



fix) 
fix) 



1 b-a 

' a+fj 4 

1 (b-a) 2 



' a+/3 32 

+^[aM(f;a,x) + f3M (f;x,b)] 

^{[--(«+^)] 3 + (^) 3 } Jj/ 
-^{(^) 3 +[--(^-^)] 3 } 



6(a+/3) ' / " € ^oo [a, &] 



< 



(a;— a) 



{[*-(«+ ^)] 29+1 -(^) 29+1 } 
^{(^) 29+1 -[--(^^)] 29+1 } 



[a,6],p>l,i + i = l, 
a (a; - a) + /3 (6 - x) - \ (b - a) (a + 0) 



11/ "II 



2{2q+l)i(a+j3) 



+ 



(b-a) 



0 



+ 



x—a b—x 

(3 (b - x) - a (x - a) + \ (b - a) (a - /?) 

b—x x — a 



(2.8) 



Corollary 2. If we put a — (3 and x — A in (2.8) we get another result. 



\\fir^) + \\J i a ) + fi b )\ 

- b -^[f'{b)-f'(a)]-{b-a)}f(t)dt\ 

a 

f ( fe -«) 2 ll/"ll= 



(2.9) 



< 



192 



■-, / "eicoK&|. 



16(b-a)2 2 ' i (2g+l) 9 



{(6 - af q+1 -(a- b) 2c,+1 Y 1 & 

J"eL p [ a ,6],p>l,I + I = 1 

(6 =° ) JP k ,/^L 1 [a,6]. 
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Corollary 3. If we put a = (3 and x = 2d^& ^ n (2.8) we get another new result. 



?/'(*)- (§-£)/(*) -§(§/(«) + /(*)) 
(/'(&)-!/») 



+ 



b-a 3 



/ f(t)dt+ J f(t)dt 



g + 3b 



< < 



96 



/"eLoo[o,6] 



[^{(^) 29+i -(^) 29+i }+(^) 29+i ; 

,/"ei p [a,6],p>l,i + i = 1, 



I/" 



(2.10) 



(&-o)(2g+l)9 



I {§ + |^-!|}^,/''eMa,&]. 



Hence, for different values of h, we can obtain a variety of results. 



Remark 5. We can write (2.3) in another way. Since 



aM{f;a,x)+pM(f;x,b) 

b 



aM(/; fl ,x) + i- ljf(u)du-Jf(u)du 



or 



where 



aM(f;a,x)+(3M(f;x,b) 

x b 

aM(f;a,x)~-^-Jf(u)du+^-Jf(u)du 

a a 

(a + [3 -pa (x)) M (/; a, x) + pa (x) M (/; a, b) , 



b — a 
b — x 



= a(x). 



(2.11) 
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Thus, from (2.3), 



(2.12) 



g 
b— x 



(x - (b - h<^)) 2 ] f > (x) 



1 



(a+/9) 

-J^-A--(b-h b -^)) f{x) 



1 , b-a 

-h 



a+<3 2 



— f(a) + j/-f(b) 

x - a b - x 



1 h2 (b-aY 



a + [3 



+ 



1 



b — x x — a 



a + f3 



a(x))M (/; a, x) + -^—o (x) M (/; a, b) 
a + p 



so that for fixed [a, b] , M (/; a, b) is also fixed. 

Corollary 4. // (2.3) and (2.4) is evaluated at x — 9 ^ and a = (3 then 
\(h-l)f(^)-'i(f(a) + f(b)) 
+h 2b ^U'(b)-fi(a)) + J ±-Jf(t)dt\ 

a 



(2.13) 



< { 



2" 
(b-a)" 



{(^{l-h)) 2q+1 -(h^) 2q+1 } 



+ (^{(^) 29+1 -(^(l^)) 29+1 } 

,f"€L p [a,6],p>l,i + i = l, 
{ [(b-a)(l-2h)+2h 2 ] J&,/''eLi[a,&]. 



3. Perturbed Results 

In 1882, Cebysev [4] gave the following inequality. 

\T(f,9)\<^(b-a) 2 "-' 



Wf'K 

4(2g+l)< 



oo ll^ lloo 



(3.1) 



where /, g : [a,b] — > R are absolutely continuous functions, which has bounded 
first derivatives such that 



T(f,g) = f{x)g(x)dx 



(3.2) 



b — a 



f (x) dx 



b-> 



g (x) dx 



M (/, g; a,b) — M (/; a, b) M (g; a, b) . 
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and || . || OQ denotes the norm in [a,b] defined as WpW^ — ess sup |P(£)| • 

te[a,b] 

In 1935, Griiss [9] proved the following inequality: 



1 



b — a 



f (x) g (x) dx 



1 



b — a 



f (x) dx 



1 



b — a 



g (x) dx 



(3.3) 



1 



< -($-^)(r- 7 ), 

provided that / and g are two integrable functions on [a, b] and satisfy the condition: 

V < I (x) < $ and 7 < g (x) < T, for all x € [a, b] . (3.4) 

The constant \ is best possible. The perturbed version of the results of Theorem 
2 can be obtained by using Griiss type results involving the Cebysev functional. 

T (/, g)=M (/, g; a, b) - M (/; a, b) M (g; a, b) , 

where M is the integral mean and is defined in (1.2). 

Theorem 3. Let f : [a, b] — » M be an absolutely continuous mapping and a, (3 are 
non-negative real numbers, then 



T(x;a,P) - 



< (b-a)N (x) 



1 



(a + /3) 
1 



^{[^-(« + ^)] 3 + (^) 3 } 
~l^{(^) 3 +[x-(b-h>^)] 3 } 



(3.5) 



11/ 



"II 2 



— K 



b — a 

< (6-a)(r- 7 )A, 
where, r(x;a,/3) is as given by (2.3) and A = $ — ip. Let 

f'(b)-f'(a) 



b — a 



then 
N 2 (x) 



1 

20 (a + f3f 



(x-a) 2 
J. f 



(b- x y 



( x -( a + h b_<i)) 5 + ( h b_af 

(h b -^) 5 (x (b h b -^)f 



(3.6) 



(3.7) 



^{[--(« + ^)] 3 + (^) 3 } 

Hb-aHa + fi) [ _^{(^) 3 + [,_( & _^)] 3 } 

Proof. Associating / (t) with P(x, t) and g (t) with / "(t), then from (2.1) and (3.2), 
we obtain 

T (P (x, .) , / "(.); a, b) = M (P (x, .) , / "(.); a, b) - M (P (x, .) ; a, b) M (/ "(.); a, b) 
Now using identity (2.2), 

(b - a) T (P (x, .) , / "(.); a, b) = r (x; a, (3) - (b - a) M (P (x, .) ; a, b) k (3.8) 
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where n is the secant slope of / ' over [a, b], as given in (3.6). Now, from (2.2) and 
(3.2), 



(b - a) M (P (x, .) ; a, b) 

b 

= J P(x,t)dt 



(3.9) 



2(a + P)(x- a) 



t- [a+h 



dt 



+ 



2{a + 0)(b- x) 



t-lb-h- 



b — a 



dt 



^{[--(« + ^)] 3 +(^) 3 } 



Now combining (3.9) with (3.7) the left hand side of (3.5) is obtained. 
Let /, g : [a, b] — > R and fg : [a, b] — > E be integrable on [a, b] , then [1] 



\T(f,g)\ < THfJ)THg,g) 



(f,g€ L 2 [a,b]) 

(i<g(x)<r, te[a,b\) 



< -($-^)(r- 7 ) (y</(i)<$,t€[o,6]). 



Also, note that 



(3.10) 



0 < (/"(.), /"(.)) 

= [M(/"(.) 2 ;a,6)-Af 2 (/"(.);a,/ 



< 



b — a 



\\f"(t)\\ dt 



( Jf"(t)dA 



b — a 



1 



b — a 

(r-7) 



11/ 



"ii 2 



(3.11) 



where 7 < / " (t) < T,t £ [a, b] . Now, for the bounds on (3.8), we have to determine 
T5 [p(x, .) ,p(x, .)) and ip < p(x, .) < $ from (3.10) and (3.11). 
Now from (2.1), the definition of P(x,t, h), we have 



T (P (Z, .) , P (x, .)) = M (P 2 (x, .) ; a, b) - M 2 (P (x, .) ; a, b) . (3.12) 
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From (3.10) we obtain 

M (P (x, .) ; a, b) 



6 (a + /3) 



^{[--(« + ^)] 3 + (^¥) 3 } 
{(h^f+[x-(b-h^)f) 



g 

b—x 



and 



(b - a) M (P 2 (x, .) ; a, b) 



+ 



{x — a) 

a 

b 

^xfl 



1 4 



a + /3 J 4(b-x) 
1 



t- b-h 



+ 



a + (3 J 20 (x-a)" 
(3 ^ 



x — a + h 



2 

b — a 

Y~ 

b — a 



dt 



dt 



b — a 



a + 13 J 20(b-x) 

1 I (x-a)' 2 



x — lb — h 



b — a 



(x-(a + h b -^)) 5 + (h b -^Y 



2o(a+PY ( +j&r[(h±?y-(x-{b-h±?)y 

Thus, substituting the above results into (3.12) gives 

0<N(x)=Ti (P(x,.),P(x,.)) 

which is given explicitly by (3.7). Combining (3.8), (3.12) and (3.11) give from the 
first inequality in (3.10), the first inequality in (3.5). Now utilizing the inequality 
in (3.11) produces the second result in (3.5). Further, it may be noticed from the 
definition of P(x,t) in (2.1) that for a, (3 > 0, give 



$ = sup P (x,t) 

te[a,b] 



a(x-a)+/3(b-x)-h(b-a)(a + /3) 



h 2 (b-a) 



x—a b—x 



4 (a + /3) 



(3 (b — x) — a(x — a) + h(b — a) (a — f3) 



+ 



h 2 (b-a) 



J3 a_ 

b—x x — a 



If = 



where $ — ip — A. 



inf P(x,t) 

te[a,b] 



h 2 (b- 



8 (a + /?) 



a) 2 ( a 

~f3y\x-a 



+ 



{3 



b — x 



x—a b—x 



□ 
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4. An Application to the Cumulative Distribution Function 

Let X € [a, b] be a random variable with the cumulative distributive function 



F (x) = P r (X < x) = If (u) du 



where / is the probability density function. In particular, 



Jf(u)du = l. 



The following theorem holds. 



Theorem 4. Let X and F be as above, then 



: (b - x) (x - (a + h b -^)f - 0{x-a){x- (b - h b -^)) 2 ] f ' (x) 



, b— a \ \ Q { „\ ( ™ ( U h b— £ 



< < 



- [a (b - x) (x-(a + h b -^)) -/3(x- a) (x - (b - h b -^))] f (x) 
- h b=a [a ( b _ x)f ( a)+p{x _ a)f ( b)] 

+h 2 ^[0(x-a)f / (b)-a(b-x)f>(a)] 
+ [a (b - x) - 0 (x - a)} F (x) + 0 (x — a)\ 

a(b-x){[x-(a + h b ^)] 3 + (h b -^) 3 } 
-/3( a; - fl ){(^) 3 +[x-(6-^)] 3 } 



(4.1) 



11/ 



, / " € ioo [a, b] , 



(b-x)(x-a)\\f ■ 
2(2q+l)5 



,,f"eL p [a,b],p>l, p 



^f{[--(« + ^)] 29+1 -(^) 29+1 } 

^{(^) 29+1 -[-(^-^)] 29+1 } 



a (x - a) + 0 (b - x) - h (b - a) (a + 0) 



{ ,/"eii[o,6]. 



+ 



h 2 (b-a) 



13 



x — a b—x 

0 (b — x) — a(x — a) + h(b — a) (a — 0) 

h 2 (b-a) 



+ - 



b—x x—a 
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Proof. From (2.3) , and by using the definition of Probability Density Function, we 
have 



r(x;a,0) 



1 



2 (a + /3) 
1 

(a + 0) 



a 



x — a 
a 



x — a 



x — ya + h 
x — [a + h 



b — a 



2 

b — a 
2 



b-x V V 2 



1 h-a 

-h 



a + 0 2 



x — a 



b — x" 



1 h 2(P - a y 

a + 0 8 
1 



b — x x — a 



+ — - [aM (/; a, x) + 0M (/; x, b)} , 
a + p 



1 



2 {a + /3) 
1 

~T^W) 



n / / b — a 
i - | a + h — - — 

b — a 



x — a 

a 

x — a 



x — [a+h 



b — x 

13 
b — x 



x — b — h- 



x- b-h 



b-a 
Y~ 

b — a, 



1 b-a 

-h 



a + /3 2 



a 0 
x — a b-x 



1 h2 (±_-a) 



2 r 



a + 0 



' f'{b)-— /'(«) 



b — x 



+ 



a + 0 



a (b — x) — 0 (x — a) 



(x — a) (b — x) 



F(x) + 



0 



(b-x) 



fix) 



fix) 



fix) 
fix) 



or 



(a + 0) (x — a) (b — x)t (x; a, 0) 



a{b-x)(x- ia + h^))' 
-0(x-a) ( x -(b-h^)) 

a(b-x)(x- (a+/i^)) 
-0(x-a) (x- (b-hfy)) 

b — a 



fix) 
fix) 

-h—^ [a (b-x)f (a) +(3{x-a)f (b)} 



+h 2i±-^L[0 ( x - a) f > (b) - a(b- x) f ' (a)} 
+ [a (b - x) - 0 (x - a)} F (x) + 0 (x - a) 



(4.2) 



Now using (2.4) and (4.2), we get our required result (4.1). 



□ 



Putting a = 0 = | in Theorem 5 gives the following result. 
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Corollary 5. Let X be a random variable, F (x) cumulative distributive function 
and f is a probability density function. Then 



(b -x)(x-(a + h b -^-)f -(x-a)(x-(b- h b -^)) 2 

-\ [(b -x)(x-(a + h^)) - (x -a)(x-(b- h b -^)) 
- h b_a [{b _ x)f (a) + ( X - a )f (b)\ 

+h 2 ^f[(x-a)f'(b)-(b-x)f'(a)} 
+ \[{b-x)-{x-a)]F{x) + \{x-a)\ 



fix) 
/(*) 



(4.3) 



(b-x){[x-(a + h b ^)] 3 + (h b ^) 3 } 
_(,_ a ){(/^) 3 + [ x _( 6 _^)] 3 } 



^ f ^,f"eL 00 [a,b], 



< < 



f"eL p [a,6],p>l,i + i = l, 



(b-x)(x-a) || r a 



4(2 g +l)9 



r 2 11/ "lip 



|(6 - a) -h (b -a) 



h 2 (b-a) 



Ua + b- 2.x) + h ^p^ 



{ ,/"£Li[a,fe] 



— + — 

x — a b—x 

1 1 

b—x x — a 



(b-x)(x-a)\\f 
4 



Remark 6. The above result allow the approximation of F (x) in terms of f{x). 
The approximation of 

R{x) = l -F{x) 

could also be obtained by a simple substitution. R (x) is of importance in reliability 
theory where f (x) is the probability density function of failure. 



Remark 7. We put (3 — 0 in (4-1), assuming that a ^ 0 to obtain 



a(b — x) < 



(x- (a + h^)) 
-[(x-(a + h b -f)) 



/'(*) 



(4.4) 



< < 



{ -h b -^f(a)-h"^[f'(a)}+F(x) 
a (b-x){[x-(a + h b -^)f + (h b -^) 3 }] U^i~ / " e ioo [a, b] 

j£r {['-(* + ^)] 29+1 - i^) 2q+1 }} * { ^^ X 

f"GL p [a,b],p>l, 1 p + 1 q =l, 



a(x-a)-ha(b-a)+ h ^pl[^) 
-a(x-a) + ha(b-a)-^pl 
{ ,/"6LiM]- 
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We may replace / by F in any of the equations (4.1),(4.3)and (4.4) so that the 
bounds are in terms of ||/ "\\ , p > 1. Further we note that 

b b 

J F (u) du = uF (u)\ b a - Jxf(x)dx = b-E (X) . 

a a 
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Abstract. This paper investigates the approximate numerical solutions of the fractional- 
order Lii chaotic and hyperchaotic systems based on a multistep generalized differential trans- 
form method (MGDTM). This method has the advantage of giving an analytical form of the 
solution within each time interval which is not possible using purely numerical techniques. 
In addition, this paper presents a comparative study between a new scheme and the classical 
Runge-Kutta method to demonstrate the applicability of the MGDTM. Furthermore, nu- 
merical results are presented graphically and reveal that the proposed scheme is an effective, 
simple and convenient method for solving nonlinear fractional-order chaotic systems with less 
computational and iteration steps. 

keywords: Chaos, Fractional calculus, Lii system, Differential transform method. 
AMS Subject Classification: 34C28; 34A08; 74H15 

1. Introduction 

Recently, mathematical modeling of chaotic systems becomes a challenging and interesting 
for contemporary scientists due to its complex, extremely sensitive, unpredictable dynam- 
ical behaviors and potential applications in many scientific and engineering fields such as 
chaos control [1] , electronic circuits [2] , secure communication [3] , information processing [4] , 
power converters [5], electrical engineering [6], biological and chemical systems [7,8], and so 
on. Therefore, a wide variety of research activities in the field of chaotic systems with com- 
plex topological structures as well as in related areas have been proposed by many pioneer 
researchers, for more details see [9-13] and references therein. In particular, there are some 
detailed investigations and studies of the Lii system which is transition system that bridges 
the gap between the Lorenz and Chen systems [10]. 

The characterization of fractional-order dynamical systems has become a powerful tool 
to describe memory and hereditary properties of various complex materials, processes and 
models. Whereas many investigations are devoted to generate new fundamentals which exist 
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in the case of fractional-order and disappear when it is reduced to integer. However, along 
with the development of research on chaos, it was found that many fractional-order differ- 
ential systems behave chaotically, for instance, fractional-order Chen system [14] , fractional- 
order Lii system [15], fractional-order Lorenz system [16], fractional-order Chua's system [17], 
fractional-order Liu system [18], fractional-order Rossler system [19,20], and so forth. 

In this paper, the MGDTM is implemented to give approximate numerical solutions for 
the fractional-order Lii chaotic system, in consideration that the hyperchaotic is chaotic 
system with two positive Lyapunov exponents. These systems are found to be chaotic in 
a wide parameter range and have many interesting complex dynamical behaviors. In this 
point, the chaos and hyperchaos exist in the fractional-order Lii system of order as low as 2.4 
and 3.28, respectively. In contrast, the proposed method is just a simple modification of the 
generalized differential transform method (GDTM), in which it is treated as an algorithm in 
a sequence of small intervals for finding accurate approximate solutions to the corresponding 
systems. Moreover, it provides an accurate numerical solutions over a longer time frame 
compared to the standard GDTM, and has many advantages over the classical methods. 

The remainder of this paper is organized as follows. In Section 2, we present basic facts 
and notations related to the fractional calculus and MGDTM. In Section 3, the MGDTM is 
applied to the fractional-order Lii chaotic and hyperchaotic systems. In Section 4, Examples 
and corresponding numerical simulations are shown graphically to illustrate the feasibility 
and effectiveness of the proposed method. Finally, the conclusions are drawn in Section 5. 

2. The multistep generalized differential transform method (MGDTM) 

In this section, we present some basic definitions and properties of the fractional calculus 
theory and MGDTM which will be used in the remainder of this paper. 

Definition .1 A function f(x) (x > 0) is said to be in the space C a (a G K) if it can be 
written as f(x) = x p fi{x) for some p > a, where fi(x) is continuous in [0, oo), and it is said 
to be in the space C™ if G C a , me N. 

Definition .2 The Riemann-Liouville integral operator of order a with a > 0 is defined as 

(■£/)(*) = r^f(x-tr- l f(t)dt,x>a, 

a 

(J°af)(x) = /(*)■ (1) 

Now, for / G C a , a, (3 > 0, a > 0, c G R, 7 > — 1, one can get 

= {j"aJ a af){x) = {J: + "f){*l 

where B T (a,j + 1) is the incomplete beta function which is defined as 

B T (a n + l) = j T Q t a ~\l-tfdt, 

V x = e-(x-aT E (3) 

k = 0 
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The Riemann-Liouville derivative has certain disadvantages when trying to model real- 
world phenomena with fractional differential equations. Thus, we shall introduce a modified 
fractional differential operator proposed by Caputo in his work on the theory of viscoelas- 
ticity. For more details about the fractional calculus theory (see [21-23]). 

Definition .3 The Caputo fractional derivative of f(x) of order a > 0 with a > 0 is defined 

as 

(D a J)(x) = (J—/ M ) (x) = ^ J° { J^l_ m dt, (4) 

for m — 1 < a < m, m E N, x > a, f E C m v 

Now, for m — 1 < a < m, f(x) E C™ and a > —1, one can get 

m — 1 / -.j, 

(■OT/) W = J m D m f(x) = f(x) - J2 i ^f L - (5) 

k = 0 

In order to describe the MGDTM, we consider the following initial value problem (IVP) 
for systems of fractional differential equations 

D^yi(t) = fi(t,y 1 ,y 2 ,...,y n ), i = l,2,...,n, (6) 
subject to the initial conditions 

Vi(to) = Ci, i = 1, 2, . . . , n (7) 

where is the Caputo fractional derivative of order c^, and 0 < ojj ^ 1, for i — 1, 2, . . . , n. 

On the other hand, by using the GDTM, the K th -oxdex approximate solution of IVPs 
(6)-(7) can be expressed by the finite series 

K 

Vi (t) = Yi(k)(t-to) hai , tE[0,T}, (8) 
i = o 

where Y^k) satisfied the recurrence relation 

T((k + l) ai + l 



+ 1) 



Y t (k + l) = F l (k, Y u Y 2 ,...,Y n ), 



Yi(0) = Ci and Fi(k,Yi,Y 2 , . . . , Y n ) is the differential transform of function fi(t, yi, y 2) ■ ■ ■ , y n ) 
for i = 1, 2, . . . , n. 

Prior to applying the MGDTM [24,25], we have to divide the solution interval [to,T] 
into M subintervals [t m -i,t m ], m = 1,2,... ,M, of equal step size h = (T — t 0 )/M with 
t m = t 0 + mh. Afterward, we apply the GDTM to IVP (6) over [to, t\] in order to obtain the 
approximate solution y it i(t),i = 1,2, ...,n, using the initial condition (7). For m > 2 and at 
each subinterval [t m -i,t m ], we apply the GDTM to IVP (6) to obtain the approximate solu- 
tions yi, m {t), t E [t m -i,t m ],i = 1,2, ...,n, using the initial condition y^ m {tm-i) = yi,m-i(t m -i) ■ 
As a consequence, the MGDTM assumes the solutions as follows 
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Vi(t) 



' Vi,i(t), t e [to,t!] , 



(9) 



Vi,M{t), t G [t M -i,t M ] ■ 

Further, this new scheme of our proposed method is simple for computational performance 
for all values of h, whereas the obtained solution converges for wide time regions. 

3. Solving the fractional-order Lii chaotic systems using the MGDTM 

In this section, in order to illustrate the performance and efficiency of the MGDTM, we 
applied the method for solving the fractional-order Lii chaotic and hyperchaotic systems. 

3.1. The fractional-order Lii chaotic system 

For fractional-order Lii system which is the lowest-order chaotic system among all the chaotic 
systems [26], the integer-order derivatives are replaced by the fractional-order derivatives as 
follows: 



D ai x(t) = a(y-x), 
D a2 y(t) = -xz + cy, 
D a3 z(t) = xy-bz, 



(10) 



where (a, b, c) are the system parameters, (x, y, z) are the state variables, and aij, i = 1,2, 3, 
are parameters describing the order of the fractional time-derivatives in the Caputo sense. 
Applying the MGDT algorithm to (10) yields 



f X(k + i) = ar ai (Y( K )-X{ K )), 

Y{k + 1) = r a2 ( E x(i)z(k + cY(k)), 

1=0 

z(k + 1) = r Q3 ( E x(i)Y(k -i)- bz(k)), 



(ii) 



where T r 



r(a (fe+i)+i)' " = 1>2?3, X(k), Y(k) and Z(k) are the differential transformation 
of x(t), y(t) and z(t), respectively. The differential transform of the initial conditions are 
given by X(0) = c 1; Y(0) = c 2 and Z(0) = C3. In view of the differential inverse transform, 
the differential transform series solution for the system (10) can be obtained as 



x(t) 



En= 0 X(n)t air 
4t) = Zn= 0 Z(n)t a * n . 



(12) 



According to the MSGDT method, the series solution for system (10) is suggested by 
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K 



n = 0 

E X 2 (n)(t - tO" 1 ", 

= < n = 0 



* g [o,g, 
t g [^,i 2 ], 



(13) 



K 



E - i M -i) Qin > * e [*m-1'*m]> 

I, n = 0 



E n(n)t Q2n , 

n = 0 

E Y 2 (n)(t-t 1 ) a2n , te[t ± ,t 2 ], 
y{t) = < ri = 0 



E ^(n)(t-Vi) Q2 ". ^[t M _ 1; t M ], 

l n = 0 



(14) 



E 

n = 0 

E ^(t-o 03 ", 

z(r) = < n = 0 



t g [o,g, 

t G [t 1? t 2 ], 



(15) 



AT 



E Z M (n)(t - t M _ x ) 

l n = 0 



0311 



where -Xj(n), Y^n) and Zi(n), for 2 = 1, 2, . . . , M, satisfy the following recurrence relations 

( X i (k + l) = ar ai (Y i ( K )-X i ( K )), 

Y t (k + 1) = -r a2 ( E Xi^Ziik - 0 + ^)), 



2=0 



(16) 



z,(fc + 1) = r a3 ( E x t (i)Y t (k -i)- bZJik)), 



1=0 



such that Xi(0) = = Xj_i(^_i), Y^(0) = = 2/i-i(^-i) and Zj(0) = = 

Zj_ 1 (t i _ 1 ). Finally, starting with X o (0) = c 1; F 0 (0) = c 2 , Z 0 (0) = c 3 and using the recurrence 
relation given in (16), then the multi-step solution can be obtained as in (13)- (15). 

3. 2. The fractional-order Lii hyperchaotic system 

Consider the fractional-order Lii hyperchaotic system [27]. In this system, the integer-order 
derivatives are replaced by the fractional-order derivatives as follows: 



D ai x(t) 
D a2 y(t) 
D a3 z(t) 
D ai u(t) 



a(y — x) + u, 
—xz + cy, 
xy — bz, 
xz + du, 



(17) 
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where (a,b,c,d) are the system parameters, (x,y, z,u) are the state variables and a^i = 
1, 2, 3,4, are parameters describing the order of fractional time-derivatives in Caputo sense. 
In the same manner, applying the MGDT algorithm to system (17) yields 



f X(k + 1) = r ai (a(y(/c) - X{k)) + U(k)), 

Y(k + 1) = - r a2 ( E x(i)z(k + c y(«))), 

i=o 

z(k + 1) = r Q3 ( E x(i)Y(k -i)- bz(k)), 

1=0 

k 

U(k + 1) = r a4 ( £ X(l)Z(k -l)- dU( K )), 

1=0 



(18) 



where IV 



r ^^k+i)+i) ' ^ = 1)2,3,4, X(/c), y(fc), and £/(&;) are the differential trans- 
formation of x(t), y(t), z(t) and respectively. The differential transform of the initial 
conditions are given by X(0) = c 1; Y(0) = c 2 , Z(0) = c 3 and U(0) = c 4 . In view of the 
differential inverse transform, the differential transform series solution for the system (17) 
can be obtained as 

( N 

x(t) = E X(n)t ain , 

n=0 

N 

y(t) = E Y(n)t a * n , 

n=0 

N 

z(t) = E Z(n)t a * n , 

n=0 
N 

u(t) = E U{n)t ain 

n=0 

According to the MSGDT method, the series solution for the system (17) is suggested by 



(19) 



K 



£*iM* ain , * e [0,^], 

n=0 

f:x 2 (n)(t-t 1 )^ n , te[h,t 2 ], 

X{t) = < n=0 



K 



E x M {n){t — t M -i) ain , te[t M -i,t M ], 

k n=0 



(20) 



te[o,h], 



( K 

E yH^ 2 ", 

n=0 

, EY 2 (n)(t-hr^, teihM, 

y(t) = < n=0 



E Y M (n)(t-t M -i) a2n , t e [t M -i,t M ], 

^ n=0 



(21) 
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E 

n=0 
K 



£Z 2 (n)(t-fi)«»», 

Z[t) = < n=0 



te[o,h], 
t e [t u t 2 ], 



(22) 



K 



E Z M (n)(t - t M -i) a3n , i G [*m-i,*m], 

n=0 



K 



te[o,h], 



E U!(n)t a4n , 

n=0 

EU^it-h)^, te[t u t 2 ], 

U{t) = < n=0 



(23) 



K 



E U M (n)(t - t Af _i) Q4n , i G [*m-i,*m], 



(24) 



n=0 

where Aj(n), 5^(n), ^(n) and Ui(n), for i = 1, 2, ... , M, satisfy the following recurrence 
rclctt ions 

.v,(/.- + 1) = r ai ( a (yi(«) - .v, (/,•)) + r,(/,-)). 

+ 1) = -T a2 (J2l 0 X t (l)Z t (k -l) + Y t (k)), 

z t (k + 1) = r a3 (Ef =0 Xi(i)Yi(k -i)- bZi(k)), 
Ui{k + 1) = r a4 (ELo^(0^(^ - 0 + <H/<(*0)), 

such that Xi(0) = x^t^) = ^_i(^_i), 3^(0) = yj(^-i) = ^i(O) = ^(tj-i) = 

^_i(^_i) and C/i(0) = itj(^-i) = Wj_i(^_i). 

Finally, starting with X 0 (0) = c±, Y o (0) = c 2 , ^o(O) = C3 and Uo(0) = c 4 and using the 
recurrence relation that given in (24), then the multi-step solution can be obtained as in 
(20)-(23). 

4. MGDTM simulation results 

In this section, some numerical simulations are proposed to show the accuracy of the present 
method. The method provides immediate and visible symbolic terms of analytic solutions as 
well as numerical approximate solutions to both Lil chaotic and hyperchaotic systems. Results 
obtained by the MGDTM are compared with the fourth-order Runge-Kutta (RK4) method 
and are found to be in good agreement. All computations are performed by Mathematica 
0.7. However, the time range studied in this work is [0, 25] and the step size At = 0.025. In 
this regard, we take the initial condition for Lil chaotic system such as x(0) = 1, y(0) = 1 
and z(0) = 1, with parameters a = 36, b = 3 and c = 20 and the initial condition for Lil 
hyperchaotic system such as x(0) = 5, y(0) = 8, z(0) = — 1 and u(0) = —3. 

Figures 1 and 2 show the phase portrait for the classical Lil chaotic system, when <y,\ = 
0L2 — CK3 — 1, using the MGDTM against RK4 methods. While that Figure 3 shows the 
phase portrait for the classical Lil hyperchaotic system, when a\ — a 2 — az — 0/4 = 1. 
Accordingly, from the graphical results of these figures, it can be seen the results obtained 
using the MGDTM match the results of the RK4 method very well, which implies that 
the present method can predict the behavior of these variables accurately for the region 
under consideration. In contrast, Figure 4 shows the phase portrait for the fractional Lil 



719 



Omar Abu Arqub et al 71 3-724 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

8 



chaotic system using the MGDTM. Obviously, the approximate solutions in Figure 4 depend 
continuously on the time-fractional derivative «j, i = 1, 2, 3, where the effective dimension 
of (10) is defined as the sum of orders a% + a 2 + a 3 = ^ n the meanwhile, we found that 
the chaos exists in the fractional-order Lil chaotic system with order as low as 2.4. Further, 
Figures 5 and 6 show that the hyperchaos exists in the fractional-order Lu hyperchaotic 
system using the MGDTM. This system has a hyperchaotic attractor when d — 1.3 with 
order as low as 3.28. 



:: 




:: 
















if 'i'tycf 










(a) The MSGDT method (b) The RK4 method 

Figure 1: Phase plot of chaotic attractor in the x — y space, with a\= «2= (%3= 1- 




(a) The MSGDT method 



(b) The RK4 method 



Figure 2: Phase plot of chaotic attractor in the x — y — z space, with a±= a 2 = oi%= 1. 
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(a) The MSGDT method (b) The RK4 method 

Figure 3: Phase plot of hyperchaotic attractor in the x — y — z space, with a±= a%= 0^3= a^= 1. 




(a) (b) 

Figure 4: Phase plot of chaotic attractor in the x — y — z space, (a) a±— a 2 = «3= 0.9, (b) 

ai= 0.79, a 2 = 0.81, a 3 = 0.8. 

5. Conclusions 

In this paper, a multi-step generalized differential transform method has been successfully 
applied to find the numerical solutions of the fractional-order Lti chaotic and hyperchaotic 
systems. This method has the advantage of giving an analytical form of the solution within 
each time interval which is not possible using purely numerical techniques like the fourth- 
order Runge-Kutta method (RK4). We conclude that the present method is a highly accurate 
method in solving a broad array of dynamical problems in fractional calculus due to its 
consistency used in a longer time frame. 
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The reliability of the method and the reduction in the size of computational domain give 
this method a wider applicability. Many of the results obtained in this paper can be extended 
to significantly more general classes of linear and nonlinear differential equations of fractional 
order. 




(a) in the x — y — z space (b) in the x — z — u space 



Figure 5: Phase plot of hyperchaotic attractor, with a±= a 2 = ot%= = 0.9. 




(a) in the x — y — z space (b) in the x — z — u space 



Figure 6: Phase plot of hyperchaotic attractor, with a,\— 0.80, a 2 = 0.83, a 3 = 0.81, = 0.84. 
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NEW INEQUALITIES OF HERMITE-HADAMARD AND FEJER 
TYPE VIA PREINVEXITY 

M. A. LATIF 1 - 2 AND S. S. DRAGOMIR 3 ' 4 

Abstract. Several new weighted inequalities connected with Hcrmitc-Hadamard 
and Fejer type inequalities arc established for functions whose derivatives in 
absolute value are preinvex. The results presented in this paper provide ex- 
tensions of those given in earlier works. 



1. Introduction 

Many inequalities have been established for convex functions but the most fa- 
mous is the Hcrmite-Hadamard inequality, due to its rich geometrical significance 
and applications, which is stated as (see [23]): 

Let / :JCR^Kbea convex mapping and a,b E I with a < b. Then 

,(!+>)< =L r f(x)dx <m±m. 



Both the inequalities hold in reversed direction if / is concave. 
In [7], Fejer gave a weighted generalization of (1.1) as follows: 

(1.2) / (^^j J w(x)dx < J" f(x)w(x)dx < M±M J" w{x)dXy 

where / : [a, b] — > R be a convex function and / : [a, b] — > R is nonnegative, 
integrable and symmetric about x = 

For several results which generalize, improve and extend the inequalities (1.1) 
and (1.2) we refer the interested reader [5, 6, 8], [10]- [13], [23, 24], [26]- [31]. 

In recent years, lot of efforts have been made by many mathematicians to gen- 
eralize the classical convexity. These studies include among others the work of 
Hanson in [9], Ben-Israel and Mond [4], Pini [21], M.A.Noor [18, 19], Yang and Li 
[33] and Weir [32]. Mond [5], Weir [32] and Noor [18, 19], have studied the basic 
properties of the preinvex functions and their role in optimization, variational in- 
equalities and equilibrium problems. Hanson in [9], introduced invex functions as 
a significant generalization of convex functions. Ben-Israel and Mond [4], gave the 
concept of preinvex function which is special case of invexity. Pini [21], introduced 
the concept of prequasiinvex functions as a generalization of invex functions. 

Let us recall some known results concerning invexity and preinvcxity. 



Date: Today. 

2000 Mathematics Subject Classification. 26D15, 26D20, 26D07. 

Key words and phrases. Hcrmitc-Hadamard's incquality,Fejcr's inequality, invex set, preinvex 
function, Holder's integral inequality. 
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A set K C K" is said to be invex if there exists a function 77 : K x K — > K such 
that 

x + ti](y,x) G K, Vx,y e K,te [0,1]. 
The invex set if is also called a ^-connected set. 

Definition 1. [32] The function f on the invex set K is said to be preinvex with 
respect to v, if 

f(u + t V (v,u)) < (l-t)f(u)+tf(v),Vu,veK,te [0,1]. 

The function f is said to be preconcave if and only if —f is preinvex. 

It is to be noted that every convex function is preinvex with respect to the map 
77 (x, y) = x — y but the converse is not true see for instance [32]. 

In the recent paper, Noor [16] has obtained the following Hermite-Hadamard 
inequalities for the preinvex functions: 

Theorem 1. [16] Let f : [a, a + 77(6, a)] — > (0, 00) be a preinvex function on the 
interval of the real numbers K° (the interior of K) and a, b G Ko with a < 
a + T](b, a). Then the following inequality holds: 

For several new results on inequalities for preinvex functions we refer the inter- 
ested reader to [3, 15, 20, 25] and the references therein. 

In the present paper we give new inequalities of Hermite-Hadamard and Fejer 
type for functions whose derivatives are preinvex. Our results generalize those 
results presented in a very recent papers of M. Z. Sarikaya [25, 28]. 



2. Main Results 

The following Lemma is essential in establishing our main results in this section: 

Lemma 1. Let K CI be an open invex subset with respect to rj : K x K — > R and 
a, b € K with a < a + r) (b,a). Suppose f : K — > K is a differentiate mapping on K 
such that f G L([a,a + r](b,a)]). If w : [a, a + 77 (b,a)] — > [0, 00) is an integrable 
mapping, then the following equality holds: 

^ ra+ri(b,a) 1/1 \ f a + r l(bM) 

t 2 ' 1 ) ~~ 71 — \ / f{x)w{x)dx -—f (a+-r](b,a) / w{x)dx 

V (0, a) J a 77 (6, a) V 2 / J a 

= n (6, a) [ k(t)f (a + tr)(b,a))dt, 
Jo 

where 

{J 0 w (a + si] (b, a)) ds, t G [0, \) 
i 
- J t w (a + sn (b,a)) ds, ie[|,l]. 
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Proof. We observe that 

(2.2) I=j k(t)f (a + tr)(b,a))dt 

w (a + sr] (b, a)) ds \ f (a + tr] (b, a)) dt 



o \Jo 



w (a + sr] (b, a)) ds) f (a + tr) (b, a)) dt = 1\ + li- 



By integration by parts, we get 
(2.3) h = (^j w (a + srj (b, a)) ds 

1 

1 



fja + tij (b,a)) 
T](b,a) 



V (b, a) Jo 

_f(a+±rj(b,a)) ft 



w (a + tr] (b, a)) f (a + tr] (b, a)) dt 

i 

/ w(a + tr](b,a))dt 
V (b, a) Jo 

i n 

7T — r / w(a + tr](b,a)) f (a + tr](b,a))dt. 

V \bi a ) Jo 



Similarly, we also have 



(2.4) h = 



w(a + sr] (6, a)) ds 



f(a + tr,(b,a)) 



r](b,a) 



w (a + tr] (b, a)) f (a + tr] (b, a)) dt 



V (b, a) 

= f(a+\r](b, a)) /'' 
V (b, a) 



V {b, a) 

From (2.3) and (2.4), we get 

f(a+\r 1 (b,a)) f 1 

1= — 1 7= — r / w (a + tr] (b,a)) dt 

V (&, «) Jo 



w(a + tr] (b, a)) dt 
i 

w (a + tr] (b, a)) f (a + tr] (b, a)) dt. 



1 f 1 

77 n / w(a + tr](b,a)) f (a + tr](b,a))dt. 
V {o, a) J 0 



Using the change of variable x — a + tr] (b, a) for t € [0, 1] and multiplying both 
sides by r] (b, a), we get (2.1). This completes the proof of the lemma. □ 
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Remark 1. If we take w(x) = 1, x € [a, a + tr\ (b, a)) in Lemma 1, then (2.1) 
reduces to 

-i r-a+ri(b,a) / -, \ 

(2.5) — I f(x)dx + f [a + -,( M )j 

= T](b,a) k(t)f (a + tr)(b,a))dt, 
Jo 



where 



k(t) = 



t, te[o,i) 
t-i, ie[|,i]. 



Which is one of the results from [25] . 

Remark 2. Ifr)(b,a) = b — a in Lemma 1, then (2.1) becomes Lemma 2.1 from 
[28, page 379]. 

Now using Lemma 1, we prove our results: 

Theorem 2. Let K C R be an open invex subset with respect to r/ : K x K — > R and 
a, b <E K with a < a + n (b,a). Suppose f : K — > R is a differentiate mapping on K 
such that f £ L ([a, a + -n (b, a)]) and w : [a,a + n (6, a)] — > [0, oo) is an integrable 



mapping and symmetric to a+^v (b, a). If 
following inequality: 



f 



is preinvex on K, then we have the 



(2.6) 



?t(m) y a 7 (x) w(a;)da; - skm 7 r + ^ (& ' a) J y o 

/ j ,«.+ *„(&,<») \ / /' (a) + /' (6) 

< — ^ [rj (b,a) -2{x-a)]w{x)dx\ — 



Proof. From Lemma 1 and the preinvexity of / on K, we have 



(2.7) 



a+r](b,a) 



f (x) w(x)dx 



77 \ I (a + \r){b, a) 



a-\-r)(b,a) 



V (b, a) J a 

< V (b,a)Jj Qf w(a + sri(b,a))ds^ [(1 - 1) f (a) +t f (b) 



w(x)dx 
dt 



w(a + ST](b,a))ds) (1 - i) / (a) +t f (b) 



dt 
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By the change of the order of integration, we have 



(2.8) 



w(a + sr](b,a)) (1 - 1) f (a) +t f (b) 



o Jo 



dsdt 



i i 
'2 r 2 



w (a + sr)(b, a)) (1 - t) f (a) +t f (b) 



dtds 



/ w (a - 
Jo 



sr] (b,a)) 



(l-,s) 2 1 



/ (a) 



8 2 



/ (6) 



ds. 



Using the change of variable x — a + srj (b, a) for s G [0, 1], we have from (2.8) that 



(2.9) 



w(a + sri(b,a)) (1 - 1) f (a) +t f (b) 



0 Jo 



V (b, a) 



f (a) 



; 1- 



x — a 



T](b,a)J 8 



dsdt 



— - \ w (x) dx 



+ 



r](b,a) 



'(b) [ 

J a 



a+^7](b,a) 



1 1 / x — a 



8 2 \7](b,a) 



w (x) dx. 



Similarly by change of order of integration and using the fact that w is symmetric 
to a + \r\ (b, a), we obtain 



1 r i 



(2.10) 



w(a + sr)(b,a)) [(1 - 1) f (a) +t f (b) 

1 r s 



dsdt 



1 /I 

2 2 



77 (6, a) 



w(a + (l-s) V (b,a)) (1-t) f (a) +t f (b) 



dtds 



f («) / 1 (1-1(1- )w(a+(l-s) V (b,a))ds 



1 



j] (b, a) 



8 2 
/' (b) 



1 _ 1 
2 8 



w (a + (1 — s) 77 (6, a)) (is 



By the change of variable x = a + (1 — s) 77 (6, a), we get form (2.10) that 



(2.11) 



w(a + s V (b,a)) (1-t) / (a) +t f (&) 



dsdt 



V (b, a) 



f (a) 



a+^ri(b,a) 



1 1 / x — a 



8 2 V^KM) 



w (2) 



+ 



7? (6, a) 



/ (6) 



a+j?7(b,a) / 



x 1 



x — a 
77 (6, a) 



- J w(i) dx. 



Substituting (2.9) and (2.11) in (2.7) and simplifying, we get the inequality (2.6). 
This completes the proof of the theorem. □ 
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Corollary 1. If we take w(x) — 1, for x € [a, a + 77 (b, a)] in Theorem 2, we get 
(2.12) 



^ /•a+7)(6,o) 

{b, a) J a 



f(x)dx-f[a+-ri {b, a) 



< 



77 (6, a) 



/(«) + / (6) 



Which is Theorem 5 from [25]. 



Remark 3. // 



/ 



is convex on [a, b], then 77 (6, a) = b — a. Hence from Theorem 

2, and using the symmetricity of w about q 4^- , we get Theorem 2.3 from [28, page 
380]. 

Theorem 3. Let K C R be an open invex subset with respect to 77 : K x K — > K 
and a, b K with a < a + 77 (6, a). Suppose f : K — > R is a differentiate mapping 
on K such that f <G L ([a, a + 77 (6, a)]) and w : [0,0 + 77(6,0)] — > [0, 00) is an 



integrable mapping and symmetric to a + \r\ (b, a). 7/ 
if, £/ien we /lave £/ie following inequality: 



I 



, q > 1, is preinvex on 



(2.13) 
r](b 



— / / (x) u;(a;)da; — -/ a + -77 (6, a) / 

3, a) A «(o,a) V 2 / J a 

V Q>, a) 



a+7](b,a) 



w(x)dx 



< T](b, a) 



(77(6, a)) J a 



a+^rj(b,a) 



— (x — a) 



w p (x) dx 



f (a) + / (b) 



f («) + 2 / (6) 



24 



24 



where - + - = 1. 
p 9 



Proof. From Lemma 1 and change of order of integration, we get 
(2.14) 



1 



V (b, a) J a 



a-\-r)(b,a) 



f (x) w(x)dx 



a+7](b,a) 



w(x)dx 



< 77 (b, a) J w (a + srj (b,a)) ds ) / (a + tr](b, a)) 

"1 / /•! 



+ 77 (6, a) 
= 77 (6, a 



7« (a + s?7 (6, a)) ds I / (a + £77 (6, a)) 



d£ 



d£ 



w (a + srj (6, a)) / (a + £77 (6, a)) 



0 Js 

+ 



d£ds 



f?(M) ^ ^ to (a + 3/7(6, a)) /' (a + £77 (6, a)) 



dtds. 
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By the Holder's inequality, we have 



(2.15) V (6, a) 



< 77(6,0) 



1 1 

2 r 2 



w (a + si] (6, a)) / (a + trj (6, a)) 

V 

w p (a + S77 (6, a)) dtds 



1 i 

2 r 2 



0 Js 



/ (0 + 477(6,0)) 



dtds 



1 1 

Since / for g > 1, is preinvex on K, for every a,b £ K and f € [0, 1] we have 



/ (a + (6, a)) < (1 - t) / (a) +t f (b) 



hence by solving elementary integrals and using the substitution x = a + sr] (b,a), 
s g [0, 1], we have from (2.15) that 



(2.16) n(b,a) / / w (0 + 577(6,0)) / (0 + 477(6,0)) 

JO J s 



dtds 



< 77(6,0)! / / w p (a + srj (b,a)) dtds 

\Jo J s j 

\lo is 



f («) +* / (b) 



= V (b, a) 



(77(6,0)) J a 



a+^ri(b,a) 



77 (6, o) 



— (x — a) 



w p (x) dx 



f (a) + f (b) 



24 



Analogously, using the symmetricity of w about 0+577 (6, a), we also have 



(2.17) 77(6,0) / / w (0 + 577(6,0)) / (0 + ^77(6,0)) 

"77(6, a) 



dtds 



(I ra+2 r l( b ' a ) 
(77(6,0)) J a 



(x — a) 



w p (x) dx 



/ (a) + 2 / (6) 
24 



Using (2.16) and (2.17) in (2.14), we get the required inequality. This completes 
the proof of the theorem. □ 
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Corollary 2. If the conditions of Theorem 3 are satisfied and if w(x) = 1, x € 
[a, a + rj (b, a)}, then the following inequality holds: 



(2.18) 



— I 
V {b, a) J a 



0+77(6, a) 



f(x)dx + f[a + -r)(b,a) 



f (a) + f (b) 



< r)(b,a) 



f (a) 



1\ p 



f (b) 



24 



24 



where ± + ± = 1. 



Corollary 3. [28, Theorem 2.5, page 381] Suppose f : I CI-> R is a differentiable 
mapping on 1° , a, b e I with a < b. Let w : [a, b] — > [0, oo) be an integrable mapping 

and symmetric to 9 ^ L such that f € L([a,b]). If f , q > 1, is convex on [a,b], 
then we have the following inequality: 



(2.19) 



(b-a) 

f («) ' + /' (b) 



f (a) 



+ 2 



/ (b) 



24 



24 



where - + - — 1. 
p <i 

Proof. It follows from Theorem 3 by taking r/(b,a) = b — a and using the symmetry 
of w about □ 

For our next results we need the following Lemma: 

Lemma 2. Let K C R be an open invex subset with respect to r\ : K x K — > R and 
a, b £ K with a < a + r)(b,a). Suppose f : K — > E is a differentiable mapping on K 
such that f G L ([a, a + ?7 (6, a)]). J/ w : [a, a + 77 (6, a)] — ► [0, 00) is an integrable 
mapping, then the following inequality holds: 



(2.20) - 



f(a) + f(a + V (b, a) f a+ ^ 



277 (6, a) 



/ 



w(x)dx 



a-\-r/(b,a) 



v(b,a) J a 

nib, a) f 1 



f (x) w(x)dx 



f p(t)f {a + tn{b,a))dt, 
Jo 



where 



p(t) — I w (a + ST] (b, a)) ds — / w (a + sn (b,a)) ds, t £ [0, 1] . 
Jt Jo 
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Proof. It suffices to note that 

(2.21) J=f p(t)f (a + tr](b,a))dt 
Jo 

= —J w (a + s-q (b,a)) ds*J f (a + tr](b,a))dt 

+ w(a + sr] (b, a)) ds^j /' (a + trj (b, a)) dt = J x + J 2 

By integration by parts, we get 

( J 0 * w (a + s-q (b, a)) ds^j f (a + tr) (b, a)) 



(2.22) Ji = - 



r](b,a) 

o 

i r 1 

+ —77-^ / w(a + t V (b, a)) f{a + tT] (b, a)) dt 
V{b,a) Jo 



f(a + r](b,a)) f 1 , , 
v '\ " / w(a + tr](b,a))dt 
V (b, a) Jo 

i r 1 

+ — j— / w(a + tr}(b,a))f(a + tr)(b,a))dt. 
V {o, a) J Q 



Similarly, we also have 
(2.23) 

J 2 = — TT"^ / w(a + ti] (b, a)) dt+ } - [ w {a + trj (6, a)) f (a + trj (6, a)) dt. 

Using (2.22) and (2.23) in (2.21), we obtain 

(2 24) j _ _ m + / (a + V (b, a)) f' w dt 
V{b,a) Jo 

2 f 1 

H — r- / w(a + tr)(b,a)) f (a + tri(b,a))dt 

V{b,a)J 0 

By the change of variable x = a + trj (6, a) for t € [0, 1] and by multiplying both 
sides if (2.6) by ^ we g et (2.20). This completes the proof of the lemma. □ 

Remark 4. // we take w{x) = 1, x e [a, a + 77 (b, a)], then we get 

(225) _ / W+ /( r ,(M) + _^_ r ^ f(x)dx 

_ V(b,a) f 1 



(1 - 2t)f {a + trj (b, a)) dt, 



which is Lemma 2.1 from [3, Page 3]. 



Theorem 4. Let K <Z R be an open invex subset with respect to rj : K x K — > R 
and a, b <E K with a, < a + -q (b,a). Suppose f : K — > R is a differentiate mapping 
on K such that f € L ([a, a + 77 (b, a)]) and w : [a, a + 77 (b, a)] — > [0, 00) is an 
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integrable mapping and symmetric to a + \r\ (b, a). If 
K, then we have the following inequality: 



, q > 1, is preinvex on 



(2.26) 



f(a) + f(a + V (b, a) f a+r >^ 



ra-t-Ti(0,a) | r-a+r)(b,a) 

/ w{x)dx — — / f(x)w( 

J a V (b, a) J a 



27? (b, a) 



x)dx 



< 



I («) 



/ (b] 



where 



git) 



I 

J a 



a+(l-t)r)(b,a) 



w (x) dx 



i+tr](b,a) 

Proof. From Lemma 2, we get 

/(„) f /(„- „(b,a) r a+r >^ 



,t e [0, 1] and - + - = 1. 

P Q 



(2.27) 



2r/ (P,a) 



J 



w(x)dx — 



V (P, a) J a 



a-\-r/(b,a) 



< 



77 (b, a) f 1 



w(a + srj (b, a)) ds 



(a + srj (b, a)) ds 



f (x) w(x)dx 
f {a + tr, (ft, a)) 



dt. 



Since w is symmetric to a + \r\ (b, a), we can write 



(2.28) / w (a + srj (b,a)) ds — / w (a + srj (b, a)) ds 



f 

Jo 



= J w (a + srj (b,a)) ds — J w (a + (1 — s) 7] (b, a)) ds 



= 77 x / w (x) dx + / w (x) dx 

V [b, a) J a+t ri(b,a) V [b, a) Ja+ n (b,a) 



- ^a) Ia+(l-t) a v(b,a) ^ {x) dx, t S [\ , l] . 



Using (2.28) in (2.27) we obtain 

f(a) + f(a + 77 (b, a) f a+ ^ 



(2.29) 



where 



2t? (6, a) 



w(x)dx — 



1 



V (b, a) J a 



a+7](b,a) 



f (x) w(x)dx 



< 



1 f 1 

2 J 9(x) f (a + tr](b,a 



)) 



dt, 



9(t) = 



a+(l-t)r)(b,a) 



w (x) dx 



a+trj{b,a) 



,*€ [0,1]. 



734 



S. S. DRAGOMIR et al 725-739 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



HERMITE-HADAMARD AND FEJER TYPE INEQUALITIES VIA PREINVEXITY 11 

By Holder's inequality, it follows from (2.29) that 



(2.30) 



f(a) + f(a + 77(6, a) f a+ ^ 



27? (M) 



w(x)dx ■ 



< 2 ( / 9 P {t)dt 



1 



V 0, a) J a 



a+7](b,a) 



f (x) w(x)dx 



f (a + 477(6,0)) 



dt 



Since 



/ (a + trj (6, a)) is preinvex on K, for every a,b <G K and t <G [0, 1], we have 



/ (a + tr](b,a)) < (1-i) / (a) +t f (b) 
and hence from (2.30), we get that 

ra+rj{b : a) 



(2.31) 



f(a) + f(a + V (b,a) 
2t? (6, a) 



ra+ri(b,a) ^ rci 

/ w{x)dx — — / 

J a V (b, a) J a 



f (x) w(x)dx 



< 



(1-i) / (a) +t f (b) 



dt 



/ (a) + / (b) 



which completes the proof of the theorem. □ 
Corollary 4. If we take 77 (6, a) = 6— a in Theorem 4, then we have the inequality: 

f(a) + f(b) '■" 1 



(2.32) 



2(6 



/(&) r 1 r 

— — / w(x)dx — / f(x)w(x)da 

a) J a b-aJ a JK ' y ' 



< 



f (a) + / (6) 



where 



9(t) = 



fta+(l-t)b 

I w (x) dx 

Jtb+(l-t)a 



g p it)dt 



, t e [0, 11 drid 1 + 1 = 1. 



/t6+(l-t) 

Muc/i is Theorem 2.8 from [28, page 383]. 

Corollary 5. [3, Theorem 2.2, page 4] Under the assumptions of Theorem 4, if we 
take w (x) = 1, x € [a, a + 77 (b, a)} . Then 



(2.33) 



f(a) + f(a + 77 (6, a)) 1 



— / 
(b, a) J a 



a-\-r](b,a) 



f (x) dx 



< 



V(b,a) 
2(p+l)» 



/ (a) + / (&) 



w/iere i + - = 1. 
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Proof. It follows from the fact that 



[ 1 g p (t)dt= f 
Jo Jo 



o+(l-t)r;(6,a) 



dx 



a-\-tr](b,a) 



dt 



= {,ip,a)fj\l-^dt=^ P 



□ 



Corollary 6. [5] If the conditions of Theorem 4 are fulfilled and if w (x) = 1, 
x G [a, b] and rj(b,a) = b — a, then we have the inequality: 



(2.34) 



f(a) + f(b) 



dx 



< 



b-a 



/ («) + / (b) 



2(p+l)5 



where - + - = 1. 
p i 

Proof. It follows from Corollary 5. 



□ 



3. Applications to Special Means 



In what follows we give certain generalizations of some notions for a positive 
valued function of a positive variable. 

Definition 2. [31]^4 function M : — > R + , is called a Mean function if it has 
the following properties: 

(1) Homogeneity: M(ax,ay) — aM(x,y), for all a > 0, 

(2) Symmetry : M(x,y) — M(y,x), 

(3) Reflexivity : M(x,x) — x, 

(4) Monotonicity: If x < x and y <y , then M(x,y) < M(x ,y ), 

(5) Internality: min{x, y} < M(x,y) < m&x{x,y}. 



[31] 



We consider some means for arbitrary positive real numbers a, [3 (see for instance 



(1) The arithmetic mean: 



A:=A(a,f3) 



a + P 
2 



(2) The geometric mean: 



G :=G(a,p) = y/atf 



(3) The harmonic mean: 

H:=H(a,f3) 

(4) The power mean: 

P r ~P r {a,[3) = 



2 



a r + P r 



r > 1 
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(5) The idcntric mean: 



13 



I:=I(a,P) 

(6) The logarithmic mean: 

L:=L(a,0) = 

(7) The generalized log-mean: 



e ( qQ ) 



a, 



a — j3 



ln|a| -ln|/?| 



a = /3 



L p := L p (a, (3) 



, tt ^, P ei\H0}. 



It is well known that L p is monotonic nondecreasing over p € R, with L_i := i 
and Lo := /. In particular, we have the following inequality H<G<L<I<A. 

Now, let a and b be positive real numbers such that a < b. Consider the function 
M := M(a,b) : [a, a + r](b,a)] x [a,a + 7/(6, a)] — » M + , which is one of the above 
mentioned means, therefore one can obtain variant inequalities for these means as 
follows: 

Setting r](b, a) — M(b, a) in (2.12), (2.18) and (2.33), one can obtain the following 
interesting inequalities involving means: 



(3.1) 



M(b 



— I 

b, a) J a 



a+M(b,a) 



1 



f(x)dx-f[a+-M(b,a) 



< 



M(b,a) 



f («) + / (b) 



(3.2) 



M(b. 



— I 

b, a) J a 



a+M(b,a) 



f(x)dx + f[a+-M(b,a) 



/' (o) + /' (b) 



< M(b, a) 



1 \ p 



f (a) 



/' (b) 



24 



24 



and 



(3.3) 



f(a) + f(a + M(b,a)) 



M(b,a)J a 



a+M(b,a) 



f (x) dx 



< 



M(b,a) 
2(p+l)» 



f (a) + f (&) 



Letting M = A, G, H, P r , I, L, L p in (3.1), (3.2) and (3.3), we can get the required 
inequalities, and the details are left to the interested reader. 
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APPROXIMATE QUADRATIC FORMS IN PARANORMED SPACES 

JAE-HYEONG BAE AND WON-GIL PARK* 

Abstract. In this paper, we investigate approximate quadratic forms related to the 
functional equations 

f(x + y, z + w) + f(x -y, z - w) = 2f(x, z) + 2f(y, w) 

and 

f(x + y, z-w) + f(x -y, z + w) = 2f(x, z) + 2f(y, w) 
in paranormed spaces. 



1. Introduction 

The concept of statistical convergence for sequences of real numbers was introduced 
by Fast [3] and Steinhaus [15] independently, and since then several generalizations and 
applications of this notion have been investigated by various authors (see [4, 7, 9, 10, 14]). 
This notion was defined in normed spaces by Kolk [8]. 

We recall some basic facts concerning Frechet spaces (see [17]). 
Definition. Let X be a vector space. A paranorm on X is a function P : X — > E such 
that for all x, y G X 

(i) P(0) = 0; ' 

(ii) P{-x) = P(x); 

(iii) P(x + y) < P(x) + P(y) (triangle inequality); 

(iv) If {t n } is a sequence of scalars with t n — >• t and {x n } C X with P(x n — x) — > 0, then 
P{t n %n — tx) — > 0 (continuity of scalar multiplication). 

The pair (X, P) is called a paranormed space if P is a paranorm on X. Note that 

P{nx) < nP(x) 

for all n G N and all x G (X, P). The paranorm P on X is called total if, in addition, P 
satisfies (v) P(x) = 0 implies x = 0. A Frechet space is a total and complete paranormed 

2000 Mathematics Subject Classification. Primary 39B52, 39B82. 

Key words and phrases. Approximate quadratic form, Paranormed space. 
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space. Note that each seminorm P on X is a paranorm, but the converse need not be 
true. 

In 1940, S. M. Ulam proposed the general Ulam stability problem (see [16]): 

Let G\ be a group and let G2 be a metric group with the metric d(-, •). Given e > 0, 
does there exist a 5 > 0 such that if a mapping h : G± — > G2 satisfies the inequality 
d(h(xy), h(x)h(y)) < 5 for all x, y e G\ then there is a homomorphism H : G\ — > G2 
with d(h(x), H(x)) < e for all x E Gi? 

In 1941, this problem was solved by D. H. Hyers [6] in the case of Banach space. 
Thereafter, we call that type the Hyers-Ulam stability. In 1978, Th. M. Rassias [13] 
extended the Hyers-Ulam stability by considering variables. It also has been generalized 
to the function case by P. Gavruta [5]. In recent, C. Park [11] obtained some stability 
results in paranormed spaces. 

Let X and Y be vector spaces. A mapping g : X — > Y is called a quadratic mapping 
[1] if g satisfies the quadratic functional equation g(x + y) + g(x — y) = 2g(x) + 2g(y). 

The authors [2, 12] considered the following functional equations: 

(1) f(x + y, z + w) + f(x - y, z - w) = 2f(x, z) + 2/(y, w) 
and 

(2) f(x + y, z - w) + f(x - y, z + w) = 2f(x, z) + 2f(y, w). 

It is easy to show that the functions f(x,y) = ax 2 + bxy + cy 2 and f(x,y) = ax 2 + by 2 
satisfy the functional equations (1) and (2), respectively. 

From now on, assume that (X, P) is a Frechet space and (Y, || • ||) is a Banach space. 
The authors [2, 12] solved the solutions of (1) and (2). 

In this paper, we investigate approximate quadratic forms related to the equations (1) 
and (2) in paranormed spaces. 

2. Approximate quadratic forms related to (1) 

Theorem 2.1. Let r, 9 be positive real numbers with r > 2, and let f : Y x Y — > X be a 

mapping satisfying /(0, 0) = 0 such that 

(3) p(f( x +y, z+w )+f( x -y, z - w )-2f(x, z)-2f(y, w)) < 0(iMr+iMi r +iwr+iiHn 

for all x, y, z, w G Y. Then there exists a unique mapping F : Y xY — >■ X satisfying (1) 
such that 

20 

(4) P{f(x,y) - F(x,y)) < — -(\\x\\ r + \\y\\ r ) 
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for all x,y &Y . 



Proof. Letting x = y and z = w in (3), P(f(2x,2z) -Af(x, z)) < 26{\\x\\ r + \\z\\ r ) for 
all x, z G Y . Substituting x and z by ^ft and ^tt in the above inequality, respectively, 
we have 

29 1 



< — — {\\x\\ r + \\z\\ r ) 

Or 2 r 3 



P(f(- -1-4/f— — 
for all j G N and all x, z G Y. For given integers /, m(0 < I < m), 



\ \2 2 J ''■ * '"■ 



a; z 
2»n ' 2 r 



m— 1 



< 



(5) 



for all rr, z G F . By (5), the sequence {4 J f(^j, ^-)} is a Cauchy sequence in X for all 
x, z G y . Since X is complete, the sequence {4Pf(^j, J^-)} converges for all x, z G Y. 
Define F : F x Y ->■ X by z) := lim,,^ 4*'/(§, ^) for all x, * G F . By (3), we see 
that 



P(F(x + y, z + w) + F(x -y,z-w)- 2F(x, z) - 2F(y, w)) 



= lim P I 4 J 
< lim 4?P 



,x + y z + w\ ^ ( . - y : — ir 



23 



23 



2J 



23 



23 23 

x — y z — w 



-2-4 3 



f 



X z 



23 ' 23 



^G-?' 23). ) 



23 



23 



f(- -)-f(- -) 

J \23' 23 J J \23' 23 J 



< lim 



4PB 



3^00 23 r 



Nr+iiyir+ikir+n«'ir) = o 



for all x,y,z,w G Y. Thus F satisfies (1). Setting I = 0 and taking m — > 00 in (5), one 
can obtain the inequality (4). 

Let F' : Y x Y — > X be another mapping satisfying (1) and (4). By [2], there exist four 
symmetric bi-additive mappings S, T, S', T' : Y x Y — > X and two bi-additive mappings 
B,B' : Y x Y ->■ X such that F(x,y) = S{x,x) + B{x,y) + T(y,y) and F'(x,y) = 
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S'(x, x) + B'(x, y) + T'(y, y) for all x, y G Y . Since r > 2, we obtain that 
P(F(x,y)-F'(x,y)) 
= P[A 



x x 



si— ?L\+b(— —\ +t(^- ^\ -s' 

2 n '2 n / \2 n '2 n / V2 n '2™/ V2 n ' 2 n 



B'f— IS) —T'(— V- 
2 n '2 n / V2 n '2 n 



< rr ( s 

< A n 



x x 



B 



x y 



T 



y y 



< 4 r 



2« ' 2 n J V2 n ' 2 n J V2 n ' 2 n 

p(f(— —) - f(— — W +p(f(— —) -g(— — 

\ \2 n '2 n / V2 n '2 n // \ V2 n '2 n / V2 ri '2 n 
2$ 2 

"|a;|| r + ||y|| r ) — > 0 as n — > oo 



x\ _ B ,(x_ y_\ _ T '(y_ y_ 

' 2 n ' 2 n / V2 n ' 2™/ V2 n ' 2 n 



2^-4 2 nr 



for all x,y & Y. Hence the mapping F is a unique mapping satisfying (1) and (4), as 
desired. □ 



Theorem 2.2. Let r be a positive real number with r < 2, and let f : X x X — >■ F fre a 
mapping satisfying /(0, 0) = 0 snc/i i/ia£ 

(6) ||/(x+y,z+H+/(^-y^-H-2/(^^)-2/(y,«;)|| < P^^Pd/j^Pl^^PW^ 

/or a// x, y, z, w & X . Then there exists a unique mapping F : X x X — >■ Y satisfying 
(1) s«c/i £/ia£ 



(7) 

for all x, y G X . 



\\f(x, y) - F(x, y) \\ < ^-^ [P(x) r + P(y) 



Proof. Letting x = y and z = w and dividing by 4 in (6), we have 

\f(x,z)-\f{2x,2z)\\<\[P(*) r + P(*) r ] 
for all x, z G X. Substituting x and z by 2^x and 2 J z, respectively, we obtain that 



f(Vx,Vz)--f{V +1 x,V +1 z) 



< 2 rj - 1 [P(x) r + P(z) r ] 
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for all j G N and all x, z G X. For given integers /, m(0 < I < m), we obtain 



1 m_1 
i7/( 2 ^2^)--/(2-x,2^) 



m—l 



(8) 



for all x, z G X. By (8), the sequence {i/(2 J :c, 2 J z)} is a Cauchy sequence in y for all 
x, z G X. Since Y is complete, the sequence { ^jf^x, 2 J z) } converges for all G X. 
Define F : X x X ->■ Y by F(x,z) := lim^ £/(2^,2^) for all x, 2 G X. By (6), we 
see that 



F(x + y,z + w) + F(x — y,z — w) — 2F(x, z) — F(y, w) 
1 [/(2^ + y),2^ + w))+/(2^ 



= lim 



[/(2^(x + y),2^(z + «;))+/(2^(x-y),2^(z -«;))] - 2 [/(^, 2^) - 2>w)] 
< lim f —V \P{x) r + P(y) r + P(^) r + P{w) r ] = 0 

j->00 V 4 / 



< lim — 



for all x,y,z,w G X. Thus F satisfies (1). Setting I = 0 and taking m — > 00 in (8), one 
can obtain the inequality (7). 

Let F' : X x X — > Y be another mapping satisfying (1) and (7). By [2], there exist four 
symmetric bi-additive mappings S, T, S', T' : X x X — > Y and two bi-additive mappings 
B,B' : X x X ->■ y such that F(x,y) = + B(x,y) + T(y,y) and F'(x,y) = 

S'(x, x) + y) + T"(y, y) for all x, y G X. Since 0 < r < 2, we obtain that 

UF^-F' (*,</) || 
1 



1 



[S(2 n x, 2 n x) + B(2 n x, 2 n y) + T(2 n y, 2 n y) - S'(2 n x, 2 n x) - B'(2 n x, 2 n y) - T'(2 n y, 2 n y)\ 
\\S{2 n x, 2 n x) + B{2 n x, 2 n y) + T{2 n y, 2 n y) - S'(2 n x, 2 n x) - B'(2 n x, 2 n y) - T'{2 n y, 2 n y)\\ 



< 



4" 



x_ y_ 
2 n ' 2 n 



y\ + i\ -g(— ^\ 

J \2 n '2 n ) J \2 n, 2 n J \2 n '2 n ) 



< ^-—^ — \P(xY + P(yY] ->■ 0 as n ->■ 00 

— 4™ 4 — 2 r 2 nr L J 
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for all x,y G X. Hence the mapping F is a unique mapping satisfying (1) and (7), as 
desired. □ 



3. Approximate quadratic forms related to (2) 

Theorem 3.1. Let r, 6 be positive real numbers with r > 2, and let f : Y x Y — >■ X be a 
mapping satisfying /(0, 0) = 0 such that 

(9) P(f(x+y,z-w)+f(x-y,z+w)-2f(x, z)-2f(y, w)) < 0(|M| r +|Mr+||z|| r +||Hn 

for all x, y, z, w G Y . Then there exists a unique mapping F : Y xY — >■ X satisfying (2) 
such that 

246 
2 r (2 r - 4) 



for all x,y G F . 



Proof. Letting y = x and w = — z in (9), we get 

(11) P(f(2x, 2z) - 2f(x, z) - 2f(x, -z)) < 26{\\x\\ r + \\z\\ r ) 
for all x, z G Y. Putting x = 0 in the above inequality, we have 

P(/(0, 2z) - 2/(0, z) - 2/(0, -z)) < 26\\z\\ r 
for all z G Y . Replacing z by —z in the above inequality, we obtain 

P(/(0, -2z) - 2/(0, z) - 2/(0, -z)) < 26\\zf 
for all z G Y. By the above two inequalities, we see that 

(12) P(/(0,2z)-/(0,-2*)) <40||z|| r 
for all z G Y . Taking y — x and w — z in (9), we get 

P(f (2x,0) + f(0,2z) - Af(x,z)) < 29(\\x\\ r + \\z\\ r ) 
for all x, z G Y. Replacing z by — z in the above inequality, we have 

P(f(2x, 0) + /(0, -2z) - Af(x, -z)) < 29(\\x\\ r + \\z\\ r ) 
for all x, z G Y. By the above two inequalities, we obtain 

P(4f(x, z) - 4/(x, -z) - /(0, 2z) + /(0, -2z)) < 46(\\x\\ r + \\z\\ r ) 
for all x, z G Y. By (11) and the above inequality, we see that 

P(8f(x, z) - 2f(2x, 2z) - /(0, 2z) + /(0, -2z)) < 89(\\x\\ r + \\z\\ r ) 
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for all x, z G F. By (12) and the above inequality, we get 

P(8f(x, z) - 2f(2x, 2z)) < 12#(||x|| r + \\z\\ r ) 
for all x,z G F. Replacing x and z by | and | in the above inequality, respectively, we 

129 



have 



^(8/(|,|)-2/(x,,))<^(| Nr +||4. 
for all x,z G F. Substituting x and z by ^ and t§-, respectively, we obtain 

P ( 2/ (27' 2i ) ~~ 8/ (2^' #+0) 



< 



2 r 2 r -? 



7(INI r + INI r ) 



for all j G N and all x, z G Y. Thus we see that 



V ^ \2J ' 2J / V2J+ 1 ' 2J+ 1 / / V 2 J \2i 1 ' 2? ) 2 J \2i+ l ' 2^ +1 / / 



< 



23+i ' 2j'+i , 

„/,„/•(■ n _ ./ x z \\ . 4 J ' 126* 1 
27. 

60/4 v, 
2 r V2 r 



~ 2 P ( 2 ^(2i' 2J') ^(^H- 1 ' 2J+ 1 

:) J (INI r + lkll r ) 



2 r 2 r -? 



Nl r + W) 



for all j G N and all x, 2; G F. For given integers /, to (1 < / < to), we have 



m— 1 



^(^(tf'tf) ^G™' 2 m )) - S P ( 4 ^(2j' 2J") ^"^G^ 1 ' 2^ +1 )) 



(13) 



60 ( 4 \ 3 

- ~2~r ^ \2 
3=1 



\x\\ r + \\z\\ r ) 



for all x,z G Y. By (13), the sequence {4 J /(|^, jj)} is a Cauchy sequence in X for all 
x, 2 G F. Since X is complete, the sequence {4 J '/(|j-, |j)} converges for all x, 2 G F. 
Define F : F x F ->■ X by F(x, z) := lim^ 4 J '/(f , for all x, 2 G F. By (9), we see 
that 

P(F(x + y,z-w) + F(x -y,z + w)- 2F(x, z) - 2F(y, w)) 



lim P I 4 J 



. . x • // /r\ (.1 - I) : - ir 



< lim 4 J P| 



2-? 2^ 
x — y z + w 



- 2 • 4 i 



/x z_\_ f fV_ VX\\ 
2i 1 2i J ' J V 2i 7 23 )\ ~ V J \23 '23 J J K23 1 23 J \ J 

( \f( x + y z ~ w \ _j_ f ( x ~y z + w \i _ 2 \ f (x_ z_\ _ f (V_ ™\]\ 
\[ \ 23 ' 23 J J \ 23 ' 23 )\ V\23'23J ■*\23 , 23)\) 



43'e 

3^00 23' r 



< lim ■^ 1 f||x|| r + \\y\\ r + \\z\\ r + \\w\\ r 



23 23 

0 
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for all x,y,z,w G Y. Thus F is a mapping satisfying (2). Setting I = 1 and taking 
m — > oo in (13), one can obtain the inequality (10). 

Let F' : Y x Y — > X be another mapping satisfying (2) and (10). By [12], there 
exist four symmetric bi-additive mappings S, T, S', T' : Y x Y — > X such that F(x,y) = 
S(x, x) + T(y, y) and F'(x, y) = S'(x, x) + T'(y, y) for all x, y G Y. Since r > 2, we obtain 
that 



P(F(x,y)-F'(x,y)) 



pi 4 ™ 



S 



2 n ' 2 n 



ri y \ -s'(— — 

,2™' 2 n ) V2 ra ' 2 n 



y_ y_ 

2« ' 2 n 



<a»p s(- -Ur(i y.\-s'(- -\-T'(y- v~\ 

- V V2™'2™/ V2™'2«/ V2"'2 n / V2"'2V 

p(f(— —\ - f(— — W +p(f(— -g(— 

I V2™'2 n / J \2 n '2 n J \ J \2 n '2 n ) \2 n, 2 n J 



< 4 



< 4 r 



29 



4 2 r 



l x l| r + IMD — > 0 as n — )• oo 



for all x,y £ Y. Hence the mapping F is a unique mapping satisfying (2) and (10), as 
desired. □ 



Theorem 3.2. Let r be a positive real number with r < 2, and let f : X x X — >■ Y~ &e a 

mapping satisfying /(0, 0) = 0 snc/i i/ia£ 

(14) 

||/(x + y,z- W ) + /(x-y,z + H-2/(x, z)-2/(y, < P(x) r + P(y) r + P(z) r + P(w) r 

for all x, y, z, w G X . Then there exists a unique mapping F : X x X — » Y~ snc/i £/ia£ 

6 



(15) H/^^-F^y)!! < 

/or all x,y <E X . 



4-2'' 



: [P(a;) r + P(|/r] 



Proof. Letting y = x and u> = —2; in (14), we get 
1 



(16) 



-f(2x, 2z) - f(x, z) - f{x, -z) < P(x) r + P(z) 



for all x, z G X. Putting x = 0 in the above inequality, we have 

lf(0,2z)-f(0,z)-f(0,-z) <p( z y 
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for all z G X. Replacing z by —z in the above inequality, we obtain 

±f(0,-2z)-f(0,z)-f(0,-z)\\<P(zy 
for all z G X. By the above two inequalities, we see that 
(17) 



\m2z)-\m-iz) <p(--)' 



for all z G X. Taking y = x and w = z in (9), we get 

|/(2x, o) + \m 2z) - /(*, z)\\ < \[P(xy + P{zY\ 
for all x, z G X. Replacing z by — z in the above inequality, we have 

\m x , o) + \m -2z) - f( X , - Z )\\ < \[p{xy + p{ Z y\ 

for all x, z G X. By the above two inequalities, we obtain 

f(x, z) - f(x, -z) - 1/(0, 2z) + 1/(0, -2z)\\ < P(x) r + P(zY 
for all x, z G X. By (16) and the above inequality, we see that 

f(x, z) - 1 -f(2x, 2z) - 1/(0, 2z) + 1/(0, -2z) || < P(x) r + P(z)' 
for all x, z G X. By (17) and the above inequality, we get 

f(x,z)-\f(2x,2z)\\<^[P(xy + P(zy] 
for all x, z G X. Substituting x and z by 2 J x and 2^z, respectively, we have 



f(2 j x,2 3 z) - ^f(2J +1 x,2 j+1 z) 



< - -2 jr [p(xy + p( z ) 



for all nonnegative integers j and all x, z G X. Thus we obtain 



^f(Vx,Vz)- 4j+1 



' /(2 J ' +1 :r, 2 J ' +1 *) < | • 2( r -^'[P(a;) r + P(z) 1 
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for all nonnegative integers j and all x, z £ X. For given integers l,m (0 < I < m), we 
see that 



m— 1 



1/(2^,2^) - ^f(2 m x,2 m z)\ < J2 \\±f@x t Vz) - -±-f(V+i x ,V +1 



3=1 
m—1 



(18) 



< o j2^[p(xY + p( z y 



for all x,z £ X. By (18), the sequence [jjf(2 j x,2 j z)j is a Cauchy sequence in Y for all 
x,z £ X. Since Y is complete, the sequence {^■/(2 J x,2 J, 2;)} converges for all x, z £ X. 
Define F : X x X ->■ Y by F(x, *) := lim^ ±f(2 j x, 2Pz) for all x,z £ X. By (14), we 
see that 

\\F(x + y,z-w) + F(x -y,z + w)- 2F(x, z) - 2F(y, w 
1 



= lim 



[ . [f(2P(x + y), 2\z - w)) + f(V(x - y), 2\z + w))\ - ^[f(2Px, V z) - f(2Py, Vw)} 



1 



< lim -\\f(V(x + y), 2\z - w)) + f(2?(x - y), 2\z + w)) - 2[f(2'x, V z) - f(2?y, 2'w)] 

< lim 2 {r - 2)j [P(x) r + P(y) r + P{z) r + P{w) r ] = 0 

for all x,y,z,w £ X. Thus F is a mapping satisfying (2). Setting I = 0 and taking 
m — > oo in (18), one can obtain the inequality (15). 

Let F' : X x X — > Y be another mapping satisfying (2) and (15). By [12], there 
exist four symmetric bi-additive mappings S, T, S', T' : X x X — > Y such that F(x,y) = 
S(x, x) + T(y, y) and F'(x, y) = S'(x, x) + T'(y, y) for all x,y £ X . Since 0 < r < 2, we 
obtain that 

\\F(x,y) -F'(x,y)\\ = || ^[S(2":r, 2 n x) + T(2 n y, 2 n y) - S'(2 n x, 2 n x) - T'(2 n y, 2 n y)\ 

< ^\\S(2 n x, 2 n x) + T(2 n y, 2 n y) - S'(2 n x, 2 n x) - T'(2 n y, 2 n y 

< ±[\\F(2 n x,2 n y) - f(2 n x,2 n y)\\ + \\f(2 n x, 2 n y) - G(2 n x, 2 n y) ||] 

12 /l\"(2-r) 

< 1-1 \F(x)' + F(vY I -> U as n ->■ oo 



4 - 2 r 



(-) [P(xr + P(y)«-] 0 as 



for all x,y £ X . Hence the mapping F is a unique mapping satisfying (2) and (15), as 
desired. □ 
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Abstract. In this paper, we prove common fixed point theorems for two mappings under the 
condition of ij-weakly commuting in complete S-metric spaces. A lot of fixed point theorems on 
ordinary metric spaces are special cases of our main result. 

Keywords: 5-mctric space, contractive mapping, J?-weakly commuting self-mappings, common 
fixed points. 

2010 AMS Subject Classification: Prcmary 54H25, Secondary 47H10. 

1 Introduction and preliminaries 

Recently, Mustafa and Sims [12] introduced a new structure of generalized metric 
spaces which are called G-mctric spaces as generalization of metric space (X, d), to 
develop and introduce a new fixed point theory for various mappings in this new 
structure. Some authors [3, 13, 28] have proved some fixed point theorems in these 
spaces. Fixed point problems of contractive mappings in partically ordered metric 
spaces have been studied in a number of works (see [2, 4, 7, 10, 11, 23, 24]). Metric 
spaces are very important in mathematics and applied sciences. So, some authors have 
tried to give generalizations of metric spaces in several ways. For example, Gahlcr 
[6] and Dhage [5] introduced the concepts of 2-matric spaces and Z?-metric spaces, 
respectively, but some authors pointed out that these attempts are not valid (see [9], 
[18-22]). 

Recently, Sedghi et al. introduced D* -metric which is a probable modification of 
the definition of D-metric introduced by Dhage [5] and proved some basic properties 
in D*-mctric spaces(see [25-27]). 

°This work was supported by the Basic Science Research Program through the National Research 
Foundation Grant funded by Ministry of Education of the republic of Korea(2013RlAlA2054617). 
°The corresponding author: jongkyuk@kyungnam.ac.kr(J. K.Kim). 



1 



751 



Jong Kyu Kim et al 751-759 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



In this paper, we introduce the concept of S-metric spaces and give some properties 
of them. And we prove common fixed point theorem for a self-mapping on complete 
S-metric spaces. 

In [30], Sedghi et al. have introduced the notion of an S-metric space as follows. 

Definition 1.1. [30] Let X be a nonempty set. An S-metric on A is a function 
S : A 3 — > [0, oo) that satisfies the following conditions: 

(1) S(x, y, z) = 0 if and only if x = y = z, for all x,y,z £ A. 

(2) S(x, y, z) < S(x, x, a) + S(y, y, a) + S(z, z, a), for all x, y,z,a £ X. 
The pair (A, S) is said to be an S-metric space. 

Example 1.2. [30] Let R be the real line. Then 



for all x,y,z £ R is an S-metric on R. This S-metric on R is called the usual S-metric 
on R. 

From the definition, we know that the S-metric space is a generalization of a G- 
metric space [17] and a D*-metric space [26]. That is, every G-metric is a £>*-metric, 
and every D*-metric is an S'-metric, but each converse is not true. 

Example 1.3. [30] For X = R, let we define 



Then d is a D* -metric, but it is not a G-metric. 
Example 1.4. [30] For A = R n , let we define 

S(x,y,z) = \\y + z - 2x\\ + \\y - z\\. 

Then S is an S'-metric, but it is not a _D*-metric. 

For the fixed point problem in generalized metric spaces, many results have been 
proved (see [1, 8, 14-16, 29, 31]). In [30], the authors have proved some properties 
of S-metric spaces. Also, they have been proved some fixed point theorems for a 
self-map in an S-metric space. 

Definition 1.5. [30] Let (A, S) be an S-metric space. For r > 0 and x £ A, we 
define the open ball Bs(x,r) and the closed ball Bs[x,r] with center x and radius r 
as follows. 



The topology induced by the S-metric is the topology generated by the base of all 
open balls in A. 

Definition 1.6. [30] Let (A, S) be an S-metric space. 

(1) A sequence {x n } C A is S-convergent to x £ A if S(x n , x n , x) — > 0 as n — > oo. 
That is, for all e > 0, there exists no £ N such that for all n> n 0 , S(x n , x n ,x) < 
e. We write x n — > x for brevity. 

(2) A sequence {x n } C X is a Cauchy sequence if S(x n , x n , x m ) — ¥ 0 as n,m — > 
oo. That is, for all e > 0, there exists n 0 € N such that for all n,m > n 0 , 

S(x n ,X n ,X m ) <C £. 



S(x, y, z) — \x — z\ + \y — z\ 



d(x, y, z) — \x + y — 2x\ + \x + z 



2y\ + \y + z-2x\. 



B s (x,r) = {y £ X : S(y,y,x) < r}, 
B s[x,r] = {y £ X : S{y,y,x) < r}. 
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(3) The S-metric space (X, S) is said to be complete if every Cauchy sequence in X 
is S-convergcnt. 

Lemma 1.7. [30] Let (X, S) be an S- metric space, Then, we have 

S(x,x,y) = S(y,y,x) 

for all x, y e X. 

Lemma 1.8. [30] Let (X, S) be an S-metric space. If x n — >• x and y n — > y then 

S(x n , x n , y n ) — > S(x,x,y). 

2 Common fixed point results 

In this section we give some fixed point results on S-mctric spaces. 

Definition 2.1. Let (X, Si) and (Y,S2) be two .S-metric spaces and T : X — > Y 
be a map. T is called sequentially convergent if {x n } is Si-convergent in X provided 
{Tx n } is 52-convergent in Y. 

Definition 2.2. Let (X, S) be an S-metric space and let / and g be maps from X 
into itself. The maps / and g are said to be weakly commuting if 

S(fgx,fgx,gfx) < S(fx,fx,gx) 

for each x € X. 

Definition 2.3. Let (X, S) be an S-metric space and let / and g be maps from X 
into itself. The maps / and g are said to be i?-weakly commuting if there exists a 
positive real number R such that 

S(fgx,fgx,gfx) < RS{fx,fx,gx) 

for each 

Weak commutativity implies i?-weak commutativity in an S'-metric space. How- 
ever, i?-weak commutativity implies weak commutativity only when R > 1. 

Example 2.4. Let X = R 2 . Let S be the S'-metric on X 3 defined as follows: 
S(x, y,z) = \\x — y\ \ + \ \y — z\\. Then (X, S) is an S— metric space. Define f(x, y) = 
(x 2 ,siny) and g(x,y) = (2x — l,siny). Then, we have 

S(fg(x, y), fg(x, y),gf(x, y)) 
= S(((2x - l) 2 , sin(siny)), ((2a; - l) 2 , sin(siny)), (2x 2 - 1, sin(siny))) 
= v /(2(^-l) 2 ) 2 = 2(a;-l) 2 
= 2S(f(x,y),f(x,y),g(x,y)) 
< RS(f(x,y),f(x,y),g(x,y)). 

Therefore, for R > 2, / and g are i?-weakly commuting. But / and g are not weakly 
commuting. 

Now we introduce and prove the main theorem in this paper. 

Theorem 2.5. Let (X, Si) be an S-mctric space, (Y, S2) be a complete S-metric 
space and let / and g be i?-weakly commuting self-mappings of X satisfying the 
following conditions: 
(a) f(X) C g(X)- 
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(b) / or g is continuous; 

(c) S 2 {Ffx,Ffx,Ffy) < kS 2 {Fgx,Fgx,Fgy)), where 0< k < 1 and F : X -> Y 
is one-to-one, continuous and sequentially convergent. 

Then there exists a unique common fixed point z £ X of / and g. 

proof. Let xq be an arbitrary point in X. By (a), there exists a point x\ in X 
such that fxo = gx\. Continuing in this process, we can choose x n+1 such that 
fx n = gx n+1 . Set y n = Ffx n . Then 

S 2 {y n ,y n ,y n +i) = S 2 (Ffx n ,Ffx n ,Ffx n+1 ) 

< kS 2 {Fgx n ,Fgx n ,Fgx n+ i)) 

= kS2(Ffx n - U Ffx n - U Ffx n )) 
= kS 2 (y n -i,y n -i,y n ) 

< k 2 S 2 (yn-2,yn-2,y n -i) 



< k n S 2 (y 0 ,yo,yi)- 

Thus for all n < to, we have 

S 2 {y n ,y n ,y m ) < 2S 2 (y ) + S 2 (y 

m 1 Urn i Un-^-l ) 

m Un i ]Jn-\-l ) + S 2 (y n+ i,y n+ i,y m ) 

< 2[k n + --- + k m - 1 ]S 2 (y 0 ,y 0 ,y 1 ) 
2k n 

Taking the limit as ti 7 to — ^ oo, we get S 2 (y n ,y n ,y m ) — > 0. This means that {y n } is 
a Cauchy sequence. Since (Y, S 2 ) is complete, the sequence {y n } converges to some 
y £ Y. Since F is sequentially convergent, {fx n } converges to some z £ X and also 
from the continuity of F, {Ffx n } converges to Fz. Note that {y n } converges to y, then 
y n = Ffx n = Fgx n+ i — > Fz = y. Also {gx n } converges to z in X. Let us suppose 
that the mapping / is continuous. Then lim^oo ffx n = fz and lim^oo fgx n = fz. 
Further, since / and g are i?-weakly commuting, we have 

Si(fgx n ,fgx n ,gfx n ) < RS 1 {fx n ,fx n ,gx n ). 

Taking the limit as n — > oo in the above inequality, we have 

Si(fz,fz, lim gfx n ) = lim S 1 (fgx n ,fgx n ,gfx n ) 

n—toc n—too 

< R lim S 1 {fx n Jx n ,gx n ) 

n— >oo 

= RSi(z,z,z) 
= 0. 

Hence, we get \im n gfx n = fz. We now prove that z = fz. By (c) 

S 2 (Ffz,Ffz,Fz) = lim S 2 (Fffx n ,Fffx n ,Ffx n ) 

n— >oo 

< k lim S 2 (Fgfx n ,Fgfx n ,Fgx n ) 

n— >oo 

= kS 2 {Ffz,Ffz,Fz)). 
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By the above inequality, we get Ffz = Fz. Since F is one-to-one, it follows that 
fz = z. Since f(X) C g(X), we can find z\ € X such that z = fz = gz\. Now, 

S 2 (Fffx n ,Fffx n ,Ff Zl ) < kS 2 (Fgfx n ,Fgfx n ,Fgz 1 )). 

Taking the limit as n — > oo, we get 

S 2 (Ffz,Ffz,Ff Zl ) = lim S 2 (Fffx n ,Fffx n ,Ff Zl ) 

n—too 

< k lim S 2 {Fgfx n ,Fgfx n ,Fgzi) 

n^-oo 

= kS 2 (Ffz,Ffz,Fg Zl )) 
= 0, 

which implies that Ffz = Ffz\, i.e., z — fz — fz\ = gz\. Also, we have 

Si{fzjz,gz) = S 1 {fgz 1 Jgz 1 ,gfz 1 ) < RS 1 (fz 1 ,fz 1 ,gz 1 ) = 0, 

which implies that fz = gz. Thus z is a common fixed point of / and g. 

Now, in order to prove uniqueness, let z' ^ z be another common fixed point of / 
and g. Then 

S 2 (Fz,Fz,Fz') = S 2 (Ffz,Ffz,Ffz') 

< kS 2 (Fgz,Fgz,Fgz') 
= kS 2 (Fz,Fz,Fz') 

< S 2 (Fz,Fz,Fz'), 

which is a contradiction. Therefore, Fz = Fz' , i.e., z — z' is a unique common fixed 
point of / and g. This completes the proof. 

Now we give an example to support our Theorem 2.5. 

Example 2.6. Let X = [l,oo), Y = R 2 and Si(x,y,z) = max{|a; — y\, \y — z\}, 
S 2 (x,y,z) = \\x— y\\+\\y— z\\. Then (X, Si) is an S'-metric space. Define /(x) = 2x— 1 
and g{x) = x 2 on X. It is evident that f(X) C g(X), f is continuous. 

Si{fgx,fgx,gfx) = 2\x - 1\ 2 = 2S 1 (fx, fx, gx) 

for all x e X, it is easy to see that / and g are R- weakly commuting for R > 2. 
If define F : X — »■ Y hy F(x) = (|, ^y^), then F is one-to-one, continuous and 
sequentially convergent. Also, we have 

Q (j?t JPf tPt \ c u 2x ~ l f ly- 1 2 V- 2 , t 2z ~ l 2 - ^ - 2 ^^ 

S 2 (Ffx,Ffy,Ffz) = S 2 ((^— , — ^— ), {—^— , — ^— ), (~ ^~ > ~ ^~ )) 



= - ?y) 2 + (* - ?y) 2 + v/(y - ^) 2 + (y - 

= V2(\x-y\ + \y-z\) 



and 



r, ,r, r, n N r, , / 2x 2 - 1 2x 2 - 2 . , 2y 2 - 1 2y 2 - 2 . . 2z 2 - 1 2z 2 - 2 XN 

S 2 (Fgx,Fgy,Fgz) = S 2 ((__, __), ( JL_ Jl__), (__ __)) 

= - y 2 ) 2 + (.t 2 - y 2 ) 2 + V(y 2 - ^ 2 ) 2 + (y 2 - z 2 ) 2 

= \/2{\x- y\\x + y\ + \y - z\\y + z\) 

> 2V2{\x-y\ + \y- z\) 

= 2S 2 (Ffx,Ffy,Ffz). 
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Therefore 

S 2 {Ffx,Ffy,Ffz) < kS 2 {Fgx, Fgy, Fgz), 

for k — \. Thus all the conditions of Theorem 2.5 are satisfied and 1 is a common 
fixed point of / and g. 

Corollary 2.7. Let (X, S) be a complete S-metric space and let / and g be R- weakly 
commuting self-mappings of X satisfying the following conditions: 

(a) f(X) C g{X); 

(b) / or g is continuous; 

(c) S(Ffx,Ffx,Ffy) < kS(Fgx, Fgx, Fgy), where 0 < k < 1 and F : X -> X is 
one-to-one, continuous and sequentially convergent. 

Then / and g have a unique common fixed point z e X. Moreover, if Ff = fF and 
Fg = gF then F, f and g have a unique common fixed point z£l. 

Proof. By Theorem 2.5, / and g have a unique common fixed point z <E X. Now we 
show that Fz — z. 

S(Fz,Fz,FFz) = S(Ffz,Ffz,FFfz) 
= S(Ffz,Ffz,FfFz) 
< kS(Fgz,Fgz,FgFz) 
= kS(Fz,Fz,FFz), 

it follows that FFz — Fz, hence Fz = z from the injectivity of F. 

Corollary 2.8. Let (X,S\) be an S-metric space, (Y, S2) be a complete S'-metric 
space and let / be a self-mapping of X satisfying the following conditions: 

(a) / is continuous; 

(b) S(Ffx,Ffx,Ffy) < kS{Ffx,Ffx,Ffy), where 0 < k < 1 and F : X -> Y is 
one-to-one, continuous and sequentially convergent. 

Then / has a unique fixed point zel. 

Corollary 2.9. Let (X, S) be a complete S'-metric space and let / and g be i?-weakly 
commuting self-mappings of X satisfying the following conditions: 

(a) f(X) C g{X); 

(b) / or g is continuous; 

(c) S(fxjxjy) < kS(gx,gx,gy)), where 0 < k < 1. 
Then / and g have a unique fixed point z£l. 

Proof. If set F = I identity map then by Corollary 2.7 follows that / and g have a 
unique common fixed point zeX. 

Corollary 2.10. Let (X, S) be a complete S'-metric space, F, f and <? be self- 
mappings of X and let Ff and be i?-weakly commuting satisfying the following 
conditions: 
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(a) Ff(X) C Fg(X); 

(b) Ff or Fg is continuous; 

(c) S(Ffx,Ffx,Ffy) < kS{Fgx, Fgx, Fgy)), where 0 < k < 1. 

If Ff — fF and Fg — gF, then F, f and g have a unique common fixed point zeX. 

Proof. By Corollary 2.9, Ff and have a unique common fixed point z G X . That 
is Ffz — Fgz — z. Now we show that fz = z. 

S(Fz,Fz,z) = S(FFfz, FFfz, Ffz) 

= S(FfFz, FfFz, Ffz) 

< kS(FgFz, FgFz, Fgz) 

= kS(FFgz, FFgz, Fgz) 

= kS{Fz,Fz,z), 

it follows that Fz = z, hence z = Ffz = fFz = fz. Similarly we can show that 
gz = z. This completes the proof. 
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ABSTRACT 

In this paper, we investigate the form of the solution of the following systems of difference equations 

™ _ X„_2 _ V-n-2 _ 

x "+l ±l+x„_ 2Z „_u/ 7l > _ ±l+y n _ 2 x n _iz n ' Zn + 1 ±l+Z n - 2 yn-lXn' 

with initial conditions are nonzero real numbers. 

Keywords: difference equations, recursive sequences, periodic solutions, system of difference equations, 
stability. 

Mathematics Subject Classification: 39A10. 



1. INTRODUCTION 

Difference equations appear naturally as discrete analogues and as numerical solutions of differential and delay 
differential equations having applications in biology, ecology, economy, physics, and so on. Although difference 
equations are very simple in form, it is extremely difficult to understand thoroughly the behaviors of their solution 
see [1]-[10] and the references cited therein. Recently a great effort has been made in studying the qualitative 
analysis of rational difference equations and rational difference system see [11-15]. 

There are many papers related to the difference equations system, for example, The periodicity of the positive 
solutions of the rational difference equations systems 

l _ j/„ i 

X n+1 — i^j Vn+1 — x„_iy„_i ' Z n+1 — 3~7 ' 
X n+1 = J^, Un+l — ^"fi z n+l = ■ 

has been obtained by Cinar et al. in [4], [5]. 

Elabbasy et al. [12] has obtained the solution of particular cases of the following general system of difference 
equations 

„ _ ai+a^Vn y _ b 1 z n - 1 +b 2 z rl _ c 1 z n - 1 +c 2 z n 

n+1 a3Z n +a4X n -iz n ' " n +l bsx rL y n +b4X n y n -i ' n+1 C3X n -iy n -i+C4X n -iy n -\-C5X n y n ' 

Kurbanli [26]- [28] investigated the behavior of the solutions of the difference equation systems 

l/ n _ix„-l' Zn + 1 z nVn i 

_ y n -i 



Xn+1 = 


Xn — l 


Vn+1 


x n -!y„-l ' 


X n +1 = 


Xri-l 


Vn+1 


x n -\y n -l ' 


Xn+1 = 


X„-l 


Vn+1 


x n -!y„-l ' 



y n - lX „-l> Zn + 1 - z n _iy n -l' 

yn 



_1 ) %n+l 



yn—ix n 1 z n —\y n 



In [32] Yalcmkaya investigated the sufficient condition for the global asymptotic stability of the following system 
of difference equations 

t n z n -\+a , z n t n -i+a 

Z ' n+1 ~ t„+z„-i ' ™ +1 _ 2„+t„-i ■ 
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In [34] Yalcinkaya et al. investigated the solutions of the system of difference equations 



„(1) _ 4 2) „(2) _ 4 3) Jk) _ *W 



Similar to difference equations and nonlinear systems of rational difference equations were investigated see [16]- 
[36]. 

In this paper we deal with the solution and the periodic nature of the following third order systems of a rational 
difference equations 

Xn-2 Vn-2 Z„_ 2 

J<n+1 - ±l +Xn _ 2Zn _ iyn i yn+1 ±l+y n _ 2Xn _ lZn ' - ±l+z n _ 2 i/„-ia;„ ' 

with initial conditions are nonzero real numbers. 

2. THE FIRST SYSTEM: X N+1 = _ 1+ x^a~i N _ lYN , Y N+1 = 1+Yn ^xI_ iZn i 



Zn+i 



Zn-2 

l+Z N _ 2 Y N _ 1 X N 



In this section, we get the solutions of the system of the difference equations 

™ _ Xn-2 _ Vn-2 _ ( 1 \ 

X ™ +1 -l+l„_ 2 2„-i»„' wn+l - l+y„_ 2 z„_ lZ „ ' Z n+1 - l+z n _ 2 y„_ lXn ' 

where n G No and the initial conditions are arbitrary nonzero real numbers with X-2Z-iyo 7^ 1,^ |, 
y- 2 x-iz a ^ ±1, ^ |, z_ 2 y-ia;o 7^ ±1. ~|- 

THEOREM 2.1. Suppose that {x n ,y n , z n } are solutions of system (1). Then the solution of system (1) are given 
by the following formula for n = 0, 1, 2, 

(-l)"a:_2(-l+33:_2Z-i3/o)" ^ — x_i (l+j/_2X_iZo)"(l-2^- 2 a:-iZo)" 

• i '6n-2 - (-l+x_ 2 Z-iyo) n (-l+2z-2Z-iyo) n ' x 6n-l (l-y_ 2 x_iz 0 )™ 

_ a;o(l+2z_ 2 y_ia:o)"(l-Z- 2 y-ia:o)" _ (-l)"z- 2 (-l+3a:- 2 Z-it<o)" 

X(in ~ (l+z_23/-ixo) n ' X6n+1 ~~ (-l+a;-2Z-iJ/o)"+ 1 (-l+2a;-2Z-iJ/o)"' 

_ -a-i(l+y- 2 a:-izo)' 1 + 1 (l-2i/_23;^iz 0 )" _ -x 0 (l+2z_ 2 y-i3: 0 )"+ 1 (l-z_ 2 y_ ixp)" 

J-6n+2 — (l-j/_ 2 x_iZo) n ' X6 ™+ 3 — (l+z_ 2 y_ia;o)"+ 1 ' 

_ y-2(l-y-2X-izg)" _ y-i(l+z- 2 y-iao)" 

f6n-2 (l+y_ 2£c _iz 0 )"(l-2?/_ 2 a;_iz 0 )™ ' »6n-l (l-z_ 2 y_ 1 a; 0 )«(l+2z_ 2 y_ 1 a ; o)" ' 

_ (-l)"yo(-l+z- 2 z-iyo)"(-l+2:E-2Z-ii/o)" _ y- 2 (l-y -2X-\z a ) n 

(-l+3a;_2Z-iyo)" ' « 6n+1 ~~ (l+y_2Z-izo)" +1 (l-2y_ 2 a;_ 1 z 0 )™ ' 

,. y- 1 (l+ Z -2y-ix 0 r+ 1 _ (-l)"yo(-l+a:- 2 z-iyo)"(-l+2x- 2 z-ij; 0 )"+ 1 

</6n+2 — (l- z _ 2 y_i£c 0 ) rl (l+2z- 2 y_ia;o)"+ 1 ' W 6 ™+ 3 (-l+3a;_2Z-iyo)™+ 1 ' 

Z_2 

Z6n-2 — Z-2, Z&n-l — z -l, Z$ n — Z07 z 6n+l — l+z- 2 y-ix 0 ' 

_ 3-l(-l+3:_2Z-ll/o) _ zp 

Z6 ™+2 _ (-l+2a;_2Z_iyo) ' Z(in + 3 ~ l-y- 2 x- 1 z 0 ■ 

Proof: For n = 0 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1. that is, 

(-l)"- 1 a;_2(-l+33;-2Z-iyo)"~ 1 _ x_i(l+t(-2a:-iZo)"~ 1 (l-2y-2a;_izo) T1 ~ 1 

x 6n-8 (-l+a:_2Z-iyo)' l - 1 (-l+2a:- 2 Z-iyo)"- 1 ' X 6ri-7 (l-y-ax-izo)™- 1 ' 

a; 0 (l+2z_ 2 y_ ia:o )' t - 1 (l-z_ 2 y_ ia;o )"- 1 _ (-l) n - 1 x-2(-l+Zx-2Z-iyo) n -~ L 

X 6n-6 ~ (l+z_ 2 y_ l2:o )"-i ' A 6n-5 — (-l+ a; _ 2 z_iyo)"(-l+2a ; _ 2 z_iyo)"- 1 ' 

-a:-i(l+y_ 2 a:-iZQ)"(l-2y 2 x-iz 0 ) rl ~ 1 _ -a;o(l+2z- 2 y_ 1 a;o)"(l-Z-2y-ia:o)"~ 1 

x 6n-4 (l-y-a^-izo)"- 1 ' x 6n-3 (l+z_ 2 y-ix 0 )™ 

„ y- 2 (i-y- 2 z-izo)"~ 1 _ -23/-1XO)"" 1 

y6n-8 (l+y_ 2 a;_izo) T '- 1 (l-2i/-2a;-izo)"- 1 ' «6n-7 (l-z-ay-ixo)"" 1 (l+2z_ 2 y_ 1 a; 0 )"- 1 ' 

(-i)"~ 1 yo(-i+^-2Z-iyo)"~ 1 (-i+2a_ 2 ^-iyo)"~ 1 „ _ ^(l-y-as-izo)"" 1 

yen-6 - (-l+3x_ 2 z_ 1 y 0 )"-i ' f6n-5 — (l + y_ 2 a;_iz 0 )''(l-2y_22:-lzo) n - 1 ' 

y-l(l + z -2!/-ixo)" _ (-l)"~ 1 yo(-l+^-2Z-iyo)"~ 1 (-l+2a:- 2 Z-iyo)" 

W 6 ™- 4 (l-z_ 2 y_ia;o)™- 1 (l+2^-2y-i : Eo)" ' y6 ™" 3 (-l+3x_2Z_iy 0 )™ ' 
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and 

Z-2 



ZQn-8 ~ Z-2, ZQ n --j — Z-i, ZQ n -Q — Zq, ZQ n -$ 

_ Z- 1 (-l+X- 2 Z-iyo) Zg 

Z bn-4 - (-l+2x_ 2 Z-i{/o) ' z bn-.i - l- y _ 2X _ lZo ■ 



1+Z-2V-1X0 ' 



It follows from Eq.(l) that 

_ ^6n-5 

6 ™ _2 ~~ -l+X 6 n-5Z6n-4j/6n-3 



(-l)"~ 1 ^-2(-l + 3^-2^-l«0)"~ 1 
(-l + x_ 2 ^_ 1 y 0 )"(-l + 2x_ 2Z _ 1 y 0 )"-l 

(_l)ra-l !c _ 2 (_ 1+ 3 x _ 2Z _ iyo )rt-l z 1 (-l+x_ 2 z_ 1 » 0 ) (-l)"- 1 v 0 (-l+x_2»-l»o) n ~ 1 (-l+2a'-2^-l»o) n > \ 
(-l + x_ 2 z_ 1 H 0 )' l (-l + 2x_ 2 z_ 1 y 0 )"-l (-l+2x_ 2 i_ lH0 ) ( - 1 + 3x _ 2 z _ j »q ) " ^ 

(-lr-^-aC-l+az-az-iyp)"- 1 1 

(-l+£c_2Z-i2/o)"(-l+2a;_25;-ii/o)"- 1 f_i + ^^2^i™_'| 

(-l)"~ 1 g-2(-l+3a:-2Z-iyo)"~ 1 1 ( -l+3a:_2Z-iyo \ 

(-l+x-^-^nW-l-t^x-^-ii/n)"- 1 J I, x -2»-l«0 \ I -l+3x_ 2 Z-lJ/0 J 

V (-l + 3x_ 2 z_ 1H0 ) / 

( — l)"~ 1 x_ 2 ( — 1+3x_2Z_i2/q)"~ 1 ( — l+3x- 2 z-i;/o) 
— (-l+£c_ 2 z_ij/o)"(-l+2a;-2Z_ii/o)" _1 (l-2x_ 2 z-i3/o) 

(-l)" 3 ;-2(-l+3x- 2 z-i^o)" = (-l)"x-2(-l+3x- 2 z-it/o)" 
(-l+a:_2Z_ii/o)"(-l+2a;-2Z-iyo)™ (-l+x_2Z-i3/o)* , (-l+2x_ 2 Z-i3/o) n ' 



Also, we see from Eq.(l) that 

V&n-b 

</6ra-2 — l+J/6n-5a;6„-4Z6„-3 



»_ 2 ( 1 -y-2 J; -i z o) T ' 1 

(l + »_2^-l^o)'*( 1 - 2 !'-2= : -l i o)" _1 



, , y-2( 1 -»-2 x -l"0)" 1 -x_ 1 (l + a_ 2 x_ 1 z 0 )"(l-2y_ 2 x_ 1 z 0 )" 1 gp 

(l + »_ 2 x_ 1 z 0 )"(l-2j,_ 2 x_ 1 z 0 )"-l (1-H_ 2 x„ 1 z 0 )"-1 l-y_ 2 *-l*0 



Then 



{ 

3/_2(l— 2/-2X_izq)" 1 1 ( l-y-2X-iz 0 \ 

fl+-i/-^»z-izn)"fl-2u_,a;_ 1 zn')"- 1 ( i «-2*-l»o N I l-y_ 2 x_iz 0 J 

V i-h_ 2 x_ 1 z 0 ; 

V-2(l-y-2a:-iZo) T1 ~ 1 l-y- 2 x- 1 z 0 

(l+y- 2 x-iz 0 ) 7l (l-2y- 2 x-iz 0 )"~ 1 (l-y- 2 X- 1 z 0 -y- 2 X-iz 0 ) " 

y-2(l-j/-2X_iz 0 )" 



2/6n-2 (l+y_ 2a; _ 1 z 0 )™(l-2y_ 2 x_ 1 zo)" ' 

Finally from Eq.(l), we see that 

ZGn— 5 



6n-2 — 



1 + ^6n-52/6n-4^6n-3 



l + z- 2 y-ia: 0 



1 | *= — 2 y-l( 1 + z 2 y_ix 0 )^ -x 0 (l + 2z_ 2 y_ 1 x 0 )"(l-z_ 2 y_ 1 a;o)^- 

+ l + z_ 2 y_ 1 x 0 (l-z_ 2 y_ 1 x 0 )*»- 1 (l+2z_ 2 y_ 1 x 0 )'» (l + I_2V-l«o)" 

Z-2 1 _ £_2 _ 

1+Z-23/-1XO A '-2»-l T ll A (1+Z_23/-1X 0 -Z_23/-1X 0 ) ~ 2 ' 

V i+z_ 2 y_ 1 x 0 / 

Similarly we can prove the other relations. This completes the proof. 

Lemma 1. Let {y n ,z n } be a positive solution of system (I), then every solution {y n ,z n } of system (I) is 
bounded and {y n } converges to zero. 

Proof: It follows from Eq.(l) that 

Vn+1 ~ l +ZnXn _ lVn _ 2 ^ Vn-2, Z n+ i - 1+XnVn _ lZn _ 2 ^ Z n - 2 - 

Then the subsequences {y3n-2}%Lo, {y3n-i}^Lo, {2/3™}^Lo> are decreasing and so are bounded from above by 
M = max{t/_ 2 ,?/- 1,2/0} and {z 3n - 2 }%L 0 , {z 3rl _i}^ 0 , {z 3 n}^ 0 : are decreasing and also, bounded from above by 
M = max{z_2, z_i,zq}. 
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Figure 1. 

Lemma 2. It is easy to see that {z n } periodic with period six. 

Lemma 3. If X-2,X-i, Xo, U-2, V-i, Vo, z -2, Z-i and Zo arbitrary real numbers and let {x n , y n , z„} are solutions 
of system (1) then the following statements are true:- 

(i) If X-2 = 0, y 0 # 0, z-i ^ 0, then we have x 6 „_ 2 = x 6n +i = 0 and y 6n = y 6n +3 = 2/0, z 6n+2 = Z-\. 

(ii) If x-i = 0, y-2 ^ 0, z 0 ^ 0, then we have x 6n _i = x 6n+2 = 0 and y 6n - 2 = y 6n +i = V-2, z 6ll+3 = z 0 . 

(iii) If x 0 = 0, y-i ^ 0, z_ 2 ^ 0, then we have x 6n = x 6n+3 = 0 and y Gn -i = Ven+2 = V-x, z en +t = Z- 2 . 

(iv) If y- 2 = 0, x-i ^ 0, z 0 ^ 0, then we have y 6n -2 = Vsm+i = 0 and x 6 „_i = a;_i, a; 6 n+2 = -a;_i, z 6 „ +3 = 

z 0 . 

(v) If y_i = 0, x 0 ^ 0, z_ 2 7^ 0, then we have yen-i = J/6n+2 = 0 and x 6 „ = 5C 0) ^6n+3 = -^o, Z6n+l = Z-i- 

(vi) If 2/ 0 = 0, x_ 2 7^ 0, z_i ^ 0, then we have y 6n = y 6n +3 = 0 and x (in - 2 = x 6n+1 = x_ 2 , z 6n+2 = Z-\. 

(vii) If z_ 2 = 0, x 0 ^ 0, y-i ^ 0, then we have z 6 „_ 2 = z en +i = 0 and x 6 „ = x 0 , x 6n+3 = -x 0 , y 6n -i = 
yen+2 =y-i- 

(viii) If Z-x = 0, x-2 7^0, jo / 0, then we have z 6 „_i = z 6n+2 = 0 and x 6n -2 = a^n+i = £_ 2 , yen = 

2/6n+3 = Vo- 

(ix) If z 0 = 0, x-i ^ 0, y-2 0, then we have z 6 „ = z 6ll+3 = 0 and x 6n -i = X-i, x 6n+2 = y 6 n-2 = 

yen+i = y-2- 

Proof: The proof follows from the form of the solutions of system (1). 

Example 1. We consider interesting numerical example for the difference system (1) with the initial conditions 
x-2 = 0.9, x-i = 0.4, x 0 = 0.3, y-2 = 0.21, y_ a = 0.7, y 0 = 0.13, z_ 9 = 1.9, Z- X = 0.6 and z 0 = 1.3. (See Fig. 
!)■ 

Example 2. See Figure (2) when we put the initial conditions X-2 — 0.9, x_i = 0.4, xo = —0.3, y_2 = —0.21, 
= 0.7, 2/0 — 0, z_ 2 = —1-9, z_i = 0.6 and zo = 1-3 for the difference system (1). 



3. THE SECOND SYSTEM: 

Y X N - 2 y Yn-2 y _ 

^N+l - -I+Xn-zZn^Yn' *N+1 - -l+y JV _ 2 X JV _ 1 Z JV ' *N+1 - i+z JV _ 2 y JV _ 1 x iV 



In this section, we study the solutions of the following system of the difference equations 

%n-2 _ Vn-2 z n-2 f0 \ 
x n+l — — > Vn+1 — — 7—. 7 z n+l — j ) 

-1 + x n -2Z n -iy n -1 + y n -2X n - 1 z n l + z n - 2 y n -ix n 
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plot of X(n+1)=X(n-2)/-1+X(n-2)Y(n)Z(n-1),Y(n+1)=Y(n-2)/1+Y(n-2)Z(n)X(n-1),Z(n + 1)=Z(n-2)/1+Z(n-2)X(n)Y(n-1) 



i ■ . i A -' I A , i :/ 1 A : ' / A . I - ' I A r . : 




Figure 2. 

where n £ No and the initial conditions are arbitrary non zero real numbers such that j/_2^-iJ/o 7^ 1; x-2D-iXq ^ 
1. 

Theorem 3.1. Suppose that {x n ,y n , z n } are solutions of system (2). Then the solution of system (2) are given 
by 



X3n~2 = 



(-l+nx- 2 Z-iyo) ' 



X3n-1 



_ (-l) n+1 x- 1 (-l+y- 2 x- 1 z a ) 



_ (-l)" +1 ;;-2(l + («-l)y-2a-iz 0 ) 
#3n-2 (-l+y- 2 x_ lZo ) 1 



(l + (n— l)y_2-r-lzo) ' 3 ™ (l+riz_ 2 y-ia;o) ' 

V3n-i = (-l) ra y_i(l + nz_ 2 y-ia;o), 



J/3r, 



(-i)"yo(i-("+i)^-2z-iyo) 

(l-a:-2Z_iy 0 ) 



^3n-2 — 



(l+n2_ 2 y-ix 0 ) ' 



Z3n-1 



z-i(-l+z-2Z-iyo) 
(-l+(n+l)a:_2Z-iyo) 



; ^-3ri 



(l+ny_ 2 a:-lzo) ' 



Proof: For ?i = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is, 

(-l)"z-2 _ (-l)"x-i(-l+y_ 2 3:-izo) (-l)"" 1 ^ 

x 3n-5 - (-l+fn-ljaj^sz-iyo)' X 3n-4 - (l+(n-2) 2 /_ 2 a : _ lZo ) ' x 3n-3 - (l + (n-l) Z _ 2 y_ ia:o ) ' 

y3n-5 - (-l+y_ 2X _ lZo ) ' 2/3n-4 — (,-J-J (.1 + (« ~ J-J Z-ZV-lXQ ), 

_ (-l)" -1 i/o(l-"^-2Z-iyo) 

W 3 ™- 3 (1-X_2*_1«0) 



_ z_2 — l+a;-2Z-ii/o) _ zo 

Z 3n-5 - (l + (n-l)z_ 2 y_ 1 x 0 )' Z 3n-4 - (-l+na^Z-ii/o) > z 3n-3 - (l + („-l) y _ 2 x_ lZo ) ' 



Now from Eq.(2) it follows that 

Xsn-S 



X3n-2 



-l+^3n-5Z3n-4y3n-3 



(-l)"-g- 2 
(-l + (n-l)>_ 2 z_l»|)) 



(-l) n »_2 ii!_l(-l+a:_2 a -lB0) »0 ( 1 - " x -2 2 - 1 «0 ) 

'(-l + (n-l)a;_ 2 s_ 1 yQ) ( - 1 + nx _ 2 i _ x y 0 ) ( 1 - x _ 2 s _ x y 0 ) 



(-lTz-2 



(-l+(n-l)a:-2Z-ij/o)(-l- 



l)x_2*_lV0) 



(l-(n-V)X-2Z-iyo—x-2Z-iyo) (-l+nx- 2 z^ 1 y 0 ) ' 
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(-l)"g-2(l + ("-2)V-2'-l'0) 

V3n-5 (- 1 + «-2 x -1^0) 

yZn-l — -l+y 3n - b X 3n - 4 Z 3n - 3 ~ ( , , (-i)"i/-2( 1 + ("-2)i/-2 3: -i*o) (~ 1)"*-! (-l+»-2*-l *p) zp 

V + (-l+!/_2*-l*o) (l + (n-2)y_ 2 x_ li() ) + 

(-l) n j/-2(l+(w-2)3/_ 2 a:-izo) 

( -i +3; -2x- 1 ,o)(-i + u+( :_- 1 2 ) ;:r/_ 1 , o) ) 

( — i)"y-2(i + (n—2)y-2X-iz 0 )(l + (n—l)y-2X-iz 0 ) 
(-l+y-2X-iz 0 )(-(l+(n-l)y-2X-iz 0 +y-2X-iz 0 ) 

(-l)"+ 1 j/-2(l + (»-l)y-2a:-i Zo ) 

(-1+J/_2X_12 0 ) ' 



and so, 



Z3n-5 



l+Z3n-5y3n-42:3n-3 



(l+(n-l)z_ 2H _ 1 x 0 ) 



('+ ( i + „-i;; i iM , 0 , (-')-Vi(i+(--i)^ i9 -i I ») TO ^ 



n— 1 , 



o_ 



Z—2 Z—2 

~ (l + („-l) Z _ 2y _ lK0 )(l+ TTTT7 ^™_ 7 ) _ (l+(n-l)«_ 2 W_lX0+*-2»-lX 0 ) - (1+TW-21/-1S0)- 

Also, we can prove the other relation. The proof is complete. 

Lemma 4. Let {z n } be a positive solution of system (2), then every the sequence {z n } is bounded and converges 
to zero. 

Lemma 5. If X-2, X-i, Xo, y~2, V-i, Vo, Z-2, Z-i an d z 0 arbitrary real numbers and let {x n ,y n , z n } are solutions 
of system (2) then the following statements are true:- 

(i) If x_ 2 =0, i/o 7^ 0, z_i ^ 0, then we have x 3 „_ 2 = 0 and y 3n = {-l) n y 0 , 2371-1 = z_i. 

(ii) If x_i = 0, y_ 2 7^ 0, z 0 i=- 0, then we have x 3n _i = 0 and y 3 n-2 = (-l)™2/-2, z- in = z 0 . 
(hi) If x 0 = 0, y-i ^ 0, z_ 2 7^ 0, then we have x 3n = 0 and y 3n -i = (-l) n y-i, 2 3 „_ 2 = 2_ 2 . 

(iv) If y_ 2 = 0, a;_i ^ 0, z 0 ^ 0, then we have y 3 „_ 2 = 0 and a; 3 „_i = (-l) n a;_i, z 3 „ = z 0 . 

(v) If y_i = 0, x 0 ^ 0, z_ 2 7^ 0, then we have y 3n -i = 0 and x 3n = (-l) n x 0 , z 3 „_ 2 = 2_ 2 . 

(vi) If j/o = 0, x_ 2 7^ 0, z_i 7^ 0, then we have y 3n = 0 and x 3 „_ 2 = (-l) n X- 2 , z 3rl _i = 2_i. 

(vii) If z_ 2 = 0, x 0 ^ 0, 7^ 0, then we have z 3 „_ 2 = 0 and x 3n = (-l) n x 0 , y 3n -i = (-l) n 2/-i- 

(viii) If z-i = 0, x_ 2 7^ 0, yo 7^ 0, then we have 2 3 „_i = 0 and x 3n - 2 = (-l)"a;_ 2 , 2/3™ = (-l) n yo- 

(ix) If z 0 = 0, X-! ^ 0, 2/-2 7^ 0, then we have 2 3rl = 0 and a; 3 „_i = (-l)"a;_i, 2/3n-2 = (-l)"2/-2- 

Example 3. Figure (3) shows the behavior of the solution of the difference system (2) with the initial conditions 
.T_ 2 = 0.9, a;_i = 0.4, x 0 = 0.3, 2/-2 = 0.21, = 0.7, y 0 = 0, z_ 2 = 1-9, Z-i = 0.6 and z 0 = 1-3. 

4. THE THIRD SYSTEM: A^/v+i = ttt — — xt - , ^W+i = ttv — — v~ i 

7 -ZjV-2 

^N+l - -I+Zm^Ym^Xm 
In this section, we obtain the form of the solutions of the system of three difference equations 

Xn-2 y n -2 Z n -2 /„n 
x n+l — -7— , 2/n+l — T~. i Z n +1 — — — , (O) 

l + x n - 2 z n -iy n l + y n -2X n -\z n -1 + z n - 2 y n -\x n 

where n G No and the initial conditions are arbitrary nonzero real numbers such that x- 2 z-iy 0 ^ ±1,^ |, 
2-22/-i^o ^ 1,^, I ^ I and j/_ 2 a;_iZo 7^ ±1j 7^ 

The following theorem is devoted to the expression of the form of the solutions of system (3). 
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plot of X(n+1)=X(n-2)/-1+X(n-2)Y{n)Z(n-1 },Y(n+l )=Y(n-2)/-l +Y(n-2)Z(n)X(n-l ),Z(n+1 )=Z(n-2)/1+Z(n-2)X(n)Y{n-1) 
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Figure 3. 



Theorem 4.1. // {x n ,y n , z n } are solutions of difference equation system (3). Then every solution of system 
(3) are takes the following form for n = 0, 1, 2, 



X(5n-2 
XQn 
XQn+2 



X-2(-l+X-2Z-iyo) r ' 



XQn— 1 



(l+a;_2 2-iyo)"(-l+22;_2 2-lJ/o) 

( — l)"^o( — l + z- 2!/- l^o )"(— 1+2^-2 jZ-i^o) 
(-l+3z_ 2 y-ia;o)" 

(-l)"z-i(l+y- 2 x_ 1 z 0 )"+ 1 



(-l+a-2K-i2o)"(l+2y_23:-izo)"+ 1 ' 



(-l)"a;-i(l+y- 2 a;-iz 0 )" 
(-l+a- 2 a:-l2o)"(l+2j/-2a:-l2o)" ' 
„ _ Z-2(-l+a:-2Z-iyo)" 

X6rl+1 - (l+x_2Z-iy 0 )" +1 (-i+2^-2Z-iyo)™ ' 

_ (-l) 71 a:o(-l+2z-2t(-i3:o)'' +1 (-l+z_2y^ia:o)" 
(-l+3z_ 2 y_ia;o)™ +1 



and 



z 6n-2 
~6 n 



V6n-2 



V-2, V6n-l=y-l, V6n=yo, 



fJ — 2 

VSn+l ~ (l +y _ 2 a;_iz 0 )' 



y_i(— l+z_ 2 y-i^o) yo 

Wn+2 ~~ (-l+2z_ 2 y-lzo) ' ^+3 - (l- x _ 2Z _ iyo ) I 



(-l)"z-2(-l+3z- 2 »/-ia; 0 )'' 



?! j z 6n—l 



(-l+z_ 2 y-l3:o)"(-l+2z_2y-l2;n) 
(-l)"z 0 (-l+y_2 3:-iZo)"(l+2y-2 3:-iZo) 
(l+y_2a;-izo)™ 



__ z_i(l+a:-2Z-i»/o)"(-l+23:-2Z-iyo) r ' 
(— l+x-22-12/0)™ 



_ (-l)' 1 Z-2(-l+3z-2y-ia:o)" 
"' Z6n+1 (-l+z-2y-i^o)" +1 (-l+2z-2y-ia;o)"' 



_ -z^i(l+a;„2Z-iyo)" +1 (-l+2a- 2 Z-iyo)" 
^6n+2 — (-l+x_ 2 Z-iJ/o) n ' ^6n+3 



(-l)"+ 1 zo(-l+y_ 2 3:-iZo)"(l+2y_2a:_iz 0 ) n + 1 
(l+y_22;-izo) r *+ 1 



Proof: As the proof of Theorem 2.1 and so will be omitted. 

Lemma 6. Let {x n , y n , z n } be a positive solution of system (3), then the sequences {x n ,y n } are bounded and 
{x n } converges to zero. 

Lemma 7. It is easy to see that {y n } periodic with period six. 

Lemma 8. If x_2, Xq, y- 2 , V-i, yo, z -2, Z-i and Zq arbitrary real numbers and let {x n , y n , z n } are solutions 
of system (3) then the following statements are true:- 

(i) If X-2 =0, y 0 ^ 0, z-i ^ 0, then x 6n - 2 = x 6n +i = 0 and y en+3 = y 0 , z 6n -i = z_i, z Sn+2 = -Z-\. 

(ii) If = 0, y_ 2 7^ 0, z Q ^ 0, then x 6n -i = x 6n+2 = 0 and y Gn +i = V-2, z 6n = z 0 , z 6n+3 = -z 0 . 
(hi) If x 0 = 0, y_i ^ 0, z_ 2 ^ 0, then x 6n = x en+3 = 0 and y 6n+2 = V-i, z 6n - 2 = z_ 2 , ^6«+i = -Z-2- 

(iv) If y_2 = 0, x_i ^ 0, z 0 7^ 0, then 7/ 6 ,i.-2 = 2/6«+i = 0 and CEen-l = x 6n+2 = X-i, z 6n = z 0 , z 6n+3 = -z 0 . 

(v) If y_i =0, x 0 ^ 0, z_2 7^ 0, then y en -i = Ven+2 = 0 and x 6rl = i 6 «+3 = ^o, Z6«-2 = Z-2, z &n+1 = 

-Z-2- 
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Figure 4. 

(vi) If y 0 = 0, x_ 2 # 0, Z-i ^ 0, then y 6n = y Gn+3 = 0 and x 6n - 2 = x 6n+1 = x_ 2 , z&n-i = Z-i, z &n+2 = 

-Z-\. 

(vii) If z_ 2 =0, x 0 ^ 0, y-x ^ 0, then z 6n - 2 = Zen+i = 0 and x 6n = x 6n+3 = x 0 , yen+2 = V-t- 

(viii) If z-i = 0, x_ 2 7^0, yo 7^ 0, then z 6 „_i = z 6n+2 = 0 and x 6n - 2 = x en+ i = £_ 2 , 2/6n+3 = 2/0- 

(ix) If z 0 = 0, x_i ^ 0, y_2 7^ 0, then z 6n = z 6n+3 = 0 and x 6n -i = x 6ll+2 = sc_i, y 6 n+i = 2/-2- 

Example 4. See Figure (4) for an example for the system (3) with the initial values X- 2 = 0.9, X-i = 0.4, xq — 
0.1, y- 2 = 0.2, y_i = 0.7, y 0 = 0.16, z_ 2 = 0.5, z_i = 0.13 and z 0 = 0.3. 

5. THE FOURTH SYSTEM: 

V j£jV-2 y yjV-2 7 Z N ^2 

^N+l - i+Xn-zZn^Yn' *N+1 - -l + Y N - 2 X N -xZ N ' ^W+l ~ -l+^jv-z^JV-i^JV 
In this section, we investigate the solutions of the system of three difference equations 

Xn-2 Vn-2 Zn-2 /.x 

1 + X n - 2 Z n -iy n -1 + y n -2X n -lZn -1 + Zn-2Dn-lXn 

where n = 0,1,2,..., and the initial conditions are arbitrary non zero real numbers with z_ 2 i/_i2o 7^ 1 and 
y- 2 x-iz 0 ^ 1. 

Theorem 5.1. Assume that {x n ,y n , z n } are solutions of system (4)- Then for n = 0, 1, 2, 

T ,, „ - 5=2 T , , - s-i(-l+2/-23:-izo) _ 5o 

^371-2 l+nx- 2 z- iy0 ' ■''Sn-l (-l + ( n +l) !/ _ 2a; _ lZo ) > x 3n — i+„z_ 2y _ ia;o > 

(-i)" +1 y-2 _ (-i)"+ 1 y-i(-i+z- 2 y-i 3:o ) 

"3ti 2 — l+ny_2^-i^o ' ^ n (l + (n— l)2_2y-ia;o) 5 



and 



U3n 

Z'An-2 
Z3n 



(-l)"2/o 
l+nx- 2 z-iy 0 ' 



(-l)" +1 z_ 2 (l + (n-l)z„2i/-ia:o) _ _ / i\ra„ i „„ _ „. \ 

(_i +z _ 2l/ _ ia:o ) , z 3n-i - [-1) z-i(l +nx- 2 z-iy 0 ), 



(-I+Z-2V-1X0) 
(— l)"z 0 ( — l + (ra+l)j/_ 2 g:-iZo) 



Proof: As the proof of Theorem 2 and so will be omitted. 

Lemma 9. Let {x n , y n , z n } be a positive solution of system (4), then the sequences {x n } are bounded and 
converges to zero. 
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Figure 5. 



Example 5. We assume the initial conditions x_ 2 = —1-9, x_i = 1.4, x 0 = —1.1, y-2 = 0.2, y_ 1 = —1.7, y 0 = 
0.16, z_ 2 = —1.5, z_i = 0.13 and z 0 = —1.3, for the difference system (4), see Fig. 5. 
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Abstract 



The concepts of A-equi-statistical convergence, A-statistical pointwise convergence and A-statistical 
uniform convergence for sequences of functions were introduced recently by Srivastava, Mursaleen and 
Khan [Math. Comput. Modelling, 55 (2012) 2040-2051.]. In this paper, we apply the notion of A- 
equi-statistical convergence to prove a Korovkin type approximation theorem by using test functions 
1, j 9 ^, (y^;) 2 an d apply our result for the Bleimann, Butzer and Hahn [4] operators. We also study 
the rate of A-equi-statistical convergence of a sequence of positive linear operators. 



Keywords and phrases: Statistical convergence; A-Statistical convergence; equi-statistical conver- 
gence; A-equi-statistical convergence; positive linear operators; Korovkin type approximation theorem. 
AMS subject classification (2000): 41A10, 41A25, 41A36, 40A30, 33C45. 



1. Introduction and Preliminaries 



The following concept of statistical convergence for sequences of real numbers was 
introduced by Fast [7]. 

Let K C N and K n = {j e K : j < n}, where N is the set of natural numbers . 
Then the natural density of K is defined by 



S(K):= lim 



n— ¥oo fl 



if the limit exists, where \K n \ denotes the cardinality of the set K n . 

A sequence x = (xj) of real numbers is said to be statistically convergent to the 
number L if, for every e > 0, the set 

{j : j G N and \xj - L\ > e} 

has natural density zero, that is, if, for each e > 0, we have 

lim — \{j : j < n and \xj — L\ > e}| = 0. 
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The concept of A-statistical convergence was studied in [14], [1] and [12] and further 
applied for deriving approximation theorems in [3], [5], [6], [13] and [15]. 

Let A = (A n ) be a non-decreasing sequence of positive numbers tending to oo such 
that 

A n +i < A n + 1 and Ai = I. 

Also let 

I n = [ n - \ n + 1, n] and K C N. 
Then the A- density of K is defined by 

6 X (K) = lim ^-\{j :n-A n + l < j <n and j e K}\. 

Clearly, in the special case when A n = n, the A-density reduces to the above-defined 
natural density. 

The number sequence x = (xj) is said to be X- statistically convergent to the number 
L if, for each e > 0, 

Sx(K € ) = 0, 

where 

K e = {j : j e I n and \xj - L\ > e}, 
that is, if, for each e > 0, 

lim ^-\{j : j e I n and \xj - L\ > e}\ = 0. 

In this case, we write 

stA- lim x n = L 

n— >oo 

and we denote the set of all A-statistically convergent sequences by S\. 

The concept of equi-statistical convergence was introduced by Balcerzak et al. [2] 
and was subsequently applied for deriving approximation theorems in [8], [9] and [10]. 
In [16], the concepts of A-equi-statistical convergence, A-statistical pointwise conver- 
gence and A-statistical uniform convergence for a sequence of real- valued functions were 
introduced. Further the notion of A-equi-statistical convergence was used to prove a 
Korovkin type approximation theorem. In this paper, we prove such type of theorem 
by using the test functions 1, and (j^:) 2 - 

Let / and f n (n G N) be real-valued functions defined on a subset X of the set N 
of positive integers. 

Definition 1.1. A sequence (/„) of real- valued functions is said to be \-equi- statistically 
convergent to / on X if, for every e > 0, the sequence (^(e, ^)) ngN of real- valued func- 
tions converges uniformly to the zero function on X, that is, if, for every e > 0, we have 

lim ||-S' n (e,a;)||c(x) = 0, 

n—>oo 

2 
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where 

S n (e,x):=^\{k:kel n and \f k (x) - f(x)\ > e}\ = 0 

and C(X) denotes the space of all continuous functions on X. In this case, we write 

fn^f (A-equi-stat). 

Definition 1.2. A sequence (f n ) is said to be A- statistically pointwise convergent to 
f on X if, for every e > 0 and for each x G X, we have 

lim ^-\{k : k e I n and | f k (x) - f(x) \> e}\ = 0. 

In this case, we write 

fn — > f (A-stat). 

Definition 1.3. A sequence (/„) is said to be A- statistically uniform convergent to / 
on X if (for every e > 0), we have 

l im _L|{fc: kel n and \\f k - f\\ c(x) > e}\ = 0. 
In this case, we write 

f n =tf (A-stat) 

Definition 1.4 (see [10]). A sequence (/„) of real-valued functions is said to be equi- 
statistically convergent to / on X if, for every e > 0, the sequence (P n)£ (x)) N of 
real-valued functions converges uniformly to the zero function on X, that is, if (for 
every e > 0) we have 

lim \\P n ,e( x )\\c(x) = 0, 

n—>oo 

where 

P nt£ (x) = -\{k : k^n and \f k (x) - f(x)\ > e}\ = 0. 
In this case, we write 

/n ~* / (equi-stat). 

The following implications of the above definitions and concepts are trivial. 
Lemma 1.1. Each of the following implications holds true: 



(A-stat) =^ f n -w / (A-equi-stat) =>■/„->/ (A-stat). 

Furthermore, in general, the reverse implications do not hold true. 

Example 1.1. Let A = (A n ) be a sequence as described above and consider the 

sequence of continuous functions f r : [0, 1] — > R (r G N), defined as follows: 

1 



r + lr[x x + 



r+l/\ r+1 



/r(aO = < 



+ 1 

(otherwise). 
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Then, for every e > 0, we have 

1 



A r , 



\{r:rel n and \f r {x)\ > e}| 



An 



(n — > oo) 



uniformly in x. This implies that / r ~* 0 (A-equi-stat). But, since sup |/ r (^)| = 

x6[0,l] 

1 (r G N), we conclude that the following condition: f r — 10 (A-stat) does not hold 
true. 

Example 1.2. Let A„ = [\/n\ and consider the sequence of continuous functions 

/ r :[0,l]->R {fr(x) = x r (r G N)). 
If / is the pointwise limit of / r (in the ordinary sense), then 

fr ->■ / (A-stat), 

but the condition: 

fr~*f (equi-stat) 

does not hold true. Let us take e = \. Then, for all n G N, there exists r > N such 
that 



so that 



m G [n - [A n ] + 1, n\ and x G ( {/-,!), 



|/ m (^)| = |x m |> 



> 



1 

2" 



2. Main Result 



Let C[a, 6] be the linear space of all real- valued continuous functions / on [a, b] and 
let T be a linear operator which maps C[a, b] into itself. We say that T is positive if, 
for every non-negative / G C[a, 6], we have 

T(f,x)>0 (xe[a,b\). 

We know that C[a, b] is a Banach space with the norm given by 

WfhaM := sup |/(x)| (feC[a,b\). 

xe[a,b] 

The classical Korovkin approximation theorem states as follows [11]. 

Let {T n } be a sequence of positive linear operators from C[a,b] into C[a, b]. Then 

lim||T„(/,x) - f(x)\\ c[aM =0 (/ G C[a,b}) 

n 

^ limHT^C/^x) - e ,(x)|| c[a5b] =0 (z = 0,1,2), 
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where 

e l {x)=x l (2 = 0,1,2). 

In [16] , the following result was proved which is an extension of the result of Karaku§ 
et al. [10]. 

Theorem 2.1. Let X be a compact subset of the set K. of real numbers. Also let {L n } 
be a sequence of positive linear operators from C(X) into itself. Then, for all f G C(X), 
L n {f) ~* /(A-equi-stat) on X if and only if L n {ei) ~* ej(A-equi-stat) on X. 

In this paper, we prove such type of theorem by using the test functions 1, and 

Let K = [0, oo) and Cb(K) denote the space of all bounded and continuous real 
valued functions on K equipped with norm 

\\f\\c B (K) := sup [/(*)[, feC B (K). 
xeK 

Let H U (K) denote the space of all real valued functions / on K such that 

I /«-/<«> I**/; liri-iTil). 

where oj is the modulus of continuity, i.e. 

u>(f;6)= sup {\f( s )-f( x )\ : \s - x \< 5} (5>0). 

s,x&K 

It is to be noted that any function / G H U (K) is bounded and continuous on K, 
and a necessary and sufficient condition for / G H^K) is that 

limw(/;<J) = 0. 

We prove the following theorem. 
Theorem 2.2. Let {L n } &e a sequence of positive linear operators from H W (K) into 
C B (K). Then, for all f G 

L n (/) - /(A-equi-stat) (2.1) 

z/ and on/y z/ 

Ln(fi) - ^(A-equi-stat) (i = 0, 1, 2), (2.2). 

w;zt/j 

0o(a:) = 1, £i(z) = — — and g 2 (x) = (— — ) 2 . 

1 + x 1 + x 

Proof. Since each of the functions / belongs to H^K), conditions (3.2) follow im- 
mediately. Let g G H U (K) and x G K be fixed. Then for £ > 0 there exist 5 > 0 such 
that | /(s) — f(x) |< £ holds for all s G if satisfying [^ — ^| < <5. Let 

x 



K{8) :={seK: |- |< 5}. 

w 1+s 1 + x 1 J 



5 
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Hence 

I /(«) - f{x) H f(s) - f(x) \ XK(S) ( S ) + | f(s) - f(x) \ XKXKW (s) 

<e + 2N XK ^ S){s) , (2.3) 

where xd denotes the characteristic function of the set D and N = \\f\\c B {K)- Further 
we get 

xW> < l 2 (^- s - ^ (2-4) 
Combining (2.3) and (2.4), we get 

l/W-ZMI^ + f^-^) 2 («) 

After using the linearity and positivity of operators {L n }, we get 

| L n (f;x) - f(x) \<e + M{\ L n (g 0 ;x) - g 0 (x) \ + \ L n (gi,x) - gi{x) \ 

+ | L n (g 2 ; x) - g 2 {x) | + | L n (g 3 ; x) - g 3 (x) \ }, (2.6) 

which implies that 

2 

\L n (f; x) - f(x)\ <e + Bj2 M<7i; x) - gi (x)\, (2.7) 

i=o 

where M := e + N + Now for a given r > 0, choose e > 0 such that e < r. 
Then, for each % = 0,1,2, set ip n (x,r) := \{k G I n : \Lk(f',x) — f(x)\ > r}\ and 
4>i, n (x,r) := \{k e I n : \L k ( gi ;x) - gi{x)\ > r f£}\ for (i = 0,1,2), it follows from (2.7) 

2 

that ip n {x,r) < J2i } i,n( x > r )- Hence 

i=o 

\\M-i r )\\c B (K) < J^f \\lpi,n(; r )\\c B (K) \ ^ 

An \ A n y 

Now using the hypothesis (2.2) and the Definition 1.1, the right hand side of (2.8) 
tends to zero as n — > oo. Therefore, we have 

r Un(-,r)\\c B (K) ^„ 

hm = 0 tor every r > 0, 

n-¥oo \ n 

i.e. (2.1) holds. 

This completes the proof of the theorem. 

3. An Application 

We shall apply our result for the following Bleimann, Butzer and Hahn [4] opera- 
tors: Let 

6 
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be a sequence of positive linear operators from H U (K) into Cb(K), K = [0, oo) and 
n G N. Then, for all / G H U (K), 



Since 



it is easy to see that 



B n (f) ~* /(A-equi-stat). 



= 1 = ^o(^)- 



Also by simple calculation, we obtain 



and 



B n (fi] x) = — ^— ( —J— J ->■ —J— = g^x), 
n + 1 \1 + x / 1 + x 



n(n — 1) f x \ 2 n fx 



B n (f 2 ;x) = -^—4 — + 



(n + 1) 2 \l + xj (n+1) 2 \l + x 

"> (j^ = *<*>■ 

Therefore 

B n (fi; x) -> gfa) (n ->■ oo) (i = 0, 1,2), 
and cosequently, we have 

^n(/i) ~* ft(A-equi-stat) (i = 0, 1, 2). 

Hence by Theorem 2.2, we have 

B n (f) *** /(A-equi-stat). 

4. Rate of A— equistatistical convergence 

In this section we study the rate of A-equi-statistical convergence of a sequence of 
positive linear operators as given in [16]. 

Definition 4.1. Let (a n ) be a positive non- increasing sequence. A sequence (/„) is 
equi-statistically convergent to a function / with the rate o(a n ) if for every e > 0, 



7 
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uniformly with respect to x G K or equivalently, for every e > 0, 

lim l|A " ( " e)l1 ^ = 0, 

n-too a n 

where 

A n (x,e) := — \{kel n :\ f k (x) - f(x) \> e} |= 0. 

An 

In this case, it is denoted by f n — / = o(a n )) (A-equi-stat) on K. 

We have the following basic lemma. 

Lemma 4.1. Let (f n ) and (g n ) be sequences of function belonging to C(X). Assume 
that f n — f = o(a n ) (\-equi-stat) on X and g n — g = o(b n ) (\-equi-stat) on X . Let 
c n = max{a n , b n } . Then the following statement holds: 

(*) (fn + 9n) ~ (/ + g) = o{c n ) ( \-equi-stat) on X , 

(n) (fn - f)(g n -g) = o(a n b n ) ( X-equi-stat) on X, 

(Hi) /i(f n — f) — o(a n ) (\-equi-stat) on X for any real number /i, 

(iv) \/L/n — f \ — °( a n) ( X-equi-stat) on X. 

We recall that the modulus of continuity of a function / e H U (K) is defined by 
u>(f;6)= sup {\f(s)-f(x)\ : \s - x \< 5} (5>0). 

s,x£K 

Now we prove the following result. 

Theorem 4.2. Let X be a compact subset of the real numbers, and {L n } be a sequence 
of positive linear operators from H U (K) into Cb(K). Assume that the following con- 
ditions hold: 

(a) L n (g 0 ;x) — go = o(a n ) (X-equi-stat) on K, 

(b) u}(f,8 n ) = o(b n ) (X-equi-stat) on K , where 8 n (x) = a/ L n ((j) 2 ; x) 
with (f>(x) = (j^ — yJ^) . Then for all f G H U (K), we have 

L n (f) ~ f — °( c n) (X-equi-stat) on K, 
where c n = max{a n ,6 n }. 



8 



777 



Abdullah Alotaibi et al 770-779 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

Proof. Let / G H W (K) and x E K. Then it is well known that, 

\L n (f;x) - f(x)\ < M\L n (g 0 ;x) - g 0 (x)\ + (L n (g 0 ;x) + y/L n (g 0 ;x))u(f,5 n ), 
where M = \\f\\H„(K)- This yields that 

\L n (f;x)-f(x)\ < M\(L n (g 0 ;x)-g 0 (x)\+2uj(f,5 n ) 

S n ) | (L n (g 0 ; x) - g 0 (x) | + 5 n ) ^J\(L n (g 0 ;x) - g 0 (x)\. 

Now using the conditions (a), (b) and Lemma 4.1 in the above inequality, we get L n (f ) — 

f = o(c n ) (A-equi-stat) on K. 

This completes the proff of the theorem. 
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ON THE INTERVAL- VALUED PSEUDO-LAPLACE TRANSFORM BY 
MEANS OF THE INTERVAL- VALUED PSEUDO-INTEGRAL 
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Abstract. Pap and Ralevic (1998) introduced the pseudo-Laplace transform and proved 
the analog of exchange formula. Jang (2013) defined the interval-valued generalized fuzzy 
integral by using an interval- representable pseudo-operations and Jang (2014) defined the 
interval- valued g-integral. 

In this paper, by using the concept of the interval-valued pseudo-integral, we define 
interval-valued pseudo-Laplace transform. Furthermore, we investigate pseudo-exchange 
formula and inverse of pseudo-Laplace transform. 



1. Introduction 

Many researchers [3,4,15,16,17,18,19,21,22] have studied the theory of the pseudo-integral, 
for examples, fuzzy integrals, generalized fuzzy integral, and generated pseudo-integral, etc. 
Aubin [1], Aumann [2], Grbic et al. [5], Grabisch [6], Guo and Zhang [7], Jang [7-14], and 
Wechsclberger [20] have been researching various integrals of measurable multi-valued func- 
tions which are used for representing uncertain functions. 

Pap and Ralevic [17] introduced the pseudo-Laplace transform and proved the analogue of 
exchange formula. They also discussed inverse of pesudo-Laplace transform. 

The purpose of this paper is to define the interval-valued pseudo-Laplace transform and 
investigate some characterizations of them. Furthermore, we also investigate pseudo-exchange 
formula and inverse of pseudo-Laplace transform. 

The paper is organized in five sections. In section 2, we list definitions and some proper- 
ties of the pseudo-integral and the pseudo-Laplace transform by means of the corresponding 
pseudo-interval. We also discuss the special forms of the pseudo-Laplace transform. In section 
3, we define the interval- valued pseudo-Laplace transform and investigate some characteriza- 
tions of them. Furthermore, we discuss the special forms of the interval- valued pseudo-Laplace 
transform. In section 4, we prove pseudo-exchange formula of the special forms of interval- 
valued pseudo-Laplace transform and discuss inverse of them. In section 5, we give a brief 
summary results and some conclusions. 



1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68. 

Key words and phrases. <r-®-dccomposable measure, pseudo-integral, pseudo-Laplace transform, pseudo- 
exchange formular, interval-representable pseudo-operations, interval-valued pseudo-Laplace transform . 

1 



792 



JEONG GON LEE et al 792-803 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO. 5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



jeong gon lee and lee-chae jang 
2. Definitions and Preliminaries 



In this section, wc introduce a pseudo-addition and a pseudo- multiplication. Let [a, b] be 
a closed (in some cases can be considered semiclosed) subinterval of R = [—00,00]. The full 
order on [a, b] will be denoted by ;<. 

Definition 2.1. ([3,4,5,12-19,21,22]) (1) The pseudo-addition © is an operation 0 : [a, b] x 
[a, b] — ► [a, 6] which is commutative, non-decreasing with respect to that is, x ~< y implies 
x © z -< y © z for all z e [a, 6], associative, and with a zero (natural) element denoted by 0, 
that is, for each x e [a, 6], 0 © x = x holds (usually 0 is either a or b). 

(2) The pseudo-multiplication 0 is an operation 0 : [a, b] x [a, b] — ► [a, 6] which is com- 
mutative, positively non-decreasing with respect to ^, that is, x -< y implies x 0 z -< y 0 z 
for all z e [a, 6]+, associative, and there exists a unit element 1 € [a, 6], that is, for each 
a; G [a, 6], 1 0 x = x, where [a, b] + — {x\x e [a, 6], 0 ^ x}. 



Definition 2.2. ([16,17,21,22]) (1) Let X be a set and M be a a -algebra of subsets of X. 
An elementary measurable function e is a mapping e : X — > [a, b] if it has the following 
representation : 

e(x) = ®^ 1 a i QxA t (x), (1) 

where at <G [a, b], Af £ A4 for i = 1, 2, • • • , x £ X, and pseudo-characteristic function \A of A 
is defines by 

1 for x e A 
0 for x(jLA. 

(2) The pseudo-integral of an elementary function e with respect to the a — ©-decomposable 
measure /i is 



Xa(x) 



f 



eQd[i = ffi^a, 0 fj,(Ai) (2) 



where Ai e M. disjoint if © is not idempotent. (3) The pseudo-integral of a measurable 
function / : X — ► [a, b] is defined by 

/© /■© 
f Q d[i = lim / e„ 0 d/it (3) 

where {e„} is the sequence of elementary functions with linin^oo e„ = /. 
(4) A measurable function / is said to be integrable if J / 0 d/j, is finite. 

Let (X,+) be a commutative group for X C M and ([a,6],©,0) be a semiring. We also 
consider the pseudo-Laplace transform of a function. 

Definition 2.3. ([17]) (1) The semiring B(X, [a,b]) is the set of all bounded (with respect 
to the order in [a, b]) functions. 

(2) The space L\{X) is the set of Lebesgue integrable functions which satisfy the condition 
J x \f{x)\dx< +00. 

(3) The pseudo-character of the group (X, +), X ciisa map £ : X — > [a, 6], of the group 
(X, +) into semiring ([a, 6], ffi, 0), with the property 

Z(x + y)=Z(x)GZ(y), x,yeX. (4) 
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(4) The pseudo-Laplace transform £®(/) of a function / £ B(X, [a, b\) is defined by 

/•© 

(£®/)(0(*)= / t(x,-z)Qdmf (5) 

Jxn[o,oo) 

where £ is the continuous pseudo-character for z £ K for which the right side is meaningful 
nif{A) = mf xe A f(x), and dmf = / 0 to/. 

Remark 2.4. ([17]) We have the special cases the following forms of the pseudo-Laplace 
transform for X = R. 

(1) If ® = max, 0 = +, and £(x, — z) = —xz, then we have (£f f)(z) = sup x>0 (—xz+f(x)) 

(2) If 0 = max, 0 = and £(x, -z) = e~ xz , then we have (£ e /)(z) = svp x > 0 (e~ xz f(x)) 

(3) If x@y = g~ x {g{x) +g{y)), x Qy = g~ 1 (g(x)g(y)), a,nd£(x,-z) = e~ xz , then we have 
(£if)(z)=g-HJ 0 °°e-*z g(f(x))dx) 

where g : [—00,00] — > [—00, 00], g (0) = 0 is an odd, strictly increasing, continuous function, 
f£B{X, [a,b]), and (/|/| £ L^X). 

We note that £,f(f)(z) = ff _1 (-C(ff o f)(z)), where (£/)(z) = / 0 °° e~ zx f{x)dx, and that 
(f*h)(x) = J f(x — t)h(t)dt for all x £ X. In [17], they proved the following pseudo-exchange 
formula and inverse of the pseudo-Laplace transform. 

Theorem 2.1. ([17]) Let f u f 2 € B(X, [a,b]). Then we have 

^(/i* fc / 2 ) = £ ffi (/i)©£ ffi (/ 2 ), for k = 1,2, 3 (6) 
w/iere (/1 *i / 2 )(a;) = sup 0 < t < x [/i(a; - i) + /2W], (/1 *2 /2X2;) = swp 0 < y < x (f 1 {y)f 2 {x - y)), 
and (/1 +3/2) (a;) =g~ 1 {{g°fi *go f 2 )(x)). 



Theorem 2.2. ([17]) If f £ B(X,[a,b]) and &f(f) = F k for k = 1,2,3, and there exists 
(£,f)~ 1 (F k ), then we have 

(1) (£© r'iFiKx) = inf z > 0 (xz + F{z)), 

(2) (i^)- 1 (F 2 )(a:) = iiif a >o(e"f , (z)), and 

(3) (£f)- 1 (F 3 )(x) = 5 - 1 (£- 1 (. 9 o^)( a; )) ; 

w/iere / e B{X,I{[a,b])),g\f\ £ Li (*),£(/) - f™e-**f(x)dx = F(z) and fi-^F) - /(or). 



3. The interval-valued pseudo-Laplace transforms 

In this section, we consider a standard interval-valued addition and a standard interval- 
valued pseudo-multiplication (see [12,13]). Let I([a, b]) be the set of all bounded closed inter- 
vals in [a,b] as follows : 

I([a,b\) — {u = [ui,u r ] I ui,u r £ [a,b] and ui < u r }. (7) 

We note that the full order on I([a, b]) will be denoted by -<i. For any a £ [a, b], we define 
a = [a, a]. Obviously, a £ I([a,b]). 

Definition 3.1. ([12]) (1) An operation 0 : I([a, b]) 2 — > I([a, b]) is called a standard 
interval- valued pseudo-addition if there exist pseudo-additions (Bi and © r such that x®iy < 
x(B r y for all x,y £ [a, b] and such that for each u— [ui,u r ], v = [vi,v r ] £ I ([a, b]), 

u@v = [ut®tvi,u r ® r v r ]. (8) 
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Then 0; and © r are called represents of 0. 

(2) An operation © : I([a, b]) 2 — > /([a, b]) is called a standard interval-valued pseudo- 
multiplication if there exist pseudo-multiplications 0/ and 0 r such that x 0; y < x 0 r y for 
all [a, b] and such that for each u — [u/, u r ], v — [vi, v r ] S /([a, b}), 

uQv = [ui Qi v u u r Q r v r \. (9) 

Then 0; and 0 r are called represents of ©. 



Definition 3.2. ([12]) If u = [ui,u r ],v — [vi,v r ] e I([a, b]) and k £ [a,b], then we define 

(1) u0w = [u t ®i vi,u r © r v r ], 

(2) kQu= [kQi V U k(3r v r ], 

(3) uQv = [ui Ql Vl,U r Q r v r ], 

(4) uV v — [m V vi , u r V v r ] , 

(5) uAti = [tij A Vi , u r A v r ] , 

(6) m v if and only if ui vi and u r ;< r u r , 

(7) u -<» v if and only if u < r v and v, and 



Definition 3.3. ([11]) If K C M and u Q = [u al , v ar ] for all a e A, then we define 
(!) sup aeK u a = [sup aeK u ai ,sup aeK u ar ], and 
(2) mf aeK u a = [mi aeK u ai ,mi aeK u ar ]. 

Definition 3.4. An interval-valued mapping Jl = [/i;,/U r ] : A4 — > /([a, 6]) is called the 
interval- valued a— ^-decomposable measure \x = [/i;, /i r ] if /xj and /i r are cr— 0- decomposable 
measures. 

Let (A, +) be a commutative group for A C R and (/([a, &]),©, O) be a semiring. In 
[8-14], we see that if dn is the Hausdorff metric on I ([a, b]), that is, 

d H (A, B) = maxjsup inf \x — y\, inf sup \x — y\} (10) 

xeAV^B xeA xeB 

then we have 

dn — lim [u n , v n ] — [u,v] if and only if 

n — >oo 

lim u n = u and lim v n — v. (11) 

Definition 3.5. (1) The semiring IB(X,I([a,b])) is the set of all bounded (with respect to 
the pseudo-order -<i in I([a, b])) interval-valued functions. 

(2) The space ILi(X) be the set of all Lebesgue integrable interval- valued functions / = 
[fufr] which satisfy the conditions f x \ fi(x)\dx < oo and J x \ f r (x)\dx < oo. 

(3) The interval- valued pseudo-character of the group (A, +), A C M is an interval- valued 
map £ = [£;,£ r ] : A — > I([a, b]), of the group (A, +) into semiring (I([a, b]), 0, Q), with the 
property 

fa + V)= &x) Q ^(y) , for all x, y e A. (12) 
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Definition 3.6. (1) Let X be a set and M. be a a-algebra of subset of X. A measurable 
interval- valued elementary function e = [e;, e r ]is an interval- valued mapping e : X — ► I([a, b]) 
if it has the following representation : 

oo 

e(a;) = 0aiOxA 4 (aO (13) 
i=i 

where a~i — [an 7 a ir ] e I([a,b]), and \A t is a pseudo-characteristic function of Ai for all 
i = 1,2,---. 

(2) The interval- valued pseudo-integral of an interval- valued elementary function e = [ej, e r ] 
with respect to the a — ©-decomposable measure fx is 



eQd]l = ^d i Qfl(A i ). ( 14 ) 

where p, — [m, [i r ], m, /j, r are <r — ©-decomposable measures, and Ai e M disjoint if 0; and 
© r are not idempotent. 

(3) The interval- valued pseudo-integral of a measurable interval- valued function / = [fi, f r ] : 
[a, b] — ► I ([a, b]) is defined by 



/ / O dfi = d H - lirr^ / e n Qjd/j, 



(15) 



where {e„} is the sequence of interval- valued elementary functions with dn — lirrin^oo e n = f. 

(4) An interval-valued measurable function / is said to be integrable if J® fQdp,e 
I([a,b}). 



By a standard interval-valued addition and a standard interval-valued multiplication, we 
define the interval-valued pseudo-Laplace transforms as follows. 

Definition 3.7. The interval-valued pseudo-Laplace transform £®(/) of an interval-valued 
function / = [/i,/ r ] € B(X, I([a,b])) is defined by 

(£®/)(C)(z) = I® l{x, -z) O dmj (16) 

«n[o,oo) 

where £ = [£j,£ r ] is the ^//-continuous interval- valued pseudo-character for z e K for which 
the right hand side is meaningful and rrif(A) = inf^^ f(x), and drnj = f Qmj. 

We obtain some characterizations of the standard interval-valued pseudo-characters and 
the interval-valued pseudo-Laplace transforms. 



Theorem 3.1. If ®i and 0 r are represents of a standard interval-valued pseudo-addition ©, 
and 0/ and 0 r are represents of a standard interval-valued pseudo-multiplication © and if 
£ = [6j£r] is the interval-valued pseudo-character, then and £ r are pseudo-characters. 

Proof. Since © is a standard interval-valued pseudo- multiplication, for each x,y € X, 
Mx + y),t r (x + y)] = ax + y) = t(x)Ot(y) 

= [Zi(x)M*)]OMv)Mv)] 

= [Sl(x)®lZl(vUr(x)®rZr(v)]. (17) 

Thus, we have £i(x + y) = £i(x) 0; £t(y) and £ r (x + y) = £ r (x) 0 r £ r (y). That is, £/ and £ r are 
pseudo-characters of 0; and © r , respectively. □ 
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Theorem 3.2. Iff=[_fi,f r } € B{X,I{[a,b})), m f (A) = mf xeA f(x) for all A e M,m f = 
[nif^m f r ], and dm j — f Qmj, then we have 

(1) mj{A) = [mfi(A),m fr (A)] for all A e M 

(2) dm j = [dmf n dmf r ] where dm^ = /; 0; m/ ; and dmj r = f r 0 r rn,f r . 
Proof. (1) By Definition 3.3 (2), 

mi = inf / (x) = inf [ft (x) , f r (x)] 

x £ A x£ A 

= [inf /,(*), inf f r (x)] = [m fl {A),m fr {A)]. (18) 

x£A x£A 

(2) Since © is a standard interval-valued pseudo-multiplication, 

dm f = J Qmj = [fu f r ]Q)[m fl ,m fr ] 

= [fi Qi m fl J r Q r m fr ] = [dm fl ,dm fr ]. (19) 

□ 



We also easily obtain the following theorem without their proof. 

Theorem 3.3. (1) Let (Si and® r are represents of a standard interval-valued pseudo-addition 
0, and Qi and Q r are represents of a standard interval-valued pseudo-multiplication ©. Then 
we have an interval-valued set function £l = [/x;,/x r ] is an interval-valued a — (^-decomposable 
measure if and only if /i; and [i r are a — (Bi-decomposable measure and a — @ r -decomposable 
measure, respectively. 

(2) An interval-valued function f — [fi,f r ] is integrable if and only if fi and f r are inte- 
grable. 



Theorem 3.4. (1) If e(x) — 0°lj ai O XAi ( x ) is an interval-valued elementary function as 
in Definition 3.6 (1), then we have 

e(x) = [®lZiail®lXA i { X )^®rZl a ir®rXA{x)]. (20) 

(2) If e = [ei,e r ] is an interval-valued elementary function with respect to the interval- 
valued a — 0- decomposable measure fi = [fii,fi r ] is 

r® r<Bi r®r 

/ eQdj2=[ eiQidfii, e r 0 r dfj, r ]. (21) 

(3) An interval-valued character £ : X — > /([a, b]) is dn-continuous if and only if and 
£ r are continuous. 

(4) If f = [fi,f r ] is an integrable, interval- valued function, then we have 



(22) 



Proof. (1) Since 0 is a standard interval- valued pseudo-addition and 0 is a standard interval- 
valued pseudo- multiplication, 

oo 

e( x ) = (B^Qxa^x) 

i=l 

= [®itLiau,®r'^iair\QxA i { x ) 

= [Ci« 1 !0!X^W I ffir™ia l r0rXA,(a:)]. (23) 
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(2) Since 0 is a standard interval-valued pseudo- addition and 0 is a standard interval- 
valued pseudo- multiplication, 

r® 00 
/ eQdJi = 0 a -Q^) 

J i=i 

= [®lZl a U M(A), ®rZl a ir ©r fh-(A)] 
/■©! r®r 

= [ eiQidfii, e r Q r dfi r }. (24) 

(3) By (12), the proof is trivial. 

(4) Since 0 is a standard interval-valued pseudo-addition and 0 is a standard interval- 
valued pseudo- multiplication, by (11) 

r® _ r® _ 

/ fQjdfi = d H - lirr^ / e n Qjdfi 

/■©! r<£r 

= d H ~ lim [ / e n iQid/j,i, / e nr 0 r dfj, r ] 

n — *oo J J 

/©I r®r 
e n i 0/ dm, lim / e nr 0 r dfi r ] 
n — >oo J 

= [ flQldm, frQrdflr]. (25) 



□ 



Theorem 3.5. If 0; and © r are represents of a standard interval-valued pseudo-addition 
0, and 0/ and 0 r are represents of a standard interval-valued pseudo-multiplication 0, 
and £ = [£i,£ r ] is the dn-continuous interval-valued pseudo-character, and f = [fi,f r ] G 
B(X,I([a,b})), and f is the interval-valued pseudo-Iaplace transform, then we have 

(£®/)(0(z) = [(£®'/0te)W. (^m r )(z)] (26) 

for all z£i 

Proof. Since 0; and © r are represents of a standard interval-valued pseudo-addition 0 and 
0/ and 0 r are represents of a standard interval- valued pseudo- multiplication 0, by Theorem 
3.1, Theorem 3.2 (2), and Theorem 3.3 (2), and Theorem 3.4 (4), 



ccr/)(0(*) 



r® _ 
= / €{x,-z)Qjdmf 
Jxn[o,oo) 
r® 

= / Mx,-z),^ r {x,-z)]Q)[dmf l ,dmf r ] 
Jxn[o,oo) 

= [/ ti{x,-z)@idm fl , £, r (x,-z)Q r dm fr ] 

«n[o,oo) Jxn[o.oo) 

= [£®'(/0(6)W,£ e "(/,)(e,)W]. (27) 

□ 
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4. The interval-valued PSEUDO-EXCHANGE formula and THE inverse OF 

INTERVAL-VALUED PSEUDO-LAPLACE TRANSFORM 



In this section, we study the interval-valued pseudo-exchange formula and the inverse of 
the interval-valued pseudo-Laplace transform for X = R. 



Definition 4.1. (1) A standard interval-valued composition o s of / = [fi,f r ] and g = [gi,g r ] 
in B(X,I([a,b})) is defined by 

f° s h=[f l oh l ,f r oh r ], (28) 

where o is the composition of / and h, that is 

(foh)(x) = f(h(x)),VeX. (29) 

(2) Let g = [gi,g r ] € B{X, I{[a,b])) be an odd, strictly increasing (^-continuous function. 
If g = [gi, g r ] S B(X, I([a, &])), then the inverse function g _1 of g with respect to a standard 
interval- valued composition o s is defined by g~ x — [g^ 1 , flV" 1 ]- 



Theorem 4.1. (1) If ®i t = ©i r = max are represents of a standard interval-valued pseudo- 
addition 0 1 and ©i, = 0i r = + are represents of a standard interval-valued pseudo- 
multiplication © 1 and £ = [£i,£ r ] with £i(x, —z) = £, r (x, —z) = —xz then we have 

(£®V>)=sup(-xzQ /(*)) (30) 

where f G B(X, I([a, b})). 

(2) // ©2 ; = ©2 r = max are the represents of a standard interval-valued pseudo-addition 
0 2 , and 02, = 02 r = • are the represents of a standard interval-valued pseudo- multiplication 
0 2 and £ = £ r ] with (,i(x, —z) = £, r (x, —z) = e~ xz , then we have 

(£® a /)(*)=supe**0 J» ( 31 ) 

where f E B(X,I([a,b])). 

(3) Let gi,g r : [—00,00] — > [— 00, oo],g(0) = 0 be an odd, strictly increasing, continuous 
function. If x ©; y = g l ' 1 (gi(x) + gi(y)),x ffi r y = g^ 1 (g r (x) + g r (y)) are the represents 
of a standard interval-valued pseudo-addition 0 3 , and x ©3 y = g^ (gi(x)gi(y)) , x ©3 y = 
9r l (9r{ x )9r{y)) a,re the represents of a standard interval-valued pseudo-multiplication 0, 
and £ = [£;>£r] with £,i(x, —z) — £, r (x, —z) = e~ xz , then we have 

{£®*f){z)=g- 1 m°sf){z) (32) 

where (£j)(z) = [£(/,) (z), £(f r )(z)]. 

Proof. (1) By Theorem 3.5, and Definition 3.3 (1), we have 

(£®v» - [^'in)(z),^(f r )(z)} 

= [sup(-xz + fi(z)),sup(-xz + f r {z))] 
x>o x>a 

= SUp[-XZ®ufl(z),-XZ®i r f r (z)] 
x>0 

= supl-xzQ f(z)}. (33) 

x>0 1 
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(2) By Theorem 3.5 and Definition 3.3(1), we have 

= [sup(e— + h{z)),suv{e- xz + f r (z))] 

x>0 x>Q 

= sup[e~ xz ®2ifi(z),e- xz (B2rfAz)] 

x>0 

= sup[e— O /(*)]. (34) 

x>0 j 

(3) By Theorem 3.5 and Definition 4.1, we have 

(£®'V» = [£f 3, (/,)W,£f 8 '(/ I .)W] 

= r'WftoWW.ilSrO/rJW] 

- ^-^(flo, /)(*). (35) 

□ 



Now, we obtain the following pseudo-exchange formula and inverse of interval-valued 
pseudo-Laplace transform. 

Theorem 4.2. Let 0 fc , and © fe be as in Theorem J^.l, for k = 1,2,3, and ]\,fi € 
B(X,I([a,b])). Then we have 

£® fc (A h) = z® k (.h)Oz? k (h) (36) 

/or k =1,2,3, w/iere (/i*i/ 2 )(x) = sup 0 < t < E [/i(x-t) Qi M*)], (fi*2h)(x) = sup 0 < t < x [/i(a;- 

*)©2/2(*)]> anrf (/l *3 /2H2;) = A */S° S /2)(z)) ««tft /*/ /l = [fl * /l;,/ r * /l r ] . 

Proof. (1) When = 1; we see that 

(/i*i/ 2 )0r) = sup [/i(x-t)Q/ 2 (t)] 

0<t<x j 

= sup [A, (x - t) + / 2 , (t) , /i r (a; - t) + / 2p (t)] 

0<t<x 

= [ sup (/ 1; (x - t) + f 2l (t)), sup (f lr (x -t) + f 2r (t))\ 

a<t<x o<t<x 

= [/l,*l/2„/l P *l/2 P ]. (37) 

By Theorem 4.1(1), (37), and Theorem 2.1, we have 

fi^Cfi *i / 2 ) - [£f *i /2 i ),£f(/i r *i /2J] 

= [.cSN/i,) ©i, < l! (/ 2; ),£f ^(AJ 0i r £? 1 "(/ 2r )] 

= [£f 1, (/i I ),£f lp (/i r )]Q[fif 1, /2„ £f (/ 2 J] 

1 

1 

(2) When k — 2; by the some method in the proof of (1), we can obtain the result. 

(3) When k = 3; we see that 

{fi*3,h){x) = ^(soJi+zffOsMa:) 

= 5 _1 ([ff( 0 fl,,9r 0 fl r ] *I [9l 0 f2,,9r 0 /2J) 

= fl _1 [(fl* 0 A,) * (flr o / 2l ), (flr O /l r ) * (flr 0 /2J] 
= [g'Higi °fh)* (flr ° f2 l )),9r 1 {{9r ° fl r ) * (flr ° /2J)] 
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= [/l,*3/2„/l P *3/2 r ]. (39) 

By Theorem 4.1(3), (39), and Theorem 2.1, 

£® 3 (/l *3 h) = [&T'(fh *3 f2 l ),^(fl r *3 h r )] 

= [£® * (f h ) Ql &f 3 ' (/ 2l ), £ 3 e3 " (hr) Qr £f 3 " (/ 2r )] 
= [£® 3 < (f h ), £® 3 " (A J] Q[£® 3 < (/ 2i ), £® 3 " (/ 2p )] 

3 

= £® 8 (/i)0 £ ® 8 ^)- (40) 

3 

□ 

Finally, we will study the inverse of a standard interval-valued pseudo-Laplace transform. 
Theorem 4.3. If f e B(X, I([a,b})) and £® fc (/) = F k for k = 1,2,3 as in Theorem 4.1, 
and there exist (£ 0fe )- 1 (F fe ) = Vki)>£®* P ~ Vfc P )]> </len we Aowc 

(1) (£ 01 )- 1 (A)(a ; ) = inf 2 > 0 (^Oi FiW), 

(2) (£® 2 )- 1 (F 2 )(a;) = inf z > 0 ( e -O 2 F 2 (z)) ; and 

(3) (£® 3 )- 1 (F 3 )(a ; ) = r 1 ^" 1 ^ °« ^)(*))- 

Proof. (1) Since £ 01 (/) = F u by Theorem 3.5, 

[*i„*i r ] - A=£ 01 (/) 

= [£®M/0,£ ei -(/r)]- (41) 

Thus, we have F h = £f 1 <(/ ; ) and F lr = £f lr (f r )- By Theorem 2.2 (1), we have 

(2f 1 n-\F ll )(x) = M(xz + F h (z)) (42) 

x>0 

and 

(£f T^Xx) = irf>* + F lp (*)) (43) 

z>0 

By (42) and (43), Definition 3.3 (2), 



(£®>f (A) = [£f l! ~ (i f, i ! ),£f"" (*i P ) 



= [inf (xz + F 1( (z)), inf (xz + F lr (z)]) 

z>0 z>0 

= [mUxzQ h F u (z)), mUxzQu F lr (z))] 

z>0 z>0 

= M[xzQ u F u (z),xzQ lr F lr (z)] 

z>0 



= inf [xzQf\(z)]. (44) 
z - l 

(2) By the same method in the proof of (1), we can obtain the result. 

(3) Since £® 3 (/) = F 3 , by Theorem 3.5, 

[F 3l ,F 3r ] = jr 3 = £©»(/) 

[£®^(/ ; ),£® 3 -(/ r )] (45) 
Thus, we have F 3l = £f 3 ' (/,) and F 3r = £®' v (/ r ). By Theorem 2.2 (3), we have 

(£® 3i )-\F 3l )(x) = 9T\£-\ 9 i o F 3 ,)(x)) (46) 



801 



JEONG GON LEE et al 792-803 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO. 5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

11 

and 

i ^)-\F 3r )(x)=g- 1 (S l - 1 {g r oF 3r )(x)) (47) 
By (46) and (47), Definition 4.1 (2), 

= [gi\Z-\gi o F Zl )){x),g-\ST\g r o F 3r ))(x)] 
= rt^Gn 0 F 3l )(x),2-\g r o F 3r )(x)} 
= g-^iWmoF^groF^x) 

= g-'^'iaosFsXx). (48) 

□ 



Remark 4.2. We find the maximum of the uncertain utility function 

U(X!,X2,--- ,Xn) = fl(xi) Q /2(a;2) O ' ' ' O /n(x n ) 

1 1 1 

on the domain R = {(x\,X2, ■ ■ ■ , x n )\xi + X2 + ■ ■ ■ + x n = x, Xi > 0, i = 1, 2, ■ ■ ■ , n}. 
Such problems occurs in the mathematical economy and operation research. Let f(x) = 
maxfl[/i(xi) Oi h{x2) Oi • • • Oi fn(x n )]- Applying the standard interval- valued pseudo-Laplace 
transfer (for the case ® 1 and Qi) 

F(z) = (Sfifiiz) = m^(-xzQf(x)), (49) 

x>0 — 

1 

we obtain by interval-valued pseudo-exchange formula 

n 

fi? i (/) = 0 £ ® 1 ^)- ( 5 °) 

1«=1 

Applying the inverse of a standard pseudo-Laplace transform 

(£® 1 )- 1 (F)(x) =mm(xzQF 1 (z)), (51) 

z>0 — 
1 

we obtain the solution 

n 

/(x)^min[xzQQ£® 1 (/,)W]- (52) 



5. Conclusions 

This study was to define the interval-valued pseudo-Laplace transform by means of the 
interval- valued pseudo-integral with respect to a cr— ^-decomposable measure (See Definitions 
3.6 and 3.7). By using the method of the standard interval-valued pseudo-operations in [12-14], 
we also investigated some characterizations of the standard interval-valued pseudo-characters, 
the interval-valued pseudo-integrals, and the interval-valued pseudo-Laplace transform (See 
Theorems 3.1, 3.2, 3.3, 3.4, and 3.5.). In particular, we obtained the pseudo-exchange formula 
for the interval- valued pseudo-Laplace transform and inverse of interval- valued pseudo-Laplace 
transforms (See Theorems 4.2 and 4.3) and an application (See Remark 4.4). 
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In the future, we will focus the pseudo-exchange formula for the interval-valued pseudo- 
Laplace transform by means of the interval-valued generalized Choquet integrals and the 
inverse of interval- valued pseudo-Laplace transforms. 

Acknowledgement: This paper was supported by Konkuk University in 2014. 
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OPERATORS IDEALS OF GENERALIZED MODULAR SPACES 
OF CESARO TYPE DEFINED BY WEIGHTED MEANS 

NECiP §lM§EK*, VATAN KARAKAYA, AND HARUN POLAT 

Abstract. In this work, we investigate the ideal of all bounded linear oper- 
ators between any arbitrary Banach spaces whose sequence of approximation 
numbers belong to the generalized modular spaces of Cesaro type defined by 
weighted means. Also, we show that the completeness of obtained operator 
ideals. 



1. Introduction 

At the turn of this century, there has been a considerable interest to study 
the behavior of the operator ideals using s-numbers and specially approximation 
numbers. As has been shown in the famous book of Gochberg and Krein [11], 
the s-numbers are an important tool in the spectral theory of Hilbert space. We 
consider s-numbers sequences of operators on Banach spaces in the sense of [4]. 
He presented the axiomatic theory of s-numbers of operators in Banach spaces. 
Also, in his work it has been turned out that s-numbers are very powerful tools for 
estimating eigenvalues of operators in Banach spaces. 

Many useful operator ideals have been defined by using sequence of s-numbers. 
The concept of an operator ideal on the class of Banach spaces and the theory of 
s-numbers of linear bounded operators among Banach spaces was introduced and 
first studied by [4]. Due to important applications in spectral theory, geometry of 
Banach spaces, theory of eigenvalue distributions etc., the theory of operator ideals 
occupies a special importance in functional analysis. Many useful operator ideals 
have been defined by using sequence of s-numbers. 

In [14] , Faried and Bakery use the de la Valee-Poussin means for definition of the 
operator ideals. By using similar concept, we investigate the ideals of all bounded 
linear operators generated by the approximation numbers and generalized weighted 
means defined by [6] and generalized by [16]. 

2. Preliminary and Notations 

By N and R it will be signed the set of all natural numbers and the real numbers, 
respectively and also by w, it is denoted the space of all real valued sequences. The 
set B(X, Y) of all operators from X into Y becomes a Banach space with respect 
to the so-called operator norm 

\\T\\= SWS >{\\Tx\\:\\x\\<l}. 

The class of all operators between arbitrary Banach spaces is denoted by B. Also if 
T E B(X 7 Y), then we denote null space and range N (T) and M (T) respectively. 

2000 Mathematics Subject Classification. Primary 46B20, 46B45; Secondary 47B06. 
Key words and phrases. Approximation numbers; operator ideal; generalized weighted mean. 

1 



804 



SIMSEK ET AL 804-811 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



NECIP §IM§EK*, VATAN KARAKAYA, AND HARUN POLAT 



Let Xo = X /N (T) and Yq = M (T) . A map which transform every operator T e 
B(X,Y) to a unique sequence (s n (T"))°° 0 is called s — function, and the number 
s„(T) is called the n th s — number of T if the following conditions are satisfied: s\) 
\\T\\ =«i(T) > s 2 {T) > ... > Ofor allTe B(X,Y) s 2 ) s„(T 1 +T 2 ) < s n (Ti) + ||T 2 || 
for all Ti,T 2 G £(X,y) s 3 ) s„(i?ST) < ||fl||s„(S)||T|| for all T e B(X 0 ,X), 
5 e B(X,y) and i? e S(yy 0 ) s 4 ) s„(AT) < |A|s„(T) for all T e Ael 

s 5 ) mn/fc(T) < n if s„(T) = 0 for all T E B(X,Y) s 6 ) s r (7 n ) = ' ° : ' <)V '' 



1 ; for r < n 

where /„ is the identity map of an n-dimcnsional normed space. As important 
examples of s-numbers, we consider approximation numbers a n (T) 

(2.1) a n (T) = inf {\\T - A\\ : A e B(X,Y) and rank(A) < n} , 

We can show that all these s-numbers satisfy the following condition. This is 
improvement of condition (s 2 ) and called additive property: 

s n+m -i(Ti+T 2 ) < s n (Ti) + s m (T 2 ),for &WT U T 2 e B(X,Y) and n = 1,2, ... 

Many other famous s-numbers are modifications of them. All these numbers express 
some finite dimensional approximations for the operator T. Geometrically they may 
be viewed as different widths of the ball T(Bx) as a subset of Y. For details on 
s-number sequences, we refer [4, 7, 5, 2]. An operator ideal U is a subclass of B 
such that the components 

U (X, Y) = U n B {X, Y) 

satisfy the following conditions: 0\) Ik € U, where K denotes the 1-dimensional 
Banach space, where U C B, (equally; F(X, Y) C U(X,Y), where F(X,Y) is the 
space of all operators of finite rank from the Banach space X into the Banach space 
Y), 0 2 ) If Ti,T 2 e C/(A,F), then AiT a + A 2 T 2 e U(X,Y) for any scalars Ai and 
A 2 , 0 3 ) If y e B(A 0 ,X), T e U(X,Y) and i? e S(yy 0 ) then RTV e J7(X 0 ,y 0 ) 
(see [3, 1, 15]). The generalized modular spaces of Cesaro type defined by weighted 
means is defined by §imsek and Karakaya in [16] as follows: 

£ p (u, v;p) = {x e w : p(Xx) < oo, for some A > 0} , 

where 

p(x) - 

It can be seen that p : £ p (u,v;p) — > [0, oo] is a modular on £ p (u,v;p). If p = (pk) 
for all k G N, we can write for £ p (u 7 v;p) and it's norm respectively; 





£ p (u,v;p) = < x € w : >^ 2_, u k v j \ x j\ < °°; f° r some A > 0 



||a;|| = inf |A > 0 : p < l| , Vie £ p (u,v;p). 

With norm given above, space £ p (u,v;p) is a Banach space as shown in [16] .One 
can find detailes about the space £(u, v;p) in list given in ( [9], [6] [6]). By combining 
special case of u^ and Vj, we get the following spaces: Firstly, if (uk) = (fc+l) ano - 
vj = 1 for all j, k G N, then the space £ p (u,v;p) reduces to the space ces{p) (see 
[12])- 
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(uk) = and (vj) = (qj) and Qk = Qj f° r all j, k e N, then the space 

£ p (u,v;p) reduces to the space N p (q) ( see [8]). In addition, some related papers 
on the sequence space can be found in [10, 13, 17, 18]. 

Also we denote ej = (0, 0, 0, 1, 0, ...) where 1 seats in i th place of ej for all 
i e N. 

For any bounded sequence of positive real numbers p = (pk), we have the follow- 
ing well known inequality: \a k + b k \ Pk < 2 h ~ 1 (\a k \ Pk + \bk\ Pk ), where h = supp^ 
and pk > 1 for all k € N 

Throughout this paper, the sequence (pfc) is a bounded sequence of positive real 
numbers with 

(fli) (Pk) is an increasing sequence of positive real numbers, 
(02) lira swppk < 00, 

k— >oo 

(a 3 ) lira v&ipk > 1- 

k— >oo 

Definition 1. [14] A class E of linear sequence spaces is called a special space of 
sequences (sss) having the following conditions: 

(i) E is a linear space and e„ G E, for each neN, 

(ii) If x € w, y € E and \x n \ < \y n \ for all neN, than x G E, i.e. E is solid, 

/ 00 

(Hi) If{x n )™ =0 e E, then [x^J _ q = (x 0 ,x 0 ,x 1 ,x 1 ,x 2 ,x 2 , ...,x n ,x n , ...) e E 1 , 
w/iere [§] denotes the integral part of |. 

Example 1. a) i p is a special space of sequences for 0 < p < 00. 

ceSp is o special space of sequences for 1 < p < 00. 

Definition 2. := {^ PP (X, Y) : X,Y are Banach spaces} where U% PP {X, Y) = 

{TEL(X,Y):(a n (T))ZotE}. 

Definition 3. A class of special sequences (sss) E p is called a pre-modular special 
space of sequences if there exists a function p : E — ► [0, 00), satisfies the following 
conditions: 

(i) p(x) > 0, Va; e E p and p(x) = 0 x = 9, where 9 is the zero element of 
E, _ 

(ii) there exists a constant I > 1 such that p(Xx) < £\X\p(x) for all values of 
Vx e E and for any scalar X, 

(Hi) for some numbers k > 1, we have the inequality p(x + y) < k (p(x) + p(y)) 
for all 

(iv) if \x n \ < \y n \ for all neN then p ((>„)) < p ((?/„)) , 

(v) for some numbers k 0 > 1 we have the inequality p((x n )) < p ^(x[n^ < 
kop{(x n )) , 

(vi) for each x = {x(i))°l 0 € E there exists s € N such that p(x(i))°Z s < 00. 
This means that the set of all finite set is p— dense in E, 

(vii) for any X > 0 there exists a constant ( > 0 such that p (A, 0, 0, ...) > 

(Xp (1,0,0,...). 

It is clear that p is continuous at 9. The function p defines a metrizable topology 
in E endowed with this topology is denoted by E p . 

For the arbitrary linear space E, it was provided in the following theorem: 

Theorem 1. [14] is an operator ideal if E is a special space of sequences 

(sss). 
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Now we give here the sufficient conditions on the weighted means such that the 
class of all bounded linear operators between any arbitrary Banach spaces with n-th 
approximation numbers of the bounded linear operators in the generalized weighted 
means form an operator ideal. 

3. Main Results 

For the proof of the main theorems, we need the following theorems which in- 
cludes the notion of special space of sequences. It helps to construction of operators 
ideals. 

Theorem 2. U^ uv . p ^ is an operator ideal if the conditions (di), (a 2 ), (a 3 ) are 
satisfied. 

Proof. To prove the theorem, we have to satisfy the three conditions of Definition 
1. mentioned above. 

(1) linearity : Let x,y e £ p (u,v;p). Since, 

oo / k \P k ( oo ( k \ ^ k oo / k 

Y [Y, UkV i \ x i + I - 2h ^ [Y [Y UkV 3 \ x i 1 1 + Y [Y UkV i i% i 

k=0 \j=0 J \k=0 \j=0 J k=0 \j=0 

where h — suppk, then (x + y) e £ p {u, v;p). 
Let )eK,i£ lp(u,v;p), then 

oo / k \Pk oo I k \Pk 

Y Y UkV ^ Xx ^ ^ sup|A| Pfc Y J2 UkV i\ x i\ < °°' 
fe=0 \j=o J k k=o J 

Hence we can get Xx e £ p (u,v;p). 

To show that e m € £ p (u,v;p) for each m £ N, by using condition ((Z3), we have 

k \ 00 

Y UkV j\ e mU)\ = Y ( U k V mf k < OO. 

j—0 J k—m 



Hence e m e £ p (u,v;p). 



00 / k \ 



(2) solidity: Let \xu\ < \yk\ for each k € N, then ^ u kVj\xj\ < 

k=0 \j=0 J 

00 / k \P k 

u kV 0 \yj\ , since y e £ p (u,v;p). Thus x e £ p (u,v;p). 

k=0 \j=0 J 

(3) x = (xk) G £ p (u, v;p), then we have 

ik y x / >/, y> /2*+i 

k=a \j=o J k=o \j=o J fe=o y 3 =a 

00 / / k 

< Y \\Y U2k ^ + U 2j+l) \ X j\\ ] + ( u 2kV2k\x k \) 
k=0 \ \j=0 
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P2k + 1 



oo 



+ E U2fe + i E + w+J \ x i 

fc=o \ j=o 



< 2 



h-l 



P2k 



oo / k \ oo / k 

E E u2k i&v + v ^+^ i^'O + E E u 2kv 2] \xj 

k=0 \j=0 J fc=0 \j=0 



P2k- 



P2k + 1 

- E M 2fe+1 E ( V2 J + W2 J + i) \ X 3 
fe=0 \ j=0 

k \ ^ oo / k 

< ( 2 ^+2^)y: I E^n +2 2h - 2 E E 



P2k+1 



k \ oo I k 

E I "2fe+i E ^ |asj I + 2/1-1 E U2fc +! E U2 J+ 1 1 



P2fc+1 



Pk 



fc=0 \j=0 



< oo 



where — > 0(fc — > oo). Hence (xr„i ] G £ p (u,v;p). Consequently, from Thco- 

V L 2 jy „ = o 



rem 1. it follows that {/' 



app 

£ p (u,v-p) 



is an operator ideal. 



Corollary 1. (a) U^ p ^ is an operator ideal for 1 < p < oo. 

(7>J U^^fs is an operator ideal for 1 < p < oo. 



Theorem 3. TTie linear space F(X, Y) is dense in U\ 

jjapp 
e p (u,v;p) ' 



P (u,v;p) 



i.e. F(X,Y) = 



Proof. We first verify that every finite mapping T e F(X, Y) belongs to U g ^ u v . p ^ (X, Y) 
i.e. F(X,Y) C U^ uv . p) {X,Y). Since e m e £ p (u,v;p) for each m e N and 

£ p (u, v;p) is a linear space, then for every finite mapping T € F(X, Y), the sequence 
(afc(T))^L 0 contains only finitely many numbers different from zero. Therefore 

W) C U^ tV;p) (X, Y). 

Now we have to show that U^[ uv . p) (X, Y) C F(X, Y). Let T e U^( u v . p) (X, Y). 
Thus we get (ctk(T))^L a e £ p (u,v.p), and since p ((a/c(r))^ 0 ) < oo, for given 
e G (0, 1) then there exists a natural number m > 0 such that p ((afc(T))/jl m ) < e - 
Therefore we have, for p > 0 



(3.1) 



EE 

k=m V J— 0 



UfcWj |«j(T)| 



< £. 
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It means that A £ F m (X,Y), rank(A) < m. Besides, by using the fact 
(3.2) \ aj (T)\ < | \\T-A\\e m (j) |, j=m,m+l,... 

and also from (2.1), (3.1) we have 

J2 (u k v m \ \\T-A\\e m (j) If 8 <oo. 

k—m 

we take mo > m and from (3.2), we get 

Pk 

d(T,A) = p (a k (T-A))™ =0 = J2 (5>^-MT-A)| 

mo — 1 / k \ ^ k oo / k \ P> 

^ E E u ^i \\T-A\\e m (j) i + E E u ^M T - A )i 

fc=o \j=o / fe=m 0 \j=o 

< e. 

Hence this completes the proof. | 
Example 2. £ p is a pre-modular special space of sequences for 0 < p < oo, with 

oo 

p(x) = \x„\ p - 

Example 3. ces p is a pre-modular special space of sequences for 1 < p < oo, with 

oo / n \P 

/>(*)= E UttEM • 

n=0 \ k=0 J 

oo / k \ ^ 

Theorem 4. £ p (u,v;p) with p(x) — J2 \ J2 u k v j\ x j\ * s a pre-modular special 

k=o \j=o J 

space of sequences. 

Proof, (i) Clearly p(x) > 0 and p(x) = 0 ^=^> x = 9, 

(ii) since (p n ) is bounded then there exists a constant £ > 1 such that p(\x) < 
l\X\p(x) for all values ofieB and for any scalar A, 

(iii) for some numbers k — max (l, 2 ,l ~ 1 ) > 1, we have inequality 

p(x + y) <k (p(x) + p(y)) , for all x, y £ £ p (u, v;p), 

(iv) let \xk\ < \yk\, for all k £ N then 

oo / k \Pk oo I k 

E Ukv i \ x i i -EE u k v j\yj i 

fc=0 \j=0 J k=0 \j=0 

(v) there exist some numbers ko — 5C2' l_1 > 1 and by using (iv) we have the 
inequality p ((x n )) ^^((^[f])) < k oP((x n )), 

(vi) it is clear that the set of all finite sequences is p — dense in £ p (u,v.p), 

(vii) for any A > 0 there exist a constant 0 < ( < A Po_1 such that p (A, 0, 0, ...) > 
CAp(l,0,0,...). | 

Theorem 5. Let X be a normed space, Y be a Banach space and the conditions 
(ai), (a 2 ) and (a 3 ) are satisfied, then U^ PP u v . p ^ (X, Y) is complete. 
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Proof. Let (T m ) be a Cauchy sequence in U^ u v . p - ) (X,Y). Since £ p (u,v;p) is prc- 
modular special space of sequences, then by using Definition 3 (vii) and since 
U^ u , v ., p) (X,Y)CL(X,Y),weh & ve 

P^Ti-Tj))^) > p (a 0 m 0,0,...) 

= p(a 0 11^-^11,0,0,...) 

> Cl|r i -T j ||p(l,0,0,...). 

Then (T m ) is also Cauchy sequence in L(X, Y). Since the space L(X, Y) is a Banach 
space, then there exists T G L(X, Y) such that \\T m — T\\ — > 0 asm-loo and since 
(a n (T m ))^ 0 e l p (u,v;p) for all m € N, p is continuous at 0 and using Definition 
3 (Hi), we have 

p(a n (T)^ =0 ) = p{u n {T -T m +T m ))™ =0 

< kp [atn] (T m — T) ) + fcp (ar„i(T m )) 

< kp ((\\T m T\\)Z 0 ) + kp K(T ro ))£L 0 

< e. 

Hence (a„(T))~ 0 G ^(u,«;p) as such T e U"^ u v . p ^ (X, Y). | 

Corollary 2. Let X be a normed space, Y be a Banach space and (pk) be an increas- 
ing sequence of positive real numbers with lim sup(pfc) < oo and lim inf(pfe) > 1, 

f/ien [/ c a e PP p) (X, y) is complete. 

Corollary 3. Let X be a normed space, Y be a Banach space and (pk) be an 
increasing sequence of positive real numbers with 1 < p < oo, then U^[ p (X,Y) is 
complete. 



Corollary 4. Let X be a normed space, Y be a Banach space and (pk) be an 

j-app , 

N p ( q y 



increasing sequence of positive real numbers with 1 < p < oo, then U^f p ( AX,Y) is 



complete. 
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1. Introduction and definitions 

Let A p denote the class of functions of the form 



f(z) = zP + J2a P +kZ P+k (peN) 



(1.1) 



k=l 



which are analytic and p- valent in the unit disk U — {z G C : \z\ < 1} . For convenience, we write A\ = A. 

For functions / and g analytic in U, we say that / is subordinate to g, written as / ~< g or f(z) < 
g(z) (z e U), if there exists a Schwarz function to, which(by definition) is analytic in U with u(0) = 
0, \ui(z)\ < 1 and f{z) = g(ui(z)),z G U. 

For / e Ap defined by (1.1) and g given by 



g(z) = z* + Y, b P+kZ P+k (zeU), 
fe=i 

their convolution (or Hadamard product) is defined as 

oo 

(/*$)(*) = z? + Y / a P +kb P+k z p+k = (g*f)(z) (zeU). 



k=i 



A function / e A p is said to be /3-uniformly p-valent starlikc of order a, denoted by UST(p,a,j3), if 
it satisfies the condition 



Re 



zf'iz) 

m 



>(3 



zf(z) 



p 



+ a (-p < a <p,P > 0;z E U). 



(1.3) 



Analogously, a function / e A p is said to be /3-uniformly p-valent convex of order a, denoted by 
UCV(p, a, f3), if it satisfies the condition 



Rc{l + 



zf"{z) 



zf'(z) 



f'(z) 



(p-1) 



+ a (~p<a<p,/3>0;zeU). 



(1.4) 



3 Corresponding Author 
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We note that UST{l,a,0) = UST(a,P),UCV(l,a,0) = UCV{a, f3),UST{p,a,0) = S*(a) and 
UCV(p, a, 0) = C p (a), where UST(a, /3) and UCV(a, /3) are the classes of /3-uniformly starlike and f3- 
uniformly convex functions of order a(— 1 < a < 1) studied by Ronning [18, 19] (see also [11,12]). The 
classes S*(a),C p (a) are the well-known classes of p-valently starlike and p-valently convex functions of 
order a (0 < a < p), respectively. Further, S* (a) = S*(a),Ci(a) — C(a) are the familiar classes of 
star like and convex functions of order a (0 < a < 1). We also observe that 

/ G UCV(p, a, (3) z/'/p G *7ST(p, a, 0) (-p < a < p). 



Let <^ p be the incomplete beta function defined by 



(j) p {a,c;z) 



E 



(*eW), 



where a G I 
defined by 



,CG E\Zq 



{0, —1, —2, . . . } and (#)& denote the Pochhammer symbol (or shifted factorial) 



{x)h 



1. 



k = 0 

a:(a: + l)---(a: + fc-l), fe G N. 
With the aid of the function <p pi we define the linear operator £ p (a, c) : A p - 

£ P (a, c)f(z) = <p p (a, c; z) * /(z) (z G W) 
and if / is given by (1.1), then it follows from (1.4) that 

oo , . 

£ p (a, c)f(z) = zr + Y, f^a p+k z^ +k (z G U). 
fc=i lCjfc 



A by 



(1.4) 



(1.5) 



It follows from (1.4) or (1.5) that 

z (£ p (a, c)f(z)) 1 = a£ p (a + 1, c)f(z) -(a- p)£ p (a, c)f(z) (/ e A p ; z e U). (1.6) 

The operator £ p (a,c) was introduced and studied by Saitoh [22] which yields the operator £(a,c) intro- 
duced by Carlson and Shaffer [5] for p — 1. We also note that for / G A p , 

(i) £ p (a,a)f(z) = f(z); 

(ii) £ p (p+l,p)f(z) = zf(z)/p; 

(iii) £ p {m + p, l)f(z) = D m +P~ 1 f{z) (meZ,m> -p), the operator studied by Gocl and Sohi [9]. In 
the case p = 1, D m f is the familiar Ruscheweyh derivative [20] of / G A. 

(iv) £ p (p+l, m+p)f(z) = l miP f(z) (to G Z, to > — p), the extended Noor integral operator considered 
by Liu and Noor [13]. 



(v) £ p (p+l,p+l-\)f(z) 



f(z) (— oo < A < p + 1), the extended fractional differintegral 



operator considered by Patel and Mishra [16]. 
(vi) £ p (X+p,X +p+ l)f( z ) = * + ? 



t \+ p -if^ dt = j? Kp (f)( z ) (A > -p;ze U), the generalized 

Bernardi-Libera-Livingston integral operator (cf., e.g., [6]). 

With the help of the operator £ p (a, c), we introduce a subclass of A p as follows: 

Definition 1. For the fixed parameters A and B with — 1 < B < A < 1, we say that a function 
/ G A p is in the class S Pt j(a,c,P,A,B), if it satisfies the following subordination condition: 



z(£ p (q,c)/) (j) (z) 
(£ p (a,c)ff-V ( Z ) 



z(£ p (a,c)/) (j) (z) 
(£ p (a,c)ff-V (z) 



(p + 1 - j) 



-< 



(P- 



l-j)(l + Az) 
1 + B.z 



(1.7) 



where p e N, 1 < j < p, f3 > 0 and z eU. 

In view of the definition of the subordination, (1.7) is equivalent to 



z(£p(a,c)f)^ (z) 



(^(a.c)/) 0 " 1 * (z 



(p + 1 - i) 



z(£ p (a,c)/) W (z) 



(^(a.c)/) 0 " 15 (z) 



(? + 1 - 



(p + 1 - j)4 - B 



z(£ p (a,c)/) (j) (z) 
{CrMff-V (z) 



z(£ p (a,c)/) W (z 



(£ p (a,c)/) (j - 1} (z) 



(p + 1 - i) 



< 1. 



(1.8) 
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It is easily seen that if / e S p j(a, c, (3, A, B) with 1 — A — /?(! — B) > 0, then 



{C p {a,c)fW (z)es; 



(p+l-j)(l-A-p(l-B)) 
(1-/3X1-5) 



(1.9) 



for 1 < j < p. 

Let 7^, denote the subclass of A p consisting of functions of the form 

oo 

fe=i 



(1.10) 



and for ease of notation, we write 7i = T- 

Now, we use the operator C p (a, c) to define a new subclass T p .j{a, c, /3, A, i?) as follows: 

Definition 2. For the fixed parameters A and B with — 1 < B < A < 1 (—1 < B < 0), we say that a 
function / € 7^, is in the class T p j(a, c, /3, A, £>), if it satisfies the following subordination condition: 



z(£ p (a, C )/) (j) (z) 
(£ p (a,c)fW (z) 



/3 



z(£ p (a,c)/) W (z) 



(C P (^)/) (rl) (*) 



- (p + 1 - i) 



-<; 



1 + Bz 



(1.11) 



where p e N, 1 < j < p, /3 > 0 and z e U. 

We note that the families S p j (a, c, (3, A, i?) and 7^, j (a, c, /?, A, £?) are of special interest for they contain 
many well-known as well as many new classes of univalent and multivalent analytic functions. For 
instance, 

Example 1. S p j ^a,c,/3, 1 — 1^ = S p j(a,c, (3, a), the class consisting of functions / e 

„4 P which satisfy the condition: 



Re 



z(C p (a,c)W (z) 
(£ p (a,c)fW ( Z ) 
We note that 



z(£ p (a,c)W (z) 



(£ p (a,c)fW (z 



(p + 1 - j) 



a (0 < a < p+ 1 - j:z e U). 



S p j(a,c,f3,a) nT p = T p ,j(a,c, (3,a) (0 < a < p + 1 - j). 



Example 2. (i) <S PJ - ^a,a,/3, 1 — p ^"_j , — = UST(p, j, /3, a), the class of functions / e .4 p which 
satisfy the condition: 



Re 



WW) 



>/3 



zfW(z) 

WW) 



(p + 1 - j) 



(0 < a < p + 1 - j;z e W). 



and 



(ii) iSpj (p + 2 — j,p + 1 — j, /?, 1 — , — 1^ = UCV(p,j, f3, a), the class consisting of functions 

/ G A p which satisfy the condition: 



Re<M + 



zW 1] (z) 



- (p - i) 



+ a (0 < a < p+l - j;z €U). 



We note that 



UST(p,j,0,a)nT p = T{p,a,j) and UCV(p,j,0,a) nT p = C{p,a,j) 

are the classes introduced and studied by Aouf [4]. 

Example 3. S p j (m +p, 1, /3, 1 — , — 1^ = S p j, m (a, c, (3, a) (0 < a < p + 1 — j) is the class of 



functions in A p satisfying the condition: 



(Dm+P-I/)^'" 1 ) ( z ) 



Re 



>/3 



z(2? m +P- 1 /)° ) («) 



(p + 1 - i) 



+ a (z€W), 
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where p 6 N, 1 < j < p, 0 < a < p + 1 — j and m > —p(m € Z). 

Example 4. S p .j (p+ l,p + 1 — — v +x-j > — l) = Sp( a > P-> h m)j the subclass of functions / e 
A p satisfying the condition: 



Re < — ^ . > > /3 



0') 



(n^/) W_1) W 



a (zeW), 



where p E N, 0 < a < p + 1 — j, 1 < j < p and — oo < p < p + 1. For j = 1, this class was studied by 
Pathak and Sharma [171. 



Example 5. <S PJ - (p + l,p + 1 + A, /3, 1 — ^rfzj, — = Sp(a, the subclass of functions / e ^4 p 
satisfying the condition: 



{(^Af))^ (*)/ 



z(TxM)) U) (g) 



a (zeU), 



where p G N, 0 < a < p + 1 — j, 1 < j < p and A > —p. 

2a 

Example 6. <S Pi i(a, c, /?, 1 , —1) = <S p (a, c, /3, a), the class of functions / e _4 p satisfying 



R • a ^(a + lc)/( g ) _ a+ ; 
£ p (a,c)/(z) 



aC p (a + 1, c)/(z) 



C p (a,c)f(z) 



— a 



+ a(zeW), 



where 0 < a < p. We note that 5i.i(a, c, /3, a) = C(a,c,a,/3) was the class introduced and studied by 
Frasin [8]. 

Analogous to the classes defined above (i.e., Example 1 to Example 6), we can also define subclasses 
of multivalent analytic functions with negative coefficients by taking the intersection of these classes with 
T p . 



2. Coefficient estimates 

Unless otherwise mentioned, we assume throughout the sequel that p e N, a > 0, c > 0, 
P > 0, 1 < j < p, -1 < B < A < 1 

Next, we give a sufficient condition for functions belonging to the class S p j(a, c, (3, A, B). 
Theorem 1. Let the function / be defined by (1.1). If 

g S{p + k,j 1) {fc(l + g + P\B\) + |(p + 1 - j)A (p + k + 1 - j)B\)} (a) k |a ^ fe| ^ ^ (2 J) 



fe=i 



5(p,j)(A-B) 



(c)fc 



then / e S P ,j(a, c, (3, A, B), where 



p(p-i)...(p+i-j), jeN 
i, i = o. 



(2.2) 



Proof. In view of (1.8), we need to show that for z g dU, 

z (£ p (a, c).f) W (z) - (p + 1 - j) (£ p (a, C )/) (J - 1} (z) 



z (£ p (a, c)/) W (z) - (p + 1 - j) (£ p (a, c)/)^ (z) 



W-i) 



(p+l-i)A(r p (a,c)/) (j '- 1) (z 



B z (£ p (a, c)/)« (z) + (3Be ie z (C p (a, c)/) w (z) - (p + 1 - j) (£ p (a, c)/)^ (z) 



(i) 



< 0. 
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Substituting the series representation of (C p (a, c)/)^ ^ (z) and (C p (a, c)/) u; (z) in the above expression, 
we deduce that for — tt < 8 < tt. 



z (C p (a, c).f) W (z) - (p + 1 - j) (C P (a, c)/)^ (z) 



z (C p (a, c)/) W (z) - (p + 1 - j) (C p (a, c)^ 1 ' (z) 



O'-i) 



(p+l-j)A c)/) 0 " 1 * (z 



B z (C p (a, c)/)« (z) + pBe i6 z (£>, c)/)« (z) - (p + 1 - j) (C p (a, c)ff~^ (z) 



< 



fc=i 



(p + k)\ (o) fc 



|a p +fc||z 



(p-i)i 



+ | ( P+ ^?-i). l» +J - 1 ^- (p + fc + 1 -^l^ l ^ ll ' |fc 

oo , . 

<^<5(p + fc,j-l){fc(l + ^ + ^B) + |(p + j-l)A-(p + fc + l-i)B|}y^|a p+fe | 



fe=i 



-J(p,j)(^-B)<0, 



by applying the hypothesis (2.1). Now, the result follows by using the maximum modulus theorem. 

Theorem 2. Let the function / be given by (1.10) and -1 < B < 0. Then / e T p j(a,c,/3,A,B), if 
and only if 



£ 

fe=i 



5(p + fc, j - 1) {fc(l + /3)(1 - B) + (p + 1 - j)(A - B)} (a) k 



6(p,j)(A-B) 



a p +k < 1) 



(2.3) 



where S(p, j) is defined by (2.2). The result is sharp. 

Proof. In view of Theorem 1, we only need to prove the sufficient part of Theorem 2. We assume 
that /, given by (1.10) belongs to the class T p j(a,c,(3,A,B). Thus, by (1.11), we deduce that 



(1 B)Rc{ z{Cp{a ' c)f){j){z) 
\(C p (a,c)rf j -V ( Z ) 



0(1 -B) 



(p+i-m-A) 

z(£ p (a,c)/) W (z) 



(^(a.c)/) 0 " 15 (z) 



(p + 1 - j) 



>0 (zg«). 



(2.4) 



Substituting the series expansion of (C p {a,c)f)^ (z) and (C p (a,c)f) u 11 (z) in (2.4), we get 



Re { 



6(p,j)(A — B) — £r=i *(p + fc,.? - 1) {fc(l - B) + (p + 1 - i)(A - B)} ^a p+fe z* 
v c Jfc 

S(P, 3-1)- Er=i «(P + k, j - l)(p + 1 - j) ^ap+fc^ 



«(P, J - 1) - Er=i <*(P + J - 1)(P + 1 - i)^a p+fe ^ 

(C)k 



>0 (zeW). 



Using the fact that Re(z) < \z\ for all z e C and upon choosing the values of z on the real axis, the above 
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inequality reduces to 



Re < 



S(p,j)(A -B)- £r=i Sip + k,j- 1) {k(l - B) + (p + 1 - j)(A - B)} { ^a p+k z k 

i£h 

S(P, 3 1) - Er=i 8(P + k,j ~ 1)(P+ 1 - j)^a p+fc ^ 

-Re{e 10 (C)k } > 0 (-7T < 6> < tt; z e RnW). 

<*(p. i - 1) - Er=i *(? + fc, j - 1)(P + 1 - i) ^0^^* 



(2.5) 



Since Re (e* 8 ) > -|e l8 | = -1, (2.5) can be rewritten as 



Rc < 



S(p,j)(A — B) — J2Zi S(P + k,j 1) {fc(l - B) + (p + 1 - MA B)} { ^a p+k z k 

\ C )k 

Sip, 3-1)- Er=i Sip + k, j - l)(p + 1 - j) ^* op+fcz* 



0(1 - B) Er=i -kSip + k,j- l)^a p+k z k 

Re<( {C,k }>0 (zeRDU). (2.6) 

Sip, 3 1) - Er=i <J(P + J - 1)(P + 1 - j)gga p+ ^ 

Letting r — > 1~ in (2.6), we get the desired inequality. 

It is easily verified that the estimate (2.3) is sharp for the function f 0 , defined by 

f ( 9 s rP (p + 1- j)(p + 2- j)(A-B)c +1 -\<nsn-„^u\ o 7\ 

h[z) ~ Z ~ i P+ l){il + m-B) + i P+ l-j)iA-B)}a Z (^<B<0,zeU). (2.7) 

Letting A = 1 - {2a/(p + 1 - j)} (0 < a < P + 1 - j) and B = -1 in Theorem 2, we obtain 
Corollary 1. Let the function / be given by (1.10). Then / <E T p j(a,c, (3, a), if and only if 

^ Sjp + k,j- 1) {fc(l + g) + (p + 1 - j - q)} (o)fc 

^ *(p.i-i)(p + i-i-«) ( C ) fc ap+fc - 

The result is sharp. 

Theorem 3. Let a > c > 0 and — 1 < B < 0. If / € T p jia, c, (3, A, B), then the unit disk is mapped 
onto a domain that contains the disk 

L rV . I,. (P + 1)(1 + gXl - g)o + (p + 1 - 3%A - B){jp + l)(a - c) + (j - l)c} ] 
I ''' ip +!){{! + m-B) + ip+l- 3 )iA-B)}a /' 

The result is sharp. 

Proof. Let /, defined by (1.10) belongs to the class / € T p j(a, c, /3, A, B). Then, by virtue of Theorem 
2, we get 

Sjp + \,j -!){(! + gKl - g) + (p + 1 - 3)jA -B)}a ^ 
S(p,j)(A-B)c 

' Sip + k, 3 - 1) {fc(l + /3)(1 - B) + (p + 1 - j)(A - B)} (a) fc 
fe=i 

which evidently yields 



< 



5(p,j)(A-B)c 



S ° P+fc " *(p + 1, 3 1) {(1 + /?)(! - B) + (p + 1 - j)(4 - B)} a 
= (p+l-j)(p + 2-j)Q4-.B) C 

(p+ 1){(1 + 0)0- ~B) + (p+1- B)}o" 
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Consequently, for \z\ = r < 1, we deduce that 



r p+i 



|/WI>r p - Q> p+fe 
\fe=i / 

> r P J(p,j)(A-g)c rP+1 

«5(p + l,j-l){(l + /?)(l-B) + (p+l-j)(A-B)}a 

Hence, by letting r — >• 1~ in the above inequality, we get the required result. The result is sharp for the 
function f 0 given by (2.7). This completes the proof of Theorem 3. 

Remarks 1. A special case of Theorem 2 when j = 1, A = 1 — 2a (0 < a < p) and B = — 1 was 
obtained by Frasin [8, Theorem 1]. Further, if in Theorem 2 with (3 = 0,A = 1 — {2a/(p+l — j)},B = — 1, 
we set a = c and a = p + 2 — j,c = p+ l— j, we shall obtain the corresponding results obtained by Aouf 
[4] for the classes T*(p,a,j) and C(p,a,j), respectively. 

2. If, in Theorem 3 with j3 = 0, A = 1 - {2a/(p + 1 - j)} (0 < a < p + 1 - j) and B = -1, we set 
a = c and a = p + 2 — j, c = p + 1 — j, we obtain the corresponding results obtained by Aouf [4, Corollary 
5 and Corollary 6]. 

Theorem 4. If a > c> 0 and -1 < B < 0, then 

T P j {a+l,c,/3, A, B) c T p j (a, c, p, C, B), 

where 

C = B , a(l + p)(l-B)(A-B) 



(a + 1)(1 + - S) + (p + 1 - - B) ' 
The result is sharp. 

Proof. Suppose /, given by (1.10) belongs to the class T p j(a + 1, c, /3, A, i?). Then by Theorem 2, we 
obtain 

^ S( P + fc, j - 1) {fc(l + - B) + (p + 1 - - g)} (a + l) fc 

«(P,J)(A-B) P+k ' (2 ' 8) 

In view of Theorem 2 and (2.8), we need to find the largest value of C so that 

{k(l + g)(l - B) + (p + 1 - j)(C - B)} a {k(l + g)(l - B) + (p + 1 - j)Q4 - B)} (a + fc) 
C-B ~ A-B 

each positive integer fc € N. Or, equivalently, 

C>B | a{\ + m-B){A-B) 

C - B+ {a + k)(l + m-B) + ip+l-j)(A-B) {keN) - 

Since the right side of the above inequality is a decreasing function of fc(fc € N), putting fc = 1 in the 
above inequality, we get the required result. 

The result is sharp for the function / 0 , defined by 

f(9 s 7P (p + l-j)(p + 2-j)(A-B)c +1 /n-.P/y^ 

/0(Z) = Z -(p + l){(l + /3)(l-B ) + (p + l-,)(A-B)}( fl + l) 2 (-1<B<0,,E W ). 



Denoting 

(p, j, a, /3) = UST(p, j, a, /3) n T p , UCV+ (p, j, a,/3) = UCV{p, j, a, /3) n T P 

and taking a = c = p+l— j,A = l — {2a/ (p + 1 — j)} (0 < a < p + 1 — j) and B = — 1 in Theorem 4, 
we get the following result. 

Corollary 2. We have 

UCV+(p,j,a,p)cUST+(p,j,p,p), 

where 

(p+l-j){(3(l + a) + (p + 2-j)} 



P = 



(p + 2-j)(l + /3) + (p+l-j-a)' 
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The result is sharp with the extremal function / 0 , given by 

( P +l)(p + 2 + f3-j -a) y ' 

Theorem 5. If 0 < f3 < (1 — A)/{1 — B) and the function /, defined by (1.1) belongs to the class 
S p ,j(a, c, /?, A, B), then 

I. ..< S{p,j-l){c) k */ 2(p+l-j)(A-B) \ 

where S(p,j) is defined as in (2.2). 

Proof. Suppose /, defined by (1.1) belongs to the class S p j(a,c, f3, A, B). Then, by using (1.9), we 
deduce that 

(z) - b+1 7 1 ) \f:| ) (1 " g)} (*> 

= ^l-^Kl-B)^ (z)g(*) (zeU), (2.10) 

where g(z) = 1 + q\z + q 2 z 2 + . . . is analytic in U and Re{g(2;)} > 0 for z e W. Substituting the series 
expansions of (£ p (a, c)/)^' -1 ^ , (C p (a,c)f)^ ,q in (2.10) and comparing the coefficient of z p+k on both 
the sides of the resulting equation, we obtain 

kd{p + k,3 l) (c)k a p+k - {1 _ m _ B) x 

x {S(p,j - l)q k +S(p+ l,j - l)g fe _ia p+ i H h S(p + k - 1, j - l)q>ia p+fe _i} . (2.11) 

Using the fact that \q k \ < 2 for k > 1 for Caratheodory function g [7] in (2.11), we have 

2{p+l-j)(A-B)(c) k 



< 



kS(p + k,j-l)(l-l3)(l-B)(a) k 
x {5(p, j - 1) + 5(p+l,j - l)|a p+ i| + • • • + 5(p + k - l,j - l)|a p+fe _i|} (2.12) 

for each fceN. We shall prove the estimate (2.9) by induction on k. For k = 1, (2.12) gives 

, , 2*(p,j-l)(p+l-j)(A-B)( c ) 1 
|ap+l1 " 5(p+l,j-l)(l-/3)(l-BKa)i 
so that (2.9) is certainly true. For k = 2, (2.12) yields 

* 2.( P ^-iKi ( ^)fi K %( a ) 2 j - 1} + S(P + 1J - 

< 8(p,j-l)(c) 2 2{p+l- ] )(A-B) / +2 (p + l-j)(A-B) 



2\S(p + 2,j-l)(a) 2 (l-p)(l-B) V (l-m-B) 
Thus, (2.9) is true for k = 2. We assume that (2.9) holds true for k = n. Then for k = n + 1, we obtain 

<*(P,j - !)( c )n+l 



+ 1 



< 



(n + l)5(p + n + l,j -l)(a) n+1 ) 0 
x |(1 + Xj ) + 1^(1 + x,) + 1^.(1 + Xj )(2 + Xj ) + .-. + 1^.(1 + .Tj ) • • • (n + x,)| , (2.13) 

where Xj = 2(p+l-j)(A - B)/{{1 - /3)(1 - B)}. Since 

11 1 1 .". 

(! + x j) + 2\ X ^ X + x ^ + J\ x ^ + X M 2 + x j) + "- + —^A 1 + x o) ■■ ■ ( n + x i) = — { lid + x j)> 

the estimate (2.13) implies that (2.9) is true for k = n + 1. This evidently completes the proof of Theorem 
5. 

Remark. Putting j = 1, a = p + 1, c = p + 1 - fi(0 < /j, < 1), A = 1 - (2a/p)(0 < a < p) and B = -1 
in Theorem 5, we shall obtain the result due to Pathak and Sharma [17, Theorem 2]. 
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3. Mazorization problem for the class S p j(a,c, f3, A, B) 



Let / and g be analytic functions in the unit disk U. We say that / is majorized by g in U (see [14]) 
and write 

/(z)«.g(z) {z€U), 

if there exists a function ip, analytic in U such that \ip{z)\ < 1 and f(z) — ip{z)g{z) for all z eW. 
To establish our result, we need the following lemma. 

Lemma 1. If a > 0, 1 < j < p, 0 < j3 < 1 and 0 < aB + (p + 1 - j)(A - B), then 



aB + 



(p+l-j)(A-B) 



<aB+ ^ +1 - 3 ]f- B ^ (*eR). 



(3.1) 



Proof. Since |1 - (3e l( >\ > (1 - j3) for all 6 e K, we have for 0 < B < A < 1 



aB + 



(p+l-j)(A-B) 



<aB + 
<aB + 



(p+l-j)(A-B) 



1 - f3e ie 
(p+l-j)(A-B) 
1-/3 



(9 e M). 



This proves the inequality (3.1) for 0 < B < A < 1. Next, we assume that -1 < B < 0 < A < 1. We 
note that 

{aB(l -f3) + (p+l- j)(A - B)} 2 - \aB(l - 0e w ) + (p + 1 - j)(A - B)f 
= 2/3( aJ B) 2 (cos 0 - 1) + 2(p + 1 - j)a/3(A - B) (cos (9 - 1) 
= 2a/3 B(cos 0 - 1) {aB + (p + 1 - j)(A — B)} 
> 0 

by using the hypothesis and the fact that B < 0 and cos# < 1 for all OeR. Thus, the inequality (3.1) 
holds for — 1 < B < 0 and the proof of Lemma 1 is completed. 
Now, we prove 

Theorem 6. Let a > 0, 0 < 0 < 1, aB + (p + 1 - j)(A - B) > 0 and 
a(l - /? - £) - (p + 1 - j)(A - B) > 0. If the functions / eA p ,g € S Pl j(a, c, /3, A, B) and 



(^(a.c)/) 0 " 15 (*) « (^(a.c)/) 0 " 1 ) (z) (z G U), 



then 



(£ p (a + l,c)/) (H) (z) < (£ p (a+l, C )/) (,M) (z) (H<r„=r 0 (| ) ,a,i,/3,AB)), (3.2) 
where ro is the smallest positive root of the equation: 

( P +l-j)(A-BY 



(aB + r» - (a + 2|B|)r 2 - ((2 + aB + 

Proof. Since g e <S p j ;(a, c, /3, A, B), it follows from (1.7) that 



1-/3 



r + a = 0. (3.3) 



(C p (a,c)g)^ (z) aje \ z{C p {a,c)gr>{z) 



U) 



{Cria^gf-V (z) 
for —it < 0 < 7r so that 



(^(a,^)^ (z) 



(p+l + Az) 
l + Bz 



(zeU) 



z(C p (a,c)g) U) (z) 



A - BBe ie , x 



1 - /3e 



(*eW), 



(3.4) 



where w is analytic in U with w(0) = 0 and \oj(z)\ < 1 in U. Also from (1.6), we deduce that 

z (C p (a, c)gf } (z) = a (C p (a + 1, c)gf j - l) (z) - (a - p + j - 1) (C p (a, c^f^ (z) (z e U). (3.5) 
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Now, by using (3.5) in (3.4), we get 
(£ p (a,c)gf-V ( Z ) 

< 



a(l + B\z\) 



(£,(«+ l,c)g) u -' ) (z) (zeU). (3.6) 



From (3.1) and the hypothesis, we have 

z (C p (a, c)ff } (z) = z<p{z) (C p (a, c)g) U) (z) + z<p'(z) (C p (a, cjgf-^ (z) {zeU). 
Using (3.5) in (3.7), we obtain 

a\{C p {a+l,c)f)V- x) (z) 

< a\<p(z)\ liCpia + l,^)^ (z)\ + \z\\ip'(z)\ \(C p (a, 0)9)^ (z)\ (zeU). 
Using the following inequality [15] 

1^)1 {zeU) 

in (3.8) and applying the resulting inequality in (3.6), we deduce that 



(3.7) 



(3.8) 



(^(a + l.c)/) 0 " 1 * (z 



< < 



\<P(z)\ + 



|z|(l + J B|z|)(l-|^)| 2 ) 



(l-|f){a-(aB + &«) W } 
x (£ p (a + l, C ) ff ) (j - 1) (z)| (z€U), 
which upon setting \z\ = r < 1 and \<p(z)\ — x (0 < x < 1) leads us to the inequality 



(£ P (« + I,c)/) (J " 1) (z) 



< 



ip{x) 



(C r (a+l,c)g)''- 1 >(z) (zeU), 



where 



i>(x) = -r(l + \B\r)x 2 + (1 - r 2 ) ja - + (P±I_iK^__?2^ r | 3 + r (i + \ B \r). 

The function ■(/> takes its maximum value at x = 1 with r 0 = r 0 (p, a, j, /?, A, £?), where r 0 (p, a, j, /?, A, B) 
is the smallest positive root of the equation (3.2). Further, for 0 < y < r 0 (p, a, j, (3, A, B), the function 



$(x) = -y(l + \B\y)x 2 + (1 - y 2 ) ja - ( 
is increasing on the interval 0 < x < 1 so that 



$(x) < $(1) = (l-y 2 ) a- UB + 



(p+1- 

1-/3 



Hence, upon setting x = 1 in (3.9), we conclude that (3.1) holds true for \z\ < r 0 (p 7 a,j,(3,A,B) 7 where 
r o{p, «, j, P, A, B) is the smallest positive root of the equation (3.2). This completes the proof of Theorem 
5. 

Letting A = 1 — {2a/(p + 1 — j)}, B = — 1 and a = c = p + 1 — j in Theorem 5, we get the following 
result which yields the corresponding work of MacGregor [14] for j = 1 and a = 0. 
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Corollary 3. Let 1 < j < p, 0 < a < (p + 1 - j)/2 and 0 < /3 < a/(p + 1 - j). If the functions / G A p 
and g <E UST(p, a, j3, j) satisfies 

then 

\f U) (z)\<\gW(z)\ (\z\<f 0 ), 
where tq is the smallest positive root of the equation: 

2(p + 1 — j — a) , _ , 1 9 f p+1 — i — a 1 , . 

(p+l-j) r 2 -2 1 + ' — J - \r + (p+l-j) = 0. 



1-/3 yi ■") I 1-/3 



4. Inclusion relatioships involving neighborhoods 

Following the earlier investigations by Goodman [10], Ruscheweyh [21] and others including Altintas 
and Owa [2] (see also [1,3]), we define the e— neighborhoods of a function / € A p given by (1.1) as follows: 

g e A p : g(z) = z p + ^6 p+fe z p+fe and ^(p + k)\b p+k - a p+k \ < eve > 0 L . (4.1) 
fe=i fe=i J 

In particular, for the identity function e(z) = z p (z e £/), we immediately have 

{oo oo ^ 

geA p : g(z) = z p + ^ 6 p+fe z p+fe and £)(p + fc)|& P+ fc| < e; e > 0 I . (4.2) 
fe=i fe=i J 

For convenience, we denote 

Af+(f)=M £ (f)nT p and Af+(e)=K{e)nT p . 

Theorem 7. If a > c> 0, 1 < j < p, -1 < B < 0 and 

= (j>+l)6(p,j)(l + p)(l-B)(A-B)c 

£ S(p + 1, j - 1){(1 + /3)(1 - B) + (p + 1 - j)(A - B)}a' 

then 

T P j{a,c,P,A,B)cAT+(e). 

Proof. Suppose /, given by (1.10) belongs to the class T p j(a, c, (3, A, B). Then by 
Theorem 2, we have 

8(p + l,j - !){(! + /3)(1 - B) + (p + 1 - j)(A -B)} a^ 
S(p,j)(A-B) °U 

so that 

„ <y(p,j)(i4-B)c 

^ flp+fe - % + 1, j - i){(i + m - b) + (p + 1 - j)(a - s)} fl • (43) 

Making use of Theorem 2 again in conjunction with (4.3), we deduce that 

5 {p+ l, 3 - m + m -B)a g (p + kK+k 
c fc=i 

< *(p, - B) + {p(l + /3)(1 - B) - (p+ 1 - i)(A - B)} %+1 ^~ 1)a £ 
<y(p,i)(A - B) {p(l + /3)(1 - B) - (p + 1 - j)(.4 - B)} 



fc=i 



<«5(p,j)(A-B) + 



< 



(l + / ?)(l-B) + (p+l-j)(A-B) 
5(p,3)( P +l)(l + m-B)(A-B) 
(l + /3)(l-B) + (p+l-j)(A-B) 
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that is, 



^2(p + k)a p+k 



< 



5(p,j)(p+l)(A-B)c 



k=l 



5(p !){(! + /?)(! — B) + (p + 1 — j)(A - B)}a' 



which in view of (4.2) establishes the inclusion relation asserted by Theorem 4. 
Setting A = 1 — {2a/ (p+1 — j)} and B = — 1 in Theorem 7, we have 
Corollary 4. If a > c > 0, 1 < j < p and 



then 



SjpJ - l)(p+ 1 - j - a)c 

S(p + 1){(1 + /3) + (p + 1 - j - a)}a 



T p , j (a,c,/3,a)cAf+(e). 



(0<a<p+l-j), 



Next, we determine the neighborhood for the class T p j (a, c, /3, A, B) which is defined as follows: 

Definition 3. A function / e T p is said to be in the class T p ^ (a, c, /3, A, B), if there exists a function 
g € 7p,j (a, c, /3, A, _B) such that 



<p-7 (0<7<p;zeW) 



Theorem 8. If gr e 7pj(a, c, /3, A, B) and 

(P - 7) [(P + 1){(1 + /?)(! — B) + (p+1 — j)(A - B)}a -(p + 1- j)(p + 2 - j)(A - B)c] 



e = 



{(1 + p)(l — B) + (p+1 — j)(A - B)}a 



(4.4) 



(4.5) 



then 



K(9) CT}$ (a, c/3, A, B). 
Proof. Suppose that / € M e {g), where g, defined by 



g(z) = zP-J2b P +kZ p+k (zeU). 
fe=i 

belongs to the class T p j(a,c,f3,A,B). It follows from (3.1) that 

oo 

^2(p + k)\a p+k - b p+k \ < e 

which implies that 



(4.6) 



k=i 



^2 \ a P+k - b p+ k\ < — -■ 
fe=l p 

Since g € T p j(a, c, /3, A, B), we deduce from (2.3) that 

(p + l-j)(p + 2-3)(A-B)c 



k=i 



p+k ^ (p + !){(! + P)(l — B) + (p + 1 — j)(A - B)}c 



so that 



< 



< 



J2kLl \ a p+k - b p+k \ 

i - Z)fe=i ^p+fe 



£ {(1 + /3)(1 - B) + (p + 1 - j)(,4 - B)}a 



(p + 1){(1 + /3)(1 - B) + (p + 1 - j)(A -B)}a-(p+l- j)(p + 2 - j)(A - B)c 
= P~1, 

provided that e is given by (4.5). Thus, by (4.4), the function / e T p ^ (a, c, /3, A, B). This completes the 
proof of Theorem 5. 
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5. Subordination results 

To prove our main result, we need the following definition and lemma. 

Definition 4. A sequence {&p+fc}^L 0 of complex numbers is said to be a subordinating factor sequence, 
if for any analytic convex(univalent) function 

oo 

g(z) = Z P + Y / c P+k z p+k (z€U), (5.1) 
fc=i 

we have 

oo 

Y. b v+k c P+kZ p+k < g(z) (c p = l;zeU). (5.2) 

fc=0 

Wilf [23] gave the following necessary and sufficient condition for a sequence to be a subordinating 
factor sequence. 

Lemma 2. A sequence {&p+fc}^L 0 °^ com pl cx numbers is said to be a subordinating factor sequence, 
if and only if 

Re J 1 + J2 b P+k z p+k 1 > 0 (zeU). (5.3) 
I fe=0 J 

Theorem 9. Suppose /, given by (1.10) belongs to the class Tpj(a, c, (3, A, B) and g defined by (4.1) 
is an analytic convex(univalent) function in U. Then 

p{f*9){z)<9{z) {zeU), (5.4) 

where 

= SJp + l,j - !){(! + /?)(! - B) + (p + 1 - j)(A - B)}a 

9 2[6(p+l,j-l){(l + p)(l-B) + ( P +l-j)(A-B)}a + S(p,j)(A-B)c] [ ' ' 

Moreover, 

Re{f(z)}>(-iy P (zeU) (5.6) 

and the subordinating result (5.4) is the best possible for the maximum factor p given by (5.5). 
Proof. We have 



p(f*g)(z) = J2b p+k zP+ k (zeU), 



fe=0 

where 

' p, k = 0 



bp+k 



-pa p+k , k = l. 



To prove the subordination (5.4), we need to show that {bpj r k} < k=Q 1S a subordinating factor sequence 
which in view of Lemma 2 is true, if 



Rci l + 2j2b p+k z p+k L > 0 (zeU). 



k=0 



Since 

6(p + k,j- l){fc(l + /?)(! - B) + (p + 1 - j)(A - B)}{a) k 

(c)fc 
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is an increasing function of k(k e N), we get 
Re jl + f> p+fe ^+ fe | 

:^2pz p 



= , r R( , ,.,.,.„ Er=i[*(P+l.J-l){(l + m~ B) + (p + l-j)(A-B)}a}a p+kZ P+ k 



[5(p + 1, j - 1){(1 + - B) + (p + 1 - - B)}a + 5(p, - B)c] 

- B) + (p + 1 - 

%,j)(A-S)c 



>, %+l,j-l){(l + /?)(l-i?) + (p+l-,7)(A-i3)}a p 

[<f(p + l,j - 1){(1 + /?)(! - B) + (p + 1 - - £)}a + S(p,j)(A - B)c] 



[5{p + l,j - 1){(1 + /3)(1 - B) + (p + 1 - - B)}a + 5{p,j)(A - B)c 
S( P + k,j - l){fc(l + /3)(1 - B) + (p + 1 - - £?)} (o)fc 



oo 

X 

fe=l 

= l-r p >0 (|^| = r < 1 



E»v^i~ ft - ; 7^- L n ft -v ± ^'^n- L ~ j -';"r^"r- L ~jn^ L ~ j - > jj wfc 
5(p,;7)(A-B) (c)/ p+fc 



where we have made use of the assertion (2.4) of Theorem 2. This proves the subordination result (5.4). 
Letting g(z) = z p /(l — z) = z p + Y^k^i zP+k ( z e ^0 in (5.4), we easily get the inequality (5.5). 

To prove the sharpness of the constant p, we consider the function / 0 € T p j(a, c, (3, A, B) given by 

fn(z )- z p S(p,j)(A-B)c +1 

M j ~ S(p + l,j 1){(1 + - B) + (P + 1 - i)(^ - B)}a" (Z 

Thus, from (5.4), we have 

6Jp + U - !){(! + gKl - g) + (g + 1 - - f , . , m 

2[5(p+l,3-l){(l + m-B) + ( P +l-3)(A-B)}a + d(p 7 3)(A-B)c] Jo{ ^ 1-z ( fc " J ' 

Moreover, it can be easily verified that for the function f 0 

. J p ( 5(p+l,j-l){(l + p)(l-B) + (p + l-j)(A-B)}a \\ 1 

mm < rte 



zeu \ \2[5(p+l,j-l){(l + (3)(l-B) + (p+l-j)(A-B)}a + S(p,j)(A-B)c\Jj ~ 2' 
so that the constant factor p in (5.4) cannot be replaced by a larger number. 

6. Modified Hadamard product 

For functions /, defined by (1.10) and g given by (4.6), we define the modified Hadamard product or 
quasi Hadamard product of / and g by 

oo 

(/ * g){z) = z p -Y, a p+k b p+k z p+k = (g* f)(z) (zEU). 
k=i 

We now prove 

Theorem 10. Let a > c > 0. If the functions f,g € T p ,j{a,c, (3, A, B), then / * g e T p j(a,c, j3, A, B), 
where 

(p+l-3)(p + 2-3)(l + m-B)(A-B) 2 c 



A = B + 



(p + 1){(1 + p)(l - B) + (p + 1 - j)(A - B)} 2 a - (p + 2 - j){{p + 1 - j)(A - B)} 2 c' 



The result is sharp. 

Proof. Let the functions / be defined by (1.10) and g be given by (4.6). We need to find the largest 
value of A such that 

^ S( P + k,j- l){fc(l + /?)(!-£?) + (p + l - j)(A - B)} (o) fc 

2^ Ti — 777 — m -r^-ap+fefep+fe < 1. (6.1) 
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Since /, g e T p j(a, c, (3, A, B), by Theorem 2 we get 

^ SJp + k,j - l){fc(l + /?)(! - B) + (p + 1 - j) (A - g)} (a) fc 

£j " "' " S(p,j)(A-B) " (c) k ap+k - L 

and 

" S( p + k,j- l){fc(l + g)(l - g) + (p + 1 - - £?)} (o) fc 

" " ~ S(p,j)(A-B) " (c)/^" 1 - 

Hence, by using Cauchy-Schwarz inequality, we deduce that 



^ SJp + k,j- l){fc(l + /?)(! - B) + (p + 1 - j)Q4 - £)} (q) fc 
which implies that 



/ S ^ 6(p,j)(A- B) (c) k 

* s iP + k , , - vm + m-B )+ (p + i- m - b) } {keN) - (0) 

In view of (6.1) and (6.2), it is sufficient to show that 

5(p + k, j - l){fc(l + /3)(1 - B) + (p + 1 - j)(A - B)} 



S(p,j)(A-B) 



< S(P + k,j l){fc(l + gXl - g) + (p + 1 - - B)} 

or, equivalent ly 

< (I - gHMi + m - B) + (r + 1 - 31 a - B )} 

(A-B){k(l + l3)(l-B) + (p + l-))(A-B)} 

In the light of the inequality (6.3), we need to show that 

S(p,j)(A-B) (cH 

S(p + k,j - l)jfc(l + /?)(1 - B) + (p + 1 - j)(A - £)} (o) fc 

< (A-B){fe(l + ^)(1-B) + ( P + 1- J -)(A-B)} 
" (A - B){fe(l + - S) + (p + 1 - - B)} 

It follows from (6.4) that for k e N 
A> B+ 

kS(p 7 j)(l + (3)(l-B)(A-B) 2 (c) k 

5(p + k, j - l){fc(l + /3)(1 - B) + (p + 1 - j)(A - B)}2( fl ), - 5(p, j)(p + 1 - j)(A - B)Hc) k ' 

Denoting the right side of the above inequality by ij){k), we note that V is a decreasing function of 
k (k e N). Therefore, we conclude that 

I> V(l) = 5+ 

(p + 1 - i)(p + 2 - j)(l + /?)(!- B)(A - B) 2 c 



+ 



(p + !){(! + /?)(! - B) + (p + 1 - j)(.4 - B)}2 a - (p + 2 - j){(p + 1 - j)(A - B)} 2 c 



which evidently completes the proof of Theorem 10. 

The result is sharp for the functions fo and 50 defined by 

am - »<•> - * - (p^ho:^;'^-"^-^ 1 «)■ <«■*> 
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Setting /3 = 0, A = 1 - {2a/ '(p + 1 - j)} (Q < a < p + 1 - j - a) and B = -1 in Theorem 10, we get 
the following result which, in turn, yield the corresponding works for the classes T* (p, a, j) and C{p, a, j) 
obtained by Aouf [4, Theorem 10 and Corollary 9] when a~c and a = p + 2 — j,c = p+1 — j respectively. 

Corollary 5. If a > c > 0 and the functions f,g e T p j(a,c, f3,a), then the function (/ ★ g) e 

7 p j(a, c, /3, x), where 



x = (p + 1 - j) - 



(1 + P)(p + 2 - 3 )(p +1 - 3 - a) 2 c 



(P + l)(p + 2 + /? - j - a) 2 a - (p + 2 - j)(p + 1 - j - af 



The result is sharp. 

Theorem 11. Let a > c > 0 and — 1 < B < 0. If the functions /, defined by (1.10) and g given by 
(4.6) are in the class T p j(a, c, /3, A, £>), then the function 



h(z) = z v-J2(4 + k + K +k ) zP+k ( z ^ u ) 



k=l 



belongs to the class T p j(a, c, /?, A, £>), where 

2(p + 1 - j)(p + 2 - i)(l + /3)(1 - B)(A - £?) 2 c 



C = 



(p + 1){(1 + /3)(1 - B) + (p + 1 - j)(.4 - B)} 2 a - 2(p + 2 - j){(p + 1 - j)(.4 - B)} 2 c 



The result is sharp. 

Proof. By virtue of Theorem 2, we obtain 



E 



Similarly, 



*(p + fc, j - l){fc(l + gKl - g) + (p + 1 - - £?)}(q) fc 
<y(p,i)(i4-B)(c) fc 



< 



^ <S(p + fc, j - l){fc(l + g)(l - B) + (p + 1 - j)(A - B)}(a) k 
/ , J7~VTa a P+ fe 



Lfe=i 



5(p,j)(A-S)(c) fc 



< 1. 



E 

fc=i 



(5(p + k,j- l){fc(l + /3)(1 - B) + (p + 1 - j)(A - B)}(a) k 
5{p,j){A-B){c) k 



h 2 

° P +k 



< 



^ SJp + k,j - l){fc(l + /?)(!- i?) + (p + 1 - - £?)}(a) fc 
jfe " 5(p,j)(A-B)(c) k 



< 1. 



It follows from (6.6) and (6.7) that 



1 



E 



fe=i 



<f(p + k,j - l){k(l + /3)(1 - B) + (p+1 — j)(A - B)}( 



a k 



5(p,j)(A-B)(c) k 

Thus, we need to find the largest value of A such that 

S(p + k,j - l){k(l + /?)(! - B) + (p + 1 - j)(I - B)}(a) fc 



< 



1 



<y(p,i)(i4-s)( c ) fc 

<f(p + k,j - l){k(l + /?)(! - B) + (p + 1 - - B)}(o) fc 



1 2 



(fc g N). 



5(p,j)(A-B)(c) k 
On simplifying the above inequality we deduce that 
A > B+ 

25( P , ] )k{l + m-B){A-B) 2 (c) k 

5(p + k,j - l){k(l + /?)(! — B) + (p + 1— j)(A - B)} 2 (a) k - 26(p,j)(p + 1 - j)(A - B) 2 (c) k 



(6.6) 



(6.7) 



(6.8) 
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for fceN. Since the right side of (6.8) is an decreasing function of k (k € N), putting k = 1 in (6.8), we 
get 

7 >R+ 2(p + 1 - j)(p + 2 - + gXl -B)(A- Bf c 

" + (p+l){(l + f3)(l-B) + (p+l-3KA-B)}2a-2(p + 2-3){(p+l-3)(A-B)}2c 

and Theorem 11 follows at once. 

The result is sharp for the functions / 0 and g 0 defined by (6.5). 

Taking (3 = 0, A = 1 - {2a/(p+ 1 - j)} (0 < a < p+ 1 - j - a) and B = -1 in Theorem 11, we obtain 
the following result which yield the corresponding works for the classes T*(p, a,j) and C(p, a,j) due to 
Aouf [4, Theorem 12 and Corollary 11] for a = c and a = p + 2 — j, c = p + 1 — j respectively. 

Corollary 6. Let a > c > 0 and (3 > 0. If the functions /, defined by (1.10) and g given by (3.6) are 
in the class T p j(a, c, (3, a), then the function 



k=i 



belongs to the class T p j{a,c 7 f3 7 r]), where 

2(l + l3)(p + 2-3)(p+l-3 -a) 2 c 



V = (P + i - j) - 



(P + + 2 + (3 - 3 - a) 2 a - 2{p + 2 - j)(p + 1 - j - a) 2 c 
The result is sharp. 

Remark. The results obtained in various section can suitably be extended to hold true for the new 
subclasses of A p and T v defined in the introduction. 
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The characterizations of McShane integral and Henstock 
integrals for fuzzy-number-valued functions with a small 
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Abstract In this paper, we shall characterize McShane integral and Henstock integral of fuzzy-number- 
valued functions by Riemann-type integral of fuzzy-number- valued functions with a small Riemann sum 
on a small set, and the results show that McShane integral (Henstock integrals) of fuzzy-number- valued 
functions could be represented by Riemann integral (McShane integral) with a small Riemann sum on a 
small set, respectively. 

Keywords: Fuzzy numbers; fuzzy integrals; small Riemann sum. 
1. Introduction 

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [19], it has been studied 
extensively from many different aspects of the theory and applications, such as fuzzy topology, fuzzy 
analysis [16], fuzzy decision making and fuzzy logic, information science and so on. Recently, fuzzy 
integrals of fuzzy-number-valued functions have been studied by many authors from different points of 
views, including Goetschel [8], Nanda [15], Kaleva [12], Wu [17,18] and other authors [1-7]. For the 
constructive definition of fuzzy integrals, Goetschel defined and discussed the fuzzy integral of fuzzy- 
number-valued functions by first taking the sum and then the limit which is known as a Riemann type 
definition in 1986 [8]. The Mcshane integrals of fuzzy- valued functions were defined and characterized, 
and it shown that the Mcshane integrals of fuzzy- valued functions are the Riemann-type definitions of (K) 
integral [6]. In 2001, Wu and Gong defined and discussed the fuzzy Henstock integral for fuzzy-number- 
valued functions and several necessary and sufficient conditions of integrability for fuzzy-number- valued 
functions were given by means of abstract function theory and using a concrete structure into which 
they embed the fuzzy number space [17]. After that, Hsien-Chung Wu [18] discussed the fuzzy Riemann 
integral (improper the fuzzy Riemann integral) and its numerical integration by using the probabilistic 
Monte Carlo method, the Riemann integral (improper the fuzzy Riemann integral) of real- valued functions 
and its numerical integration respectively, and Barnabbas Bede [1] introduced the quadrature rules of 
fuzzy Henstock integral on finite interval. In this paper, we shall characterize McShane integral and 
Henstock integrals of fuzzy-number-valued functions by Riemann integral with a small Riemann sum 
on a small set, and the results show that McShane integral (Henstock integrals) of fuzzy-number- valued 
functions could be represented by Riemann integral (McShane integral) with a small Riemann sum on a 
small set, respectively. 

The rest of this paper is organized as follows. To make our analysis possible, in Section 2 we shall 
review the relevant concepts and properties of fuzzy sets and the definition of McShane integral and 
Henstock integrals for fuzzy-number- valued functions. Section 3 is devoted to discussing McShane integral 
of fuzzy-number- valued functions by Riemann integral of the fuzzy- number- valued functions with a small 
Riemann sum on a small set. Section 4 we shall investigate Henstock integrals of fuzzy- number- valued 
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of China. 
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functions by McShane integral of fuzzy-number-valued functions with a small Riemann sum on a small 
set. 

2. Preliminaries 

Fuzzy set it G E 1 is called a f uzzy number if u is a normal, convex fuzzy set, upper semi-continuous 
and supp u = {x G M | u(x) > 0} is compact. Here A denotes the closure of A. We use E 1 to denote the 
fuzzy number space [8]. 

Let u, v G E 1 , k G M, the addition and scalar multiplication are defined by 

[u + v] x = [u]\ + [v}\, [ku]\ = k[u]\, 

respectively, where [u]\ = {x : u(x) ^ A} = [u^,u~^] for any A G [0, 1]. 

We use the Hausdorff distance between fuzzy numbers given by D : E 1 x E 1 — > [0, +oo) as in [8] 

D(u,v)= sup d([u]x,[v]x) = sup max{|u^ - v^\, |u£ - v%\}, 
Ae[o,i] Ae[o,i] 

where d is the Hausdorff metric. D(u, v) is called the distance between it and v. Furthermore, we write 

= D(u, 0) = sup max{|w^|, 
Ae[o,i] 

Notice that || • \\ E i = D(-,0) doesn't stands for the norm of E 1 . 

Definition 2.1 [8]. A fuzzy-number-valued function f(x) is said to be fuzzy Riemann integrable on [a, b] 
if there exists a fuzzy number H 6 E 1 such that for every e > 0, there is a S > 0 such that for any division 
T : a = xq < x\ < ... < x n = b satisfying ||T|| = max" =1 {xj — < 5, and for any £j G [xj_i,Xj], we 

have 

n 
i=l 

We write (RH) f(x)dx = H and / G RH[a, b]. 

Definition 2.2[10, 13]. Let 5 : [a,b] — > R + be a positive real-valued function. T = x«]; ^}™ =1 is 

said to be a 5-fine division, if the following conditions are satisfied: 

(1) a = xq < X\ < X2 < ... < x n = b; 

(2) & G [xi-i.Xi] C - 6(Si), + <5(^))(t = 1, 2, • • • , n). 
If we replace above (2) by 

(2)' [xi-uxi] C &-6(Z i ),Z i + 6(Z i ))(i = l,2,--- ,n), 
then T = Xj]; ^j}™ =1 is said to be a (5-fine (M) division. For brevity, we write T = {[u, v];^}, where 

[u, v] denotes a typical interval in T and £ is the associated point of [u, v]. 

Definition 2.3 [6, 17]. A fuzzy-number- valued function f(x) is said to be fuzzy Henstock integrable 
(fuzzy McShane integrable) on [a, b] if there exists a fuzzy number H G E 1 such that for every e > 0, 
there is a function S(x) > 0 such that for any <5-fine division (5-fine (M) division) T = {[xj_i, Xj]; £i}f =1 , 
we have 

n 

^(^/(^(x.-x^!),^) <e. 

i=l 

We write (Fi7) / a 6 f(x)dx = H {{FM) j b a f(x)dx = H) and / G FH[a, b] (/ G FM[a, b]). 

Obviously, / G RH[a,b] implies that / G FH[a, b] and / G FM[a,b]. Furthermore, from the results 
of [13] and [6], we have the following Lemma. 

Lemma 2.1 [6, 17]. A fuzzy-number- valued function f(x) is fuzzy Henstock integrable (fuzzy McShane 
integrable) on [a, b] if and only if f^(x), /^(x) are (RH) integrable for any A G [0, 1] uniformly, i.e., for 
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every e > 0, there is a function 8{x) > 0 (independent of A G [0, 1]) such that for any (5-fine division 
(5-fine (M) division) T = {[xj-i, xi\; £?}f =1 , and for any A G [0, 1] we have 

\^2fx(^i){xi-Xi-i)-H^\ <£. 
i=l 

f£(x) is similar. Here and _£T^ denote respectively the (H) integrals ((M) integrals) of and f£ 
on [a, 6] for any A G [0, 1]. 

Lemma 2.2 [7]. Let / : [a,b] E 1 be & fuzzy-number- valued function, and / G Fi7[a, 6]. Then 
/ G FM[a,b] if and only if W/We 1 is Lebesgue integrable, and 

\\(FH) f f\\ E ,<(L) f b \\f\\ E1 . 

J a J a 



Lemma 2.3. Let / : [a,b] — > E 1 be a fuzzy-number- valued function and / G FM[a,b]. Then for any 
e > 0 there exists a positive integer N such that for every n > N there is a 5 n — fine division 5-fine (M) 
division T = Xj];£j}" =1 , we have 

II f(€i)( x i- x i-l)\\Ei < £ > 

\\f\\ E l>n 

where the sum is taken over T for which W/We 1 > n - 

Proof. Since / G FM[a,b], by Lemma 2.2 we know that W/We 1 is Lebesgue integrable. Define a real 
function 

'll/bi. if||/|| E i<n, 
0, if||/|| E i>n. 



9n{x) 



Then <? n (x) is Lebesgue integrable on [a, b] and g n {x) —> WIWe 1 - Let G n (a,b) denote the integration of 
g n (x), and F(a, b) the integration of Il/H^i, then G n (a, b) — > F(a, b). That is to say, for given e > 0, there 
is a function 5 n (x) > 0 such that for any <5 n -fine division T = {[xj_i, Xj]; we nave 

m 

l^ynte)^ - ^j-i) - G n (a,6))| < £, 
1=1 

m 

lX;il/bi(6)(x i - a : i _i)- J F(a,6)|<e. 
i=i 

Choose iV so that whenever n> N 

\G n (a,b) - F(a,b)\ < e. 
Therefore for n > A^ and <5 n -fine division T = {[xj_i, xi\; we have 

II X] /(CO^-^-OIIe 1 

ll/ll B i>n 

< E ll/(&)IM^-z*-i) 

ll/ll B i>n 

< I 5^5n(^i)(aJi - Xi-l) - 2 ||/||bi(^)(^< - x i-l)\ 

< lEfn(Ci)(^ - ari-i) - G„(a,6)| + |G„(a,6) - F(a,b)\ 

< 3e. 

This complete the proof. 
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3. The characterization of McShane integral of fuzzy-number- valued functions by Riemann 
integral and a small Riemann sum on a small set 

Theorem 3.1. Let / : [a, b] — > E 1 . Then the following statements are equivalent: 

(1) / is fuzzy McShane integrable on [a, b]; 

(2) for any A G [0, 1], and f£ are McShane integrable on [a, b] for any A G [0, 1] uniformly (5(x) is 
independent of A G [0, 1]), and 

[(FM) [ b f(x)dx] x = [(M) f f-(x)dx,(M) [ b f£(x)dx]; 

J a J a J a 

(3) there exists a fuzzy number A such that for any e > 0, r/ > 0, we have 

(i) there exists a constant 5 > 0 and a open set G satisfying \G\ < rj, such that for any 5 fine 
division T : a = xq < x\ < ... < x n = b satisfying ||T|| = max" =1 {xj — Xj_i} < 5, i.e., 0 < X{ — < 6 
and & G [a, b]\G, we have 

D{J2f(^i-Xi-i),A)<e, 

and 

(ii) there exists a 5(£i) > 0, such that for any interval [xi — Xj_i] satisfying [xi — Xj_i] C 
(6 " & + C G, we have 

II E /(fOO 1 * ~ x i-l)\\Ei < C- 

Proof. From the results of [17], (1) and (2) are equivalent, we only prove that (1) and (3) are equivalent. 
Let / is fuzzy McShane integrable on [a,b]. By using of the Definition 2.3, there exists a fuzzy number 
A G E 1 such that for every e > 0, there is a function S(x) > 0 such that for any <5-fine (M) division 
T = {[xi-i,Xi];£i}? =1 , we have 

n 

D^feAixi-Xi-^A) <e. 
i=i 

For any rj > 0, due to the results of [14], we could select a <5(£) which is measurable and an open set Gi 
satisfying |Gi| < \ such that {x|0 < S(x) < 5q} C Gi, and there exists an open set G2 and a natural 

number ./V satisfying | C2 1 < \ and {x|||/(x)|| s i > N} C G2. 
Let G = Gi U G 2 . Then \G\ < rj. Define 

§ * (x)= Uo, if^G, 
[S(x), such that {x - 8{x) , x + 8{x)) C G, if £ G G, 

then according to Lemma 2.3, for all <5*(£)-fine Mcshane division, we have 
II E f(£i)( x i- x i-i)\\Ei < X] H/te)lbi(^ — aii-l) 

< E n/te)ii^(^-^-i)+ E n/te)ii E1 (^-^-i); 

ll/ll B i>JV fceGn{s|||/|| B i<JV} 

< e + Nrj, 



and 



£>(E/(&)(^-^-iM) 

&£G 

< d(E - xi-o, i) + z?(E /(&)(^ - ^-1). 0) 

< e + || E " ^-i)IUi < e + E H/(&)IM^ ~ x i-i) 

&eG &eG 

< 2e + 7V77. 
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Conversely, Define 

5*(x) = i 6<h if ^ G ' 
v ' \S(x), iixeG, 

for any <5-fine (M) division T = Xj\; £i}™ =1 , we have 

n 

i=l 

<d(Y^ m){xi - xi-i), a)+d(Y^ m){xi - ^-1), o) 

< e + || f&)( x i ~ ^-i)IUi < e + ll/(&)IM^ - Xi-i) 

< 2e. 

This complete the proof. 



4. The characterization of Henstock integral of fuzzy-number- valued functions by McShane 
integral and a small Riemann sum on a small set 

Lemma 4.1 [9]. Let / : [a, b] — > R be a real function. / is Henstock integrable on [a, b], then for each 
rj > 0 there exists a measurable set E C [a, b] such that n(E) < 77, f is Lebesgue integrable on E 1 , and 

W/ MNS /(x)dx = (ff)/ a 6 /(x)dx. 

Lemma 4.2 [11]. Let / : [a, b] — > R be a real function. / is Henstock integrable on [a, b], then there exists 
an increasing sequence E n of measurable sets whose union is [a, b] and such that / is Lebesgue integrable 
on E n , and lim n ^ +00 (L) J En f(x)dx = (H) f(x)dx. 

Definition 4.1 Let f,g : [a, b] — > R be real functions, and Henstock integrable on [a, b\. f and g are said 
to be of equi-Riemann tails on E, if for each rj > 0 there exists a measurable set E C [a, 6] such that 
n(E) < rj, f and 5 are Lebesgue integrable on E, and 



(L) / /(aOdx = (iJ) / /(*)<* 

J[a,6]\E ia 

(L) / g{x)dx = {H) [ b g(x)d: 

J[a,b}\E J a 



Theorem 4.1. Let / : [a,b] — >■ E 1 , and /J" and /q" be of equi-Riemann tails on E. Then the following 
statements are equivalent: 

(1) / is fuzzy Henstock integrable on [a, b]; 

(2) for any A G [0, 1], and are Henstock integrable on [a, b] for any A G [0, 1] uniformly (<5(x) is 
independent of A G [0, 1]), and 

[(FH) [ b f(x)dx] x = [(H) [ b f;(x)dx,(H) f ft{x)dx]- 

J a J a J a 

(3) there exists a fuzzy number A such that the following conditions are satisfied for any given 
e > 0,7? > 0: 

(i) there exists a measurable set E satisfying //(E) < rj, such that f(x) is fuzzy McShane 
integrable on [a, b] \ E; 

(ii) there is a function S(x) > 0 such that for any 5 fine division T = {[xj_i, Xj\; £i}" =i and 
& G [a, 6]\E, we have 

&e[o,6]\B 
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and 

II Y f(&( x i - x i-l)\\Ei < e - 



Proof. From the results of [17], (1) and (2) are equivalent, we only prove that (1) and (3) are equivalent. 

(1) implies (3): If / is fuzzy McShane integrable on [a, b], then (3) holds, we only define E = [a,b]. 
Let / is fuzzy Henstock integrable on [a, b] but it is not fuzzy McShane integrable on [a, b]. By Lemma 
2.2, W/We 1 is not Lebesgue integrable on [a, b]. On the other hand, we note that 

ll/Hii;i= sup max{|/-|,|/+|}= sup max{|/- J, |/+ J} < max{|/ 0 _ |, |/+|}, 
Ae[o,i] A„e[o,i] 

where {A ra } is the set of all rational numbers on [0,1]. This means that at least one of f$ and /q" is 
Henstock integrable on [a, b] but Lebesgue. Since f$ and /q" are of equi-Riemann tails on E, by Lemma 
4.1, for any given e > 0, rj > 0 there exists a measurable set E C [a, b] such that n(E) < ij, and /q~ 
are Lebesgue integrable on [a, b] \ E. Furthermore, 



| (L) [ f 0 (x)dx - (H) f f 0 (x)dx\<e, 

J[a,b]\E Ja 

\(L) [ f+{x)dx - (H) f f+(x)dx\ < e. 

J[a,b]\E Ja 



Applies the following formula 



E i = sup max{|/ A |, |/+|} = sup max{|/ A J, |/+ J} < max{|/ 0 |, |/+|} 

Ae[0,l] A„6[0,l] 

and the mesurability of and f£ , we have ||/||ei is Lebesgue integrable on [a, b] \ E, where {A n } is the 

set of all rational numbers on [a, b] \ E. By using Lemma 2.2 again, we obtain that / is fuzzy McShane 
integrable on [a, b] \ E. By the Henstock integrability of Jq and /q on [a, b], there is a function S(x) > 0 
such that for any 5 fine division T = {[xj-i, £j]; £j}™ =1 

II Y /te)( X * - x i-l)\\E*- 
&&E 

= sup max{| Y f\(£i)( x i- x i-i)\A Y ^ (&)( x i ~ x i~i)\} 

< max{| Y fo(&)( x i ~ x i-i)\, I Y fo(&( x i ~ x i-i)\} 

&eE &eE 

< e. 

Since / is fuzzy McShane integrable on [a, b] \ E, there is a function S(x) > 0 such that for any 5 fine 
division T = a;i];£i}™ =1 , we have 

D{ Y /(&)(zi-*i-iM) 

£ie[a,b]\E 

< D(J2 7(&(xi-Xi-i),A) + \\ J2f&)( x i- x i-i)\\E> 

Zi£[a,b] &eE 

< 2s. 

(3) implies (1): e > 0, 77 > 0, there exists a measurable set E satisfying jJ,(E) < rj, such that f(x) is 
fuzzy McShane integrable on [a, b] \ E, and there is a function S(x) > 0 such that for any 5 fine division 
T = {[xi-i,Xi};^i}f =1 , we have 

d( Y m)( x i- x i-i),A)<e, 

Zie[a,b]\E 
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and 

II - x i-i)llsi < e- 

It follows that 

£>( E 7te)(^-^-i),^) 

€i6[a,b]\E 
&e[a,&]\£ 

< 2e. 

This prove that / is fuzzy Henstock integrable on [a, 6]. 
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BARNES-TYPE NARUMI OF THE SECOND KIND AND POISSON-CHARLIER 

MIXED-TYPE POLYNOMIALS 

DAE SAN KIM, TAEKYUN KIM, HYUCK IN KWON, AND TOUFIK MANSOUR 

Abstract. In this paper, wc consider the Barnes-type Narumi of the second kind and Poisson- 
Charlier mixed-type polynomials. We present several explicit formulas and recurrence relations for 
these polynomials. Also, wc establish a connection between our polynomials and several known 
families of polynomials. 



1. Introduction 

The aim of this paper is to use umbral calculus to obtain several new and interesting identities of 
Barnes-type Narumi of the second kind and Poisson-Charlier mixed-type polynomials. Umbral calculus 
has been used in numerous problems of mathematics and applied mathematics (for instance, see [1, 6, 
7, 12, 13, 14, 15, 16]). Di Bucchianico and Loeb [8] give more than five hundred old and new findings 
related to the study of Sheffer polynomial sequences. For instance, applications of umbral calculus to 
the physics of gases can be found in [22] and umbral techniques have been used in group theory and 
quantum mechanics by Biedenharn et al. [2, 3] (for other examples, see [4, 5, 6, 9, 17, 18, 23]). 

In mathematics, the Narumi polynomials N n (x) are polynomials introduced by Narumi [19] (also, 
see [21, Section 4.4]) given by the generating function J2 n >o ^™( X )^T = io g (i+t) (l + t) x - We recall here 
that the Barnes-type Narumi polynomials of the first kind N n {x\a\, . . . , a r ) are given by the generating 
function as 

riTs^ (i+f)i -)£■ 

j=l by ' n>0 

Here we consider the polynomials NC n {x\a\, . . . , a r ; b) where the corresponding generating function is 
given by 

(1-D *-* n (1 + t/b)x = £/ c - (a|01 ' • ■ • ' ar; 

where r € Z >0 , and oi, . . . , a r , b ^ 0. For simple notation, we define 

NC n {x) = NC n {x\a\, . . . , a r ; b) and NC n; j(x) = NC n {x\a\, . . . , a^-i, Oj+i, ■ ■ . ,a r ; b). 

We recall first that the Barnes-type Narumi polynomials of the second kind N n (x) = N n (x\ai, . . . , a r ) 
are given by the generating function as 
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When x — 0, N n — iV„(0) are called the Barnes-type Narumi numbers of the second kind. Next, the 
Poisson-Charlier polynomial c n (x; b) (b ^ 0) are defined by the generating function as 



f n 

-*(l + t/6) a = y £,c n (x;by-. 



n>0 

In order to study the Barnes-type Narumi polynomials o the second kind, wc need the use of the 
Umbral algebra and Umbral calculus. Let II be the algebra of polynomials in a single variable x over 
C and let II* be the vector space of all linear functionals on IT. We denote the action of a linear 
functional L on a polynomial p{x) by (L\p(x)}, and we define the vector space structure on II* by 

(cL + c'L'\p(x)) = c(L\p(x)) + c'(L'\p(x)), 

where c, c' G C (see [10, 11, 20, 21]). The algebra of formal power series in a single variable t is given 

by 



(1.2) H 



|/(*) =S 0fc ^ 1 ak eC | 



Each formal power series in the variable t defines a linear functional on IT as 

(1.3) if(t)\x n ) = On, for all n > 0, (see [10, 11, 20, 21]). 
By (1.2) and (1.3), we have 

(1.4) (t k \x n ) = n\5 n . k , for all n, k > 0, (see [10, 11, 20, 21]), 

where 8 n ^ is the Kronecker's symbol. 

Lot f L (t) = £ n >o(£|a")^, thus b y ( L4 )> wc havc (h(t)\x n ) = {L\x n }. Therefore, the map 
L i y /i,(i) defines a vector space isomorphism from IT* onto H, which implies that TL is thought of 
as set of both formal power series and linear functionals. We call H the umbral algebra. The umbral 
calculus is the study of umbral algebra. 

The smallest integer k for which the coefficient of t k does not vanish in the non-zero power series f(t) 
is called the order 0(f(t)) of f(t) (see [10, 11, 20, 21]). IfO(/(i)) = 1 (0(f(t)) = 0), then f(t) is called a 
delta (invertable) series. Suppose that 0(f(t j) — 1 and 0{g{t)) = 0, then there exists a unique sequence 
s n (x) of polynomials such that (g(t)(f(t)) k \s n (x)} = n\S n ^, where n, k > 0. The sequence s n (x) is 
called the Sheffer sequence for (g(t), f(t)) which is denoted by s n (x) - (g(t), f(t)) (see [10, 11, 20, 21]). 
For f(t) e U and p(x) G n, we have <e*|p(a;)> = p(y), (f(t)g(t)\p(x)) = (g(t)\f(t)p(x)), and 

j-n n 

(1-5) f(t) = '£(f(t)\x»)- l , p(x) = J2(t n \p(x)}^, 

n>0 ' n>0 

(see [10, 11, 20, 21]). From (1.5), we obtain 

(1.6) (t k \p(x)}=p( k \0), {l\p^(x))=p^(0), 

where p( k \Q) denotes the fc-th derivative of p(x) with respect to x at x — 0. So, by (1.6), we get that 
t k p(x) =p( k \x) = £cp(x), for all k > 0, (see [10, 11, 20, 21]). 
Let s n (x) ~ (g(t),f(t)). Then we have 
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for all y e C, where f(t) is the compositional inverse of f(t) (sec [10, 11, 20, 21]). For s n (x) ~ 
(g(t),f(t)) and r n (x) ~ (h(t),£(t)), let 

s ni, x ) — Sfc=o c n,k r k ( x ) i then 

(1.8) ^-S®^)' 
(see [10, 11, 20, 21]). 

It is immediate from (1.1) to see that NC n (x) is the Sheffer sequence for the pair 

(1.9) ^j-^-^n^i.^-ijj. 

The polynomials NC n (x) will be called the Barnes-type Narumi of the second kind and Poisson- 
Carlier mixed-type polynomials. When x = 0, NC n = NC n (a\, . . . ,a r ;b) = NC n (0) are called the 
Barnes-type Narumi of the second kind and Poisson-Charlier mixed-type numbers, 

The aim of the present paper is to present several new identities for the polynomials NC n (x) 
by the use of umbral calculus. At first, in the next section, we present explicit formulas for such 
polynomials. Then, we present several recurrence relations for these polynomials. At the end, we 
establish a connection between our polynomials and several known families of polynomials. 



2. Explicit formulas 
By the definitions and (1.9), we have 

- (g 1 *-) - (.- n ( a+ ^V + './»> ) (1 + m * 1 *") 

= (<-' I £ Mv)^-A = f (?) i*,(»)(e-|x"-') = ± (j) tlfl Nl(:y) . 

\ l>0 'I 1=0 V 7 1=0 V 7 

Also, 

fcO V 7 \i>0 ' I 1=0 v 7 

Thus, we can state the following identities. 
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Theorem 1. For all n > 0, 

= 1 (;) fctTAw = 1 (;) >»■ 

1=0 V 7 1=0 v 7 

By (1.9), we have 

(2.1) e^-D n ( JP^) - (1, 6(e* - I))- 

j=i \ / 

It is well known that (x) n = x(a; — 1) • • • (x — n + 1) = J2k=o ^i( n > k)x n , where Si(n, k) is the Stirling 
number of the first kind, which implies that b~ n (x) n ~ (1, &(e* — 1)). Thus 

iVC„(x) = 6- [J (^) - !))<(*)„ = 6- f[ (^) E ^(e* " !)<(*)»■ 

j=l v 7 j = l v 7 1=0 

By the facts that (x) n ~ (1, e* — 1) and (e* — l) £ (x)„ = (n)^ (x)„_^, we obtain 



(")(*)« 



r /pO,jt_-\\ " 



(2-2) = & ""EE (-*)' U) *(» - »o n (^m 1 ) 

n n— £ / \ m 

= b- n ^J2(-byr)s 1 (n-e,m)Y,F k ] 

n n—£ / v m ✓ \ 

= ^"EE ( ") * (» - I, m) E r) ^- m - fe 

t=0 m=0 ^ 7 fc=0 ^ 7 

n / n-j n-t / \ / \ \ 



j=0 W=0 m=j 

see (2.3), for the definition F^- Clearly, from (2.2), we have 



n n—£ / \ 

Nc n (x)=b-"Y,Y,(- b y( n e ) s i( 

f—O m=0 ^ 7 



n - £,m)F m (x). 



=0 m=0 

Here, we introduced the Appell numbers F n = F n (a\, . . . , a r ) by 

(2-3) ^(o!,...,^)- ^n( e |^ I ),*j 



so that 



r / pdjt 1 \ +n 4-n 

n W) e " - e ■ ■ ■ - ^ = e 

j=l V 7 n>0 ' n>0 
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When x = 0, F n (0) will be simply denoted by F n , so that Ylj=i (^"7*^) = E n >o ^"^T- ^ ^ s eas y to 
see that F n (x) = Y,l= 0 O^a". In [13], the Appell numbers F n ~ (n?=i so that 



n 

^-(*) = E E 



that 



i\ I n\ i + r 



— < ^ (i + r)\ \ ij \e 1 ,...,e r J 11 



rn 



Also, from 



n>0 



e n 



n(^ 



E E ".Ws - E I E ( ',' ) <- E «,)'^-<w 

£>0 n>0 ' n>0 W=0 



nV 



we see that 



Now we invoke the conjugation formula (1.7) with g(f(t)) 1 = e * Oj=i ( (i+t/h)ffiog(i+t/b) ) an< ^ 
/(t)=log(l+t/6): 



<s(/(*)r7(*)V> = 



n a 



= e 



= e 



n a 



n a 





(1 + t/b) a J - 


1 


(1- 


f t/b) a i log(l 


-r-t/6) 




(l + f/fc)° j - 


1 


(1- 


f V & ) aj !og(l 


-r-t/6) 




(1 +t/6) a ^ - 


1 


(1- 


f t/b) a i log(l 


+ t/6) 



(io g (i + t/b)y \x n j 

I (log(l + t/W* n ^ 

^ / (l + t /6)a f -l 

■=i \ (i + t/b) a n 0 g(i + t/b) 



j\Y,*- l s±{e,3)[ p )NC n - t . 



So we can state the following result. 
Theorem 2. For all n>0, 



NC n (x) = E 

3=0 



n-j 



E^-Wi) r)Nc t 
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By the fact that x n ~ (1, t) and by (2.1), we obtain 



3=1 
n-1 



(n)t_ r n- 
k\ X 



k=0 ^ ' fc=0 ^ ' 



k > Bk ■ 



where is the k-th Bernoulli polynomial of order n. Thus 

n 



k=0 



A- 



= *- B E 

fc=0 
n 

= 6-»e 



fc 



n—k 



fc=0 



n-1 
fc 



i—k n—k 



7 = 1 V 7 £=0 j=€ J ' 



n n—k n—k 

*-"EEE 

fc__0 ^=0 j=£ 

n n—kn—k—t 

>-"EE E 

fc__o ^=o j=o 

n n—kn—k—t j 

*-EE E E 

k=0 1=0 j=0 i=0 



n — 1 \ (n — k 



k J \ J 
n — l\fn — k 



(-bys 2 (j,e)B^H 



n-k-j 



k I \ J 

n — V\ f n — k\ ( j 
3 



(-b) e S 2 (n -k- j,e)B^ l) F j (x\a 1 , ...,a r 
(-b) e S 2 (n-k-j,£)B^F i x j - i 



which leads the following result. 

Theorem 3. For all n>0, the polynomial NC n {x) is given by 

n—ra n—m—k n—k—t 

i n — l\ i n 

J J \m 



6-«E 



m=0 



E E E ( n ; 1 H n :*Hi)(-^(»-*-i.o^-, ( . 

k=0 1=0 j=rn ^ / 



3. Recurrence relations 
By (1.9), we have Ef^i ^ ~ 1] NC n (x) = b~ n (x) n ~ (l,6(e* - 1)). Thus, 

NC n {x + y) = E ("W^)^"" (</)„_,• = E ("WjO^'Mn- 



3=0 



JJ 



3=0 



J/ 



For s n (x) <~ (g(t),f(t)), f(t)s n (x) = ns n _\(x). Here &(e* — l)A r C„(x) = riiV(7„_i(a;), that is, we have 
the following recurrence relation. 

Theorem 4. We /iai>e 

TL ^ 

NC n (x + l\ai, ...,a r ;b)- NC n (x\a\, ...,a r ;b) = -NC n -i(x\ai, ...,a r ; b). 
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For s n (x) ~ (g(t),f(t)), s n+1 (x) = (x - g'(t)/g(t))j^s n (x). Thus, 

NC n+1 (x) = b- 1 (xNC n {x - 1) - e - t9 -^NC n {x)^j . 



Observe that 



g'(t)/g(t) = (log<7(*))' = ( b(e* - 1) + r logt + 1£ a,- - £log(e^ - 1) 



6e* H h > a, - > = fee* + > a,- - 

3 = 1 3 = 1 J=l 



where 

_ 1 ai • • • a r J2 r j=i a 3 tt+1 +■■■ _ J2 r 3=i a 3 t | 
2 a!a 2 • • • a r t r H 2 

has order at least 1. Now, by Theorem 2, we obtain 
(3.1) 9 -^NC n (x) = ^* + E^ r " E 'T^ ) 



WVC„(a; + 1) + £ 0j -JVC n (x) + ]T ]T (" W-"Si(n - £, fc)7VQ 

j = l fc=0 £=0 ^ ' 



j=l e a j*-l 



f 



But 



i^&lfe ,^ r y^ «jteM \^ = 1 y^A i fc+ i 

i I ^e°J*-llfc + l fc + l^V e- a o t - 1 



Tit i-E 



{ — a j) m Bmt n 



1 ^ ^ ^ A + l 



j — 1 \ m— 0 

_i - *+i /fc + i 



.7=1 m — 1 
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Thus, by (3.1), we derive 
9 ' {t) NC n { X ) 



9(t) 

r 

= bNC n (x + 1) + ajNCnix) 



3 = 1 

n n—k r fc+1 



EEEE jfeXiU) ( t) (-^r^S l{ n - /, k)B m NC iX 



k=0 1=0 j=l m=l 

r 

= bNC n (x + 1) + ajNC n (x) 



n n— fe r fc 



E E E E ft) ft D (-^) k+1 - m ^(n - /, fc)^!-™^*" 

i-— n 6— n i — i m— n ' \ / \ / 



fc=0 ^=0 j=l m=0 

T 

= bNC n (x + + a jtiC n {x) 



n n n — A; r 



- E E E E fcXT ft) (* * (-Oj) fc+1 " m 6 /_n 5i(n - £, k)B k+1 _ m NC e x r ' 



m=0 k=m £=0 3=1 

Altogether, we obtain the following result. 
Theorem 5. For n> 0, 

r 

NC n+1 (x) + NC n (x) = b^xNCnix - 1) - &" 1 Yj a jNC n {x - 1) 

3 = 1 

- E E E E ( j) fc+1 — ft) ( I ) *(» - /, - i) m . 

m=0 fc=m 1=0 3=1 V / V / 

Another recurrence can be obtained as follows. For s n (x) ~ (g(t), f(t)), we have that ~^s n {x) 
X^Jo (")(/(*) I ^"O^ 2 -)- By the definitions, we have 

</(*) | = (l0g(l + */*) I = E = ( " 1)n " 1 " 6 n-"" 1 " <)! . 

m>l 

which implies -^NC n {x) = Y^e=o (") — b „ 1 ! A^Q (x) , and hence the following result. 
Theorem 6. for a/Z n > 0, 
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Another recurrence relation can be derived as follows. By definitions, we have 
(3-2) NC n{ y) = (£^(4 | = (e-*jl ( j^JJ^^ ) d + W I * 



3- 

V I 



/ n i + IU\cn 1 \ 

n-1 



L V(l + t/6)^lo g (l+t/6) 
(l + t/6)^ - 1 \ d 



The first term in (3.2), namely (3.3), is 

' d -t TT ( (1+t/bp - 1 



The third term in (3.2), namely (3.5), is 

Define L = £J =1 ( "^ff/ff^/ - lo8 ff t/6) ) • It is easy to see that 

d_ ( (1+t/bp-l \ = yj ( (1+t/b^-f \ / L _ E 3 r =l ttj ' 

dt \ + t/bYi log(l + J 11 ^ (1 + log(l + t/6) / U(l + t/&) & (1 + */&) 

J — I 3 — 1 \ - 

with L has order at least one. Thus the second term in (3.2), namely (3.4), is 



e 



d fr f a+w- 1 ) n + t/w , I s 

11 a + t/^iofrd + i/i) J + |a; 



di ^ (l + t/6)oj l 0 g(l + t/b) 



6 " lva ' n\ AJL \ k (l + t/6)»ilog(l + t/6) # 

^C„_i(i/-1) 



EJ=1 a 3 



nf^ J \ (l+t/6)°i-l 1J \(1 + */&)"« log(l + */&)/ 'log(l+i/6) 



»^ 3 \ l_H(l+t/6)««log(l l + / J 'log(l + */&)" 

J — 1 \ * — J- 
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By the fact that log( t /^' t/b) = J2e>o c i WE > we S et tnat 

(e~** TT ( ( 1+ ^ QJ - 1 ^ (1 + tlW I x-A 

\ dtl} i \(i + tibyi\og{i + t/b)) [l + t,b) lx J 

r r n , 

(3-8) =-,E ajNC^y -l)+ n E^'EU n* C »-u(v ^ 

3 = 1 j = l i=0 V 7 



By (3.2), (3.6)-(3.8), we obtain the following result. 
Theorem 7. For n > 1, 

JVC n (a;) = -JVC„_i(x) + X ~ ^ =1 ° j NC^x - 1) 



+ - E u 3 E «^-«(* - !) - - 1) ■ 



£=0 v 7 \?=1 



Now we compute the following expression in two different ways: 

< M) A = n (pllws) <^ + '/»»- 1 *-) • 

On the one hand, it is equal to 

\ /ii V (1 + V 6 ) aj lo g(! + t/ b ) J I 



j=l vv ' y ov ' /7 £>m 



(f + t/6) a3 log(l + t/6) 



= m!£§^,m)( e -<n( 

£=m \ j = l ^ 

(3.10) = m! ^ ^-S 1 (£,m)NC n - e - 

On the other hand, it is equal to 

^(^n( (1+ W^ t/t) )(M 1+W r^; 



J=i V (!+*/&) a 'log(l + V&) 

(3-i3) + / e -* tt f , (1 / ?; f/ ? )aj ,r 1 ^ + i ^ 

\ iJ j \(1 +t/b) a > log(l +t/b)J dV &K 
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By (3.9), the right side of (3.11) is equal to 



n-l (n-l\ 



- ( n_1 ) 

(3.14) -ml ]T ^Si(*,m)JVC n _ 

Also, by (3.9), the expression in (3.13) is equal to 



t {<-' n 006(1 + mrl 1 <log(1 + wr ^' 

I n-l 

( 3 - 15 ) =T E L ^ i 5i(^,m-l)JVC n _i_ / (-l). 

£=m-l 

The term in (3.12) is equal to 



1 I 



s («" n (owww) (1 + w-' L 1 ,bs(1 + mrx ") 

and by using the fact (log(l + t/b)) m = ml J2i> m and i og (i+t/b) = ^*>o WP and dcnnin g 

L' = -r + EU «i <1+ (S;^ t/b) • we obtain " 

^ V m) (e-< n f ? (1 + t/tr I ^"A 



n— 1 /n— 1 



•»l^(;)o,._,/.-.rrC (i + W'-i \ (1 + I/rlr , </<• 



1 I m n— 1 — i 



■E$S l( i, ro )/e-*ri(j 

i— m \ j — 1 



n 

n-l /n-l 



(1 + */&)«* log(l + t/6) J y ' ' 1 log(l + t/b) ' 



ml E --i a, ^ ( r: . . 

I 1 3 E i ^Si(i,m)JVC n _i_ j (-l) 

z= m 

I n n— i / n \ (n—i\ 

E E ^l^f^i^m) ( X^-MV^-l) - rJVCn-i-zC-l) 



72 



n-l /n-l\ 



m \ Y r a- (™ _1 ) 
(3.16) ~ f 1 ' g^SifomJifoV^-l). 

Hence, by (3.10), (3.11)-(3.13) and (3.14)-(3.16), we obtain the following result. 
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Theorem 8. For all 1 < m < n — 1, 

n / n \ n-1 (n-l\ n-1 ( n -l\ 

Y j ^S 1 {l,m)NC n - l = -Y J ^r-S 1 {l,m)NC n - 1 - t + ]T ^-S x {t,m-\)ffC n -x- t {-\) 

£—m £—m l—m—1 

1 n _ 2zi ( n \ ( n ~ i \ I r . 

+ - E E ^ i^^) E a ^ C, «-*-^(- 1 ) - rNC n -i- t (-l) 

r n-1 (n-V\ 

-E fl iEW Sl(l ' m) ^"- l - H) ' 

j= 1 i—m 

4. Connections with families of polynomials 

Now let NC n (x) = YZ= 0 Cn,mb- m (x) m . Then by (1.8), (1.9) and b~ n (x) n ~ (l,6(e* - 1)), we 
obtain 

c = — / (b(e los{1+t/b) -l)) m \ x n \ 

\ K 1 lj = l e o J log(l+t/6)_ 1 / 



ml \ 1 = 1 (1 + i/&) aj log(l + t/&) ' 



^ ( e -* fr a+w- 1 I \ - f n W 



v m / \ j=i ( x + t / b "> a ' ^s^ 1 + 

which implies the following result. 
Theorem 9. For all n > 0, 



NC n (x) = ]T ( )b- m NC n . m {x) m . 

m=0 

Now, let NC n {x) = Yl=o c n, m H^\x\\). Then by (1.8), (1.9) and H ( n s) (x\\) ~ we 



obtain 

' e log(l+t/6) _ \ 



to! 



(log(l + t/&)) m I x n 



v - 6 ( e log(i+t/6)_i) n r logtl+t/hKJ I 1 - A 

\ e 1 lj = l e aj log(l+t/6)_ 1 

1 / - n s^Si«> + «/«)- ' i_a+ » 



to!(1 - A) s \ (1 + t/6)°i log(l + t/b) 

m! (l _ X)s ftj ^ JUL (1 + t/6)a, l 0 g(l + t/b) (1 ° gU + ™ ' X J' 



3=0 

Thus, by (3.10), we can state the following result 
Theorem 10. For all n>0, 

n I n—mn—vn—j 



n £ n—m n—tn—j / \ / \ \ 

NC n {x)=Y J E E ! )^-^- j b e - n (n) j S 1 (n-j-e,m)NCe]H^(x\X). 

m=0 V j=0 1=0 V/ V * / / 
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By similar arguments, using (1.8), (1.9) and ~ ((^T^) > > we obtain the following identity. 
Theorem 11. For all n > 0, 

n I n-m n —m— j / \ / -\ \ 

Nc n (x) = Y. E E " V ^"^("-i-^^ibww. 

m=0 V j=0 fcO U/ V 7 / 
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Local control and approximation properties of a C 2 rational 

interpolating curve 

Qinghua Sun* 

School of Mathematics, Shandong University, Jinan, 250100, China 



Abstract 

A new piecewise smooth rational quintic interpolation with a shape parameter is presented 
based on the function values only. The interpolation has a simple and explicit mathematical 
representation, and is of C 2 continuity without solving a system of consistency equations for 
the derivative values at the knots. In order to meet the needs of practical design, a local con- 
trol method is employed to control the shape of curves. The advantage of the method is that 
it can be applied to modify the local shape of an interpolating curve by selecting suitable pa- 
rameter. Also when f(x) e C 2 [a, b], the error estimation formula of the interpolator is obtained. 

Keywords: C 2 -spline, rational interpolation, local control, error estimates 

1 Introduction 

In many problems of industrial design and manufacturing, it is usually needed to generate a smooth 
function. Spline interpolation is a useful and powerful tool to settle the problem, such as the 
polynomial spline, the rational spline and others [3, 5, 7, 11, 17, 20, 21]. In recent years, the 
rational spline and its application to shape preserving and shape control have received attention. 
Since the parameters in the interpolation function are selective according to the control need, 
the constrained control of the shape becomes possible. In References [4, 6, 13, 14, 15, 16, 18], 
positivity preserving, monotonic preserving and convexity preserving of the interpolating curves 
were discussed. In References [8, 9], the region control and convexity control of the interpolating 
curves were studied. 

In fact, some practical designs in CAGD need only local control, but there are reports on only 
a few methods for local control. In Reference [12], a local control method of interval tension using 
weighted splines was given. In References [1, 2, 10], the local control methods of the rational cubic 
spline were discussed. For many applications, C 1 smoothness is generally sufficient. However, 
curvature continuity sometimes is needed and this leads to the need for C 2 or higher order of 
continuity. These rational interpolations above are also C 2 continuous by solving a system of 
consistency equations for the derivative values at the knots. 

In this paper, we will describe a piecewise rational spline function which is of C 2 continuity 
without solving a systems of consistency equations. The interpolant contains a free parameter a«, 
and can be used to control the local shape of interpolating curve. 

* Corresponding author: sunqh@sdu.edu.cn 
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This paper is arranged as follows. In Section 2, a piecewise expression of the C 2 rational 
quintic interpolation with the parameter is described. In Section 3, a local control method of 
the interpolating curve is developed, including the value control and the derivative control of 
interpolation function at a point, and the numerical examples show the performance of the method. 
Section 4 is about the bases and error estimates, the interpolant can be represented by using 
basis functions clearly, and the error estimate formula is derived when the interpolated function 
f(x) eC 2 [a,b}. 



2 Piecewise rational interpolation 

Let {(xj, fi); i = 1, ■ • • , n} be a given set of data points, a = x\ < X2 < • • • < x n = b be the knot 
spacing, and di be chosen derivative values at the knots Xj. We denote hi = Xi + \—Xi,t = (x — Xi)/hi 
for i = 1, 2, ■ ■ ■ , n — 1, and Aj = li+^zA_ L e t be a positive parameter. 
For x £ [xi, Xi+i], i = 1, 2, ■ ■ ■ , n — 1, we construct the interpolant 

p( , = (i - tfn + t(i - t) 2 {w l + yffl) + t 2 (i - t)(Vj + m) + t z h+i 

{X> (l-t) 2 + t(l-t)a t + t 2 ' Uj 

where both (p{t) and ip(t) are the polynomial functions, and 

Wi = (ai + l)fi + hidi, 
Vi = (a>i + - hid i+1 . 

In the special case, when (p{t) = 0,^(t) = 0, the interpolant P(x) defined by (1) is a piecewise 
rational cubic interpolation, and which satisfies 

P{xi) = fi,P(xi) = f i+1 ,P'(xi) = di,P'(x i+1 ) = d i+1 . 
In the follows, we consider the case that both (p{t) and tp(t) are the quadratic polynomials. Let 

<p(t) = (t - t(l - t)(Xi)(fi +1 -fi- hidi), 

^(t) = ((1 - t) - t(l - t)oi)(fi - h+i + Mj+i), 

the interpolation function P(x) defined by (1) is called a piecewise rational quintic interpolation. 
P(x) is C 1 continuous in interpolating interval [a,b] for any given di,i = 1,2, •••,n, and which 
satisfies 

P{xi) = fi,P(xi) = f i+1 ,P'(xi) = di,P'(x i+1 ) = d i+1 . 

It is easy to test that when di = f'(xi) and aj — > +oo, the interpolation is the well-known standard 
cubic Hermite interpolation. That is to say, in this special case, the interpolant P(x) defined by 
(1) will give approximately a standard cubic Hermite interpolation. 

Further, if the partial derivative values di at the data sites are estimated using the arithmetic 
mean method: 

di = - — ] — — (hi^Ai + hiAi-i), z = 2,3,---,n-l, (2) 
hi-i + hi 
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then P(x) is C 2 continuous in [a, b] , and which satisfies 

2 



P"(Xi) 



fh-i + h, 



(Aj — Aj_i), i = 2,3,---,n— 1. 



It is means that the interpolation function P(x) defined by (1) can be C 2 -continuous without 
solving a system of consistency equations for the derivative values an the knots. 
Remark. At the end knots x\,x n , the derivative values are given as 



di = A 1 



hi + h 2 



(A 2 -Ai) 



d n — A n _i + 



hn-i 



h n -i + h 



n-2 



- (A n _i — A 



(3) 



n-2) 



Example 1. The interpolated function f(x) = cos 4 (2x/5), x 6 [0,1] with interpolating knots at 
Xi = {i — l)h, i = 1, 2, • • • , 6 and h = 0.2, the values of di at the knots Xj are conducted by using 
(2) and (3). Let P{x) be the interpolation function defined by (1) over interval [0,1], Q{x) be 
the interpolation function provided in [8] over interval [0, 0.8]. Since both of the interpolants P{x) 
and Q{x) only based on function values are local, we consider the interpolation over subinterval 
[0.2,0.4] in order to compare their approximation. Let aj = 0.6, /3j = 0.8. Figure 1 is the graphs of 
curves f{x) and P(x), it is obvious that the two curves almost coincide. Figure 2 shows the curve 
of the error /(t) — P(t). Figure 3 is the graphs of curves f{x) and Q(x), Figure 4 shows the curve 
of the error f(t) - Q(t). 



0.2 0.22 0.24 0.26 



0.3 0.32 0.34 0.36 0.38 0.4 




Figure 1: Graphs of curves f{x) and P{x). 



0.2 0.22 0.24 0.2S 0.28 0.3 0.32 0.34 0.36 0.38 0.4 



Figure 2: Curve of error f{x) — P{x). 



From Figure 1 to Figure 4, it is easy to see that the interpolator P{x) defined by (1) approximates 
f(x) better than that of the interpolator Q(x) defined in [8]. 



3 Constrained control of the interpolating curve 

The shape of interpolating curves on an interpolating interval depends on the interpolating data. 
Generally speaking, when the interpolating data are given, the shape of the interpolating curve 
is fixed. For the interpolation function defined by (1), since there is a parameter aj, when the 
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0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 



Figure 3: Graphs of curves f(x) and Q(x) 




0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 



Figure 4: Curve of error f(x) — Q(x). 



parameter vary, the interpolation function can be changed for the unchanged interpolating data. On 
the basis of this, the shape of interpolating curve can be modified by selecting suitable parameter. 
We consider a method to control the shape of the interpolating curve at a point. Two issues are 
discussed in the following. 

The first issue is the value control of interpolation function at a point. Let t be the local 
co-ordinate for a point x £ [xi, a?i+i]. If the practical design requires the function value of the 
interpolation at the point x to be equal to a real number M, and M £ (min{/j, /i+i}, max{/j, /j+i}), 
this kind of control is called the value control of the interpolation at a point. Denoting 



with A G [0,1], then 



M = Xfi + (1 - A)/ i+ i, 
A M - f i+1 



(4) 



fi — fi+1 

Thus, the equation P(x) = M can be written as 

m\OLi + m 2 = 0, (5) 

where 

mi = (i(l - t) 3 (l + 2t) - t(l - t)X)(fi - f i+1 ) + t 2 (l - t) 2 ((l - t)ek - tdi +1 )hi, 
m 2 = ((1 - t)2 _ (i _ 2t + 2t 2 )X)(fi - f i+1 ) + t(l - t)((l - t) 2 di - t 2 d i+1 )h t . 

Obviously, if m\m<i < 0, then there must exist positive parameter Qj satisfying Eq. (5). Thus, 
we have the following function value control theorem. 

Theorem 1. Let P(x) be the interpolation function over [xi, Xi+i] defined by (1), and let x be a 
point in [x,,Xj+i], M is a real number, then the sufficient condition for existence of the positive 
parameter Oj to satisfy P(x) = M is that m\vri2 < 0, and the positive parameter on can be selected 
byEq. (5). 

The second issue is the derivative control of interpolation function at a point. If the practical 
design requires the first-order derivative of the interpolation function at the point x to be equal to 
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a real number N, how this can be achieved. Let 

P'{x) = N, (6) 

if there exist a parameter ai to satisfy this equation, a« is called the solution of the control equation 
(6). This control is called the derivative control of interpolation function. Eq. (6) can be written 
as 

Aa 2 + B ai + C = 0, (7) 

where 

A = 6t 3 (l - t) 2 (fi - f l+1 ) + t 2 (l - t) 2 (N + (t(2 - 3t)d i+1 - (1 - At + 3*2)^)^), 
B = 2t 2 (l - t) 2 (5 - 6t + 6t 2 )(/i - + 2t(l - t)(l - 2/ + 2t 2 )iV 

- t)[t(3 - 7t + 8t 2 - 6t 3 )d i+ i - (1 - t){2 - 9t + 10t 2 - 6t 3 )di]hi, 
C = 2t(l - - + (1 - 2t + 2t 2 ) 2 iV + t 2 (3 -8t + 8t 2 - 4t 3 )d i+1 h t 
-(1 - t) 2 {\ -At + At 2 - At 3 )dihi. 

Eq. (7) is a quadratic algebraic equation of ctj, if it exists a positive root, then Eq. (6) holds. This 
can be stated in the following derivative control theorem. 

Theorem 2. Let P(x) be the interpolation function over [xi,Xi+i] defined by (1), and let x be a 
point in [xi,Xi+i], N is a real number, then the sufficient condition for existence of the positive 
parameter on to satisfy P'(x) = N is that Eq. (7) has a positive root. 

Example 2. Given the interpolating data shown in Table 1, let P(t) be the interpolation function 
defined by (1) in the interpolating interval [0,5]. This example will show how the constrained 
control of the interpolating curves can be achieved by selecting a suitable parameter for unchanged 
given data. 



Table 1: Set of the interpolating data. 





0.0 


1.0 


2.0 


3.0 


4.0 


5.0 




2.0 


5.0 


3.0 


3.0 


6.0 


4.0 



Without loss of generality, we consider the interpolation in [1,2] only, and all the figures below 
are in [1,2]. The values of d{ at the knots Xi are conducted by using (2). Let on = 0.4, we denote 
the interpolation function by Pi(x), and it can be shown that Pi(1.2) = = 4.96026. For 

the given interpolating data, if the design requires P(1.2) = 4.9, then A = 0.95 by (4). Thus 
ttj = = 23.75 by (5). Denoting the interpolation function by P2(t). Figure 5 shows the graphs 
of the interpolating curves P\(t) and P2(t), and it can be tested that P2(l-2) = 4.9. 

Also, it can be computed that P{(1.2) = — |§§fg = —1.08569. If the practical design requires the 
derivative of the interpolation function at the point x = 1.2 to be equal to —1.4, then a, = |(— 27 + 
V / 6349) = 6.58508 by Eq. (7). We denote the interpolation function by Ps(x). Figure 6 shows the 
graphs of the interpolation curves P\{x) and Ps(t), and it can be tested that P3(1.2) = —1.4. 
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Figure 5: Graphs of the curves Pi{x) and Pzix). Figure 6: Graphs of the curves P\{x) and P 3 {x). 

4 The bases and error estimates of the interpolation 

In what follows in this paper, we consider the case of equally spaced knots, namely, hi = hj for all 
i,j £ {1,2, ■••,« - 1}. When di is given by (2) and (3), the interpolation function Pi(x) defined 
by (1) can be written as follows: 



P(x) = Wl(t)/j_l + bJ 2 (t)fi + Ct>3 (*)/»+! + UJi(t)f i+ 2, 



where for x G [xi,X2], 



1 



1 



wi(i)=0, u 2 {t) = -(2- 3t + r), u 3 (t) = t{2 - t), uj 4 {t) = — t{l-t) 



(8) 



0) 



for x G [x{, Xi+i], i = 2,3, • • • ,n — 2, 
wi(t) 

W3(t) 

0*4 (i) 

and for x G [a; n _i,z n ], 



t(l -t) 3 (l + toj) 
2((l-t) 2 + t 2 + t(l-t)a i )' 
(1 - t)(2 - 2t + t 3 + t(2 - 5t + 3t 2 )ai) 
2((l-t) 2 + t 2 + t(l-t) ai ) ' ' 
t(l - i + 3t 2 - t 3 + i(l + 3t - 7t 2 + 3t 3 )aj) 
2((l-t) 2 + t 2 + t(l-t)a i ) 
t 3 {l-t)(l + (l-t)aj) 
2((l-t) 2 + t 2 + t(l-t) ai y 



^l(t) = -^t(l-t), iv 2 {t) = l-t 2 , u 3 (t) = -t(l + t), w 4 (t) = 0. 



(10) 



(11) 



The terms cjj(i) (j = 1,2,3,4) are called the basis of the interpolant defined by (8), and which 
satisfy Y%=iUk(t) = 1> and 



J2\Mt)\ = l + t-t 2 



(12) 



fe=i 
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We denote 

M = max{|/fc|, k = i — 1, i, i + 1, i + 2}. 
From (8) and (12), it is easy to see that the following theorem holds. 

Theorem 3. Let P(x) is the interpolation function defined by (8) in [xj, Xj+i] ; then whatever the 
positive value of the parameter ui might be, the values of P(x) in [xj,Xj+i] satisfy 

\P(x)\ < \M. 

In order to proceed error estimates of the interpolation function P{x) defined by (8), without 
loss of generality, it is only necessary to consider the subinterval [xj, Xj + i] . As /(x) G C 2 [a, b] , using 
the Peano-Kernel Theorem [19] gives the following: 



fix) - P(x) = f< 2) (r)R x [(x - r)+] dr. (13) 

Jxi-l 



(I) For x G [xj, Xj+i], i = 2, 3, • • • , n — 2, from (8) and (10), we have 
Rx[{x - r)+] = 



Pi(r), Xi_i < r < Xi < x, 

qi(r), Xi <t < x, 

rj(r), x < t < Xi+i, 

Si(T), X i+1 < T < x i+2 , 



where 



Pi(r) = x-t- Lo 2 (t)(xi - t) - u 3 (t)(x i+1 - t) - Ui{t){x i+ 2 - r), 
qi{r) = x-t - cj 3 (t)(x i+ i - t) - LO A {t){x i+2 ~ t), 
ri{r) = -uz{t){x i+ i - t) - LOA(t)(x i+ 2 - r), 
Sj(r) = -L04(t)(x i+2 - t). 

Now, we consider the properties of the kernel function R x [(x — r)+] of the variable r in the 
interval Xi+2]. For all r G [xj + i,Xj + 2], it is easy to see that 

, x _ t 3 (l-t)(l + (l-t)a,)(x, +2 -r) 
Ji J 2{{l-t) 2 +t 2 + t{l-t)a t ) - U ' 

For pi(r) in [xj_i,Xj], it is easy to test that 

Pi{xi-i) = 0, 



_ t(l-tf(l + ta t )h t 
MXt) ~ 2-4t + 4t 2 + 2t(l-t) ai " U - 



Thus, pj(r) > 0 for all r G [xj_i,Xj]. 
For qi(r) in [xj,x], we have 

q%{xi) =Pi{xi) > 0, 



, , _ t(l - t)(l - t + t 2 + t(l + t - 4t 2 + 2f)ai)h i 
qi[X) ~ 2 -4t + 4t 2 + 2t(l-t)a t - 
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The root of qi{r) in [xj, x] can be found, 

t(l -t) 2 {l + ta,i)hi 



T = Xi + 



2 - 3t + 2t 2 + t(2 - t - 3t 2 + 2t 3 )a; ' 
Similarly, for rj(r), we can derive 

r;(x) = q(x) < 0, 

_ t 3 (l-t)(l + (l-t)a^ 

- 2 _ 4t + + 2t(1 _ t)a _ > U. 

The root of rj(r) in [x, Xj+i] is 

(1 - t + t 2 + t 3 + t(l + t - 3t 2 + t 3 )ai)hi 
T *~ Xi+ 1 - i + 2i 2 + t(l + 2i - 5t 2 + 2i3) Qi ' 

From (13), we obtain that 

|/(x)-P(x)| < \\f i2) (x)\\[[ X ' Pl (r)dr+ [ X \ qt (r)\dr+ f* +1 \r t (r)\dr + P%(r)dr] 

JXi-l JXi JX J Xi + l 

= h 2 \\f 2 \x)\\W l (t), 

where 

w(f) = *U ~ 0(1 - * + t 2 + *(1 + t - At 2 + 2t 3 )g t ) 2 

lU (l-t + 2t 2 + t(l + 2t-5t 2 + 2f 3 )a i )(2-3t + 2t 2 + t(2-t-3t 2 + 2t 3 )a i )' 1 J 

(II) For x € [xi,X2], similar to the case (I), we have from (8), (9) and (13) that 

|/(x)-P(x)| < ||/ (2) (x)||[/ |pi(r)|dr+ / |gi(r)|dr+ / ' |ri(r)|dr] 

J XI Jx J X2 

= h 2 \\f( 2 \x)\\W 1 (t), 

where 

(III) For x G [x n _i,x n ], from (8), (11) and (13), it is easy to derive that 
\f(x)-P(x)\ < ||/ (2) (x)||[ f"" 1 | Pn _ 1 (r)|dr+ f |g n _ 1 (r)|dr+ f" \r n ^{r)\dr] 

Jx n -2 Jxn-1 Jx„-1 

= h 2 \\f^(x)\\W n ^(t), 

where 

Wn-l(t) = (16) 



For the fixed a;, let 



Hi = max Wi(*), (17) 

0<<<1 
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where Wi(i), i = 1,2, ■ ■ ■ ,n — 1 are defined by (15), (14) and (16), respectively. Based on the 
analysis above, we have the following theorem. 

Theorem 4. Let f{x) G C 2 [a,b] and a = X\ < x 2 < • • • < x n = b be an equal-knot spacing. For 
the given positive parameter on, P(x) is the corresponding rational interpolation function defined 
by (8). Then for x G 

\f{x)-P{x)\<%\\fV>{x)\\H 

where fii defined by (17). 

The error coefficient m is called the optimal error constant. It is evident that the optimal error 
constant does not depend on the subinterval Since Wi{t) is a continuous function of the 

variate t in the interval [0, 1], so the coefficient /Uj is bounded. The following theorem about the 
optimal error constant m holds. 

Theorem 5. For any given positive parameter on, the optimal error constant ^ satisfies 

Ml = ii n _ x = 0.150644, 

9 (18) 
Mi = 64'^ = 2 ' 3 ' " ' ,n ~ 2 ' 

Proof. From (15), (16) and (17), it is easy to derive that /xi = \i n -\ = 0.150644. We consider fii, 
i = 2, 3, • • • , n — 2. (14) can be rewritten as 

where 

fci =t(l-t)(l-t + t 2 ) 2 , 

k 2 = 2t 2 (l - t) 2 (l - t + t 2 )(l + 2t - 2t 2 )a;, 

k 3 = t 3 (l-t) 3 (l + 2t-2t 2 ) 2 a 2 , 

fc 4 = (1 - t + 2t 2 )(2 - 3t + 2t 2 ), 

fc 5 = 2t(l - t)(2 + t - 5t 2 + 8t 3 - 4t 4 ) ai , 

fe 6 = t 2 (l - t) 2 (l + 3t - 2t 2 )(2 + 4 - 2t 2 )a? • 

For i G (0, 1) and any aj > 0, then fej > 0, i = 1, 2, ■ ■ ■ , 6. Also, we can obtain that 

h(k 5 + ke) - k 4 (k 2 + k 3 ) = t 4 (l - t)\l - 2t) 2 a 2 (2(l - t + t 2 ) + 3t 2 (l - i) 2 a;) > 0. 

Thus, from (19), we have 

wit) < *i - *(i-*)(i-* + * 2 ) 2 < 1 , 20) 

^ W " fe 4 " (2 - 3t + 2t 2 )(l - t + 2t 2 ) ~ 64 • {2U) 
Further, it is easy to test that 

h(h + h) > k 2 (k 4 + fc 6 ), 

it means that 

fc2 _ t(l-t)(l-t + t 2 )(l + 2t-2t 2 ) 
* l j - k 5 2 + t - 5t 2 + 8t 3 - 4t 4 
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Since 

r t(l-t)(l-t + t 2 )(l + 2t-2t 2 )^ 9 

max i s 5 -. I = — , 

te[o,i] x 2 + t-5t 2 + 8t 3 -4t A J 64' 

9 

from (20), we can see that /x, = — , i = 2, 3, • • • , n — 2. 
The proof is completed. □ 

Theorem 5 shows that the maximum error of the interpolation function defined by (8) does not 
depend on the positive parameter «j, it means the interpolation is stable for the parameter. 

5 Concluding remarks 

In this paper, an explicit representation of a rational quintic interpolator is presented. The interpo- 
lation function, which can be represented by the basis functions, contains a free positive parameter 
ai, and is of C 2 continuity in the interpolating interval without solving a system of consistency 
equations for the derivative values at the knots. Also, a local control method of the interpolating 
curve is developed, including the value control and the derivative control. When the given data 
are not changed, on the basis of this method, the shape of the interpolating curve can be modified 
merely by selecting suitable parameter. Convergence analysis shows that the interpolator gives a 
good approximation to the interpolated function, and is stable for the free positive parameter a.{. 
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CERTAIN NEW GRUSS TYPE INEQUALITIES INVOLVING 



SAIGO FRACTIONAL g-INTEGRAL OPERATOR 

Guotao Wang, 1 Praveen Agarwal 2 and Dumitru Baleanu 3 

Abstract 

In the present paper, we aim to investigate a new g-integral inequality of 
Griiss type for the Saigo fractional g-integral operator. Some special cases of 
our main results are also provided. The results presented in this paper improve 
and extend some recent results. 

2010 Mathematics Subject Classification: 26D10; 26D15; 26A33; 05A30. 
Key words and phrases: Integral inequalities; Griiss inequality, g-Saigo fractional 
integral operator. 



1 Introduction and preliminaries 

Fractional q-calculus, which combines fractional calculus with q-calculus, has the 
advantage of both. Its origin dates back to the works of Al-Salam [1] and Agarwal 
[2] . Currently, Fractional q-calculus had been proven to have important applications 
on many fields, such as physics, quantum theory, theory of relativity, Combinatorics, 
basic hyper-geometric functions, orthogonal polynomials, mechanics, chemicals and 
engineering. For some new development on the topic, see book [3] and the papers 
[4, 5, 6, 7, 8, 9, 10, 11, 12] . 

In the preset investigation, we assume that / and g be two functions which are 
defined and integrable on [a, b]. Then the following inequality holds (see also [21], 
[23, p. 296]): 

I < f(t) < L, m< g(t) < M, (1.1) 

Let, for each t G [a,b], l,L,m and, M be real constants satisfying the inequali- 
ties (1.1). Then the following Griiss type inequalities involving Riemann-Liouville 
fractional integrals holds (see, for example, [27]): 



r,(a + i) q 



I?(fg)(t)-I?(f)(tm 9 )(t) 



2 



£ lr^TT)l (i-'XM-m), (i.2) 
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4.5 



The inequality (1.2) has various generalizations that have appeared in the lit- 
erature, for example, e.g. [13, 15, 16, 18, 19, 22, 23, 24, 25, 26] and the references 
cited therein. 

Very recently, Zhu et al. [27] gave certain Griiss type inequalities involving the 
fractional q-integral operator. Using the same technique, in this paper, we estab- 
lish certain new Griiss type fractional g-integral inequalities involving the Saigo 
fractional g-integral operator due to Garg and Chanchlani[20]. Moreover, we also 
consider their relevant connections with other known results. 

Throughout the present paper, we shall investigate a fractional integral over the 
space C\ introduced in [17] and defined as follows. 

Definition 1.1 The space of functions C\,\ 6 R, the set of real numbers, 
consists of all functions f(t),t > 0, that can be represented in the form f(t) = t p fi(t) 
with p > A and f\ £ C[0, oo), where C[0, oo) is the set of continuous functions in 
the interval [0, oo). 

Here, we define a new (presumable) fractional integral operator Kq^^ associated 
with the Saigo fractional g-integral operator as follows. 

Definition 1.2 Let 0 < q < 1, / € C\. Then for a > 0, a + rj > -1 and /3 > 1 
we define a fractional integral Kq^' 11 as follows: 

/) (') = Ul r^-vti) + l) te 0?*' ; ) (t) ' (L3) 

where Iq' 13 ' 11 f is the Saigo fractional g-integral operator of order a and is defined 
in the following. 

Definition 1.3 Let K(q) > 0, ft and i] be real or complex numbers. Then a 
g-analogue of Saigo's fractional integral Iq ,/3 ' v is given for | j\ < 1 by (see [20, p. 172, 
Eq.(2.1)]): 

f-P-l r-t 00 ( a a+p. a ) ( a -v- a ) 

^{/(*)}:=^ / (^Ai-iE Vrr { 

T qi a ) Jo ^ (q a ;Q)m{q;q)m (1.4) 

. g („-flm ( _ ir 9 -(") {T/t _ 1} m /(r) ^ 

The integral operator/,^'' 7 includes both the g-analogues of the Riemann-Liouville 
and Erdelyi-Kober fractional integral operators given by the following relationships: 



q uit)} ■■{=ir afi {/(*)» 

p-i /■* (1.5) 
= ^- - / (qT/t;q) a ^ 1 f(T)d q T (a > 0; 0 < g < 1). 
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and 

1^ {/(f)} : (= If" if(t)}) 

t-v-i ft (1.6) 
= / (q r/t; g) a _! T^f{T)d q T (a > 0; 0 < q < 1), 

1 q\ a ) JO 

where (a; q) a is the q-shifted factorial. 
The q-shifted factorial (a; g) n is defined by 

1 (n = 0) 

<>< : </)» : < TrV A , _™ (1-7) 



[] (l-ag fc ) (n€N), 



k=0 

where a, g G C and it is assumed that a / g 1- " 1 (m G No). 
The q-shifted factorial for negative subscript is defined by 

(a;g)_„:=- 3—— ^ — (n G N 0 ) . (1.8) 

(1 — ag ) (1 — ag 2 ) • • • (1 — ag ra ) 

We also write 

00 

(a; 9)00 := [J (i- 0 ?*) (a, ? € C; |g| < 1). (1.9) 

fc=0 

It follows from (1.7), (1.8) and (1.9) that 
which can be extended to n = a G C as follows: 



(a;q) a = {a > a q)o ° (a G C; |g| < 1), (1.11) 

where the principal value of q a is taken. 

For f(t) = in (1.4), we get the known formula [12]: 

ra,0,v m - r g (/i + l)r g (/X-/3 + >7 + l) _ 

9 1 ^"r^-^ + i^ + a + ^ + i)* ^ 

Lemma 1.4(Choi and Agarwal [14]): Let 0 < q < 1 and / : [0, 00) ->■ R 6e 

a continuous function with f{t) > 0 for all t G [0, 00). Then we have the following 
inequalities: 
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(i) The Saigo fractional q-integral operator of the function f(t) in (1.4) 

{/(*)} >0, (1.13) 
for all a > 0 and /3, rj G M wii/i a + f3 > 0 anc? n < 0; 

(ii) TTie q- analogue of Riemann-Liouville fractional integral operator of the func- 
tion f(t) of a order a in (1.5) 

K {/(*)} >0, (1.14) 

/or a// a > 0; 

(iii) The q- analogue of Erdelyi-Kober fractional integral operator of the function 
f(t) m (1.6) 

/r{/(*)}>°> (i-i5) 

for all a > 0 and n 6 M. 



Remark 1.5: We can present a large number of special cases of our main 
ction; 
follows: 



fractional integral operator Kg' 13 ' 71 . Out of which, here, we give only few ones as 



(i) For 9i(a) > 0, /3 and r\ be real or complex numbers and 3?(/x) > —1, fi — n + (3 > 
— 1, we have 

= ryi - /3)r g (a + v + ljr^ + i)r g (^ - g + g + 1) 
9 1 ; r q (n-p + i)r q fa-p + i)r q fa + a + T) + i)r q (T,-i3 + i) 

(1.16) 

and 

K^{C) = C (1.17) 

where C is constant. 

(ii) For 3?(a) > 0, and 77 be real or complex number and 3i(/i) > — 1, // + 77 > —1, 
we have 

*T (f ) = r g ( a + ^ + i)r g (/x + 7 y + i) 
9 v 7 r,(7/ + i)r,(/i + a + »/ + i) v ; 

(iii) For §R(a) > Oand > -1, we have 

W - r^T±V <L19) 
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2 Gruss type inequalities for the Saigo fractional q- 
integral operator 

To state the main results in this section, first we establish the following Gruss type 
lemmas involving the fractional integral operator Kq'^ ,ri (1.3), some of which are 
presumably (new) ones. 

Lemma 2.1 Let 0 < q < 1, h G C\ and m,M G M with m < h(t) < M. Then, 
for all t > 0 we have 

K^h 2 {t) - (K^h{t)] 2 

V 7 (2.1) 

= (M - K^h{t)) (Kf'P'i h{t) - m) - (M - h(t)) (h(t) - m) , 

for all a > 0, and /3, r] £K with a + (3 > 0, and rj < 0. 

Proof. Let h G C\ and m, M G R;m < h(t) < M, for all t G [0, oo), then, for any 
u, v, G [0, oo), we have 

(M - h{u)) {h{v) — m) + (M — h{v)) {h{u) - m) - (M - h(u)) (h(u) - m) 

- (M - h(y)) (h(y) -m) = h 2 (u) + h 2 (v) - 2h(u)h(v). 

(2.2) 

Multiplying both sides of (2.2) by 

^'^■l 'SI2 ,l ' M - ( -' rf ' ;) 

and taking q-integration of the resulting inequality with respect to u from 0 to t 
with the aid of Definition 1.2, we get 

(M - K^h(t)} (h(v) - m) + (M - h(v)) (K^h{t) - rnj 

- (M - h(t)) (h(t) — m) — (M - h{v)) (h(v) - m) ( 2 -3) 

= K^h 2 {t) + h 2 {v) - 2K^^h{t)h{v). 

Again multiplying both sides of (2.3) by 

6^ I ( Q^5r 5 • ' ( "" wm ( - 1,m «" /( " 1J ™ 

and taking q-integration of the resulting inequality with respect to v from 0 to t 
with the aid of Definition 1.2, we get the required result (2.1). This is complete the 
proof of the Lemma 2.1. □ 



866 



Guotao Wang et al 862-873 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Guotao Wang 1 '* , Praveen AgarwaP and Dumitru Baleanu 3 ' 4 ' 5 

Lemma 2.2 Let 0 < q < 1, /, q € C\. Then, for all t > 0,we have 

(Kf^q{t) + K]> S '<q(t) - K?t" f(t) g(t) - g(t) /(*)) * 

< (K^f 2 (t) + K^f(t) - f{t) IP/* fit)) 

5 A "3 2 (i) + K^g 2 (t) - K?P«g(t) g(t)) , 



(2.4) 

for all q, 7 > 0, and /3, rj, 5, £ € M wif/i a + /3 > 0, 7 + 5 > 0,, and 77, £ < 0. 

Proof. Let / and 5 be two continuous and synchronous functions on [0, 00). Then, 
for all u, v € (0, i) with 0 < q < 1, we have 

1;) = (/(«) - /(«)) ((,(«) - g(v)) (u, v€[0,t)). (2.5) 

Multiplying (2.5) by 
t -P-l t -8-l 

jf^aWJ^m {q u/t; q)a -' {qv/t; 9)7-1 

. g (o-% (_i)"» g -(T) g (H« (_i) n g -(;) (u/t-i)^. 

(2.6) 

Integrating (2.6) twice with respect to u and v from 0 to t, we obtain the following 
result with the help of (1.3) and (1.4): 



£-,8-1 £-5-1 /•* /•* 



{qu/t;q) a -i (qv/t;q) 



7-1 



(r,(a)) (r,( 7 )) Jo Jo 

y^ (g a+/3 ;g) m (g-";g) m (g]^Ug^ 

■ qb-P)™ (-l) m (-l) n (u/t-1)™ (u/t-l)^A(«,«)dudv 

= K^fg(t) + X^/sW " K«^f(t)K2 M g(t) - K^g(t)Kf' C f(t). 

(2.7) 

By making use of the well known Cauchy-Schwarz inequality for double g- 
integrals [27, pp. 4-5], we obtain the required result (2.4)involving the Kq'" 1 ^ (1.3), 
type fractional integral operator. This is complete the proof of Lemma 2.2. □ 

Lemma 2.3 Let 0 < q < 1, h €. C\ and m,M &M. with m < h(t) < M. Then, 
for all t > 0 we have 

K? p "h\t) + K^h 2 {t) - 2K^" h{t)K^h{t) 

= (M- K^'ihitj) h{t) - m) + (M - iq> s '<h{tj) (iq> s 't h{t) - m) 

- K«#" (M - h(t)) (h(t) - m) - K2 M (M - h{t)) (h{t) - m) , 

(2.8) 
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for all a, 7 > 0 and /3, rf, 6, £ G R with a + (3 > 0,7 + 5 > 0 and 77, ( < 0. 
Proof. Multiplying both sides of (2.3) by 

and taking q-integration of the resulting inequality with respect to v from 0 to t 
with the aid of Definition 1.2, we get the required result (2.8). This is complete the 
proof of the Lemma 2.3. □ 

Definition 2.4. Two functions / and g are said to be synchronous function on 
[0, 00) if 

A(u,v) = (f(u)-f(v))(g(u)-g(v))>0; u,t;€[0,oo). (2.9) 

Theorem 2.5. Let 0 < q < 1, /, g G C\ and satisfying the condition (1.1) on 
[0,oo). Then the following inequality holds true: 

K 0 -»fg(x) K^-''f(t)K^g(t)\ < \{L l)(M m), (2.10) 
for all a > 0, and (3, rj G M with a + (3 > 0 and r) < 0. 

Proof. Let / and 5 be two continuous and synchronous functions on [0, 00). Then, 
for all u, v G (0, i) with 0 < q < 1, we have 

A( U ,v) = ( f(u)-f(v))(g(u)-g(v)) (u, v G [0, t)). (2.11) 

Multiplying (2.11) by 

£-2/3-2 

^ : 772 (9 V*; g)a-l (9 f/t; g)a-l 
( r g(«)) 

y ^ a+/3 ;g) m (g-";g) m (g" +/3 ;g) ra (g-";g) w 
Jr/ 0 (g a ; g) m (g; g)m (g a ; g) n (g; g)n 

(2-12) 

Integrating (2.12) twice with respect to u and t> from 0 to t, we obtain the 
following result with the help of (1.3) and (1.4) 

£-2/3-2 rt r-t 

(qu/t;q) a - 1 (qv/t;q) a - 1 



(T q (a)) Jo Jo 

A A (g a+ ^;g) m (g-";g) m (g Q+/3 ;g)» (g^gk 
J^o ^ (g Q ; g)m (g; g)m (g a ; g) n (g; g)n 

• g(""« m (-l) m (-1)™ (u/t - I)™ (v/t - 1)™ .A(u, v)dudv 

= 2K^fg(t) - 2K^f(t)K^g(t). 

(2.13) 
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Making use of the well known Cauchy-Schwarz inequality for linear operator [23, 
Eq. (1.3), p. 296], we find that 



K^fgit) - K^f(t)K^g(t)) 2 < 

K^f\t)-{K^f{t)) 2 \ (K^g 2 {t)-(K^g{t))' 



(2.14) 



Since 

(L - f(t)) (f(t) - I) > 0 and (M - g(t)) (g(t) - m) > 0, 
therefore, we have 

K aAn {L _ f{t)) (/(t) _ i) > o and i^'" (M - ( 5 (t) - m) > 0. (2.15) 
Thus by using Lemma 2.1, we get 

K^f\t) - (K^f{t)) 2 <(l- K^f(t)) (K?P>if(t) - l) (2.16) 

and 

K^«g 2 (t) - (K^gifif < (m - K^g{t)^j {K^g{t) - m) . (2.17) 

Applying (2.16) and (2.17) in to (2.14), Equation (2.14) reduces to the following 
form: 

K^fg(t) - K^f{t)Kf^g{t)) 2 < 

(L - K^f{t)) - l) [M - K^g{t)) (K^g{t) - m) 

(2.18) 

Applying the well known inequality Aab < (a + b) 2 ; a, b G M. in the right hand 
side of the inequality (2.18)and simplifying it, we obtain the required result (2.10). 
This is complete the proof of Theorem 2.5. □ 

Theorem 2.6. Let 0 < q < 1, / and g be two synchronous functions on [0, oo). 
Then the following inequality holds: 

K^fg(t) > K^f(t)K^g(t), (2.19) 
for all a > 0, and (3, rj G M with a + (3 > 0 and rj < 0. 

Proof. For the synchronous function / and g, the inequality (2.9) holds for all 
u, v £ [0, oo). 

This implies that 

f{u)g{u) - f(v)g(v) > f{u)g(v) + f(v)g(u). (2.20) 

Following the procedure of the Lemma 2.1 for applying the fractional integral 
Kg' 13 ' 11 , after a little simplification, we arrive at the required result (2.19). This 
completes the proof of Theorem 2.6. □ 
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Theorem 2.7. Let 0 < q < 1 and f,g£ C\. Then, for all t > 0 we have: 

(K^fg(t) + K^fg(t) - K^f(t)K^g(t) - K^g{t)K^ f{t)f 
< { (M - (#7 AC /(t) - m) (M - jq^/(t)) (K^f(t) - m) } 

x { (L - K^g(t)) (Kf^g{t) - l) (l - K^g{t)) (k^ 9 (x) - l) } , 

(2.21) 

/or o/Z a, 7 > 0 and /3, 77, 0", C G R wi/t a + /3>0,7 + (5>0 and 77, £ < 0. 
Proof. Since 

(L - /(t)) (/(t) - /) > 0 and (M - g(t)) ( ff (t) - m) > 0, 

therefore, we have 

- (L - f(t)) (f(t) -I)- K}M (L - f(t)) (f(t) - 0 > 0, 

and (2.22) 
- K^" (M - g{t)) (g(t) - m) - (M - g{t)) (g(t) - m) > 0. 

Thus by using Lemma 2.3 to / and g, then by using Lemma 2.2 and the formula 
(2.22), we get the desired result (2.21). □ 



3 Special Cases and Concluding Remarks 

We conclude our present investigation by remarking further that we can present a 
large number of special cases of our main inequalities in Theorems 2.5, 2.6 and 2.7. 
Here we give only three examples: Setting j3 = 0 in (2.10), (2.19) and (3 = 5 = 0 
in (2.21), we obtain an interesting inequalities involving Erdelyi-Kober fractional 
integral operator fractional integral operator as follows. 

Corollary 3.1. Let 0 < q < 1, /, g G C\ and satisfying the condition (1.1) on 
[0,oo). Then the following inequality holds true: 

\K^fg(x) - K^f(t)K^g(t)\ < \{L - l)(M - m), (3.1) 

for all a > 0, and 77 G M with r] < 0. 

Corollary 3.2. Let 0 < q < 1, / and g be two synchronous functions on [0, 00). 
Then the following inequality holds: 

K a fg{t) > K^f(t)K^g(t), (3.2) 
for all a > 0 and ijGl with rj < 0. 
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Corollary 3.3. Let 0 < q < 1 and f,g € C\. Then, for all t > 0 we have: 

(K^fg(t) + K^fg(t) - K^f(t)K^g(t) - g{t)K^ a f(tjf 
< { (M - K^f(t)) - m) (M - K^f(t)) (K^f(t) - m) } (3.3) 

x { (L - ^(t)) " l) (L - K^g(t)) (K^g(x) - l) } , 

/or aZZ a, 7 > 0 anrf ry, ^ G R mt/i 77, C < 0. 

We conclude our present investigation by remarking further that the results ob- 
tained here are useful in deriving various fractional integral inequalities involving 
such relatively more familiar fractional integral operators. For example, if we con- 
sider j3 = —a in (2.10) and /3 = —a and 5 = —7 in (2.21) and making use of the 
relation (1.5), Theorems 2.5 and 2.7 provide, respectively, the known fractional q- 
integral inequalities due to Zhu et.al.[27, pp. 6-7, Theorems 1 and 2]. 
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Abstract. In this paper, we introduce ultra Bessel sequences of subspaces in Hilbert 
spaces and we establish some new results about ultra Bessel sequences of subspaces and 
their perturbation. 



1. Introduction 

Frames for Hilbert spaces were defined by Duffin and Schaeffer [4] in 1952, and were 
reintroduced and developed in 1986 by Daubechies, Grossmann and Meyer [3]. 

A sequence {/i}^ in Hilbert space % is called a frame for % if there exist two constants 
A, B > 0 such that 

oo 

A|i/ii 2 <x;ia/i)i 2 <^ii/ii 2 (i-i) 

i=\ 

for all / 6 T~L. The constants A and B are called frame bounds. If A = B then we call 
the frame {fi}^ a tight frame and if A = B = 1 then it is called a Parseval frame. If the 
right-hand inequality of (1.1) holds for all / G H, then we call a Bessel sequence for 

"H. See also [2, 6, 7, 9, 10] for more information on frames and Bessel sequences. 

In 2008, the concept of ultra Bessel sequences in Hilbert spaces (i.e., Bessel sequences with 
uniform convergence property) was introduced by Faroughi and Najati [5]. 

Definition 1.1. Let %$ be an inner product space. The sequence {/i}^ C is called an 
ultra Bessel sequence in if 

oo 

sup ^|(/,/,)| 2 ^0 (1.2) 
H/H=i ^ 

as n — > oo, i.e., the series Yl'iLn l(/> /«)l 2 converges uniformly in unit sphere of Hq. 

2010 Mathematics Subject Classification. Primary 46C99; 42C15. 
Keywords: Frame of subspaces; Perturbation; Ultra Bessel sequence of subspaces. 
*The corresponding author: Dong Yun Shin (email: dyshinQuos. ac.kr. 
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In 2004, frame of subspaces as a generalization of ordinary frame was introduced and 
investigated by Casazza and Kutyniok [1]. 

Definition 1.2. Let {vi} c *L 1 be a sequence of weights, i.e., for all i > 1, V{ > 0. A family 
of closed subspaces {Wj}^ of a Hilbert space % is a frame of subspaces with respect to 
{vi}^! for U, if there exist constants 0 < C < D < oo such that 

oo 

cii/ii^^^ik^^II^dII/II 2 fen, (i.3) 

where iTWi is the orthogonal projection of % onto W{. If v = Vi > 0 for all i > 1 in (1.3), 
then we say that {Wj}?^ is a frame of subspaces with respect to v for %. 

If in (1.3) the right hand inequality holds for all / G H, then is called a Bessel 

sequence of subspaces with respect to {vi}^ with Bessel bound D. 

Definition 1.3. Let U be a Hilbert space. For each sequence of subspaces {Wj}?^ of H, 
we define the set 



J>wi) = {{h}T=i\h € w it H/*H 2 < °°}- 



i=l i=l 



It is clear that ^^i=i®^)^ 2 ^ s a Hilbert space with the point wise operations and with 
the inner product given by 

oo 

<{/i}£i,{ft}£i> = 

i=l 

It is proved in [1] that if {Wi}?^ is a frame of subspaces with respect to {vi}^ 1 for 7i, 
then the operator 

oo oo 

T:(j>Wi) T({/,}~ 1 ) = ^^/ i 

i=l i=l 

is bounded and onto and its adjoint is 

oo 

T* . n {j2®W^ p , T*(f) = { Wi (/)}-!. 

i=l 

The operators T and T* are called the synthesis and analysis operators for {W,}?^ and 
{vi}^, respectively. 

Also, it is proved in [1] that if {Wj}?^ is a frame of subspaces with respect to {vi}^, 
the operator 

S-.U^U, S(f)=TT*(f) 
is a positive, self-adjoint and invertible operator on H and we have the reconstruction formula 

oo 

/ = 5>?s-W 4 (/), fen. 

i=l 

The operator S is called the frame operator for and {vi}^. 
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2. Ultra Bessel sequence of subspaces 

In this section we intend to introduce ultra Bessel sequences of subspaces and investigate 
some of their properties. 

Definition 2.1. Let Hq be an inner product space. Let {Wj}?^ be a sequence of closed 
subspaces of rlo. Then {Wj}?^ is called an ultra Bessel sequence of subspaces in Ho, if 

oo 

sup J2vf\Mf)f^0, (2.1) 

11/11=1 i=n 

as n — > oo, i.e., the series ViW^WiiDW 2 converges uniformly in the unit sphere of rlo- 

It is clear that each ultra Bessel sequence of subspaces is a Bessel sequence of subspaces. 

Example 2.2. (1) Let {ei}°l 1 be an orthonormal basis for some Hilbert space fL. We 
define the subspaces Wj by 

Wi = span{ei}, i = 1,2,3, 

Then {Wi}™ 1 is a Bessel sequence of subspaces with respect to each v > 0. since 

oo oo 

E- 2 h^(/)ii 2 = E- 2 k/'^)i 2 = - 2 ii/ii 2 ' 

i=l i=l 
But {Wj}?^ is not an ultra Bessel sequence of subspaces with respect to each v > 0. 
In fact, 

oo 

sup E 1,2 hWitf) II 2 > v 2 \\7r Wn (e n )\\ 2 = v 2 \\e n \\ 2 = v 2 > 0. 



1 i=n 



(2) If 

Wi = span{i 1 e i }, 
then {Wj}?^ is an ultra Bessel sequence of subspaces, since 

oo oo oo 1 

sup Y,v 2 \\n Wl (f)\\ 2 = v 2 sup Y J \(f,i' 1 e l )\ 2 <v 2 Y J ^^0, 

ll/IH 1 ^ 11/11 = 1 tZ % 



=n 

as n — y oo. 



Proposition 2.3. Let {Wi\ c *L l be a sequence of closed subspaces in Hilbert space % and 
{vi}*^! be a sequence of weights such that Yli^i v i < 00 ■ Then {Wi}^2 =1 is an ultra Bessel 
sequence of subspaces in %. 

Proof. For each n G N and each / G^we have 

oo oo 

E^ii^(/)ii 2 ^ii/ii 2 E- 2 - 

i=n i=n 

So 

oo oo 

sup e^ii^^ii'^E^ 2 ^ 0 ' 

ll/ll - 1 i=n i=n 

as n — > oo. □ 
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The converse of Proposition 2.3 is not true in general. We give an example. 
Example 2.4. Let {ej}^ 1 be an orthonormal basis for T~L and put 

Wi = span{ei}. 

Then {Wi}?^ is an ultra Bessel sequence of subspaces for % with respect to weights Vi := ^ 
for all i € N. In fact, 

oo ^ oo ^ 

sup Y\ -hwiU)\\ 2 = sup V-|(/,ej)| 2 

- ' ll/ll=l^* 

oo \ I £ \ I o i oo i 



1 i=n 



< 



K/^>| 
i 

' 11 * i=n 
oo r i 



as n — > oo. But this series Y^=i v f = Yli^i \ does not converge. 

Now, we prove the next simple lemma which has an important role in proof of Theorem 
2.6. 

Lemma 2.5. Let {Wj}^ be a Bessel sequence of subspaces with respect to {vi}^ =1 in Hilbert 
space %. Then 



sup yV|k^(/)|| 2 < sup Vv-||vr Wi (/)|| 2 , n6N. 
Proof. Let a = mv m=1 YZn IK^(/)II 2 - Jt is clear that if ||/|| = 1 or ||/|| = 0, then 

oo 

X> 2 nw/)ii 2 <*. 

i=n 

So we consider 0<||/|| = fc<l. In this case, 

1 OO OO a 

^E^ii^(/)ii 2 = E^ 2 ii^({)ii 2 ^«- 

i=n i=n 

Therefore, X^£n ^IKw^/)!! 2 < ka < a, and we conclude that 

oo 

sup J2v?\\ir Wt (f)\\ 2 < a. 

□ 



l< 1 ' l =n 



Theorem 2.6. Let % and K, be Hilbert spaces and T : % — > JC be a bounded invertible 
operator. If {Wi}°? =1 is an ultra Bessel sequence of subspaces in %, then {T(Wi)}^ =1 also is 
an ultra Bessel sequence of subspaces in K,. 

Proof. Similar to the proof of Lemma 2.3 of [8] we show that 

KTWi = KTWiiT*)' 1 ^^* . (2.2) 
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In fact, if / G % then / = iiWif + 9-, f° r some g 6 W^~. Therefore 

(T*)- 1 f = (T*)- l 7r w J + (T*)- 1 g. 

On the other hand 

0 = (w,g) = {T^Tw^g) = (Tw, (T _1 )*#), u; G Wj. 
Hence (T" 1 )^ = (T*)- 1 ^ G (T^) 1 and so for all f €H, 

^TW,i T *)~ 1 f = 7T TW t ( T *)~ l7r wJ + ir T w t ( T *y 1 g = 7r TW t ( T *)~ l7T wJ- 

Now, (2.2) implies that for all f €H, hTW t {f)\\ < \\(T*)- 1 \\\\it Wi T* f\\. If ||/|| = 1, then by 
Lemma 2.5 

oo oo 

E* TW) (/)n 2 ^ iKn-TE^ii^rvii 2 

i=n i=n 

<un~Y\\n\ 2 T l ^\\^v t {- T ' J " 2 



I IT"* 



oo 



< H (rT i||2|| r *||2 sup 

oo 

< || (rT l||2|| r *||2 gup Y^v}\\K Wi {g)\\\ 

llfll =1 i=n 

as desired. □ 

Theorem 2.7. Suppose that {Wi} ( ^ l is a sequence of closed subspaces of Hilbert space %. 
Let V be a dense subset of the unit sphere of % and 

oo 

{ J> 2 ||7T^(/)|| 2 : / G V } -»• °' ( 2 - 3 ) 

as n —7- oo. T/ien {Wj}^ is an ultra Bessel sequence of subspaces in %. 
Proof. Suppose 

oo 

A(n) :=sup{^t; 2 |K^(/)|| 2 :/G^ and ||/|| = l} 

i=n 

does not tend to zero as n — > oo. Then there exists f3 > 0 and a subsequence {^4(^fc)}fcLi of 
{^(n)}^]^ such that A(rik) > (3 for each k > 1. Hence, for some f k with ||/ fe || = 1, 

oo 

EtfHW/*)!! 2 ^, fc > L ( 2 - 4 ) 



i=n k 



Choose a subspaces {f k }fL l of member of F such that fj — )■ / fe as j — >■ oo. By (2.3) there 
exists ko > 0 such that 

oo 

E «?IIW#*)II 2 <& J>1- 
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Also, (2.4) implies that there exists I > nk 0 such that 

E v^{f ko )\\ 2 >P- 

i=n kf) 

Since 

E ^(/*°)ii 2 ^ E ^ 2 ii^(/ feo )ii 2 

as j — > oo, for sufficiently large j, we have 

oo I 

p> E ^ 2 ii^(/i 0 )ii 2 > E ^hwAf-nw 2 > p, 

i=n kQ i=n kQ 

which is a contradiction. 



□ 



3. Perturbation of Ultra Bessel sequence of subspaces 

In this section we present some perturbation results for ultra Bessel sequences of subspaces. 

Proposition 3.1. Let {Wi}?i 1 be an ultra Bessel sequence of subspaces in % with respect to 
{vi} c *l l and {Wi} c ^ l be a sequence of closed subspaces ofH. If there exist A > 0, fx < 1 such 
that 

I J2 v K nWi{f) - *wSf)) || ^ A || E^(/)|| + H| T.^wS^l 

for all f G H and all finite J C N, then {Wi}f2 =1 is an ultra Bessel sequence of subspaces in 
% with respect to {vi}^ 1 . 

Proof. We first prove that {Wj}^ 1 is a Bessel sequence of subspaces. Let J be a finite subset 
of N. By (3.1) we have 



E^(/)||^^||E^(/) 



, fen. 



Let B be the Bessel bound of {Wi}™ v Then 

= sup \ Y^vfU Wi {f),iT Wi {g) 



llsll=i 



sup (e^ii^(^)ii 2 )"(E^ 2 ii^(/)ii 2 ) 
(E- 2 ii^(/)ii 2 )"- 



So 



< 



<VB(^vt\\7T Wi 

1 + A 



E^(/) <i^^(E- 2 n^(/)ii 2 ) 2 ' 
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Hence Yli^Li ^i 71 "^. (/) converges unconditionally for all / € H, and (3.1) holds for all infinite 
subsets of N. Let us consider 



t-.h^h, r(/) = jS^C/). 



i=i 

Then T is a well defined bounded operator with II Til < ^— - — B and 

1 - A* 



i=l 



Therefore {Wj}^ 1 is a Bessel sequence of subspaces for % with respect to {vi} c *l 1 . Let 
/ € % and ||/|| = 1. Similar to above we have 



E^ 2 ii^ii 2 =(E^//)'/)^||E^(/) 



< 



l + A i 
T-/J 

1 + A 



^^(E^iiw/)ii 2 ) s ->o, 



as n — > oo, and this completes the proof. 



□ 



Corollary 3.2. Let {Wi}^2 =1 be an ultra Bessel sequence of subspaces in H with respect to 
{vi}'?Z 1 , and {Wi}^2 =1 be a sequence of closed subspaces ofH. If there exists A > 0 such that 



E < (/) - m (/)) 1 1 ^ A 1 1 E ^ (/) 



ieJ 



/or all f £ H and all finite J C N, i/ien {Wj}?^ is an uftra Bessel sequence of subspaces in 
H with respect to {v i} ( j*L 1 

Theorem 3.3. Let {Wi}'*L 1 be an ultra Bessel sequence of subspaces in H with respect to 
{v,i} c *L l and {Wj}?^ be a sequence of closed subspaces ofH. If there exists A > 0 such that 



ieJ ! ieJ 



, fi G W i: 9i € Wi 



(3.2) 



/or all f £ H and all finite J C N, i/ien {Wj}?^ is an u/ira Bessel sequence of subspaces in 
H with respect to {vi} ( ^L 1 . 



Proof. Let J be a finite subset of N. By (3.2) we have 

IjE^I ^( i + a )||E^^ 



fi € Wi,gi € Wi. 
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Let B be the Bessel bound for {Wj}^. We have 



E^z 



sup 

llfflH 



E^z 



i,9 



= sup (fi,ViiT Wi (g) 



< 



S up (e^ 2 ii^(5)ii 2 )"(Eii^ii 2 ) 



So 



E^| < (l + A)Vs(£||/i|| 2 )", h E Wi, 9l E Wi. 



ieJ 



Hence E*=i v i9i converges unconditionally for all {gi}°Zi G Ei=i ©^ij 2 > an( i (3-2) holds 
for all {/i}^x G (E~i©Wi)^ and G (E~i©^)^- In this case the operator 

oo oo 

K:(j>wf) ^H, K{{ gi \r =1 ) = Y J V i9 i 
i=i i=i 

is well defined and bounded with \\K\\ < (1 + X)VB and its adjoint 
K* 

will be bounded and 



: (E®K) £2 ^> ^*(/) = {^(/)K=i 

1=1 



E^(/)ii 2 ^* 



\ feH. 



1=1 



Therefore {Wj}^ 1 is a Bessel sequence of subspaces for % with respect to {vi}^. Let f E% 
and ll/H = 1. Then 

oo oo 



1=1 



and 



E^ 2 ii^(/)H 2 ^|E^(/) 

i=n i=n 
oo 

^ I E u i (^(z) - ^(/))|| + 1 E^/ 

i=n 

oo 

<(1 + A)||^^(/) 

i=n 

oo 

<(1 + A)^(^^||vr^(/)|| 2 ) 
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and this completes the proof. □ 

Proposition 3.4. Let {Wj}^ be an ultra Bessel sequence of sub spaces in H with respect to 
{vi}°? =1 and {Wi}°? =1 be a sequence of closed subspaces ofH. If there exist M > 0 such that 

J>i - vr^(/)|| 2 < J>i H^i(/)ll 2 > / G H, 

ieJ ieJ 

all finite JCN, then {Wi}f2. 1 is an ultra Bessel sequence of subspaces in ri with respect to 
Proof. For n G N and for / € ri we have 

oo oo oo 

E^ii^(/)ii 2 < 2 E^ii^(/)-^(/)ii 2 + 2 E^ii^(/)ii 2 



-II 



<2(M + l)^\\n Wi (f)\\ 2 , 

i=n 

as desired. □ 
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Abstract 

We show that many of the recent proved fixed point results in partial 6— metric 
spaces can be obtained by the corresponding ones in b— metric spaces by introducing 
a simple method. On the other hand, we prove point out that, in general, our method 
is not applicable for certain partial 6-metric fixed point theorems. 

1 Introduction and Preliminaries 

Starting from the Banach contraction principle huge number of fixed point theorem gener- 
alisations have appeared in literature (see [20, 21, 22, 23] and the references therein). Such 
generalisations required to work on more general metric type spaces such as partial metric 
spaces (see [14, 15, 16, 17, 18, 24, 25, 26, 27, 28] and the references therein), G— metric spaces 
[13], cone metric spaces (see [14, 9, 10] and the references therein). On the other hand and 
after then, several articles have been published where simple methods were presented to 
reobtain the fixed point theorems in these general metric type spaces by using corresponding 
ones in metric spaces. However, those simple methods have failed in some cases and hence 
it remained of interest to work is such spaces. Sometimes, these spaces have been provided 

1 
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with a partial ordering (see [29] and the references therein). In this article, We show that 
many of the recent proved fixed point results in partial b— metric spaces can be obtained by 
the corresponding ones in b— metric spaces by introducing a simple method. On the other 
hand, we conclude that our method is not applicable for certain partial 6-metric fixed point 
theorems. The details will be presented inside the main result and final conclusions sections. 

We recall some definitions of partial metric spaces, 6— metric spaces and partial b— metric 
spaces and state some of their properties. 

A partial metric space (PMS) is a pair (X,p), where p : X x X — > R + and 1R + denotes 
the set of all non negative real numbers, such that 

(PI) p(x,y) = p(y,x) (symmetry); 

(P2) If p(x, x) = p(x, y) = p(y, y) then x = y (equality); 

(P3) p(x, x) < p(x, y) (small self-distances); 

(P4) p(x, z) + p(y, y) < p(x, y) + p(y, z) (triangularity); 

for all x,y,z G X. 

For a partial metric p on X, the function p s : X x X — > IR+ given by 



is a (usual) metric on X. Each partial metric p on X generates a T 0 topology r p on X with 
a base of the family of open p-balls {B p (x,e) : x G X, e > 0}, where B p (x,e) = {y G X : 
p(x, y) < p(x, x) + e} for all x G X and e > 0. 

Definition 1. [24] 

(i) A sequence {x n } in a PMS (X,p) converges to x G X if and only if p(x,x) = 
lim^oo^x,^). 

(ii) A sequence {x n } in a PMS (X,p) is called Cauchy if and only if lim^m^oo p(x n , x m ) 
exists ( and finite). 

(in) A PMS (X,p) is said to be complete if every Cauchy sequence {x n } in X converges, 
with respect to r p , to a point x G X such that p(x,x) = lim„ jm ^ 00 p(x n ,x m ). 

(iv) A mapping T : X — >■ X is said to be continuous at xq G X, if for every e > 0, there 
exists 5 > 0 such that T(B p (x 0 ,5)) C B p (T(xo), e). 

Lemma 1.1. [24] 

(al) A sequence {x n } is Cauchy in a PMS (X,p) if and only if {x n } is Cauchy in a metric 
space (X,p s ). 

(a2) A PMS (X,p) is complete if and only if the metric space (X,p s ) is complete. Moreover, 



p s (x, y) = 2p(x, y) - p(x, x) - p(y, y) 



(1) 



lim p s (x, x n ) = 0 <^ p(x, x) = lim p(x, x n ) 



lim p(x n ,x m ). 



(2) 




2 
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Definition 2. [5] Let X be a (nonempty) set and s > 1 be a given real number. A function 
d b : X x X — >■ IR + is a b— metric if, for all x,y,z G X ; £/ie following conditions hold: 

• (&i) x = y if and only if d b (x, y) = 0, 

• b 2 ) d b (x,y) = d b (y,x), 

• (b 3 ) d b (x,y) <s[d b (x,z) + d b (z,y)]. 
The pair (X, d b ) is called a b— metric space. 

Example 1. Let (X,d) be a cone metric space over a closed normal cone P with constant 
s>l, in a real Banach space (E, ||.||). Then d b (x,y) = \\d(x,y)\\, for allx,y G X, defines a 
b— metric on X . 

Definition 3. [1] Let X be a (nonempty) set and s > 1 be a given real number. A function 
p b : X x X — > IR + is a partial b— metric if, for all x,y,z G X, the following conditions are 
satisfied: 

• (P6i) x = y if and only ifp b (x,y) =p b (x,x) =p b (y,y), 

• (Pb 2 ) Pb(x,x) < p b (x,y), 

• (p&s) Pb(x,y) =p b (y,x), 

• (Pb 4 ) Pb(x,y) < s[p b (x,z) +p b (z,y) -p b (z,z)] - ^[p b (x,x) +p b (y,y)}- 
The pair (X,p b ) is called a partial b— metric space. 

Since s > 1, from (p bi ) we have 

Pb(x, y) < s[p b (x, z) + p b (z, y) - p b (z, z)\ < s[p b (x, z) + p b (z, y)\ - p b (z, z). 
Proposition 1.2. [1] Every partial b— metric p b defines a b— metric d Pb , where 

d Pb {x,y) = 2p b (x,y) -p b (x,x) -p b (y,y), 

for all x,y G X . 

For more information about partial b— metric spaces and some fixed point theorems, see 
[1, 3]. 

Let (X, 2<, d b ) be an ordered b— metric space and let / : X — > X be a mapping. Set 

M s (x,y) = max{d b (x,y),d b (x,fx),d b (y,fy), ^[d b (x, fy) +d b (y,fx)}} (3) 

and 

N db (x, y) = min{d b (x, fx), d b (x, fy)}. (4) 

Definition 4. [6] A function ip : [0, oo) — > [0, oo) is called an alternating distance function 
if the following properties are satisfied: 

3 



885 



Thabet Abeljawad et al 883-891 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



• ip is continuous and nondecreasing, and 

• ip(t) — 0 if and only ift — 0. 

Definition 5. [2] Let (X, db) be a b— metric space. We say that a mapping f : X — > X 
is an almost generalized (ip , ip) s — contractive mapping if there exist L > 0 and two altering 
distance functions ip and (f> such that 

4>(sd b (fx, fy)) < 4>(M s (x, y)) - V (M s (x, y)) + L^(N db (x, y)), (5) 

for all x,y G X . 

The following is Theorem 3 in [2]. 

Theorem 1.3. [2] Let (X,d b ,^<) be a partially ordered complete b-metric space. Let f : 
X — > X be a non- decreasing continuous mapping with respect to Suppose that f satisfies 
condition 5, for all comparable elements x, y G X . If there exists x Q G X such that x 0 ■< fx 0 , 
then f has a fixed point. 



2 Main result 

In this section we prove the following two useful lemmas that allow us to prove partial 
6-metric fixed point results by b— metric ones. 

Lemma 2.1. Let (X, p b ) be a partial b— metric space. Then the function d b : X x X — > [0, oo) 
defined by 

db{x > y) = { Pb (ly) T**l (6) 

is a b-metric on X such that Td Pb C r db . Moreover, (X,db) is complete if and only if (X,p b ) 
is 0— complete. 

Proof. It is clear that d b (x,y) = 0 if and only if x — y and d b (x,y) = d b (y,x) for all 
x, y G X. To prove the triangle inequality let x,y,z G X. Then d b (x,y) < p b (x,y) < 
s[p b (x, z) + p b (y, z) — p b (z, z)\ and the following cases are observed 

• if x ^ y and x = z then d b (x,y) = p b (x,y) < s[p b (z,z) +p b (z,y) - p b (z, z)\ = d b (z,y) = 
d b (x,y). 

• \ix^y and y = z then d b (x, y) = p b (x, y) < s\p b (z, z) +p b (x, z) -p b {z, z)\ = d b (x, z) = 
d b (x,y). 

• if x = y then d b (x, y) = 0 < s[d b (x, z) + d b (z, y)]. 

Thus (x,d b ) is a b— metric space. The other parts are similar to those in Proposition 2.1 in 
[4]. □ 



4 
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Let (X,p b ) be a partial metric space and (x, d p ) be its corresponding b— metric space, as 
defined in Lemma 2.1, and x,y G X. Define 

M db (x,y) = max{d p (x,y),d b (x,Tx),d b (y,Ty), — [d b (x,Ty) + d b (y,Tx)]} (7) 

and 

M Pb (x,y) = ™&x{Pb(x,y),Pb(x,Tx),p b (y,Ty), —\p b (x,Ty) + p b (y,Tx)}}. (8) 
Lemma 2.2. M Pb (x,y) = M db (x,y) for all x, y G X with x ^ y. 

Proof. First, we show that M Pb (x, y) < M db (x, y) for all x, y G X with x ^ y. The cases that 
M Pb (x,y) = p b {x,y) or M Pb (x,y) = p b (x,Tx) or M Pb (x,y) = p b (y,Ty) can be easily proved 
by using that p b (x,x) < p(x,y) as done in Lemma 2.2 in [4]. If M Pb (x,y) = ^\p b (x,Ty) + 
p b (y,Tx)} then the we have the following cases 

• if x = Ty and y = Tx, then M Pb (x,y) = j- s \p b (x,x) + p b (y,y)] < \pb(x,y) < d b (x,y) < 
M db (x,y). 

• if x — Ty and y ^ Tx, then by the help of triangle inequality in (X,p b ) we have 
M p b (x,y) = j- s [Pb(x,x) +p b (y,Tx)] < j- s [sp b (x, x) + p b (y,Tx)] < \]p h (x, y) +p b (x, Tx)] 
which is = \ [d b (x, y) + d b (x, Tx)} if Tx ^ x or < p b (x, y) = d b (x, y) if Tx = x. In both 
cases we conclude that M Pb (x,y) < M db (x,y). 

• if x 7^ Ty and y = Tx, then by the help of triangle inequality in (X,p b ) we have 
M Pb (x,y) = j- s [Pb(x,Ty) +p b (y,y)} < Y s [p b (x,Ty) + sp b (y,y)\ < \[p b {x,y) +p b (y,Ty)} 
which is = l\d b (x, y) + d b (y, Ty)] if Ty ^ y or < p b (x, y) = d b (x, y) if Ty = y. In both 
cases we conclude that M Pb (x,y) < M db (x,y). 

The other way inequality "M db (x,y) < M Pb (x,y)" is direct and similar to that in the proof 
of Lemma 2.2 in [4] or follows by noting that d b (x,y) < p b (x,y) for all x, y G X. In closing, 
assume that x ^ Ty and y ^ Tx. It is not difficult to see that p b (x,y) = d b (x,y) for all 
x 7^ y. Hence, M Pb (x,y) = M db (x,y) as desired. □ 

Definition 6. Let (X,p b ) be an ordered partial b-metric space. We say that the mapping 
T : X — >■ X is a generalized (ip,ip) s -weakly contractive mapping if there exist two altering 
distance functions ip and f such that 

iP(sp b (Tx,Ty))<^(M Pb (x,y))-<p(M Pb (x,y)) 

for all comparable x, y G X. 

Next theorem was proved in [1], but we give a much shorter proof using our previous 
two lemmas. 

Theorem 2.3. Let (X, ^,p b ) be ap b -complete ordered partial b-metric space. LetT : X — > X 
be a nondecreasing , with respect to ^, continuous mapping. Suppose that T is a generalized 
(■0, ip) s -weakly contractive mapping. If there exists x 0 G X such that x 0 ^ Tx 0 , then T has 
a fixed point. 

5 
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Proof. Using the facts that d(,(x,y) < Pb(x,y) and the results of Lemma 2.2 we obtain: 

ij>(sd b (x,y)) < ip(sp b (x,y)) 

<i>(M Pb (x,y))-<p{M Pb (x,y)) 

< i>(M Pb (x,y)) - <p(M Pb (x,y)) + Li>(N db (x,y)) 

= 4>(N db (x, y)) - ip(M db (x, y)) + L^(N db (x, y)). 

Therefore, all the hypothesis of Theoreml.3, are satisfied. Thus, T has a fixed point as 
required. □ 

In our next theorem we prove the results of Theorem 2.3, by replacing the continuity 
condition. 

Theorem 2.4. Let (X, ^,Pb) be a pb- complete ordered partial b-metric space. LetT : X — > X 
be a nondecreasing, with respect to ^, and whenever {x n } is a nondecreasing sequence in X 
such that x n — > x G X, we have x n < x for all natural numbers n. Suppose that T is a 
generalized (ip,ip) s -weakly contractive mapping. If there exists xo G X such that xo ^ Txq, 
then T has a fixed point. 

Proof. Similarly to the argument in the proof of Theorem 2.3, we have 

rl>(d b (x, y)) < *p(M db (x, y)) - ip{M db {x, y)) + Ljj;(N db (x, y)). 

Hence, all the hypothesis of Theorem 4 in [2], are satisfied. Thus, T has a fixed point as 
desired. □ 

Next, we give the following corollary. 

Corollary 2.1. Let (X, ^,Pb) be a pb-complete ordered partial b-metric space. Let T : X — > 
X be a nondecreasing, with respect to continuous mapping. Suppose there exists k G [0, 1) 
such that 

p b (Tx,Ty) < k - maxfa(x, y),p b (x, Tx),p b (y, Ty), Pb ^ Tx) ± My > Ty) } 

for all comparable elements x,y G X. If there exists x 0 G X such that x 0 ^ Tx 0 , then T has 
a fixed point. 

Proof. If we take ip(t) = t and (p(t) = (1 — k)t for all t G [0, oo), then the result follows from 
Theorem 2.3. □ 

Now, we state this trivial corollary. 

Corollary 2.2. Assume all the hypothesis of Corollary 2.1 without the continuity condition, 
and suppose that whenever {x n } is a nondecreasing sequence in X such that x n — > x G X, 
we have x n <x for all natural numbers n. Then T has a fixed point in X. 
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Remark 1. Notice that the equality 

N d b (x,y) = mm{d b (xjx),d b (x,fy)} < N Pb (x,y) = mm{p b (xjx),p b (x,fy)} (9) 

does not hold in general. For example, if fy — x then Nj b (x,y) = 0 ^ N Pb (x,y) in general. 
Take IR + withp b (x,y) = m&x{x,y}. Thus, our method can not be applied to generalise The- 
orem 1.3 from partially ordered b-metric spaces to partially ordered partial b-metric spaces. 
It would be interesting to go though this generalisation. 

3 Final Conclusion 

In the literature of fixed point theory many fixed point theorems have been generalized from 
the metric space to more general structures of metric spaces such as cone metric spaces, 
partial metric spaces, cone 6-metric spaces, G— metric spaces and partial b— metric spaces. 
After then, some authors have started to develop easier techniques to reprove these general- 
isations by using the corresponding fixed point theorems in metric or b— metric spaces (see 
[4, 7, 8, 9, 10, 11, 12, 13] ). However, those techniques fail to work in some cases and there 
still some fixed point theorem of special interest in these general metric space structures (see 
for example [14, 15, 16, 17, 18, 19]). Along with the above, In this article, we have intro- 
duced a method to reprove some fixed point theorems in partially ordered b— metric spaces 
[1] using the corresponding ones in partially ordered b— metric spaces [2] and in Remark 1 we 
mentioned that the partially ordered b— metric fixed point theorems can not be generalised 
to partially ordered b— metric spaces by simply applying our method. In the same direction, 
it would be interesting to generalise the contraction principles in [15] or more generally in 
[16] from partial metric spaces to partial b— metric spaces. 
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Abstract 

In this paper, we are concerned with proving the existence of solutions for four point fractional 
differential equations with p-Laplacian operator. We obtain the existence of at least one solution 
for the problem applying Schauder fixed-point theorem. 

Keywords: Fractional differential equations, p-Laplacian operator, Boundary value problem, Exis- 
tence of solutions. 

1 Introduction 

Fractional differential equations have been of greet interest due to its numerous applications in 
physics, chemistry, engineering, economics and other fields. We can find many applications in viscoelas- 
ticity, electrochemistry, systems control theory, electromagnetism, bioscience and diffusion processes 
etc. There has been a significant development in the study of fractional differential equations in recent 
years [5, 6, 7, 8, 9, 10, 16]. On the other hand, p-Laplacian problems with two-point, three-point and 
multi-point boundary value conditions for ordinary differential equations and finite difference equa- 
tions have been studied extensively, see [17, 18, 19] and the references therein. Besides them, integer 
order p-Laplacian boundary value problems have been studied to its importance in theory and appli- 
cation of mathematics, physics and so on, sec for example [11, 12, 13, 14, 15] and references therein. 
However, there are few articles dealing with the existence of solutions to boundary value problems for 
fractional differential equation with p-Laplacian operator. 

In [3], applying Krasnoscl'skii and Leggett- Williams fixed point theorems, the authors obtained 
some sufficient conditions for the existence of positive solutions for three point boundary value problems 

D l l + (v P {D%+u))(t) + f(t,u(t)) = 0, t G (0, 1), 
u(0)=0, u{l)=au{C), D%+u{0) = Q. 

1 
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In [1] , applying the Schauder fixed point theorem, the authors investigated the existence of solutions 
for a system of nonlinear fractional differential equations with three point boundary conditions 

D a u(t) = f(t,v(t),DV V (t)), i€(0,l), 
D?v(t) = f(t,u(t),D q u(t)), te (0,1), 
u(0)=0, u(l)=7ufa), w(0)=0, w(l) =v>tn), 

where 1 < a,f3 < 2,p,q,-f > 0,0 < r\ < l,a - p > l,/3-q> l,7f? a_1 < l,7f^ _ 1 < : 
[0,1] xMxK^I are given continuous functions. 

In [4] , by using upper and lower solutions method, the authors investigated the existence of positive 
solutions for nonlocal four point problem. 

D%+(<P P (D% + u))(t) + f(t,u(t)) = 0, t e (0, 1), 
u(0)=0, u(l) = a«(0, DS+u(0)=0, D% + u(l) = bD% + u(v) 

In this paper, we consider the existence of at least one solution for the following four point fractional 
differential equations with p-Laplacian operator 

{ D 0 o+ ( i p p (D% + u))(t) + f(t,u(t),DZ + u(t))=O, t€(0,l), 

\ u(0) = 0, D r 0 \u(0) - ou(0 = 0, D£u(l) + 6u(r?) = 0, L>^ + u(0) = 0, 

where £)g+, -Dg+, ^o+' anc ^ are ^ ne standard Riemann-Liouville derivative with a e (2,3], 
/3 € (0, l],r 1; r 2 € (0,1], a — n — 2 > 0, a — r 2 — 2 > 0, a — 7 — 2 > 0, the costants £, 77, a, 6 are 
positive numbers with 0 < £ < 77 < 1 and p^r^rij + brj a ~ 2 > 0, y p is p-Laplacian operator, i.e 
(fip(s) = \s\ p ~ 2 s, p > 1 such that (<£ p ) _1 = tp q with i + ± = 1 and / : [0,1] x R x R ^ 1 is given 
continuous function. 

In section 2, we present some necessary definitions and preliminary results that will be used to 
prove our main result. In Section 3, we put forward and prove our main result. 

2 Preliminaries 

In this section we collect some preliminary definitions and results that will be used in subsequent 
section. Firstly, for convenience of the reader, we give some definitions and fundamental results of 
fractional calculus theory. 

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a function y : (0, 00) — > R 

is given by 

I aMt) = f ^j\t-s) a - 1 y(s)ds, 
where T denotes the gamma function, provided that the right side integral exists. 
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Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 of a function y : (0, oo) 
R is given by 



D a a+ y{t) 



i -a) \dt) J a 



-ds, 



T{n-a) \dtj J a (t - s )"-«+i 
where n = [a] + 1 with [a] denotes the integer part of a and T denotes the gamma function, provided 
that the right side is pointwise defined on (0, oo). 

Lemma 2.1. Let a, [3 > 0, y : (0, oo) — > R is a continuous function and assume that the Riemann- 
Liouville fractional integral and derivative of y exist , then 

I^ + y(t)=I^y(t). 

Lemma 2.2. Let a > 0. If y £ C(0, 1) PI L(0, 1) possesses a fractional derivative of order a that 
belongs to (7(0, 1) n L(0, 1), i/ien 

/« + £ 0 tt + y(t) = y(t) + dt"- 1 + c 21 t a - 2 + ...c n t a - n , 

for some Ci G R, i = 1, 2, n, w/iere n = [a] + 1. 

For rinding a solution of the problem (1.1), we first consider the following fractional differential 
equation 

D%+u(t) + h(t) = 0, te (0,1), 
u(0) = 0, D r o \u(0) - au(£) = 0, D^u(l) + 6u(r;) = 0, 

where h £ C([0,1],R). 

Lemma 2.3. Given h(t) e C(0, 1) and 2 < a < 3. TTien i/ie unique solution of 



D°+u(t) + h(t) = 0, te(0,l), 

«(0) = 0, D£u(0) - au(0 = 0, D^u(l) + &«(/?)= 0, 



(2.2) 



is gwen &y 



where 



i(t) = [ G(t,s)h(s)ds, 



G(t,s) 



Gi(t,s), t<s; 
G 2 (t,«), s<t 7 



(2.3) 



Gi(M) = < 



- *)p- 2 (i - S )— 1 + - ')* a " 9 ^ - s)Q_1 ' s ^ ^ ; 



I apg^ytt-*)* 01 -^!--) 



|^(£ - t)t Q - 2 (l - s)— 1 + %^y(t t)t<*-*{ n s)<*-\ Z<s<n; 

n<s, 



(2.4) 



\Q — T'2 — 1 
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and 



G 2 (t,s) = < 



„\a — r 2 — 1 i 

dr(a) 



t)t*-\\ s)"-^- 1 + - t)P- 2 (r7 - s)"- 1 



dT(u~r 2 ) ' 



a-1 



dT(a-r 2 ) 



?7 < s. 



(2.5) 



Proof. Applying Lemma 2.2 to reduce the first equation of (2.2) to an equivalent integral equation 

u{t) = di"- 1 + C 2 t a - 2 + C 3 t a - 3 - I*h(t) 
for some C\, C 2 , C3 e K. Hence, the general solution of Eq. (2.2) is 



u{t) = dt 0 - 1 + C 2 t a - 2 + C 3 t a - 3 



T \ a ) Jo 



It follows from u(0) = 0 that C 3 = 0. By using the second boundary condition Dq\u(0) — aw(£) = 0 
we have 

1 /"« 

1 ' (2.6) 



at a - 1 C 1 +a£ a - 2 C 2 =a-— / (£ - s^-'h^ds 
and by using the third boundary condition D r * + u(l) + bu(n) = 0we have 

{rS^k + W- 1 }^ + {r^ry + & <- 2 } = r^) f (1 " ^"^^M* 

Solving equation (2.6) and (2.7) we find that 

Ci = 1 17 r(a) \ - '« 



(2.7) 



and 



ft = H° r " , (E^i' <1 - 8r """ ,MsMs+ rrar < ''- s) °" , ' , H 

where d = a£"~ 2 | r^""^) (£ — + ^ a_2 (C — ??)} an d it is easy to see that < 0. 
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Thus the unique solution of (2.2) is given by 

+ r^) « - ') I! ^ - °) a -^Hs)ds + - 1) [ t«-\ n - 

r (a) Jo 

= [ G(t,s)h(s)ds 
Jo 

where G(t, s) is defined by (2.3). 

Let Dq + u = (j), ip p {(f>) = to. By Lemma 2.2, the solution of initial value problem 

D^u(t) + v{t)=0, te (0,1), 
w(0) = 0, 

is given by u(t) = c^- 1 - I§+v(t), t G (0, 1). 

From the boundary condition and (3 G (0, 1], it follows that ci = 0, and so 

w(t) = -Cv(t), (0,1). 

Noting that £>q + u = (f) and 0 = <p~ 1 (uj) = (p q {cj), we know that the solution of (1.1) satisfies 

f D% + u(t) = -^ + v)(t), t G (0, 1), 
\ u(0) = 0, _ aw (0 = °' ^o'X 1 ) + H 7 ?) = °- 

Thus the solution of the problem (2.8) can be written as 



u(t)= [ G(t,s)<p g (lP + v)(s)ds, ie(0,l). 
Jo 

Since v(t) > 0 for i G (0, 1), we have ip q {I^ + v)(s) = (I^v)"- 1 (s) and so 

u(t) = J o G(t,s)(I^ + vy- 1 (s)ds= ^^ ri ^G(t, S ){J\ S -rf-^{r)dTf^d S . 
So, we have obtained the following lemma. 

Lemma 2.4. Let f G C([0, 1] x [0, +oo) x R, [0, +oo)). Then BVP (1.1) has a unique solution of the 
problem (1.1) if and only if u is a soluton of 

u(t) = {r{ p ))g -i f Q G ^ s ) ^[{s-rf^fMrlDlMr^dry ds. 

Proof. The proof can be seen from Lemma 2.3 immediately, so we omit it. 

Let C(J) denote the space of all continuous functions defined on J = [0,1]. Let X = {u(t) : 
u G C(J)} and D^+u G C(J) be a Banach space endowed with the norm ||u|| = max te j\u(t)\ + 
max teJ \Dl + u(t)\. 
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Let us define an operator T : C{J) — > C(J) as 

Tu(t) = (T(0))*-i £ G{t > 3) (/%-^~V(TXT),£>(r))dry ds. 

Because of the continuity of G(t, s) and /, the operator T is continuous. By Lemma 2.4, we know 
that the fixed point of operator T coincides with the solution of (1.1). 
The main result of this paper is as follows: 

Theorem 2.1. Let f e C([0, 1] x [0, +oo) x R, [0, +oo)) and assume that there exists a nonnegative 
function g(t) £ L(0, 1) such that 

\f{t,x,v)\<g{t) + {e 1 \x\K+e 2 \y\ p >)** 

where ei, e 2 > 0, 0 < pi, p 2 < 1 and q is a number with ^ + ^ = 1 such that p > 1 then the problem 
(1.1) has a solution. 

Proof. Define a ball as B = {u{t) : \\u{t)\\ < R,t e [0, 1]}, where R > max{(3Aei) T ^T , (?^Ke 2 )^2 , 3T}, 



aT{a — 1) 
|d|r(a- 7 -l)/3 



a •= max{2 '' 2 ' 1} L + °r( a -i) f^ ( ,-i) + r - 2 ( £ ^ a + + a 

(r^ + i))^- 1 r + M|r( a - 7 -i)r( a + i)\ e4 +4 ^ + a - 7 -iyl li + tw? J 



. r(a- 1) , „ 2 , r(a- 1) . a - 1 
r(a — r 2 — 1) T(a — 7 — 1) a — r 2 — 1 



and 



Firstly, we will prove that T : B -> B. 
By using the inequality (a + 6) 7 < max{2 7_1 , l}(a 7 + 6 7 ), for a, b > 0, 7 > 0, we get 

\Tu(t)\ < (r(/3 ) )g -i /l^ 5 )! (^^-t)^- 1 !/^^),^^))!^ 9 

- (r(/3))9-i r |G(t ' 5)1 (j/* ~ T) ^ 1(g(T) + (£l|il,|Pl + ^\Rn^)dry 'ds 

= wik^ 1 1! |G(< ' s)l Uo {s T) ^ lg{T)dT + (ei|i?r + ^\ R n^)J\ s ^-Ht 

= (r08))g-i r |G(t ' 5)1 (/ S(S ~ T ^air)dr + ( ei |fl|" + e 2 \Rn^)jJ ds 

+ (£iL^±^m /• 1 | G(f>B) |^-i) d8 \. 

P 9 Jo J 
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We consider the integral as by using f*(t — s) a s^ds — t a+ ^ +1 ^rT^+W+TT^ 



Jo I"! 1 (' 



\d\T(a) T(a — r 2 — 1) a — r 2 — 1 
+bn a - 2 (t - n)\\t a - 2 r+^-V r(a)r(/3(g ~ 1) + 1) 
, < Q ~ 2 |? _ tr -2 F(a - r 2 )r(^(g - 1) + 1) 



\d\T{a-r 2 )'" "'" T(a - r 2 + P{q - 1) + 1) 

M|r(«) K 1 77 r(a + /?( g -i) + i) 
i .^-i) r(a)r^-i) + i) 

+ I» r(a + /3(g-l) + l)' 



Since = ^-2| r ga-i) i) ( _^L_ _ £) + & ^-2 (r? _ £)} and _ C > „ _ ^ we get 

\d\ > \< a - 2 { rg^T) (v -0 + bv a - 2 (v - 0}| = <* a - 2 0? - 0 { rg^r) + bv a - 2 } ■ 



Also, since 1 < j3(q - 1) + 1 < q, 3 < f3(q - 1) + a + 1 < 3 + q and 2 < f3(q - 1) + a - r 2 + 1 < 3 + q 
then T((3(q - 1) + 1) < r(/3(g - 1) + a + 1), r(/% - 1) + 1) < T((3(q - 1) + a - r 2 + 1). 
Together with the above inequalities, we have 

L 1 |G(t, 5)1^(9-1)^ < f i + _*=i ) ^ (g - 1)+a + (i + bll »+0( q -i)\ + i. 

V a-ra-U (?7 -g){ rffT^!) +^°~ 2 } V 7 

If we define e := ( 1 + ^ ( '~ 1)+2 + rr * (l + fo^+^-i)) + 1 



we get 



|Tu(i)| < m y ( ^pi 1} {^IGft.^lTO)/^^)))'- 1 ^ 
And also, we get 



x e > ds 



|£>J + T«(t)| = l^ 0 7 + { (r(/3 ) )g -i Z^^ 5 ) ^f Q {s-Tf-'f{T,u[T),Dl + u[T))dry ' ds}\ 



1 



(T03))«-i 



( o f r(q-l) 
0+ \dT(a) \r(a-r 2 - 



1) 



ft- " 1 - ) + 6r ? "- 2 (t-r ? ) 
a — r 2 — 1 



9-1 
t ) ds 



+ r(a ~"r 2 ) ( ^ ~ * } i 1 r " 2(1 ~ S)a " r2 " 1 (/ S ( s -^) /3 " 1 /(r,u(r), J D2: +W (T))rfry ' d« 
+ a ^^~ t) £ ta ~ 2{ri ~ S)a ~ 1 (/ S ( s -^ 1 /(r,«(r),^ +U (r))dry rf S 



9-1 



- ft-*)- 1 ( S -r)^-V(r,«(r),I>3: +U (r))dT ) ,/* 



1 



a r(a-l) ^ a _ 7 _ 2 



(T(/3))«-i 

a- 1 
a - r 2 - 1 



dT(a-7 - 1) 



r(a- 1) 
r(o-r 2 - 1) 



+ brj c 



+ V 



T(a- 1) 
r(a-7 - 1) 
9-1 



898 



Erbil Cetin et al 892-903 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

8 



a \ a — 7 — 1 
ca-2 



T(a-l) r a-r 2 / 



r(a-7-l) °+ 



Io7 r2 / (l-rf-\f(r,u(r) 7 D^u(r))dr 



9-1 



9-1 



- i? + (j\t-T)^\f(T, U (T),D^u(T))dT 



9-1 



< 



1 fa r(a- 1) 



(r(/3))«-i i|rf|r(a- 7 -l) 

a - 1 



r(a-i) , 6r?Q _ 2 ^ r(a-l) 



+ 



a - r 2 — 1 
Ml 



r(a - r 2 - 1) 
7 ° + (f«-^" 1 ^ T - u W' D Wr))i 



r(a-7 - 1) 

9-1 



, *K a - 2 (t a-l \ r(a-l) 

|d| ^ a-7-iy r(a- 7 -l) °+ 



( ?? -T)' 3 - 1 /(T,w(T),^ + n(r))rfr 



9-1 



9-1 



'0+ 



9-1* 



By using the properties 7 0 Q + (/ + </)(*) = I£ + f(t) + I« + g(t) and if / < 3 then I« + f(t) < I$ + g(t), we have 



9-1 



<o+ I / ^-Tf-\f(T,u(T),D^u(r))dT 



< Io + \J q (€ - r^-MffM + (ei|^| Pl + e2|i?r 2 )^]drj 

< I% + rf-'g^dr + ( ei \R\>* + e 2 |i?|" 2 )^ T f~ l d^j 

< max{2^ 2 ,l}|/ 0 " + ^(e-r)^ 1 ^ + I§ + + e 2 \Rn^ dr 



9-1 



< max{2^ 2 ,l} / 0 " + (r(^ + (. 9 (e)))^ i +[( £l |i?r i +6 2 |i?r) 



(1) 



< max {2^1}{r(/3rX(<^^ 



If we define e := ( 



r(a- 1) r(a- 1) n - 



+ (- 



T(a — r 2 — 1) r(a — 7 — 1) a — r 2 — 1 

max{29- 2 , 1} a T(a - 1) 



+ 77), we get 



1 r(a-i) 



+(( ei |i?r i +6 2 |i?r) 7 ^ T )^ 



a + l)" 
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+T« + ^>ng^(««-X<«,))r' 

+(<«.i*r+«ifin^)p^> 
+{r(/3r i /« + (^ + (. 9 w))^ i + (( ei |i?i^+ e2 |i?r)^ + (^^))^ 

max^' 2 ,!} a r(a - 1) „g(gK g -i rQ% - 1) + 1) 
" (r(/3))9-i 1 |d|r( a - 7 -l) U f3 > r(a + /3(g-l) + l) 

«r' 2 ^l x r(a-l) rr g(l). g -i r(/3(g-l) + l) fa - r2+ p( Q -i) 

\d\ ^ a-7-i ; r(a- 7 -l) U /3 j r(a - r 2 + 0(q - 1) + 1) 

,ab^ a-l r(a-l) gfo) x r(/% - 1) + 1) a+ g (q _ 1) 

|d| ^ a- 7 -l ; r(a- 7 -l) U /3 j r(a + /3(<? - 1) + 1) 

Since r(a ( + ( ^(g-i) + i) < 1 and r^T^-ij + i) < x > thcn we have 



< 



9-1) 



(r(/0)*-i \ldfr(a- 7 -i) e \ ( — } + f(^TT) (ei|ii| +£2|i?l } ^ 



|d| V a -7-1/ r(a-7-l) I " /3 ' T(a + 1) y 11 1 z| 1 ' ^ 

+ "J^1 f« + ^xM -SizIL. ((£§),,-. + i ( aW » + <jW -) ' ?( '-" 



|d| V a -7 - 1/ r(a-7- 1) 1 K P ' T{a + 1) v ' ' 1 1 y Z^" 1 



max 



^ (/? rW :i 1 1^-7-1) ^ e(g(0) +r U 



a — 7 



-) (g(i))«- i +6(^)r 1 } 



W^^W)) 9-1 } + (ei\Rr +e 2 \Rn ^g^-r 



Thus we get 

||Tu(t)|| - max \Tu(t)\+ max |££ + Tu(i)| 
< T + (ei|i?r +e 2 |i?p)A. 
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Since R > max{(3Aei) ^"i , (3Ae 2 ) ^ , 3T} then we have 

urr, i All R R R „ 

\\Tu{t)\\ <- + - + -= R. 

Hence, we conclude that ||Tu(t)|| < R. Since Tu(t) and D^ + Tu(t) are continuous operator on [0, 1], 
therefore T : B -> B. 

Secondly, we will show that T is completely continuous operator. 
For that we fix M := max te [ 0; i] \f(t,u(t),D^ + )\. Thus we get 

9-1 /M\ q ~ 1 

= \mi^f)r i <(-) s"- 1 . 



\p J 



f ( S -r)^\f(r,u(r),D^u(r))\d 
Jo 

For ti, t 2 e [0, 1] such that t\ < t 2 and u e B, we have 

\Tu(t 2 )-Tu( tl )\ < (r(/3 ) )g -i £\Gfas)\ ^(s-rf-'lfirMr^D^uirWry ds 



< 



{np)Y- x Jo 

M V" 1 a v< \« 

WW)) W\ T{q ^ 

T(a- 1) 



9-1 



T(a- 1) 
r(a-r 2 - 1) 



+ br}° 



T(a + q) 



ds 



a — 1 <a — 1| 



r(a-r 2 ) 



T(a + g) 



i.a— 2 fCK — 2| 
l r 2 — r l 



1 



l*2 _2 -*l" 21 



r(a - r 2 + g) 



T(a + q) 



(,T(a -r 2 + q) 

-Mr 1 -t'l 



|^a-2 _ £ Q - 2 | _|_ bl] a+q 1 + a-l| 



Cr(a - r 2 + g) 



r(a) 
tl 



J^fo-a)"- 1 Qf (« - rf- 1 f(r,u(T),D^u(r))dry ds 
f\h s)*- 1 QT( fl - rf-\f(r,u(r),D^u(r))dr 

/^v^y- 1 ^ r/ r(a-i) 

|d| W? Hr(a-r 2 -l) 



9-1 



< 



+ &7?° 



4" 



r(a + g) 



a — 1 .a- li 



r(a- 1) 
T(a-r 2 ) 
1 

r(a - r 2 + g) 
5^+9-1 



+ bi 1 ° 



T(a + g) 



I* 



1 1 a— 2 j_d 2 | 
\l 2 l x 



ct-2 j.a-2i 
1 

^r(a -r 2 + q) 



|j.a— 1 »a — 1| 
l C 2 C l 



&< +9 " 1 ua-1 +a -l, 



^yj {|(*2 - c)- 1 - (ti - c)- 1 ! + |t 2 - , 



and 



|^ + Tn(i 2 )-^ + Tn(ii)| 



< 



a f M \ 



9-1 



0\ 9-1 



Ml W); \r(a + i) U 

+ T(a-l) ( a-1 
T(a — 7 — 1) \a — r 2 — 1 



r(a) / r(a-l) 



r(a-7) V r ( a -^2 - 1) 



a — 2 \ l.a— 7—1 ,ct — p— li 



r? \t 



a — 7— 2 ,a — 7— 2i 
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£ ft 1 r(g — 1) .g-7-2 _ ,a-7-2, _^ £° 2 r(g) . g-j-1 _ a _ 7 _l, 

+ r(a-r 2 + i)r( a - 7 -i)' 2 1 1 + £T(a - r 2 + 1) T(a - 7) 1 2 i I 

b^ 1 r(a-l) ^/V _1 ua-7-2 ,g- 7 -2| , ^ /VV"' 7 -l +Q - 7 -l, 



1*2 7 l+w^— n "F 1*2 -*? 



T(a + 1) r(a - 7 - 1) V £ / 1 T(a - 1) V 

{|(t 2 - C) 1 — 1 - (*i - C)"" 1 ! + 1*2-^1} 



M 



,/3 r (a), 

where c G (0, ti). Since the function i" -1 , t a ~ 2 , i" -7-1 , £"-7-2 and (t— c) a_1 are uniformly continuous 
on [0,1], therefore it follows from the above estimates that TB is an equicontinuous set. Also, it is 
uniformly bounded as TB C B. Thus, we conclude that T is a completely continuous operator. Hence, 
by Schauder fixed point theorem, there exists a solutions of (1.1). This completes the proof. Q 



Example 2.1. Consider the four point boundary value problem 

Dl + (ip 3 (Dl + u))(t) + f(t,u(t),Dl + u(t)) = 0, t G (0, 1), 



(2.9) 



u(0)=0, £> 0 5 +u(0) - Hf) = 0, £> 0 B + u(l) + 2u(jj) = 0, I> 0 a + u(0) = 0, 

and f(t,u,Di(u)) = a + (t + \) A [u 2pi (t) + (D^u(t)) 2p2 ] where a is constant different from 0 and 
0 < pi,/C>2 < 1- Obviously, it follows by Theorem 2.1 that there exists a solution of 2.9. 



References 

[1] Bashir Ahmad, Juan J. Nieto, Existence results for a coupled system of nonlinear fractional differential equations with 
three point bounary conditions, Computers and Mathematics with Applications, 58(2009) 1838-1843. 

[2] Zhi Wei Lv, Existence result for m-point boundary value problems of nonlinear fractional differential equations with 
p-Laplacian operator, Advances in Difference Equations, (2014), 16 pp. 

[3] Wang, J, Xiang, H, Liu, Z, Positive solutions for three-point boundary value problems of nonlinear fractional differential 
equations with p-Laplacian. Far East J Appl Math., 37(2009) 33-47. 

[4] Wang, J, Xiang, H, Liu, Z, Upper and lower solutions method for a class of singular fractional boundary value problems 
with p-Laplacian operator. Abst Appl Anal. (2010 ),12 pp 

[5] Glockle, WG, Nonnenmacher, A fractional calculus approach of self-similar protein dynamics. Biophys J. 68(1995), 46-53 

[6] Hilfer, R: Applications of Fractional Calculus in Physics, World Scientific, Singapore (2000) 

[7] Metzler, F, Schick, W, Kilian, HG, Nonnenmacher, TF: Relaxation in filled polymers: a fractional calculus approach. J 
Chcm Phys. 103(1995), 7180-7186 

[8] Podlubny, I, Fractional Differential Equations. Academic Press, San Diego (1999) 

[9] Podlubny, I, Geometric and physical interpretation of fractional integration and fractional differentiation. Fract Calc Appl 
Anal. 5(2002), 367-386 

[10] Kilbas, AA, Srivastava, HM, Trujillo, JJ, Theory and Applications of Fractional Differential Equations. North-Holland 
Mathematics Studies, Elsevier, Amsterdam (2006) 

[11] Yang, C, Yan, J, Positive solutions for third-order Sturm-Liouville boundary value problems with p-Laplacian. Comput 
Math Appl. 59(2010), 2059-2066 

[12] Anderson, DR, Avery, RI, Henderson, J, Existence of solutions for a one-dimensional p-Laplacian on time scales. J Diff 
Equ Appl. 10(2004), 889-896 



902 



Erbil Cetin et al 892-903 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

12 



[13] Goodrich, CS, The existence of a positive solution to a second-order delta-nabla p-Laplacian BVP on a time scale. Appl 
Math Lett. 25(2012), 157-162 

[14] Graef, JR, Kong, L, First-order singular boundary value problems with p-Laplacian on time scales. J Diff Equ Appl. 
17(2011), 831-839 

[15] Goodrich, CS, Existence of a positive solution to a first-order p-Laplacian BVP on a time scale. Nonlinear Anal. 74(2011), 
1926-1936 

[16] Agarwa, RP, Ahmad, B, Existence theory for anti-periodic boundary value problems of fractional differential equations 
and inclusions. Comput Math Appl. 62(2011), 1200-1214 

[17] D. Ji, W. Ge, Existence of multiple positive solutions for Sturm-Liouville-likc four-point boundary value problem with 
p-Laplacian Nonlinear Anal., 68 (2008), 2638-2646. 

[18] H. Lian, W. Ge, Positive solutions for a four-point boundary value problem with the p-Laplacian Nonlinear Anal., 68 
(2008), 3493-3503. 

[19] H. Pang, H. Lian, W. Ge, Multiple positive solutions for second-order four-point boundary value problem Comput. Math. 
Appl., 54 (2007), 1267-1275. 



903 



Erbil Cetin et al 892-903 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Differential subordinations obtained with some new integral 

operators 

Georgia Irina Oros 1 , Gheorghe Oros 2 , Radu Diaconu 3 
1,2 Department of Mathematics, University of Oradea 
Str. University ii, No.l, 410087 Oradea, Romania 
3 Department of Mathematics, University of Pitesti 
Str. Targul din Vale, no.l, 110040 - Pitesti, Romania 
E-mail: 1 georgia_oros_ro@yahoo.co.uk, 2 gh_oros@yahoo.com, 3 radudyaconu@yahoo.com 



Abstract 

In this paper we define some new integral operators on classes of analytic functions and we study 
certain differential subordinations obtained by using those operators. 

Keywords: Analytic function, univalent function, differential subordination, dominant, best dominant. 
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1 Introduction and preliminaries 

The concept of differential subordination was introduced in [1], [2] and developed in [3], by S.S. Miller 
and P.T. Mocanu. 

Denote by U the unit disc of the complex plane U — {z G C : \z\ < 1}. Let H(U) be the space of 

holomorphic functions in U and let A n = {/ G H(U) : f(z) = z + a Il+1 z™ +1 + . . . , z £ U}, with Ai = A, 

and S = {/ G A : /is univalent in U} be the class of holomorphic and univalent functions in the open 

unit disc U, with conditions /(0) = 0, /'(0) = 1, that is the holomorphic and univalent functions with the 

following power series development f(z) = z + a 2 z 2 + . . . , z G U. For a G C and n G N*, we denote 

by 7i[a,n] = {/ G T~t(U) : f(z) = a + a n z n + a n+ iz n+ i + z G U}. Let A(p) denote the subclass 

of the functions / € Ti.(U) of the form f(z) = z p + X^feLp+i a k z ■> p £ N and set A = A(\). Denote by 

f zf'(z) ) 

K = I f G A : Re — \- 1 > 0, z € U > the class of normalized convex functions in U. 

I /O) J 

If / and g are analytic functions in U, then we say that / is subordinate to g, written / -< g, if there is a 
function w analytic in U, with w(0) = 0, \w(z) \ < 1, for all z G U such that f(z) = g(w(z)) for z G U. If g is 
univalent then / -< g if and only if /(0) = 0 and f(U) C g(U). 

Let ip : C 3 x U — > C and let h be univalent in U. If p is analytic in U and satisfies the differential 
subordination 

(i) iP(p(z),zp'(z),z 2 p"(z);z) ~< h(z), zeU, 
then p is called a solution of the differential subordination. 

The univalent function q is called a dominant of the solutions of the differential subordination, or more 
simply, a dominant, if p -< q for all p satisfying (i). 

A dominant q that satisfies q -< q for all dominants q of (i) is said to be the best dominant of (i) . (Note 
that the best dominant is unique up to a rotation of U .) 

To prove our main results, we need the following lemmas. 

Lemma A. (Hallcnbeck and Ruschcweyh [3, Th. 3.1.6, p. 71]) Let h be a convex function with /i(0) = a, 

and let 7 G C* be a complex number with Re7 > 0. If p G H[a,n] and p(z) H — zp' (z) -i, h(z), z G U then 

7 

7 

p(z) -< q(z) -< h(z), z eU where q(z) = \ / h(t)ti' 1 dt, z G U. 

Jo 

Lemma B. [3, Th. 3.44, p. 132] Let the function q be univalent in the unit disc U and let 9 and cp be 
analytic in a domain D containing q(U), with (p(w) ^ 0, when w G q(U). Set Q(z) = zq'(z) ■ <p[q(z)] and 
h(z)^9[q(z)] + Q(z). 



1 
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Suppose that 

(i) Q(z) is starlike univalent in U, 

(ii) Re —V > 0, for ztU. 

Q{z) 

If p is analytic with p(0) = q(0), p(U) C D and 0[p(z)] + zp'(z) ■ ip[p(z)] -< 8[q(z)] + zq'(z) ■ ip[z(q)], then 
p(z) ~< q(z), z <EU and q{z) is the best dominant. 

2 Main results 

We introduce the following new integral operators: 

Definition 1. For / e A n , n e N*, m e N, 7 e C, let L 1 be the integral operator given by L 7 : A n — > A n , 



L°f(z) = f(z), 

L 1 7 f(z) = ^ 1 [' L^-'dt,... 



10 



L™f(z) = 1 ^ L f" L^-'fit) ■ f-^dt. 

By using Definition 1, we can prove the following properties for this integral operator: 
Property 1. For / e A n , n e N*, m e N, 7 e C, we have 

(2.1) ^/w = -+ fe E +i (^ n -^ 

Property 2. For / 6 A ni n € N*, m £ N, 7 e C, we obtain 

(2.2) z • [L?/(z)]' - (7 + l)L^\nz) - *yl%f(z), z e U. 

Remark 1. For 7 = 1, n G N*, m € N, 7 € C, we obtain the integral operator L™ := I m : A n — > A„, 
given by 

i°M = f(z), 

/vw=- r i°nt)dt,... 

z Jo 

i m f( z ) = - /V-vw*. 

z Jo 

In this case, (2.1) and (2.2) become: 

00 ~ m 



2 r 



and 

(2.2)' z.[/ m /(z)]' = 2.r»- 1 /(z)-/ m /(z), ze<7. 

Remark 2. For 7 = 0, n = 1, m £ N, f € A, we get the integral operator L™ := I s : A — > A, introduced 
by G.St. Salagean in [4], given by 

= /(*) 

£/oo = f m-t-'dt,... 

Jo 

iTf{z)= f z ir'm-t-'dt. 

Jo 

In this case, (2.1) and (2.2) become: 

00 1 

(2.1)" jr/(*) = *+£ j^ akzk > zeU 

fe=2 K 
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and 

(2.2) " z-[iTf{z)]' = IT- I f{z), zeU. 

Remark 3. For n £ N*, m £ N, 7 £ C, / £ H[a,n], we obtain the integral operator L 1 := L 1 ^ a : 
H[a, n] — > H[a, n] given by 

L°,J(z) = f(z), 

Ll /! J(z)=^J\ 0 7 f(t)-t^dt,... 
L™J(z)=^J\™- 1 f(t)-t~<- 1 dt. 
In this case, (2.1) and (2.2) become: 

(2.3) L rn J{z)=a + ^_J_ akZ k^ zeU 

and 

(2-4) z-[L™ a /(z)]'^ 7 L™- 1 .f(z)- 7 L" a /(z), z £ U. 

Remark 4. For a = 0, n £ N*, m £ N, 7 £ C, / € W[0, n], we have the integral operator L 7 := G 7 : 
H[Q, n] — » W[0, ra], given by 

G°/(z) - /(«), 

Gl / f(z) = ^ n J o Z G° 7 f(t)-t^dt,... 
G™f(z) = l±^J*G™- 1 f(t)F- 1 dt. 
In this case, (2.1) and (2.2) become: 

(2.5) G™f(z) = a n z« + J£ a k z\ zeU 
and 

(2.6) z-[G™f{z)]' = { 1 + n)G™- 1 f{z)- 1 G™f{z), z £ U. 

Remark 5. For a £ C, n £ N*, m £ N, 7 = 1, we get the integral operator L %a := T : W[a, n] — > W[a, n], 
given by 

= /(*) 

T 1 /(z) = - f Z T°f(t)dt,... 
z Jo 

T m f(z) = - [ T m -\f(t)dt. 



In this case, (2.1) and (2.2) become: 

00 

(2.7) ^ m /W = « + E ( fc T TF' afeZ ' c ' zeU 

k=n 

and 

(2.8) [z ■ t m f(z)]' = T m ~ 1 f(z), zeU. 
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Definition 2. For p e N, to e N, / € A(p), let H be the integral operator given by H : A{p) — > 

#°/(*) = /(*) 

h i /w= — r ^mdt,... 

z Jo 



H m f{z) = I H m -\f(t)dt 



z 



J 

Jo 



Property 3. For / e A(p), to e N, p e N, we have 



Property 4. For / e to e N, p G N, we have 



(2.9) H m f(z) = z p+ ]r friL^ 



(2.10) [z ■ H m f(z)}' = (p + l)H m - 1 f{z), zeU. 

Remark 6. If p = 0, / € 7i[l,n], then _ff m := T m , the integral operator seen in Remark 5. 
Remark 7. If p = 1, f & A, then iJ m := 7 m , the integral operator shown in Remark 1. 
Remark 8. These operators are also studied in [5], [6] and [1]. 

We next give certain differential subordinations obtained by using the integral operators we have defined 
here. 

Theorem 1. Let h(z) = - ^ — — , 6e convex in U , with h(0) = 1, 0 < a < 1. 
Assume 7 e C, Re7 > 0 ant! i/iat / e W[a,n], satisfies the differential subordination 

(2.11) -z • [T m ~ 1 f(z)]' + T^fiz) ■< h(z). 

7 

Then [z ■ T m_1 /(z)]' -< q(z), where q is given by 

(2.12) g(2) = (2a-l) + (2-2a)^.^, 
and 

(2.13) = [ f^dt. 
The function q is convex and is the best dominant. 

Proof. By using the property (2.8) of the integral operator T seen in Definition 1, Remark 5, the differ- 
ential subordination (2.11) becomes: 

(2.14) -z-[zT m f(z)}" + [z-T m f(z)}' <h{z), z e U. 

7 

We let 

CO 1 

(2.15) p(z) = [z ■ T m f(z)}' = a+V + a k z\ P eH[a,n}. 

k=n 

Using the notation (2.15) in (2.14), the differential subordination (2.11) becomes 

(2.16) p{z) + -zp'{z)-<g{z), zeU. 

7 

By using Lemma A, we havep(z) -< q{z) = — ^ £ 1 + ^ ~ ^V "" 1 ^ = — ^ J\(2a-l)f' n - 1 + 

2 ~ 2a t^~ x ]dt = 2a - 1 + (2 - 2a) ■ - ■ where a is given by (2.13). □ 

1 + t n z~<i n 

Theorem 2. Let q be univalent in U , with q(0) = 0 and q(z) ^ 0, for all z , and suppose that 



4 
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(i) Req(z) > 0, 

A zq"(z) zq'{z)\ n 
ii Re 1+ - ^tV > 0, z e [/. 

z[G!"/(z)]' + z 2 [G™/(^]" 

( 7 + n)G™- 1 /W-7^/W 

^ , x , , , ^/(z)]' + Z 2 [G^/(z)]" , 

(2.17) (7 + n)G 7 /(z)-7Gy/W+ , , \^-i t/ , ^ 77 ; ^ + 



( 7 + n)Gr7M-7G"/M 

TTien z • [G" l ~ 1 /(z)]' -< q{z) and q{z) is the best dominant. 
Proof. By using (2.6) we have 

(2.18) ( 7 + n)G™ +1 /(z) - jG™f(z) = z ■ [G™f(z)]'. 
We let 

(2.19) p(z) = z-[G?f(z)]'. 
Using (2.5) in (2.19) we obtain 



(2.20) 



p{z) = z ■ 



i+ E 



k=n+l 



(7+l) ? 
( 7 + k) 7 



-kz k 1 a k 



E 

k=n+l 



(7+1)' 

(7 + ky 



-kz k z k - 



Since p(0) = 0, we obtain that p G H[0, n]. 
Differentiating (2.19) and after a short calculus, we obtain 

(2.21) zp'(z) = z[G™f(z)}' + z 2 [G™f(z)}". 



Using (2.18), (2.19) and (2.21), differential subordination (2.17) becomes 
(2.22) 



. zp'(z) . zq'(z) 



p{z) 



In order to prove the theorem, we shall use Lemma B. 

For that, we show that the necessary conditions are satisfied. 

Let the function #:C^Cand</?:C^C with 



(2.23) 

and 

(2.24) 



0(w) = w 



tp(w) = -, ip(w) ^ 0. 
w 



We check the conditions from the hypothesis of Lemma B. 
Using (2.24), we have 



(2.25) 



Q(z) = ztf(z)-tp(q(z)) = 



zq'(z) 
?(*) ' 



Differentiating (2.25) and after a short calculus, we obtain 
(2.26) 

From (ii) we have 



zQ'(z) = zq"{z) zq'(z) 
Q(z) + q'(z) q(z) ■ 



(2.27) 



Re 



zQ'(z) 

Q(z) 



= Re 1 



zq"(z) zq'(z) 
q'(z) q(z) 



> o, zeU, 



hence function Q is starlike. 
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Using (2.23) we have 
(2.28) h(z) = 9[q(z)} + Q(z) = q(z) + Q(z). 

zh'(z) zQ'(z) 

Differentiating (2.28) and after a short calculus, we obtain = q(z) H — From (i) and (2.27) 

Q(z) Q(z) 

we have 



(2.29) Re = R c 



zQ'jz) 

9(z)+ w 



> o. 



Using (2.23) and (2.24), we get 0]p(z)] = p(z), <p(p(z)) = -jv, 6[q(z)] = q(z), ?{q{z)) = and 

p{z) q{z) 

differential subordination (2.17) becomes #[p(z)] + zp'(z)<p(p(z)) -< 0[q(z)] + zq'(z) x (q(z)). 

Using Lemma B, we obtain p(z) -< q(z) i.e. z[G™f(z)]' -< q(z), and q is the best dominant. □ 

Theorem 3. Let q be univalent in U , with q(0) = 1 and q{z) ^ 0 for all z € U and suppose that 

(j )Re(l + Z 4^ + Z -&-)>0,zeU. 

\ q'{z) q(z) J 
Let f € A(p), p gN. // the differential subordination 

,««^ , zH m f(z)\H m f(z)Y -p\H m f(z)} 2 _ 

(2.30) 1 + J -^± - :L ^ L ~< 1 + zq(z)q'(z) 

H m f(z) 

is satisfied, then ■ < q(z) and q(z) is the best dominant. 

Proof. We let 

H m f(z) 

(2.31) p( z )=^±l, ze u. 

z?+Y iP+ir a k z k 

+ ^ (k+ir akZ oo 

Using (2.9) in (2.31) we have p{z) = P+ = 1+ E a-L L ^""- Since p(0) = 

z k =p+i ^ K + L > 

1, we get that p £ H[l, fc — pi- 
Differentiating (2.31), we have 

(2.32) [H m f{z)]' = pz v - x p{z) + z p p'(z). 
Using (2.31) and (2.32), we have 

,„„„, zH m f(z)\H m f(z)Y ~p\H m f(z)] 2 „ , , ., . 

(2.33) 1 + J -^-^ J -^g - l\Ji_ = 1 + Z p(z)p'(z). 

Using (2.33), differential subordination (2.30) becomes 

(2.34) 1 + zp{z)p'{z) -< 1 + zq{z)q\z). 

In order to prove the theorem, we shall use Lemma B. 

For that, we show that the necessary conditions are satisfied. 

Let the functions 9 : C — > C and ip : C — > C with 

(2.35) 9[w] = 1 
and 

(2.36) ip[w] = w. 
Then 

(2.37) Q(z) = zq'(zMq(z)} = zq'(z)q(z) 
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and 

(2.38) h{z) = 6[q{z)] + Q{z) = l + Q{z). 

zQ'(z) zq'(z) zq"(z) 

Differentiating (2.37) we have ^. , = 1 + . , — I 7^^, z E U. Using (j), we have 

Q(z) q(z) q'(z) 



(2.39) Re ^L>= Be [ ! -i -— — + );>(). : c V. 



( + zq'(z) + zq"(z) 

V q{z) q'(z) 



Differentiating (2.38), we have h'(z) = Q'(z), and using (2.39) we obtain: 

(2,0) ^=^>0- 

Q{z) Q{z) 

From (2.35) and (2.36), differential subordination (2.34) can be written as follows: 
(2.41) 9\p(z)] + zp'(z)ip(p(z)) ~< 6[q(z)] + zq< '(z)<p(q(z)). 

H m f(z) 

Using Lemma B, we have p(z) -< q(z), i.e. < q(z), z E U and q(z) is the best dominant. 

Example 1. Let m E N, p E N, q(z) = 1 + z, z e U, with 

/ zq"(z) zq'(z)\ ( z \ 1 + 2z 

If / E AW), p € N, and 1 + ^ ^ ^ Z ^« <1 + z + z > thcn ^M^ + z>zeU 

and q(z) = l + zis the best dominant. 

Remark 9. An open problem is the study of starlikeness, convexity and subordination preserving through 
those operators. 
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Preconditioned SAOR iterative methods for H -matrices linear systems 

Xue-Zhong Wang, Lei Ma* 

School of Mathematics and Statistics, Hexi University, Zhangye, Gansu, 734000 PR. China 

Abstract: In this paper, we consider a preconditioned SAOR iterative method for solving linear system Ax = b. 
We prove its convergence and give more comparison results of the spectral radius for the case when A is an 
//-matrix or a strictly diagonally dominant matrix. Numerical example are also given to illustrate our method. 

Keywords: //-matrix; SAOR iterative methods; preconditioner; convergence; the spectral radius., 
2000 MR Subject Classification: 65F10, 65F50 



1. Introduction 

For the linear system 

Ax = b, (1.1) 

where A is an n x n square matrix, and x and b are two n -dimensional vectors. The basic iterative method for 
solving equation (1.1) is 

Mx k+1 =Nx k + b, k = 0,l,--, (1.2) 
where A = M — N, and M is nonsingular. (1.2) can be written as 

x k+1 = Tx k + c, fc = 0,l,— , 

where T = M~ l N , c = M~ l b. Let A = D — L—U, where D, —L and —U are diagonal, strictly lower and strictly 
upper triangular parts of A, respectively. We split A into A = M — N = P — Q, here 

M=-{D-rL), N = -[{l-co)D+{co-r)L + coU] 

CO CO 

and 

1 1 

F = -{D-rU), Q = -[{l-co)D + {co-r)U + coL]. 

CO CO 

Then, the iteration matrix of the SAOR method is given by 

^ rc , = F- 1 QM~ 1 N, 

where co and r are real parameters with co + 0. 

Transforming the original systems (1.1) into the preconditioned form 

PAx = Pb, (1.3) 

then, we can define the basic iterative scheme 

M p x k+1 =N p x k + Pb, jfc = 0,l,— , (1.4) 
where PA = M p — N p , and M p is nonsingular. Thus (1.4) can also be written as 

x k+1 = Tx k + c, fc = 0,l,--, 

*Lei Ma 

Email address: malei@163 . com (Lei Ma) 
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where T = M' 1 ^, c = M~ l Pb. 

In the literature, various authors have suggested different models of (/+S)-type preconditioner [1-8] for linear 
systems (1.1). These preconditioners have reasonable effectiveness and low construction cost. For example. In 
this paper, we present the preconditioner of (/ + S)-type with the following form 



f 1 



P=I+S= 



a x -a Xh 



«2 - «2s 



a r — a r 



V 



(1.5) 



1 J 



where m,s, u,t + \. 

We consider the preconditioned SAOR iterative method for solving linear systems with preconditioner P. Let 

PA = {I + S){D-L-U) = D-L-U, 



where D , —L and — U are diagonally, strictly lower and strictly upper triangular parts of PA, respectively. We split 
PA into PA = M-N = P-Q, here 

M=—{D-rL), N=-[{l-co)D+{co-r)L + coU] 

CO CO 



and 



F = -{£>- rU), Q = -[{l-co)D + {co-r)U + coL]. 

CO CO 



If D is nonsingular, then [D — rL) 1 and [D — rU) 1 exist, it is possible to define the SAOR iteration matrix for 
PA. Namely 

Our work in the presentation are to prove Convergence of the SAOR method applied to H-matrix with precon- 
ditioner P. Also more comparison results of the spectral radius for the case when A is a nonnegative -matrix 
are given. Numerical example shows that the results are valid. 



2. Preliminaries 

A matrix A is called nonnegative (positive) if each entry of A is nonnegative (positive) , respectively. We denote 
them by A > 0 [A> 0). Similarly, for a n- dimensional vector x, we can also define x > 0 (x > 0). Additionally, we 
denote the spectral radius of A by p[A). A T denotes the transpose of A. A matrix A = is called a Z -matrix 
if for any /' + j, a t j < 0. A Z -matrix is a nonsingular M -matrix if A is nonsingular and if A -1 > 0, If (A) is a 
nonsingular M -matrix, then A is called an H -matrix. A = M— N is said to be a splitting of A if M is nonsingular, 
A = M — N is said to be regular if M -1 > 0 and N > 0, M -splitting if M is an M-matrix and N > 0, and weak 
regular if M _1 > 0 and M~ l N > 0, respectively. 

Some basic properties on special matrices introduced previously are given to be used in this paper. 

Lemma 2.1 [5]. LetAbeaZ-matrix. Then the following statements are equivalent: 

(a) A is an M-matrix. 

(b) There is a positive vector x such that Ax > 0. 

(c) A~ l >Q. 

Lemma 2.2 [5]. Let A and B be two n x n matrices with 0<B<A. Then, p[B) < p{A). 
Lemma 2.3 [8]. If A is an H— matrix, then \A _1 1 < {A} -1 . 
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Lemma 2.4 [9]. Suppose thatA 1 =M 1 — N 1 and A 2 =M 2 — N 2 are weak regular splitting of monotone matrices 
Ai andA 2 respectively. Such thatM^ 1 >M^. If there exists a positive vector x such thatO<A l x <A 2 x, thenfor 
the monotone norm associated with x, 

HM-^II^HM-^L. (2.1) 
In particular, ifM^Ny has a positive perron vector, then 

plM^N^KplM- 1 ^). (2.2) 

Moreover ifx is a Perron vector o/M" 1 ^ and strictly inequality holds in (2.1), then strictly inequality holds in 
(2.2). 

Lemma 2.5 [17]. Let A -1 > 0. If the splitting A = M—N = F—Q are weak regular, thenp[T) < 1 and the unique 
splitting A = B — C induced by T is weak regular. Where B = F{M + P—A)~ 1 M and C = B—A. 
Lemma 2.6 [5]. Matrix A is a strictly diagonally dominant (SDD) matrix, if 



\aii\>^Jaij\, i = \,2,...,n. 



3. Convergence results 

For the convenience, let t t = 2x ^^)x) > ' = 1 > 2, ■ ■ ■ , n . Now we give main results as follows: 
Theorem 3.1 Let A he an H— matrix with unit diagonally elements. Assume that there exists a positive vector 
x = [xi, x 2 ,-- - , x n ) T , such that{A)x > 0. If 

aim-ti^cti^ain + ti, i = 1,2, (3.1) 

then PA is an H— matrix. 

Proof. Let [PA]^ = a t j +{ai — a im )a m j, i,j = l,2,---,n,m = r,s,---,t, and x = {x h x 2 , ••• ,x n ) , then 

{{PA) x)i = \1 + (cij — ai m )a m i\ Xj — \ai m + (cii — ai m )\ x m 
- X \a i] +{a i -a jm )a mj \x } 

— %i \&i &im I \ &mi I %i I ^im I %m l^i &im \ %m | &i 'j ' \ %j 

j±i,m 



Casel. a im <a i <a im + t i 



{{PA) x)i > X( [ai cii m )\a m i\xi \ciim\x m [cLf a im )x m ^ I^O'I^j 

iS^-i &im) | &mj \ %j 

j±i,m 

%i \&im \ X>m | & ij | %j i^i ^im) \&mi\ %i (^z &im)%m 

i^i &im) | &mj | %j 

j±i,m 

= {{A) x)i+{ai- a im ){-x m - £ \a m] \xj) 

= {{A)x)i + {ai-a im ){- ]T \a mj \xj + x m -2x m ) 

j*m 

= {{A) x)i + (a,- - a im )[{{A) x) m -2x m ] 
> 0. 
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Case 2. a im - t t < or,- < a im 

{{PA) x)j > Xf + {(%i (li m ]\(l m i\ X( \df m \ X m -\-{&i Clf m )x m ^ jfl^-jxy 

= i(A) x)i + {a t - a im )[2x m -{{A) x) m ] 
> 0. 

Therefore, {PA) is an M -matrix, and PA is an H -matrix. 

Theorem 3.2. If A is an nonsingular H -matrix with unit diagonally elements, andO < r < co < 1, andco + 0. // 

a im - t t < or,- < a im + t u i = 1,2, ••• , n. 

Thenp{^ r J<l. 

Proof From Theorem 3.1, we know {PA) is anM-matrix, and {PA) = \D\-\L\-\U\. Let {PA) = {M)-\N\ = 
{P)-\Q\, where 

{M) = -i\D\-r\L\), \N\ = -[(l-<o)\D\+{<o-r)\L\ + \(oU\] 

CO CO 

and 

(P) = -m-r\U\), IQI = -III- co)\D\ + {co -r)\U\ + CD\L\}. 

CO CO 

Then the SAOR iteration matrix for {PA) is as follows. 

^ = (i 5 r 1 IQI(M)- 1 |Ar|. 

Obviously, (P) and (M) are two M— matrices, which follow from {PA) is an M-matrix, by Lemma 2.3, we know 
that |P _1 | < (P) _1 and |M _1 | < (M)" 1 . Thus 

Since {PA) = {M)—\N\ = {P)—\Q\ are two weak regular splitting, by Lemma 2.5 p{^£ roi ) < 1. Together with Lemma 
2.2, we have 

p(Xrco)<P(\&rJ)<P&r<o)<l- 

Remark 3.1. Theorem 3.2 shows that presented preconditioned SAOR method is convergent by employing 
preconditioner P for //-matrices linear systems. 

4. Comparison results of spectral radius 

In what follows we will give some comparison results on the spectral radius of preconditioned SAOR iteration 
matrices with preconditioner P. 
Let {A)=M — N = F — Q, where 

M=-{\D\-r\L\), N = -[(l-co)\D\+(co-r)\L\ + co\U\] 

CO CO 

and 

F=-(\D\-r\U\), Q=-[{l-co)\D\ + {co-r)\U\ + co\L\]. 

CO CO 



Then the SAOR iteration matrix for {A) is as follows. 
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It is easy to show {A) = M — N = F — Q are two weak regular splitting, from Lemma 2.5, the unique splitting 
(A) = B — C induced by 5£ r(0 is weak regular splitting. Where B = P[M + F- (^)) _1 M and C = B — (A). 

From (PA) = (M) — \N\ = (F) — \Q\ are two weak regular splitting, similar to the above analysis, we have the 
unique splitting (PA) = B-C induced by ££ r(0 is weak regular splitting. Where B = (F)[(M) + (F) - (PA))' 1 (M) 
and C = B-(PA). 

Theorem 4.1. Let A be a nonnegative SDD matrix with unit diagonally elements and a m j + 0, Q < r < co <\. 

If 

a im - Si < a t < a im - w u i = 1, 2, • • • , n. 

Thenp& Ta )<p& Ta ), where s = min{ 2x ^ x)m , ^} and w = min{ 53 ^|^, g}. 

Proof Since (^4) and (PA) are M-matrices, and (A) = B — C and (PA) = B — C are two weak regular splittings. 
From 

B = (F){(M) + (F)-(PA)r 1 (M) 

we have 

B' 1 = (M)-\(M) + (F) - (PA))(F)- 1 . 
Since (PA) = {I + \S\)(A). By simple calculation, we have B~ l > B' 1 > 0. Let x = (A)~ l e > 0, then 

{(PA)-{A))x = (I+\S\)e>0. 

Since B~ l > B' 1 > 0, we get 

B' 1 (PA) x = {I-B~ 1 C)x> B' 1 (A) x = {I-B~ 1 C)x. 

Thus, it follows that 

H^cil^ll^cL, 

as (PA) = B — C is a weak regular splitting, there exists a positive perron vectors y, thus, by Lemma 2.4, the 
following inequality holds: 

p(B- l C)<p{B- l C) 

ie, 

Combining the above Theorems, we obtain the following conclusion: 

Theorem 4.2. Let A be a nonnegative SDD with unit diagonally elements and a m j + 0, 0 < r < &> < 1 . // 

a im - s { < a t < a im -w u i = \,2,— ,n. 

Then, p(i? r J < p(X r J <p(% r J < 1. 

Theorem 4.3. Let A be a nonnegative H -matrix with unit diagonally elements and a m j ^0, Q<r <co<\. If 

a im - Si < oii < a im -Wi, i = 1,2, ••• , n. 

Thenp(% r0J )<p(% r J. 

Proof It is well known that each H-matrix A there exists a nonsingular diagonal matrix V such that AV is an 
SDD matrix. By simple calculation, we have iterative matrices of SAOR for A and AV are similar. Since similar 
matrices have the same eigenvalues, it follows that p(Z£ r0J ) < p(5£ ru ). 

Theorem 4.4. Let A be a nonnegative H-matrix with unit diagonally elements and a m j ^ 0, 0 < r < co < I. If 

a im - Si < a t < a im -w it i = 1,2, ••• , n. 

Then, p(£ r J < p[S? r J <pt^ r J < 1. 

Proof The proof is similar to the proof of Theorem 4.3, so omitted. 
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5. Example. 

For randomly generated nonsingular H -matrices for n = 50, 100, 200,1000. Let r = {A)~ l e, where e = 

(1, 1, l) r . Taking k t = min j e {y Imaxla,;!} for i + j in (1.5) and a h [i = 1,2,..., n) meet the inequality in 

J 

(3.1). We have determined the spectral radius of the iteration matrices of SAOR method mentioned previously 
with preconditioner P. 

For P, we make two group of experiments. In figure 1, we test the relation between r and p, when n = 10, to = 
1, where "+","*","-"and "o"denote the spectral radius of (PA), (A), A and PA, respectively. In Table 1, the meaning 
of notations p{^£ u ), p{Z£ u ), p{!£ a ) and p{Z£ u ) denote the spectral radius of PA, {PA}, (A) and A, respectively. 

Figure 1: The relation between r and p, when n = 10, o> = 1 

0.95 
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0.85 
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0.75 
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r 

From Figure 1 and Table 1, we can conclude that the rate of convergence of the preconditioned SAOR method 
with preconditioner P is faster than others, which further illustrate the Theorem 4.2 is true. 



Table 1: Comparison of spectral radius with preconditioner P 





n 






P(-S?J 




OJ 


=0.8 


5 


0.6309 


0.6899 


0.7899 


0.7293 


r= 


=0.6 


10 


0.8542 


0.8755 


0.9210 


0.8638 






50 


0.9488 


0.9499 


0.9665 


0.9501 


co- 


=0.6 


5 


0.7087 


0.7301 


0.7715 


0.7520 


r= 


=0.5 


50 


0.9454 


0.9659 


0.9805 


0.9721 






200 


0.9804 


0.9857 


0.9948 


0.9758 


CO 


=1 


10 


0.7320 


0.7615 


0.7658 


0.7644 


r= 


=0.8 


50 


0.9204 


0.9508 


0.9819 


0.9606 






100 


0.9411 


0.9538 


0.9799 


0.9642 






500 


0.9713 


0.9806 


0.9926 


0.9893 
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Common Fixed Point of Mappings 
Satisfying Almost Generalized Contractive 
Condition in Partially Ordered G-Metric 

Spaces 

M. Abbas 1 , Jong Kyu Kim 2 and Talat Nazir 3 

1 Department of Mathematics, 
Lahore University of Management Sciences, 54792-Lahorc, PAKISTAN, e-mail: 
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2 Department of Mathematics Education, 
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e-mail: talatSlums . edu .pk 

Abstract: In this paper, we proved some common fixed point theorems of map- 
pings satisfying almost generalized contractive condition in complete partially ordered 
G— metric spaces. These results extend, unify and generalize several well-known cor- 
responding results in the iterature. 

Keywords: Common fixed point, partially ordered set, G— metric space. 
2010 AMS Subject Classification: 47H10. 

1 Introduction and Preliminaries 

The study of fixed points of mappings satisfying certain contractive conditions has 
been at the center of rigorous research activity. Mustafa and Sims [14] generalized the 
concept of a metric space. Based on the notion of generalized metric spaces, Mustafa 
et al.([13]-[17]) obtained some fixed point theorems for mappings satisfying different 
contractive conditions. Abbas and Rhoades [1] initiated the study of a common fixed 
point theory in generalized metric spaces (see [11]). Abbas et al. [2] and Chugh et 
al. [8] obtained some fixed point results for maps satisfying property P in G— metric 
spaces. 

Recently, Shatanawi [21] proved some fixed point results for self-mapping in a com- 
plete G— metric space under some contractive conditions related to a nondecreasing 
map <j> : R + — > R + with lim <j> n (i) = 0 for all t > 0. Saadati et al. [20] proved some 

n— >oo 

fixed point results for contractive mappings in partially ordered G— metric spaces. 
Existence of fixed points in ordered metric spaces was first investigated in 2004 by 
Ran and Reurings [19] (see also, [18]). Several mathematicians then obtained fixed 

°The corresponding author: jongkyuk@kyungnam.ac.kr(J. K.Kim). 
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point and common fixed point theorems in partially ordered metric spaces ([4], [10], 
[12])- 

The notion of almost contractive condition was introduced by Berinde ([5]- [7]). 
Recently, Ciric et al. [9] obtained common fixed point theorems of almost generalized 
contractive mappings in ordered metric spaces. 

The aim of this paper is to define almost generalized contractive condition for 
two mappings in the setting of generalized metric spaces and to obtain common fixed 
point theorems for such mappings in partially ordered complete G— metric spaces. 

Consistent with Mustafa and Sims [14], the following definitions and results will 
be needed in the sequel. 

Definition 1.1. Let X be a nonempty set. A mapping G : X x X x X — > R + is 

said to be a G— metric on X if 

(a) G(x, y, z) = 0 if x — y = z; 

(b) 0 < G(x, y, z) for all x,y,z <G X, with x ^ y; 

(c) G(x, x, y) < G(x, y, z) for all x,y,z € X, with y ^ z; 

(d) G(x, y, z) = G(x, z, y) = G(y, z, x) = ■ ■ ■ , (symmetry in all three variables); and 

(e) G(x, y, z) < G(x, a, a) + G(a, y, z) for all x, y,z,a e X. 
Then (X, G) is called a G— metric space. 

Definition 1.2. A sequence {x n } in a G— metric space X is said to be 

(a) G— Cauchy if for every e > 0, there is an n 0 € N (the set of all natural numbers), 
such that for all n,m,l> no, G(x n , x m , x{) < e, 

(b) G— Convergent if for any e > 0, there is an x £ X and an n 0 € N, such that for 
all n,m> n 0 , G(x n ,x m ,x) < e. 

A G— metric space on X is said to be G— complete if every G— Cauchy sequence 
in X is G— convergent in X. It is known that {x n } is G— converget to x € X if and 
only if G(x m , x n , x) — > 0 as n, m — > oo. 

Proposition 1.3. [14] Let X be a G— metric space. Then the fallowings are 
equivalent: 

(1) The sequence {x n } is G— convergent to x. 

(2) G(x n ,x n ,x) — > 0 as n — > oo. 

(3) G{x n , x, x) — > 0 as n — > oo. 

(4) G(x n , x m , x) — > 0 as n, to — > oo. 

Proposition 1.4. [14] Let I fc a G— metric space. Then the followings are 
equivalent: 

(1) The sequence {x n } is G— Cauchy. 

(2) For every e > 0, there exists n 0 G iV, sitc/i that for all n,m > n 0 , G(x n ,x m ,x m ) < 
e; that is, G(x n ,x m , x m ) ^0 as n, m — > oo. 

2 
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Definition 1.5. A G— metric on X is said to be symmetric if 

G(x,y,y) = G(y,x,x) 

for all x, y £ X. 

Proposition 1.6. Every G— metric on X defines a metric d G on X by 

d G (x,y) = G(x,y,y) + G(y,x,x), (1.1) 

for all x,y £ X. 

For a symmetric G— metric, we obtain 

d G (x,y) = 2G(x,y,y), (1.2) 

for all x, y £ X. However, if G is not symmetric, then we have 
3 

-G(x,y,y) < d G (x,y) < 3G(x,y,y), 

for all x,jel. 

2 Common Fixed Point Theorems 

Now, we obtain common fixed point theorems of mappings satisfying almost general- 
ized contractive condition in partially ordered complete generalized metric spaces. 

Definition 2.1. [3] Let (X, ^) be a partially ordered set. Two maps f,g : X — > X 
are said to be weakly increasing if fx d gfx and gx -< fgx for all x £ X. 

Theorem 2.2. Let (X, be a partially ordered set equipped with a complete metric 
G and let f,g : X — > X be two weakly increasing mappings for which there exist 
S £ (0, 1) and some L > 0 such that 

G(fx,gy,gy) < SM(x, y, y) + L min {G(x, fx, fx), 

G(y, gy, gy),G(x, gy, gy),G(y, fx, fx)}, (2.1) 

for all comparable x, y £ X, where 

M(x,y,y) = a 1 G(x,y,y) + a 2 G(x,fx,fx) + a 3 G(y,gy,gy) 
+a 4 [G(x, gy, gy) + G(y, fx, fx)] 

and Oj > 0 for i = {1,2,3,4} with a\ +a 2 + a 3 + 2a 4 < 1. If either f or g is continuous 
or for a nondecreasing sequence {x n } in X which is G— convergent to z in X implies 
that x n d z for all n £ N. Then f and g have a common fixed point. 

Proof. First, we show that if / or g has a fixed point, then it is a common fixed point 
of / and g. Indeed, let u be a fixed point of /. Now assume that G(u, gu, gu) > 0, 
then from (2.1) with x = y = u, we obtain 

G(u, gu, gu) = G(fu, gu, gu) 

< 5M{u,u,u) + Lmin{G{u,fu,fu), (2.2) 

G(u,gu,gu),G(u,gu, gu) ,G(u,fu, fu) } 
= SM(u,u,u), 

3 
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where 

M{u,u,u) = aiG(u,u,u) + a,2G(u, fu, fu) + a 3 G(u,gu,gu) 
+a 4 [G(u, gu, gu) + G(u, fu, fu)] 
= (a 3 + a 4 )G(u,gu,gu), 

which implies that 

G(u,gu,gu) < S(a 3 + a 4 )G(u, gu, gu) 
< G(u,gu,gu), 

a contradiction. Therefore G(u, gu, gu) = 0 and so u is a common fixed point of / 
and g. Similarly, if u is a fixed point of g, then it is also fixed point of /. Now let x 0 
be an arbitrary point of X. If fx 0 = x 0 , then the proof is finished. We assume that 
fx 0 7^ x 0 . Define a sequence {x n } in X as follows: 

x\ = fx 0 ^ gfxo = gxi = x 2 , 

x 2 = gxi ^ fgxi = fx 2 = x 3 

and continuing this process, we have 

x\ < x 2 ■< ■ ■ ■ ■< x n -< x n+ i -< ■ ■ ■ . 

We may assume that G{x 2n , x 2n +\, x 2n +i) > 0, for every n € N. If not, then x 2n = 
x 2n +i for some n. Since x 2n and x 2n+ \ are comparable, using (2.1), we obtain 

G(x 2n+ i, x 2n+2 , x 2n+2 ) 
= G(fx 2n ,gx 2n+1 ,gx 2n+1 ) 

< 5M(x 2n , x 2n+ i , x 2n+1 ) + L min { G(x 2n , fx 2n , fx 2n ), G{x 2n+1 , gx 2n+1 , gx 2n+1 ), 

G(x 2n , gx 2n+1 , gx 2n+1 ),G(x 2n+1 , fx 2n , fx 2n )} 
= 5M(x 2n ,x 2n+ i,x 2n+ i) + Lmin {G(x 2n , x 2n +i, x 2n+ i) , G(x 2n+ i, x 2n +2, x 2n+2 ) , 

G(x 2n ,x 2n+2 , x 2n+2 ), G(x 2n+ i, x 2n +i, x 2n+ i)} 

= 5M(x2n,X 2n +l,X2n+l), (2.3) 

where 

M(x2n, X2n+1, X2n+l) 
= aiG(x2n, X 2n+ i, X 2n+ i) + a 2 G(x 2n , fx 2n , f%2n) + 0'3G{X2 n +li 9 x 2n+li 9 x 2n+l) 
+a 4 [G(x 2n , gX2n+l, gX2n+l) + G{x 2n+1 , fx 2n , fx 2n )] 

= aiG{x 2n , x 2n+ i,x n+ i) + a 2 G(x 2n , x 2n +i, x 2n +i) + a 3 G(x 2n +i, x 2n+2 , x 2n+2 ) 
+a 4 [G(x 2n , x 2n +2, x 2n +2) + G(x 2n+1 , x 2n+ i , x 2n+ i )] 

= a 3 G(x 2n +l, X 2n+2 , X 2n+2 ) + a^G{x2ni x 2n+2, x 2n+2 ) 

= (a 3 + a 4 )G(x 2n+ i,x 2n+2 ,x 2n+2 ). 
Hence 

G(x 2n+ i, X 2n+2 , X 2n+2 ) < S(a 3 + (li)G(X2n+li X 2n +2, x 2n+2), 

implies that G(x 2n+1 ,x 2n+2 ,x 2 n+2) = 0 as S(a 3 + a 4 ) < 1 and hence x 2n+ i = x 2n+2 . 
Following the similar arguments, we obtain x 2n+2 = x 2n + 3 and hence x 2n is a common 
fixed point of / and g. 

4 
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Now, take G(x2 n , £2n+i> X2 n +i) > 0 for ra = 0, 1, 2, 3, ■ ■ ■ . Since x 2n and x 2n+ i are 
comparable, therefore 

G{X2n+li X2n+2, X2n+2) 

= G(fx 2n ,gx 2n+ i,gx 2 n+i) 

< SM(x 2ni x 2n+ i , x 2n +i) + L min { G(x 2n , fx 2n , fx 2n ), G{x 2n+ i , gx 2n +i, gx 2n+1 ), 
G(x 2n , gx 2n+1 , gx 2n+ i), G(x 2n+U fx 2n , fx 2n )} 

= 5M(x 2ni x 2n+1 ,x 2n+ i) + L min {G(x 2n , x 2n +i, x 2n +i), G(x 2n+1 ,x 2n+2 ,x 2n+2 ), 

G(x 2n ,x 2n+2 , x 2n+2 ), G(x2n+i, x 2n+ i, x 2n+1 )} 
= 5M(x 2n ,x 2n+1 ,x 2n+1 ), (2.4) 

where 

M(x 2n ,x 2n+ll x 2n+1 ) 
= aiG(x 2n , x 2n+ i, x 2n+ i) + a 2 G(x 2n , fx 2n , fx 2n ) + a 3 G{x 2n+ i, gx 2n+u gx 2n+ i) 

+a 4 [G(x 2n , gx 2n+1 , gx 2n+ i) + G(x 2n+ i, fx 2n , fx 2n )] 
= aiG(x 2n , x 2n+ i, x 2n+ i) + a 2 G(x 2n ,x 2n+ i,x 2n+ i) + a 3 G(x 2n+ i,x 2n+2 ,x 2n+2 ) 

+a 4 [G(x 2n ,x 2n+2 ,x 2n+2 ) + G(x 2 

n+lj x 2n+l: x 2n+l )\ 

< (ai + a 2 )G(x 2n ,x 2n+ i,x 2n+ i) + a 3 G(x 2n+ i,x 2n+2 ,x 2n+2 ) 
+a 4 [G(x 2n , x 2n +i, x 2n +i) + G(x 2n+ i,x 2n+2 , x 2n+2 )] 

= (ai +a 2 + a 4 )G(x 2n , x 2n+1 ,x 2n+ i) + (a 3 + ai)G{x 2n+u x 2n+2 ,x 2n+2 ). 

Now if G(x 2n+1 ,x 2n+2 ,x 2n+2 ) > G(x 2n ,x 2n+1 ,x 2n+1 ) for some n = 0,1,2,..., then 
M(x2n,X2n+i,X2n+i) < G(x 2n+1 ,x 2n+2l x 2n+2 ) and from (2.4), we have 

G(x 2n+1 ,x 2n+2 ,x 2n+2 ) < 8M(x 2 

< 6G(x 2n+ll x 2n+2 ,x 2n+2 ), 

a contradiction. Therefore, for all n > 0, 

G(x 2n+1 , x 2n+2 , x 2n+2 ) < G(x 2 

Similarly, we have G{x 2ni x 2n+ i, x 2n+ i) < G(x 2n -i, x 2n , x 2n ) for all n > 0. Hence for 
all n > 0 

G(x n+ i,x n+ 2,x n+ 2) < SG(x n ,x n+1 ,x n+1 ). 
Similarly, repetition of the above process n times gives 

G(x n+1 ,x n+2 ,x n+2 ) < 6G(x n ,x n+ i,x n+ i) 

^ S G^Xfi— i , X n , Xn) 
< ... 

For m.n e N with m > n > 0, using property (e) of G— metric, we have 

■^ri! %m-> %m) 

i) + G(x n+1 ,x n+2 ,x n+2 ) H h G(x m -i,x m ,x m ) 

< (S n + S n+1 + --- + S m - 1 )G{x a ,x 1 ,x 1 ) 
S n 

< 1 _ §n G(x 0 ,x 1 ,xi), 

5 
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and so G{x n , x m , x m ) — > 0 as n, m — > oo. It follows that {x n } is a G— Cauchy sequence 
and by the completeness of X, there exists z £ X such that {x n } converges to z as 
n — » oo. If / is continuous, then it is clear that fz = z. Using similar arguments to 
those given above, we conclude that z is a common fixed point of / and g. Consider 
the case, when / is not continuous. Since {x 2n } is a nondecreasing sequence with 
%2n z in X implies x 2n -< z for all n £ N. Now from (2.1) 

G{x 2n+1 ,gz,gz) 

= G(fx 2n ,gz, gz) < SM(x 2n , z,z) + L min{G(a; 2 „, fx 2n , fx 2n ), 

G(z, gz, gz),G{x 2n ,gz, gz),G(z, fx 2n , fx 2n )} 
= SM(x 2n ,z,z) + Lmm{G(x 2n ,x 2n+ i,x 2n+ i), 

G(z, gz,gz),G(x 2n ,gz,gz),G(z, fx 2n+1 ,fx 2n+1 )}, (2.5) 

where 

M(x 2n ,z,z) 

= aiG{x 2n ,z,z) + a 2 G(x 2n , fx 2n , fx 2n ) + a 3 G(z, gz, gz) 

+a 4 [G{x 2n , gz,gz) + G(z, fx 2n , fx 2n )\ 
= aiG(x 2n ,z,z) +a 2 G(x 2n ,x 2n+1 ,x 2n+1 ) + a 3 G(z, gz, gz) 

+a 4 [G{x 2n ,gz,gz) + G(z,x 2n+1 ,x 2n+1 )}, 

which on taking limit as n — > oo, implies that lim M(x 2n , z, z) = (a s +a4)G(z, gz, gz). 

n— >oo 

From (2.5) 

G(z,gz,gz)= lim G(x 2n+1 , gz, gz) < S(a 3 + a 4 )G(z, gz, gz). 

n-^-oo 

Hence, we have G(z, gz, gz) — 0, so z = gz and z is common fixed point of / and g. 

Corollary 2.3. Let (X, ^) be a partially ordered set equipped with a complete metric 
G and let f,g : X — > X be two weakly increasing mappings for which there exist 
S £ (0,1) and some L > 0 such that 

G{.fx,gy,gy) < SG(x, y, y) + L min {G{x, fx, fx), 

G(y, gy, gy),G(x, gy, gy), G(y, fx, fx)}, (2.6) 

for all comparable x,y £ X. If either f or g is continuous or for a nondecreasing 
sequence {x n } with x n — > z in X implies that x n ^ z for all n £ N. Then f and g 
have a common fixed point. 

Proof. As inequality (2.6) is a special case of (2.1), the result follows from Theorem 
2.2. 

Theorem 2.4. Let (X, ^) be a partially ordered set equipped with a complete metric 
G and let f,g : X — > X be two weakly increasing mappings for which there exist 
S £ (0, 1) and some L > 0 such that 

G(fx,gy,gy) < 5M(x, y, y) + L min {G(x, fx, fx), (2.7) 

G{y, gy, gy),G(x, gy, gy),G{y, fx, fx)}, 

for all comparable x,y £ X, where 

M(x,y,y) = mnx{G(x,y,y),G(x,fx,fx),G(y,gy,gy), 
[G(x,gy,gy) + G(y,fx,fx)}/2}. 

6 
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If either f or g is continuous or for a nondecreasing sequence {x n } with x n — > z in 
X implies that x n < z for all n € N. Then f and g have a common fixed point. 

Proof. First we show that if / or g has a fixed point, then it is a common fixed point 
of / and g. Indeed, let u be a fixed point of / and assume that G(u, gu, gu) > 0, then 
from (2.7) with x = y = u, we have 

G(u,gu,gu) = G(fu,gu,gu) 

< 5M(u,u,u)+Lmin{G{u,fu,fu), (2.8) 

G(u, gu, gu), G(u, gu, gu), G(u, fu, fu)} 
= SM(u,u,u), 



where 



M(u,u,u) = m&x{G(u,u,u),G(u, fu, fu),G(u,gu,gu), 
[G(u,gu,gu) + G(u,fu,fu)}/2} 
= ma,x{0,G(u,gu,gu),G(u,gu,gu)/2} 
= G(u,gu,gu), 



that is, 



G(u,gu,gu) < SG(u,gu,gu) 
< G(u,gu,gu), 

a contradiction. Hence G{u, gu, gu) = 0 and so u is a common fixed point of / and 
g. Similarly, if u is a fixed point of g, then it is also fixed point of /. Now let x 0 be 
an arbitrary point of X. If fxo = x 0 , then the proof is finished, so we assume that 
fx 0 ^ xq. Define a sequence {x n } in X as follows: 

xi = fx 0 ^ gfx 0 = gxi = x 2 , 
x 2 = gxi ^ fgxi = fx 2 = x 3 

and continuing this process we have 

x\ < x 2 ■< ■ ■ ■ -< x n -< x n+ i < ■ ■ ■. 

Assume that G(x 2n , x 2n +\, x 2n +i) > 0, for every n € N. If not, then x 2n = x 2n +i for 
some n. Since x 2n and x 2n+ i are comparable using (2.7) we obtain 

G(x 2n+ i, x 2n+2 , x 2n+2 ) 
= G(fx 2n ,gx 2n+1 ,gx 2n+1 ) 

< SM(x 2n , x 2n+1 , x 2n+1 ) + L min { G(x 2n , fx 2n , fx 2n ), G{x 2n+1 , gx 2n+1 , gx 2n+1 ), 

G(x 2n ,gx 2n+1 ,gx 2n+1 ), G(x 2n+1 , fx 2n , fx 2n )} 
= SM(x 2n ,x 2n+ i,x 2n+ i) + Lmin{G(x 2n ,x 2n+ i,x 2n+ i), G(x 2n+ i, x 2n+2 , x 2n+2 ) , 

G(x 2n ,x 2n+2 , x 2n+2 ), G(x 2n+ i,x 2n+1 ,x 2n+ i)} 
= 5M(x 2n ,x 2n+ i,x 2n+1 ), (2.9) 

where 

M(x 2n ,x 2n+1 ,x 2n+ i) 
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= max {G(x 2n , X 2n+ i, X 2n+ i), G(x 2n , fX2n, fx 2n ), G(x 2n +1, 9X2n+l, 9X 2n +l), 

[G{x 2n ,gx 2n +i, gx 2n +i) + G(x 2n+1 ,fx 2n , fx 2n )]/2} 
= max {G(x 2n , x 2n+ i, x n+ i) , G(x 2n , x 2n+ i, x 2n+ i), G(x 2n +i, x 2n+2 , x 2n+2 ), 
[G(x 2 X 2n + 2 i X 2 n+1 ) + G(x 2n+1 

)]/2} 

= max {0, G(x 2n+ i,x 2n +2, x 2n+2 ), G(x 2n+ i,x 2n +2, x 2n+2 )/2} 
= G(x 2n+ i,x 2n+2 ,x 2n+2 ). 

Therefore, 

G(x 2n+ i, x 2n+2 , x 2n+2 ) < SG(x 2n+ i, x 2n+2 , x 2n+2 ) , 

implies that G(x 2n+1 ,x 2n+2 ,x 2n+2 ) = 0 and x 2n+1 = x 2n+2 . Following the similar 
arguments, we obtain x 2n+2 = x 2n+3 and hence x 2n becomes a common fixed point 
of / and g. Suppose that G(x 2n , x 2n+ i,x 2n+ i) > 0 for n = 0, 1, 2, 3, • • • . Since x 2n 
and x 2n+ i are comparable, using (2.7) we obtain 

G(x 2n+ i, x 2n+2 , x 2n+2 ) 
= G(fx 2n ,gx 2n+1 ,gx 2n+1 ) 

< SM(x 2n , x 2n+1 ,x 2n+1 ) + L min {G(x 2n , fx 2n Jx 2n ),G{x 2n+1 ,gx 2n+1 ,gx 2n+1 ), 

G(x 2n ,gx 2n+1 ,gx 2n+1 ), G(x 2n+1 , fx 2n , fx 2n )} 
= SM(x 2n ,x 2n+ i,x 2n+ i) + Lmin {G(x 2n , x 2n+1 ,x 2n +i), G(x 2n +i, x 2n+2 , x 2n+2 ), 

G(x 2n ,x 2n+2 , x 2n+2 ), G(x 2n+ i, x 2n+ i, x 2rl +i)} 
= SM(x 2n ,x 2n+1 ,x 2n+1 ), (2.10) 

where 

M(x 2n ,x 2n+1 ,x 2n +i) 
= max { G(x 2n , x 2n+ i , x 2n+1 ) , G(x 2n , fx 2n , fx 2n ) , G(x 2n +i , gx 2n+ i , gx 2n+ i ) , 

[G(x 2n , gx 2n+ i, gx 2n +i) + G{x 2n+1 , fx 2n , fx 2n )}/2) 
= max {G(x 2n , x 2n+ i, x 2n+1 ), G(x 2n , x 2n+ i, x 2n+ i), G(x 2n+ i, x 2n+2 , x 2n+2 ), 

[G(x 2n , x 2n+2 , x 2n+2 ) + G(x 2 )]/2} 
< max {G(x 2n , x 2n +i, x 2n +i), G(x 2n+1 ,x 2n+2 ,x 2n+2 ), 

[G(x 2n , x 2n+1 ,x 2n+ i) + G(x 2n+1 ,x 2n+2 , x 2n+2 )}/2} 
= max {G(x 2n , x 2n +i, x 2n +i), G(x 2n+ i,x 2n+2 ,x 2n+2 )}. 

Now, if G(x 2n+1 ,x 2n+2 ,x 2n+2 ) > G(x 2n ,x 2n+1 ,x 2n+1 ) for some n = 0,1,2, ••• , then 
M(x 2n ,x 2n+1 ,x 2n+1 ) < G(x 2n+1 ,x 2n+2 ,x 2n+2 ) and from (2.10), we have 

G(x 2n+1 ,x 2n+2 ,x 2n+2 ) < 8M(x 2 

< SG(x 2n+ll x 2n+2 ,x 2n+2 ), 

a contradiction. Therefore, for all n > 0, 

G(x 2n +i, X 2n +2, x 2n+2 ) < G(x 2 

Similarly, we have G(x 2ni x 2n +i : x 2n+ i) < G(x 2n -i, x 2n , x 2n ) for all n > 0. Hence for 
all n > 0, 

G(x n+ i,X n+ 2,X n+ 2) < 5G(x n ,x n+ i,x n+ i). 
8 
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Following similar argument to those in Theorem 2.2, it follows that {x n } is a G— Cauchy 
sequence and by the G— completeness of X, there exists u £ X such that {x n } is 
G— convergent to u as n — > oo. If / is continuous, then it is clear that fu = u and 
hence u is common fixed point of / and g. Now consider the case when / is not con- 
tinuous. Since {x2 n } is a nondecreasing sequence with x 2n u in X implies x 2n r< u 
for all n £ N. Now from (2.7) 

G(x 2n +i,gu,gu) 

= G(fx 2n ,gu,gu) < 6M(x 2n ,u,u) + Lmm{G(x 2n , fx 2n , fx 2n ), 

G(u, gu, gu), G(x 2n ,gu, gu),G(u, fx 2n , fx 2n )} 
= SM(x 2n ,u,u) + Lmm{G(x 2n ,x 2n+1 ,x 2n+1 ), 

G(u, gu, gu), G(x 2n ,gu, gu),G(u, fx 2n+1 , fx 2n+1 )} , (2.11) 

where 

M(x 2n ,u,u) 

= max {G{x 2n , u, u),G(x 2n , fx 2n , fx 2n ), G(u, gu, gu), 

[G(x 2n , gu, gu) + G(u, fx 2n , fx 2n )]/2] 
= max {G{x 2n , u, u),G(x 2n , x 2n +i, x 2n+ i), G(u, gu, gu), 

[G(x 2n ,gu,gu) + G(u,x 2n+1 ,x 2n+1 )}/2}, 

which implies that lim M(x 2n ,u,u) = G(u,gu,gu). From (2.11), we obtain that 

n— >oo 

G{u,gu,gu) = lim G(x 2n+1 ,gu,gu) < 5G(u, gu, gu), 

n— >oo 

and G(u, gu, gu) = 0 and sou = gu and u is a common fixed point of / and g. 

Corollary 2.5. Let {X, <) be a partially ordered set equipped with a complete metric 
G and let f,g:X^rX be two weakly increasing mappings for which there exist 
S £ (0, 1) and some L > 0 such that 

G{fx,gy,gy) 

< 6 max | G(x, y, y), ^ fx) ± °^ 9V > 9v) , °^ 9V > 9v) ± °^ fx) 

+L min {G(x, fx, fx), G(y, gy, gy), G(x, gy, gy),G(y, fx, fx)}, (2.12) 

for all comparable x,y £ X. If either f or g is continuous or for a nondecreasing 
sequence {x n } with x n — > z in X implies that x n < z for all n £ N. Then f and g 
have a common fixed point. 

Proof. As inequality (2.12) is a special case of (2.7), the result follows from Theorem 
2.4. 

Corollary 2.6. Let {X, ^) be a partially ordered set equipped with a complete metric 
G and let f,g : X — > X be two weakly increasing mappings for which there exist 
5 £ (0, 1) and some L > 0 such that 

G(fx,gy,gy) 

( G(x,fx,fx) + G(y,gy,gy) G{x, gy, gy) + G{y, fx, fx)\ 

< dmax , \, (2.13) 



9 
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for all comparable x,y G X. If either f or g is continuous or for a nondecreasing 
sequence {x n } with x n — > z in X implies that x n < z for all n € N. Then f and g 
have a common fixed point. 

Proof. As inequality (2.13) is a special case of (2.7), the result follows from Theorem 
2.4. 

Remark 2.7. 

1. If L = 0 in Theorem 2.2, then [15, Theorem 2.1 and 2.9] and [17, Theorem 
2.1-2.5, Corollary 2.6-2.8] are extended to two mappings in partially ordered 
G— metric spaces. 

2. If L = 0 in Theorem 2.4, then [9, Theorem 2.1-2.2], [15, Theorem 2.3 and 2.9], 
[16, Theorem 2.1 and 2.6] and [17, Corollary 2.7-2.8] are extended to the common 
fixed point results in partially ordered G— metric spaces. Also, Theorem 2.4 
extends and generalizes the results [9, Theorem 2.3, 2.6, Corollary 2.4-2.5] to 
the common fixed point result in partially ordered G— metric spaces. 

3. Corollary 2.3 extends [9, Corollary 2.5] to the partially ordered G— metric 
spaces. Also, if L = 0 in Corollary 2.3, then the results [15, Theorem 2.9] 
and [17, Corollary 2.7-2.8] are extended to the common fixed point results in 
partially ordered G— metric spaces. 

4. If L = 0 in Corollary 2.5, then [17, Corollary 2.8] are extended to two mappings 
in partially ordered G— metric spaces. Also Corollary 2.5 extends [9, Corollary 
2.4-2.5] to partially ordered G— metric spaces. 

5. Corollary 2.6 extends [17, Corollary 2.8] to the common fixed point result in 
partially ordered G— metric spaces. 

Acknologements: This work was supported by the Basic Science Research Program 
through the National Research Foundation Grant funded by Ministry of Education 
of the republic of Korea(2013RlAlA2054617). 
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ADDITIVE p-FUNCTIONAL INEQUALITIES IN MATRIX NORMED 

SPACES 



AFSHAN BATOOL, CHOONKIL PARK, AND DONG YUN SHIN* 



Abstract. In [22], Kim et al. introduced and investigated the following additive 
p-functional inequalities 

\\.f(x + y + z)-f(x)-f(y)-f(z)\\ 



< 



p[2f [ X -±y + z) - f{x) - f(y) - 2f{z\ 



2/ ( ^ + * ] - f(x) f(y) 2f(z) 



< 



P 2/ 



x + y + z 



fix) - fiy) - fix) 



(0.1) 



(0.2) 



in complex Banach spaces. 

We prove the Hyers-Ulam stability of the additive p-functional inequalities (0.1) 
and (0.2) in complex matrix normed spaces and prove the Hyers-Ulam stability of 
additive p-functional equations associated with the additive p-functional inequalities 
(0.1) and (0.2) in complex matrix normed spaces. 



I. Introduction and preliminaries 

The abstract characterization given for linear spaces of bounded Hilbert space oper- 
ators in terms of matricially normed spaces [29] implies that quotients, mapping spaces 
and various tensor products of operator spaces may again be regarded as operator 
spaces. Owing in part to this result, the theory of operator spaces is having an increas- 
ingly significant effect on operator algebra theory (see [5]). 

The proof given in [29] appealed to the theory of ordered operator spaces [2]. Effros 
and Ruan [6] showed that one can give a purely metric proof of this important theorem 
by using a technique of Pisier [26] and Haagerup [11] (as modified in [4]). 

We will use the following notations: 

M n (X) is the set of all n x n-matrices in X; 

Cj G Mi jra (C) is that j-th component is 1 and the other components are zero; 
Eij G M n (C) is that (i, j)-component is 1 and the other components are zero; 
Eij ® x G M n (X) is that (i, j)-component is x and the other components are zero; 



2010 Mathematics Subject Classification. Primary 47L25, 47H10, 39B82, 39B72, 46L07, 39B52, 
39B62. 

Key words and phrases. Hyers-Ulam stability; additive p-functional equation; additive p-functional 
inequality; matrix normed space. 

* Corresponding author: Dong Yun Shin (email: dyshin@uos.ac.kr). 
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For x e M n (X),y e M k (X), 



Note that (X, {|| • || n }) is a matrix normed space if and only if (M n (X), \\ ■ \\ n ) is 
a normed space for each positive integer n and ||Ar£>||fc < 1 1 ^4 1 1 1 1 1 1 1 1 1 1 ^ holds for 
A G M ktn (C), x = (xij) G M n (X) and B G M n , fc (C), and that (X, {|| • || n }) is a matrix 
Banach space if and only if X is a Banach space and (X, {|| • || n }) is a matrix normed 
space. 

A matrix normed space (X, {|| • || n }) is called an L°° -matrix normed space if \\x © 
2/||n+fc = m ax{||a;|| n , \\y\\k} holds for all x G M n (X) and all y G M k (X). 

Let E, F be vector spaces. For a given mapping h : E — >■ F and a given positive 
integer n, define /i„ : M n {E) ->■ M n (F) by 

Mfcij]) = [M^j)] 

for all [a;^] G M n (E). 

Lemma 1.1. ([25]) Let (X, {||.|| n }) fre a matrix normed space. 

(1) || E kl <g> x \\ n =\\ x || for x G X. 

n 

(2) || x w ||<|| [x^] \\n< £ || || /or [xy] G M n (X). 

(3) lirn n ^. 00 x n = x ciTi(i only if limn^^Xnij = /or a; n = — \x%j\ G 
M k (X). 

The stability problem of functional equations originated from a question of Ulam [32] 
concerning the stability of group homomorphisms. Hyers [12] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was gen- 
eralized by Aoki [1] for additive mappings and by Rassias [27] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem 
was obtained by Gavruta [8] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Rassias' approach. See [3, 13, 14, 15, 16, 17, 18, 19, 20, 
21, 23, 30, 31] for more information on functional equations and their stability. 

In [9], Gilanyi showed that if / satisfies the functional inequality 

\\2f(x) + 2f(y)-f(xy' 1 )\\ < \\f(xy)\\ (1.1) 

then / satisfies the Jordan-von Neumann functional equation 

2f(x) + 2f(y) = f(xy) + f(xy- 1 ). 

See also [28]. Gilanyi [10] and Fechner [7] proved the Hyers-Ulam stability of the 
functional inequality (1.1). Park, Cho and Han [24] proved the Hyers-Ulam stability of 
additive functional inequalities. Kim et al. [22] solved the additive p-functional inequal- 
ities (0.1) and (0.2) in complex normed spaces and proved the Hyers-Ulam stability of 
the additive p-functional inequalities (0.1) and (0.2) in complex Banach spaces 

In Section 2, we prove the Hyers-Ulam stability of the additive p-functional inequality 
(0.1) in complex matrix Banach spaces. We moreover prove the Hyers-Ulam stability of 
an additive p-functional equation associated with the additive p-functional inequality 
(0.1) in complex matrix Banach spaces. 

In Section 3, we prove the Hyers-Ulam stability of the additive p-functional inequality 
(0.2) in complex matrix Banach spaces. We moreover prove the Hyers-Ulam stability 
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of an additive p-functional equation associated with the addtive p-functional inequality 
(0.2) in complex matrix Banach spaces. 

Throughout this paper, let (X, {|| • || n }) be a matrix normed space and (Y, {|| ■ || n }) 
a matrix Banach space. Let p be a fixed complex number with \p\ < 1. 



2. HYERS-ULAM STABILITY OF THE ADDITIVE p-FUNCTIONAL INEQUALITY (0.1) IN 

MATRIX NORMED SPACES 

In this section, we prove the Hyers-Ulam stability of the additive p-functional in- 
equality (0.1) in complex matrix normed spaces. 

Theorem 2.1. Let r > 1 and be nonnegative real numbers, and let f : X — > Y be a 

mapping such that 



\\fn([Xij + Vij + Zij]) - fn([Xij\) ~ fndVij]) ~ fn([Zij 

\x 



(2.1) 



< 



P \Vn 



" J ^ + M ) - U[x i3 \) - UM) - 2/„([ % ]) 



X 



u 



II Vij II II Z ij II ) 



for all x 



Xi 



mapping h : X — > Y such that 



\,y = [yij],z = [z^] G M n (X). Then there exists a unique additive 



||/n(M)-MM)IL< E 



26 



n - ^ 2 r - 2 



X 



(2.2) 



for all x = [xij] G M n (X). 

Proof. Let n — 1 in (2.1). Then we obtain 

\\f(a + b + c)-f(a)-f(b)-f(c 
' a + b 



< 



p\V 



+ c\-f(a)-f(b)-2f(c) 



+0 (\\a\\ r + \\b\\ r + \\4 r ) 

for all a, b, c G X. 

By [22, Theorem 2.3], there is a unique additive mapping h : X — > Y such that 



\\f(a) - h(a)\\ < 



29 



for all a G X. 
By Lemma 1.1, 



26 



\\fn([xij}) - MM)IL ^ E II 



»J=1 



for all x = [xij] G M n (X). Thus the mapping h : X — )■ Y is a unique additive mapping 
satisfying (2.2). □ 
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Theorem 2.2. Let r < 1 and 9 be positive real numbers, and let f : X — > Y~ be a mapping 
satisfying (2.1). Then there exists a unique additive mapping h : X — > Y such that 



26 



2 - 2 r 11 13 



(2.3) 



||/n(M)-MM)IL< E 

for all x = [xij] e M n (X). 

Proof. By [22, Theorem 2.4], there is a unique additive mapping h : X — > Y such that 



for all a & X. 
By Lemma 1.1, 



no 

\\f(a) - h(a)\\ < j^M 



n nr\ 

ll/n(M)-MM)IL< E " 



2 - 2 r 



□ 



for all x = [x^} G M n (X). Thus the mapping h : X — )• Y is a unique additive mapping 
satisfying (2.3). 

By the triangle inequality, we have 

\\fn([Xij + Vij + %]) - fn([Xij}) - fniiVij}) - /n([%])|| n 
[ x ij] + [Vol 



P\Vn 



+ [Zij] - fn{[Xij}) ~ fn([yij}) - 2/n([%]) 



< \\fn([Xij + Vij + Zij}) - fn([Xij}) - fudVij}) - /«([%]) 



~P Vn 



[xij] + [yij] 



+ [%] - fn([Xij}) - fndVij}) - 2 /n([%]) 



As corollaries of Theorems 2.1 and 2.2, we obtain the Hyers-Ulam stability results for 
the additive p-functional equations associated with the additive-p-functional inequality 
(0.1) in complex matrix Banach spaces. 

Corollary 2.3. Let r > 1 and be nonnegative real numbers, and let f : X — > Y be a 

mapping such that 

\\fn([Xij + Vij + Zij}) - f n ([Xij}) - fndVij}) ~ fn([Zij}) (2.4) 
-P {Vn ( M±W + [Ztj] ) _ fn{[xij]) _ U[yij]) _ 2/n ([ % .]) N 



< E^(ii ^ir + n^-ir + ii %n r ) 

for all x = [xij},y = [yij},z = [z^} G M n (X). Then there exists a unique additive 
mapping h : X — > Y satisying (2.2). 

Corollary 2.4. Let r < 1 and be positive real numbers, and let f : X — > Y be a 

mapping satisfying (2.4). Then there exists a unique additive mapping h : X — >■ Y 
satisfying (2.3). 

Remark 2.5. If p is a real number such that — 1 < p < 1 and F is a real Banach space, 
then all the assertions in this section remain valid. 
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Also, we prove the Hyers-Ulam stability of the following additive p-functional in- 
equality 

2/ + z) - fix) - f(y) - 2f(z) 

< \\p(f(x + y + z)-f(x)-f(y)-f(z))\\ 

in complex matrix Banach spaces. The proof is similar to the proofs of Theorems 2.1 
and 2.2 except for direction of the inequality, and so we will omit it. 

3. HYERS-ULAM STABILITY OF THE ADDITIVE p-FUNCTIONAL INEQUALITY (0.2) IN 

MATRIX NORMED SPACES 

In this section, we prove the Hyers-Ulam stability of the additive p-functional in- 
equality (0.2) in complex matrix normed spaces. 

Theorem 3.1. Let r > 1 and 6 be nonnegative real numbers, and let f : X — )■ Y be a 
mapping such that 



2/n 



[xij] + [y 



+ l Z ij) ~ fn([Xij\) ~ fudVij}) ~ Vn([Zij]) 



(3.1) 



< 



P 2/ n 



[xij] + [Vij] + [zi. 



- fn([Xij}) - fnibjij}) ~ fn([Zij}) 



+ E fl (wr+wr+wn 

i.j=l 

for all x = [xij],y = [yij],z = [%] G M n (X). Then there exists a unique additive 
mapping h : X — >■ Y satisfying 



ll/n(M)-MM)IL< E jyz 



tr—l 



0 



\ P \)(2r-2) 



(3.2) 



Proof. Let n — 1 in (3.1). Then we get 

'a + b 



2/ 



+ c -/(o) -/(&)- 2/(c) 



< 



P 2/ 



a + 6 + c 



/(a) - /(&) - /(c) 



+^(iioir + 



+ l|c|| r ) 



for all a, b, c G X. 

By [22, Theorem 3.3], there is a unique additive mapping ft, : X — > Y such that 



2 r - 1 e 

II f (a) — ma) < — , .. . -r- a 



for all a G X. 
By Lemma 1.1, 



ir-1/ 



\\fn([Xij}) ~ K{[Xij\)\\n ^ E i (1_ | p |)( 2 r _2) 



X 
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for all x = [xij] G M n (X). Thus the mapping h : X — > Y is a unique additive mapping 
satisfying (3.2). □ 

Theorem 3.2. Let r < 1 and 6 be nonnegative real numbers, and let f : X — >■ Y be a 
mapping satisfying (3.1). Then there exists a unique mapping h : X —}Y such that 



Wfndxij}) - MM)IL < E (l-| p |)(2-2 



r) „ X V 



(3.3) 



for all x = [xij] G M n (X) 

Proof. By [22, Theorem 3.4], there is a unique additive mapping h : X — > Y such that 

2 r 9 



\\f(a)-h(a)\\< 



for all a G X. 
By Lemma 1.1, 



(l-|p|)(2-2r) 



TQ 



\\fn([Xij}) ~ KilXiMn ^ E i ( X _ |p|)(2 — 2") 



X 



for all x = [x^} G M n (X). Thus the mapping h : X — > Y is a unique additive mapping 
satisfying (3.3). □ 

By the triangle inequality, we have 



Vn 



[Xij] + [V; 



+ [%] - fn([Xij}) - fudVij}) - 2/ n ([%]) 



P\Vn 



[xij] + [yij] + [zij] ~ 



fn([Xij}) ~ fn{[Vij\) ~ fn([Zij\) 



< 



2/n 



+ [Zij] - fn([Xij}) ~ fn([yij}) ~ 2/ n ([%]) 



~P Vn 



l x ij] + hj) + l z ij) 



fn([Xij}) - fn{[yij\) ~ /n([%]) 



As corollaries of Theorems 3.1 and 3.2, we obtain the Hyers-Ulam stability results for 
the additive p-functional equations associated with the additive-p-functional inequality 
(0.2) in complex matrix Banach spaces. 

Corollary 3.3. Let r > 1 and be nonnegative real numbers, and let f : X — > Y be a 

mapping such that 



Xij] + [llij 

< E 6,(11 r 



Vn 



-P Vn 



+ [Zij] ~ fn([Xij}) ~ fndVij]) ~ Vn([Zij}) 



(3.4) 



x ij] + [vij\ + h 



- fn([Xij]) ~ fniiVij]) - fn([Zij}) 



II Vij II II Zij || ) 



*J=1 
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for all x = [xij],y = [yij},z = [%] G M n (X). Then there exists a unique additive 
mapping h : X — > Y satisying (3.2). 

Corollary 3.4. Let r < 1 and be positive real numbers, and let f : X —t Y be a 

mapping satisfying (3.4). Then there exists a unique additive mapping h : X — >■ Y 
satisfying (3.3). 

Remark 3.5. If p is a real number such that — 1 < p < 1 and Y is a real Banach space, 
then all the assertions in this section remain valid. 

Also, we prove the Hyers-Ulam stability of the following additive p-functional in- 
equality 

2/ (^f^) - f(x) - f(y) - f(z) 
< 



P (2/ + z) - fix) - f(y) - 2/(s)) 



in complex matrix Banach spaces. The proof is similar to the proofs of Theorems 3.1 
and 3.2 except for direction of the inequality, and so we will omit it. 
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Abstract 



Iterative algorithms are presented for solving coupled matrix equations including the well-known 
coupled Sylvester matrix equations and the discrete-time coupled Markovian jump Lyapunov matrix 
equations as special cases. The proposed methods remove the restriction that the considered matrix 
equation has a unique solution, which is required in the existing gradient based iterative algorithms and 
identification principle based methods. 

Keywords: Coupled matrix equations; iterative algorithms; least squares solutions. 



1 Introduction 

For convenience, in this paper we use I[m, n] to denote the set {m, m + 1, • • • , n} for two integers m and n, 
m < n. In systems and control theory, some coupled Sylvester matrix equations play very vital roles. For 
example, pairs of generalized Sylvester equations (A\X — YB\, A2X — YB2) = (C\, C2) are encountered 
in perturbation analysis of generalized eigenspaces of matrix pencils [1]. In the analysis of discrete-time 
jump linear systems with Markovian transitions, the following coupled discrete Markovian jump Lyapunov 
(CDMJL) equation is encountered ([2] [3] [4]) 



where Pj, i € N] are the matrices to be determined. Due to their wide applications, they have attracted 
considerable attention of many researchers. It was pointed out in [4] that existence of positive definite 
solutions for the CDMJL equation (1) is related to the spectral radius of an augmented matrix being less 
than one. 

A simple explicit solution for the CDMJL equation (1) was given in [4] in terms of matrix inversions by 
convert them into matrix- vector equations. However, computational difficulties arise when the dimensions of 
the coefficient matrices are high. To eliminate the high dimensionality problems, a parallel iterative scheme 
for solving the CDMJL equation was proposed in [3] . Under the condition that all the subsystems are Schur 
stable, this method was proven to converge to the exact solution if the initial condition is chosen as zero. In 
[5] , the restriction of zero initial conditions of the method in [3] was removed, and a new iteration method 
was provided by using the solutions of discrete-time Lyapunov equations as its intermediate steps. Very 
recently, from an optimization point of view a gradient-based algorithm was developed in [6] to solve the 
CDMJL equation (1). 

Alternative ways are to transform the matrix equations into forms for which solutions may be readily 
computed. In this area, Chu gave a numerical algorithm for solving the coupled Sylvester equations in [7]. 
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In [8], generalized Schur methods for solving the coupled Sylvester matrix equations was proposed. Recently, 
some iterative algorithms for solving the pairs of generalized matrix equations were proposed in [9] and [10] 
by applying the hierarchical identification principle, which has been used to construct iterative algorithms 
for noncouplcd matrix equations in [11]. Different from the methods in [7] and [8], these algorithms do 
not require matrix transformation, and thus can be realized in terms of original coefficient matrices. Very 
recently, from an optimization point of view gradient based iteration was constructed in [12] to solve the 
general coupled matrix equation. A significant characteristic of the method in [12] is that a necessary and 
sufficient condition guaranteeing the convergence of the algorithm can be explicitly obtained. However, the 
methods in [10], [12] are only suitable for solving the coupled matrix equation having unique solutions. 

In addition, it should be pointed out that complex matrix equations with the conjugate of the unknown 
matrices are attracting more and more researchers. In [13], the so-called Sylvester-polynomial-conjugate 
matrix equation was investigated, and an explicit solution was given. In [14], an iterative algorithm was 
given for coupled Sylvester-conjugate matrix equations by using hierarchical identification principle. In [15], 
an iterative algorithm was constructed for a kind of coupled Sylvester-conjugate matrix equations by using 
a real inner product as tools. 

In this paper, we investigate iterative algorithms for solving general coupled matrix equations. The proposed 
methods do not require that the concerned matrix equations have unique solutions. Compared with the 
method of obtaining least squares solutions in [9], the method in the current paper removes the restriction 
that some coefficient matrices must have full column or row ranks, and does not involve matrix inversions. 

Throughout this paper, the symbol tr(^4) is used to denote the trace of A. For the space R mxn we define an 
inner product as (A, B) = ti(B T A) for all A,Be R mx ". The norm of a matrix A generated by this inner 
product is, obviously, a Frobenius norm, and denoted by \\A\\. In addition, the symbol ||A|| 2 denotes the 
spectral norm of matrix A. For two matrices M and N, M Cg) N is their Kronecker product. For a matrix 



A well-known property of Kronecker product is, for matrices M, N and X with appropriate dimension 



where A, e R m * xr , B t E M sx ™*, C t G K m ' xp , A G R qxn ', and E t G R m * x ™-, i = 1,2, are known matrices, 
and X G W xs and Y G W xq are the matrices to be determined. Obviously, this coupled matrix equation 
includes the pair of generalized Sylvester matrix equation in [1], [9] as a special case. It should be mentioned 
that the methods in [1], [9] require the unknown matrices X and Y to have the same dimension. In this 
paper, the algorithm to be developed removes such restriction. 

In this paper, we solve it in the least squares sense. That is, we search matrix pair (X, Y) to minimize the 
following index function 



x = [ xi x 2 ■■■ i„]ef 

vec(A) is the column stretching operation of X, and defined as 

vec(A) = [ xj x\ ■■■ xl 



vec(MXN) = (N T ® M) vec(A). 



2 The case of two unknown matrices 




(2) 



J(X,Y) = - \\Ei - A 1 XB 1 - CiFL>i|| 2 + -\\E 2 - A 2 XB 2 - C 2 YD 2 \\ 2 . 



(3) 



It is easy to obtain that 



aj_ 

dX 
W 



A\ (E 1 - A 1 XB 1 - CiYD-i) B\ + A T 2 (E 2 - A 2 XB 2 - C 2 YD 2 ) S 2 T , 



Cl (E 1 - A 1 XB 1 - dYDx) D[ + C 2 T (E 2 - A 2 XB 2 - C 2 YD 2 ) D 2 . 



2 
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Obviously, a least squares solution (X*, Y*) satisfies 



dJ_ 
dX 



= 0, 



x=x„ 



dJ_ 



= 0. 



Y=Y. 



In addition, denote 



R(k) = 



dJ_ 
dX 



S(k) 



W 



Y—Y(k) 



X=X{k) 

With the above prelimilaries, the iteration method to solve least squares solutions of the coupled matrix 
equation (2) can be constructed as the following algorithm. 



Algorithm 1 (Iterative algorithm for least squares solutions of (2)) 

1. Given initial values X(0) and Y(0), calculate 

R(0) = E 1 - AiX(0)Si - dY^Dy, 

S(0) = E 2 -A 2 X(0)B 2 -C 2 Y(0)D 2 ; 

R(0) = Al R(0)Bf + A^S(0)B^; 

S(0) = Cf[R(0)D{ + C^S{Q)Dl; 

P(0) = -i?(0); 

0(0) = -S(0); 

k : = 0; 

2. If \\R(k)\\ < e, \\S(k)\\ < e, then stop; else, k := k + 1; 

3. Set k := k + 1. Calculate 



a(k) 

X(k + 1) 
Y(k + 1) 
R(k+1) 
S(k + 1) 
R(k + l) 
S(k + 1) 



tr [P T (k)R(k)] + tr [Q T (k)S(k)] 



\\AiP(k)Bi + dQi^Dxf + \\A 2 P(k)B 2 + C 2 Q(k)D 2 f ' 
X(k)+a(k)P(k) e M rxs ; 
Y(k) + a(k)Q(k) £M pX! ; 

E 1 -A 1 X(k + l)Bi - dY(k + l)Di e R mi xni ; 
E 2 - A 2 X(k + l)B 2 - C 2 Y(k + l)D 2 e R m ^ ; 
AlR{k + l)Bf + AlS{k + l)Bl e R rxs ; 
CjR(k + l)Df + CjS(k + l)Dl e 



P(k + 1) = -R(k + 1) + 
Q(k + 1) = -S(k + l) + 



\\R(k + l)\\ 2 + \\S(k + l)\\ 



x<J. 
2 



\\R(kW 
\\R(k + i)\\ 2 
\\R(k)f 



■\\S{k)\\ 
\\S(k + l) 
\\S(k)f 



-P{k) G 



-Q(k) eR px «; 



[. Goto Step 2. 



In the rest of this subsection, we analyze the convergence property of the proposed algorithm. Firstly, we 
give two lemmas, whose proofs are presented in the Appendix. 



Lemma 1 For the sequences {R(i)}, {S(i)}, {P(i)} and {Q(i)} generated by Algorithm 1, the following 
relation holds: 

tr [R T (k + l)P(k)] + tr [S T (k + l)Q(k)] = 0 

for k > 0. 



3 
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Lemma 2 For the sequences {R(i)}, {S(i)}, {P (i)} and {Q(i)} generated by Algorithm 1, the following 
relation holds: 



E 

fc>0 



(iii?(fc)ii 2 +ns(fc)ii 2 y 

\\P(k)\\ 2 + \\Q(k)f 



< 00. 



With these two lemmas, the following result on the convergence property of Algorithm 1 can be obtained. 

Theorem 1 The sequences {R(i)} and {S(i)} generated by Algorithm 1 satisfy 

lim \\R(k)\\ =0, lim ||S(fc)||=0. 

k— >oo k— >oo 

Thus, X(k) and Y{k) given by Algorithm 1 converge to a least squares solution of (2). 

Proof. By using Lemma 1 and the expressions of P(k + 1) and Q(k + 1) in Algorithm 1, one has 



\\P(k + l)\\ 2 + \\Q(k + l)\\ 2 

-R(k + l )+ ^ k + 1 K + llSik+ 2 m2 p(k) 
\\R(k)\\ 2 + \\S(k)\\ 2 



+ 



-s(k + i )+ ^ k+ ^ 2 +iis{k+ 2 m Q(k) 
P(fc)ii 2 +ii5(fc)ii 2 



P(fc+i)ir + ii^fc+i) 

\\R(k)\\ 2 + \\S(k)\\ 2 



(llP^f + HQWii^ + ii^fc + ^f + ii^ + i)!! 5 



Denote 



tk — 



2 • 



(||i?(fc)|| 2 + ||5(fc)|| 2 ) 

Then the preceding relation can be equivalently written as 

1 

tk+1 ~ tk+ ||i?(fc + l)|| 2 + ||5(fc + l)|| 2 - 
We now proceed by contradiction and assume that 

hm (||i?(fc)|| 2 + ||5(fc)|| 2 )^0. 

This relation implies that there exists a constant S > 0 such that 

\\R(k)\\ 2 + \\S(k)\\ 2 >5 
for all k > 0. It follows from (4) and (5) that 

k+ 1 



ife+i < to + 



5 ' 



This implies that 



Thus one has 



1 <5 

> 



tk+i 5t a + k + l 



y->y 6 



= oo. 



However, it follows from Lemma 2 that 

oo ^ 

K—l 

This gives a contradiction. So the conclusion of this theorem is true. 



(4) 



(5) 
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3 General cases 



In this section, we will extend the iterative methods in Section 2 to solve more general coupled Sylvester 
matrix equations of the form 



AaXiBn + A i2 X 2 B l2 



A ip X p B ip = Ei,i€ I[1,N] 



(6) 



where A {j G R m > xr J , B io G R^ x " 



, Ei G K m » x ™i i i <= I[1,N], j G I[l,p] are known matrices and Xj G 
, j G are matrices to be determined. Such type of matrix matrix equations include the coupled 

matrix equation (2) as a special case. When N = 2 and p = 2, the matrix equation (6) becomes the coupled 
matrix equations (2). Similar to the idea of Section 2, we solve the least squares solutions. That is, we 
search Xj, j G I\\,p] such that the index function 



1 N 

J{x i ,iei[\,N]) = -Y J 



Ei - y~] AjjXjBj 

3=1 



(7) 



is minimized. It is easy to obtain that 



dJ 
dX~ 



N 



J 1=1 \ w=l 

A least squares solution (Xi*, X 2 *, • • • , X psf ) should satisfy 

dJ 



dXi 



= 0,j€l[l,p}. 



By generalizing Algorithm 1 for the coupled Sylvester matrix equation (2) in Section 2.2, we give the following 
iteration method to solve the least squares solution group of the coupled matrix equation (6). 

Algorithm 2 (Iterative method for least squares solutions of (6)) 

1. Given initial values Xj(0), j G I[l,p], calculate 



Ri (0) 

Rj (0) 

Pj (0) 
k 



Ei-^AijXjiO) Bij, ieI[l,N\; 



3 = 1 



N 



J2 A Ij R i (0)^5, JG J[l,p]/ 
1=1 

-Rj (0) ; 
= 0; 



2. If \\Rj(k)\\ <e,je I[l,p], then stop; else, k := k + 1; 

3. Set k := k + 1, calculate 



a{k) = 



ELitr [P[(k)Rj(k)] 



Xj(k + 1) 
Ri {k + 1) 

Rj(k + 1) 
Pj(k + 1) 



J2i=i Ej=i AijPj (k) B i:i 

X 3 (fc) + a(k)Pj (k) G RW, j G I[l,p}; 
p 

E t -J2 A i3 X 3 ( k + 1) B *3 . * e J[l, N}; 



3 = 1 



N 



^AfjRi (k + l)BT.,jeI[l,p]\ 



-Rj {k + 1) + 



ELill^(fc + i)ll 2 

Er=ip,(fc)ii 2 



p,-(fc),je/[i,p]. 



■5 
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4. Go to Step 2. 

Similar to the conclusions in Subsection 2.2, on the convergence property of this algorithm one has the 
following results. The proofs are all omitted. 

Lemma 3 For the sequences {Ri(k)}, {Pi(k)}, j G I[l,p] generated by Algorithm 2, the following relation 
holds: 

f> [Rj(k + l)P j (k)}=0 

3=1 

for k>0. 

Lemma 4 For the sequences {Ri(k)}, {Pi(k)}, j G I[l,p] generated by Algorithm 2, the following relation 
holds: 

. 2 



_fa=iii*i(*)ii 2 Y 

— - — . < A . 



fe>0 



Theorem 2 The sequences {Ri(k)}, j G generated by Algorithm 2 satisfy 



lim \\R j (k)\\=Q,j£l[l,p\- 

k— >oo 



Thus, Xj(k), j G F[l,p] given by Algorithm 1 converge to a least squares solution of (6). 

Remark 1 The problem of solving least squares solutions of coupled matrix equations has been investigated 
in [9j. By using the hierarchical identification principle, an infinite iterative algorithm is constructed to solve 
the coupled linear matrix equation (6). However, the method in [9] require that some coefficient matrices 
must have full column or row ranks. In addition, the matrix inversion is required in each iteration, which 
may turn out to be numerically expensive. The proposed Algorithm 2 removes such restrictions, and thus is 
expected to have advantage over some existing methods. 

Remark 2 The coupled matrix equations with the form of (6) have been investigated in [9], [10], [12]. In 
[9], [10] the considered coupled matrix equations are required to satisfy that p = N , and that all the unknown 
matrices Xi, i G I[1,N] have the same dimension. While in [12], it is required that 



N 

X!'"'"' X!' •■" 

i=i j=i 



In this paer, the proposed Algorithm 2 removes these restrictions. 

Remark 3 Different from the methods in [10], [12], an exact solution of the coupled matrix equation can 
be obtained in finite iteration steps in the absence of round-off errors. It should also be mentioned that the 
methods in [10], [12] are only suitable for solving the coupled matrix equation (6) with unique solutions. 

Remark 4 In [10] and [12], in order to guarantee the convergence of the proposed algorithms one must 
choose an appropriate step-size or convergence factor. In general, such convergence factor can be obtained 
by some complex computation. Different from these methods, the iterative algorithm given in this paper does 
not involve the problem of parameters choice, and thus is easier to carry out. 

Remark 5 Due to round-off errors, Algorithm 2 may not terminate in a finite number of steps. In this 
case, one can use the algorithm to obtain an approximate solution in sufficient steps. 



6 
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4 A special case 

In this section, we consider the following matrix equation, which is a special case of the coupled matrix 
equation (6) 

A i XB i = E i ,i€l[l,N] (8) 

where Ai e K miXr , B l e R sxrii , and Ei e R miX "», i g I[l,N] are the known coefficient matrices, and 
X G R rxs is the matrix to be determined. Similarly, we search matrix X to minimize the index function 



J(X) = l<£\\E i -A i XB i f. (9) 
1 i=i 

One easily obtain that 



81 N 
^L=J2Af(E l -A l XB l )Bf. 

The iterative method to obtain the least squares solution of the matrix equation (8) is constructed as the 
following algorithm. 

Algorithm 3 (Finite iterative algorithm for (8)) 

1. Given initial values X , calculate 

Ri{0) = Ei-AiX(0)Bi,i€l[l,N]; 

N 

R(0) = 2^( 0 )Bf; 



P(0) = -R(0); 
k : =0; 

2. If \\R(k)\\ < e, then stop; else, k := k + 1; 

3. Set k := k + 1, calculate 

tr [P T (k)R(k)] 



a{k) 



Eli\\A,P(k)B t \\ 2 ' 



X(k + 1) = X(k) + a(k)P(k)eR rxs ; 
Ri{k + 1) = Ei-AiXik + VjB^i&I^N]- 



N 



i=l 

P(* + l) = -R(k + l) + ^ k + 1 f p(k). 

\\R(k)f 

4. Go to Step 2. 

For the convergence properties one has the following results. The proofs are all omitted. 

Lemma 5 For the sequences {R(k)} and {P(k)} generated by Algorithm 3, the following relation holds: 

tr [R T (k + l)P(k)] =0 

for k>0. 



7 
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Lemma 6 For the sequences {R(k)} and {Pi{k)} generated by Algorithm 3, the following relation holds: 



fe>0 



\p{m 



< 00. 



Theorem 3 The sequences {R(k)} generated by Algorithm 3 satisfy 

lim \\R(k)\\=0. 

Thus, X(k), j € I[l,p] given by Algorithm 3 converge to a least squares solution of (8). 

5 A numerical example 

In this section, we give an example to illustrate the effectiveness of the proposed methods. This example 
has been used in [9] . The matrix equation is in the form of (2) with 



Ax = 
D\ = 
A 2 = 



2 1 

-1 2 

1 -0.2 
0.2 1 

-2 -0.5 
0.5 2 



B\ — C\ — E>i — C2 
,£1 = 



13.2 10.6 
0.6 8.4 

-1 -3 

2 -4 



1 0 
0 1 



, En — 



-9.5 -18 
16 3.5 



The solution of X and Y to this equation is 



X 



' 4 


3 " 


,Y = 


2 1 " 


3 


4 




-2 3 



Taking X(0) = Y(0) = 10 _6 1(2), we apply Algorithm 1 to compute X(k) and Y(k). The iterative solutions 
of the matrix equation is shown in Table 1. 

Table 1. The iteration solution by Algorithm 1 



k 


x u 


X12 


X21 


Z22 


2/12 


1/22 


2/21 


2/22 


1 


2.583305 


2.473221 


2.502577 


2.123399 


3.648917 


3.240872 


-1.349385 


1.297523 


2 


4.087500 


1.691281 


3.804495 


2.798320 


3.067254 


1.091186 


-1.916194 


2.593294 


3 


3.873979 


2.146630 


3.395190 


3.986429 


2.384152 


1.057442 


-2.671572 


2.215298 


4 


3.678258 


2.509525 


3.149014 


4.126780 


2.016496 


1.250040 


-2.208587 


3.192737 


5 


4.057452 


2.909192 


2.870312 


4.005162 


2.042451 


1.029262 


-2.056753 


3.048898 


6 


4.002255 


3.005361 


2.999156 


3.982074 


1.991317 


1.005123 


-2.020698 


3.006351 


7 


4.000130 


2.999937 


3.000034 


4.000004 


1.999854 


1.000127 


-1.999934 


2.999947 


8 


4.000000 


3.000000 


3.000000 


4.000000 


2.000000 


1.000000 


-2.000000 


3.000000 


Solution 


4 


3 


3 


4 


2 


1 


-2 


3 



We compare our proposed methods with those given in [10] and [12]. For this aim, as in [10] and [12] we 
define the relative iteration error as 



S(k) 



\X(k)-Xr + \\Y(k)-Y\\ 



\X\ 



\Y\ 



The results computed by using these methods are plotted in Fig. 1. It is seen that the convergence perfor- 
mances of the proposed algorithms in this paper are better than those by using the methods given in [10] 
and [12]. 
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Ding and Chen (SIAM 06),u=0.04 
Zhou, Duan and Li (Systems & Control Letters),n=0.0513 
— .- Algorithm 1 



10 



*********** ** 
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Figure 1: Comparison of different iterative algorithms 



6 Conclusions 



In this paper, iterative algorithms have been developed for solving a class of coupled linear matrix equations 
which have wide applications in linear system theory. For the case when the considered coupled matrix 
equation is consistent, the proposed iterative algorithm is proven to converge the exact solution in finite 
iteration steps in the absence of round-off errors. For the case when the equation is inconsistent, an iterative 
algorithm is also proposed to give a least squares solution. Compared with some existing methods, the 
proposed methods in this paper have some advantage. For example, they do not require that some coefficient 
matrices have full column or row ranks; they are suitable for solving the coupled linear matrix equations 
having more than one solution. 



7 Appendix 

This appendix provides the proofs of some lemmas. 
7.1 Proof of Lemma 1 

From the expressions of X(k + 1) and Y(k + 1) in Algorithm 2, one has 

R(k + 1) = (E 1 -A 1 X(k + l)Bi-C 1 Y(k + l)D 1 )B'[ 

+Al (E 2 - A 2 X(k + l)B 2 - C 2 Y(k + l)D 2 ) B 2 
= A\ {Ei - A 1 X(k)B 1 - C 1 Y{k)D 1 - a(k)A 1 P(k)B 1 - a(k)CiQ{k)Dx) B\ 

+Al {E 2 - A 2 X{k)B 2 - C 2 Y(k)D 2 - a(k)A 2 P(k)B 2 - a(k)C 2 Q(k)D 2 ) B? 
= R{k) - a(k)Aj {A 1 P{k)B 1 + C x Q{k)Dx) Bf 

-a{k)Al (A 2 P(k)B 2 + C 2 Q{k)D 2 ) B? 

and 

S(k + 1) = S{k) - a{k)Cj {A 1 P{k)B 1 +C 1 Q(k)D 1 )Df 
-a(k)C% (A 2 P(k)B 2 + C 2 Q{k)D 2 ) D T 2 . 
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In view of the expression of a(k), it is easily obtained that 

tr [R T (k + l)P(fc)] + tr [S T (k + l)Q(k)] 
= tr [R T (k)P(k)] + tr [S T (k)Q(k)] - a(fc)tr [Pi (Pf P T (fc)Af + D'[Q T (k)C^) A^k)] 

-a{k)ix [P 2 (BlP T {k)Al + DlQ T {k)Cl) A 2 P{k)} 

-a(fc)tr [£>i (Bf P T (k)Aj + DlQ T {k)Cj) C\Q(k)] 

-a(fc)tr [P 2 (BjP T (k)A^ + D^Q T (k)Ci) C 2 Q{k)} 
= tr [P T (fc)P(fc)] + tr [S T (fc)Q(fc)] 

-a(fc) + CiQ(fc)I>i|| 2 + \\A 2 P(k)B 2 + C 2 Q(k)D 2 \\ 2 



= 0. 

The proof is thus completed. 



7.2 Proof of Lemma 2 



Before giving the proof of this lemma, we need a simple conclusion. 



Lemma 7 For the sequences {P(k)}, {Q(k)}, {R(k)}, {S(k)} generated by Algorithm 2, for k > 0 the 
following relation holds: 



tr [R T (k)P(k)] + tr [S T (k)Q(k)} = - \\R(k)f - \\S(k)\\ 2 . 



(10) 



Proof. Obviously, the relation (10) holds for k = 0. In addition, from the expressions of P(k + 1) and 
Q(k + 1) in Algorithm 2 one has for k > 0 

tr [R T (k + l)P(k + 1)] + tr [S T (fc + 1) Q (fc + 1)] 



+ 



\R{k 
\R(k- 



\\S(k + l) 
\\S(k + l) 



\R(k)\\ 2 + \\S(k)\\ 2 



[tr [R T (k + 1) P (k)] + tr [S T (k + l)Q (k)]] . 



By applying Lemma 1, it is known that 

tr [R T (fc + 1) P (fc + 1)] + tr [S T (k + l)Q(k + 1)] = 
With the above argument, the proof is thus completed. ■ 
Now we start the proof Lemma 2. Firstly, we denote 

Bf ® A 1 Dl® Ci 
i A 2 Pj ® C 2 



\R(k + l) 



\S(k + l) 



By using Kronecker product, one has 

\\A 1 P(k)B 1 + C 1 Q(k)D 1 



\A 2 P(k)B 2 + C 2 Q(k)D 2 \ 



(Bf ® Ai) vec (P (fc)) + (Pf ® Ci) vec (Q (fc)) | 
ll(5 2 T 

p?< 



< 



pj< 

pf. 



3 A 2 ) vec (P (fc)) + (Dj ® C 2 ) vec (Q 

Ax) vec (P (fc)) + (Pf (8 Ci) vec (Q (fc)) 
A 2 ) vec (P (fc)) + (Pj ® C 2 ) vec (Q (fc)) 

2 



Ai Pf . 

A 2 Dl< 

A! Pf 

A 2 Pj ■ 



c 2 
c 2 



vec (P (fc)) 
vec (Q (fc)) 

vec (P (fc)) 
vec (Q (fc)) 



= ^(||P(fc)|| 2 + ||Q(fc)|| 2 ) 



(11) 
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With the notation of (11), one has 



\A 1 P(k)B 1 + dQi^D^l 2 + \\A 2 P(k)B 2 + C 2 Q(k)D 2 \\ 2 (12) 
— 2 



ir(\\P(k)\\ 2 + \\Q(k)\\ 2 
Applying the expressions in Algorithm 1 and Lemma 7, for k > 0 one has 
J(X(k + l),Y{k + l)) 
= \ \\R(k) - a{k) [AiP(fc)Bi + CiQ(fc)£>i]|| 2 

+ \ \\S{k) - a(k) [A 2 P{k)B 2 + C 2 Q{k)D 2 ] f 

= \ (P( fc )f + P Wf) - «( fc ) tr [ RT ( fc ) (AiP(k)B 1 + CiQ(fc)Di)] 
-a(fc)tr [5 T (fc) (A 2 P(fc)P 2 + C 2 Q(fc)P 2 )] 

+ ^a 2 (fc) U^P^i + CiQ(A:)Di|| 2 + *a 2 (fc) ||A 2 P(fc)P 2 + C 2 Q(A:)^ 2 || 2 

= J (X(k), Y(k)) - a(ft)tr [P T (fc) P(/c)Pf ] - a(fc)tr [Q T (fc) C^R(k)Df] 
-a(fc)tr [P T (fc) i4| , 5(A)B|'] - a(fc)tr [g T (fc) C?"S(fe)D|] 

+ ^a 2 (fc) miP(fc)Si + CiQ(A:)Di|| 2 + X -o? (fc) ||A 2 P(fc)P 2 + C 2 Q(k)D 2 f 

= J (X(k), Y(k)) - a(ft)tr [P T (fc) P (fc)] - a(fc)tr [Q T (jfe) S (k)] 

+ (k) [tr [P T (fc) P (fc)] + tr [Q T (k) S (As)] ] 

= J(X(fe),y(fc))-^a(fc) [tr[P T (fc)P(fc)] + tr[Q T (fc)S(£;)]] . 
Again using the expression of a(k) one has 

J (X(k + l),Y(k + l))-J (X(k), Y(k)) 
1 (||P(fc)|| 2 + ||5(fc)|| 2 ) 2 

~2 ||a 1 p(a : )p 1 + dQ(fc)£>i|| 2 + p 2 p(fc)p 2 + c 2 Q(k)D 2 \\ 2 
< o. 

This implies that {J(X(k),Y(k))} is a descent sequence. Therefore, for all k > 1 there holds 

J(A(fc),Y(fc))< J(A(0),F(0)). 

Then one has 

oo 

[J(X(k), Y(k)) - J(X(k + l),Y(k + 1))] 

k=0 

= J(X(0),Y(0))- lim J(X(k),Y(k)) (14) 

K— >QO 



< OO. 

In addition, combining (12) with (13) gives 



(||P(fc)|| 2 + ||S(fc)|| 2 ) 2 

\\P(k)\\ 2 + \\Q(k)\\ 2 
< 2tt (J{X{k),Y(k)) - J(X(k + l),Y(k + 1))) . 

This relation, together with (29), shows that the conclusion of this lemma is true. 



(13) 
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Abstract. In this paper, we estimate the essential norm of a weighted composition 
operator from Hardy space to weighted Bergman space on the unit ball in the complex 
N-dimcnsional Euclidean space. In our results, we use Carleson type measures and certain 
integral operators to estimate the essential norm. 



1. Introduction 

Throughout this paper, let TV > 1 be a fixed integer and B denote the unit ball of the 
complex N-dimcnsional Euclidean space C N . Denote H{B) the class of all holomorphic 
functions on B and S(B) the collection of all holomorphic self-maps of B. Let dv denote the 
normalized Lebesgue measure on B. For each a > — 1, we set c a = T(N + a + 1)/{T(N + 
l)r(a+ 1)} and dv a (z) = c a (l - \z\ 2 ) a dv(z),z G B. It is obvious that v a {B) = 1. 

For 0 < p < oo and a > — 1, the weighted Bergman space A v a — A v a {B) is defined by 

Al = {f G H(B) : \\ff AP = [ \f{z)\>dv a (z) < oo}. 
It is well-known that the weighted Bergman space A v a is a Banach space under the norm 

ll-lk- 

For 1 < q < oo, the Hardy space W = W{B) is 

H" = {/ e H(B) : \\f\\« HQ = sup / \f(rO\ida(C) < oo}, 

0<r<l JdB 

where da is the normalized Lebesgue measure on the boundary dB of B. Analogously, the 
Hardy space H q is a Banach space under the norm 

Let ip C S(B), the composition operator C v induced by (p is defined as follows 

(C v f){z) - f(<p{z)), f G H(B), z e B. 

This operator is well studied for many years, readers interested in this topic can refer to 
the books [6] by Shapiro, [2] by Cowen and MacCluer, and [10, 11] by K. H. Zhu, which are 
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excellent sources for the development of the theory of composition operators and function 
spaces. 

For u G H{B) and ip e S(B), the weighted composition operator uC v is 

uC v {f){z) = u{z)f{ip{z)), for / e H{B). 

In particular, if u = 1, then uC v becomes the composition operator C v . In the special case 
that (p is the identity mapping of B, uC v is called the multiplication operator and is denoted 
by M u . 

Let X and Y be Banach spaces. For a bounded linear operator T : X — > Y, the essential 
norm ||T|| ei x-s-y is defined to be the distance from T to the set of the compact operators JC, 
namely, 

ll^lle.x^y = m f{||T — JC\\ : JC is compact from X into Y}, 

where ||.|| denotes the usual operator norm. Clearly, T is compact if and only if ||T|| ej x-?-Y = 
0. Thus, the essential norm is closely related to the compactness problem of concrete oper- 
ators. 

Recently, the essential norm of weighted composition operator between Hardy spaces is 
investigated in [8]. Moreover, the essential norm of weighted composition operator between 
weighted Bergman spaces is discussed in [5] . The paper [7] considered the boundedness and 
compactness of weighted composition operators from weighted Bergman space to weighted 
Hardy space on the unit ball. Very recently, the first author estimated the essential norms of 
weighted composition operator acting from weighted Bergman space to mixed-norm space in 
[9]. So by building on those foundations, the present paper continues this line of research, we 
mainly estimate the essential norm of the weighted composition operator acting from Hardy 
space H q to weighted Bergman space A v a on the unit ball. The remainder is assembled as 
follows: In section 2, we state a couple of lemmas. Our main theorems are given in section 
3. 

Throughout the remainder of this paper, C will denote a positive constant, the exact 
value of which will vary from one appearance to the next. The notation 4 x B means that 
there is a positive constant C such that B/C < A < CB. 

2. Some Lemmas 

To begin the discussion, let us state a couple of lemmas, which are used in the proof of 
the main results. 

For each £ e dB, and t > 0, let 

S(£,t) = {ze B:\l- (z,()\ < t}, where B = B U dB. 

B(C, t) = 5(c, t) n b, Q(c, t) = s{(, t) n dB. 

It is well known that cr(Q((,t)) is comparable to t N , see, e.g. [4, P. 67]. 

Lemma 1. [8, Lemma 2.3] Let 1 < q < p < oo, suppose that fi is a positive Borel measure 
on B such that 

n(S(t,t)) < CfP N l q (C edB,t> 0), 
for some constant C > 0. Then there exists a constant K > 0 such that 

l_\ndn<K\\ff Hq 

J B 

for all f € H g . Here, the notation f* denotes the function defined on B by f* — f in B and 
f* = lim,.^! f r a.e. [a] ondB. 
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For / G H q , recall that an / G H (B) has the homogeneous expansion f(z) = Y^h=o S| r |=fe c( 
where r — (n, ...,rjv) is a multi-index, |r| = ri + ••• + rjv and z r = z^ 1 ...z r ^ . For the homo- 
geneous expansion of / and any integer n > 1, let 

oo 

fln/(*) = EE C ( r ) Z ^ and ^« = 7 - 
fc=n |r|=k 

where 7/ = / is the identity operator. 

Lemma 2. [8, Corollary 3.4] If 1 < q < oo, iften i?„ converges to 0 pointwise in H q as 
n — > oo. Moreover, sup{||i?„|| : n > 1} < oo. 

Lemma 3. [8, Lemma 3.5] Let 1 < q < oo. For eac/i / G i7 9 and n > 1, 

fc=7l 

By a similar proof of [2, Lemma 3.16], we can obtain the following lemma. 
Lemma 4. Let 1 < p < oo. If uC v is bounded from H q into A v a , then 
WuCpWe Hq ^ A p < liminf \\uC ip R n \\ Hq ^ A P a . 

n—>oo 

3. Main Results 

Before proving our main results, we need to prepare the notation about the measure. Let 
1 < q < oo and a > — 1. For ip G S(B) and u G , we define a finite positive Borel measure 
H<p tU on i? by 

V v ,u{E) = I \u\ q dv a , 

for all Borel sets E of B. By a change of variables formula from measure theory, we can 
verify 

/ gdf-^.u = / \u\ q (goip)du a , 

J B J B 

for each nonnegative measurable function g on B. 

Theorem 1. Let 1 < q < p < oo, and a > — 1. Suppose that uC v is bounded from H q into 
Ap. Then 



\\uC^ A , x ^/j^,)|p( _'-H' , )'" / V. M 



1 2 \ P^/g 

sup / |u(*)|* ( M \ ^ 

M- 

hmsup sup y „, . (3.1) 



Proof. The lower estimates. For each w e B, define the function /„, on B by 

' l-M 2 
.(i-M) 



By [11, Theorem 1.12] we obtain that 



(i-IH 2 )^ 

o<r<i (1 - r\w\ 2 Y 
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1 2 \ P N /l 



\\uC v f w \\ p AP = I \u(z)\p [ M \„;„7„„ V | 2 ) du a {z). (3.4) 



Wang and Liang: Essential norm of weighted composition operator 

Then the functions {f w : w € B} C H q belong to the ball algebra A(B) and form a bounded 
sequence of H q . For a compact operator JC : H q — > AP a arbitrarily. Since the sequence {f w } 
converges to 0 uniformly on compact subsets of B as |io| — > 1, therefore ||^C/to|Ug -> 0 as 
\w\ — > l~ . Consequently, we infer that 

C||uC y - fC\\ Hg ^ A p > limsup \\{uC<p - K)f w \\ A p > limsup HuC^/JUg- (3-3) 

|io|— s-l- — >1~ 

By the definition of f w , it is evident that 

1 - | to 
.\l-(v(z),w)\ 
Combining (3.3) and (3.4), we get that 

f / ill 2 \P N /i 

hC v -K\\ P H9 ^ A , > Climsup J b \u(z)\r ^L_ j dl/a{z y (3 . 5) 

Since this holds for every compact operator K, it is clear that 

\\uCJ iHq ^ > Climsup/ s \u( Z W ( ^.^J '^.W. (3-6) 

Furthermore, putting to = (1 — for 0 < t < 1 and £ e <9_B, it is easy to check 

0 . _ .2 \ N/q 

l/(i-t)c(*)l = ' 

> 



l-(l-t)(z,0\\ 



(|i-(z,C)|+t|(z,C)l) 
f 2 ^) >ct-»'*. 



That is, \ f { i- t )d z )\ P > Ct-P N / q for all z e 5(C,t), we have 

C sup < sup / |/ (1 _ t)c |"d/i VlU < sup ||«C„/ (1 _ t)c ||*,. (3.7) 

CedB t p "' q CedBJs(Ct) C&dB 



CedB v" IH (edBJs(Ct) CedB 

Letting t — > 0 + , thus |to| = |(1 — t)(\ — > 1~, we obtain 

My,u(>g(C,t)) 

Combining (3.8) with (3.6) and (3.4) we obtain 



C limsup sup y ^ pAr/<? ' < limsup sup ||uC v / ( i_ t)c || p p . (3i 



Climsup sup < \\uCX Hq ^ AP . (3.9) 

Then by (3.6) and (3.9), we complete the proof of the lower estimates. 
The upper estimates. For the sake of convenience, set 

f / ill 2 \ P N l q 

Mi := limsup / \u{z)\* ~ W{ du a (z) (3.10) 
\w\-n- Jb VI 1 - W),»)I7 

and 

M 2 := limsup sup ^g^ - (3.11) 

D(C, t) = {z e B : \z\ > 1 - t, ^ e Q(C, *)}. (3.12) 

\z\ 
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By (3.10), for a given e > 0, choose an Ri £ (0, 1) such that 

i-M 2 ^ pN/q 



B 



I^H ^^^ l dv a{z) <M l+ e, (3.13) 



for w £ B with |tu| > R\. For each ( £ dB and 0 < t < 1 — R\ = t\, we denote w\ = 
(1 — t)( £ B. Since the function 



l-HI 2 ^ N/q 



,(i-M) 2 , 

satisfies \f Wl (z)\ 9 > A~ N t~ N for all z £ S((,t), the inequality (3.13) shows that 



t pN/q JS«,t 



< C f \f Wl (z)\ p d^, u (z) 
Js(c,t) 

< f Hz)\"{f Wl o(p(z))du a (z) 



B 



|2 \ P N /l 



K \l-(<p{z), Wl )\* 
< C(Mi+ £ ), (3.14) 



l»(*)H m /.J^ L.M2 ) <M*) 



for all C € dB and 0 < t < h. 

By (3.11), choose 0 < t 2 < 1 such that 

sup '^g^ <M 2+£ , (3.15) 

for all 0 < t < t 2 - Let /Ui and ^ 2 be the restrictions of ^ u to B\(l — t\)B and £?\(1 — i 2 ).B, 
respectively. Using the same argument of the proof in [1, Theorem 1.1 (ii)], there exists 
constant C > 0 which depend only on p, q, a and N such that [i 3 {j = 1, 2) also satisfies the 
Carleson measure condition 

Mj(S(C,i)) < C{M j +e)t pN / q (3.16) 

for all ( £ dB and t > 0. By (3.14) and (3.15) we obtain that (3.16) is true for all 0 < t < tj. 
Hence, we assume that t > tj. For a finite cover {Q(iVk, tj/3)}, where Wk £ Q((,t) of the 
set Q((,t) = {z £ dB : |1 — (z,()\ < t}, the covering property implies that there exists a 
disjoint subcollection T of {Q(wk, tj/3)} satisfying 

Q((,t)cU r Q(w k ,tj). (3.17) 

Moreover, we obtain card (r) < C(t/t 3 ) N . By the notation (3.12), it follows that 

^(S(U)) < ^(D((,t))<Y,MD(w k ,t 3 )) 

r 

< J2^(S(w k ,2 tj )) < C{t/t 3 ) N {M 3 +e)tf /q 
r 

= C{Mj + e)t N tf /q - 1)N < C(M 3 + e)t pN / q , (3.18) 
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where the constant C depends only on p, q, a and the dimension N. Now, taking a function 
/ e H q with \\f\\ Hq < 1, it follows that 



\\uC v R n f\\ P A v = \_\u(z)\ p \R n f{ V (z))\ p du a (z) 
R n f(z)\ p d^. u (z) 

_+ f _)\Rnf(z)\ P d^ u (z) 
B\(l- tj )B J(l- tj )Bj 

R n f(z)\ p d^(z) + f _ \R n f(z)\ p d^ u (z) 

J(l-tj)B 



B 



L 



(3.19) 



IB J(l-t 3 )B 

for integers n > 1. Combining (3.16) with lemma 1 it follows that 



f \R n f{z)\ p d H {z) < C(M, + e)\\R n f\\ p Hq < C sup ||i?„|| p (Mj + e). (3.20) 
Jb n>i 

On the other hand, by lemma 3, we have 

J jR n f{z)\ p d^ u {z) < \\ff Hq (j2 T wM ) \l-t j \ k ) IMftp- (3-21) 



\k=n 



By the boundedness of uC v and taking f(z) = 1 e i/ 9 , it is evident that u e A p . 
Furthermore, the convergence of the series ^2(T(N + fc))/(fc!r(7V))|l — tj\ k implies 

p T ww ll ~ tj{k ^ 0,n ^ 00 - (3 - 22) 

Thus combining (3.21) and (3.22) it is clear that 

f _\R n f(z)\ p d^ iU (z)^0, n-xx>. (3.23) 

J(l-tj)B 

Combining (3.19), (3.20) and (3.23) with lemma 4, it follows that 

W uC J P e.H^A- ^ Uminf \\ uC V R n\\ P m ^A" ^ C SU P \\R n \\ P (Mj + e). (3.24) 

a n— 7-oo a n>l 

Since sup n>1 ||i? n || < oo from lemma 2. Moreover, since e > 0 is arbitrary, we conclude that 

f / ill 2 \ P N / q 

hCJl H ^ Al < Clinic J b \u { z)\ p { ^_-^l w)? ) d, a (z) (3.25) 

and 

\\uCJ P eHq ^ AP < Clim sup sup ^' u i S N ^ t] \ (3.26) 

completing the upper estimates. This finishes the proof. □ 

The following corollary is an immediate consequence of the above theorem. 

Corollary 1. Let 1 < q < p < oo, and a > — 1. Suppose that uC v is bounded from H q into 
A v a . The following conditions are equivalent: 

(a) uC v : H q — > A v a is compact; 

(b) u and ip satisfy 

r ( i-h 2 Y N/q 

hmsup / \u(z)\ p — — — dv a (z) = 0; 

\w\-+i-Jb VI 1 - (<P(z),w)\ 2 J 
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(c) u and ip satisfy 



limsup sup 

t->o+ tedB 



= 0. 



fpN/q 
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ON THE g- ANALOGUE OF A-DAEHEE POLYNOMIALS 



JIN- WOO PARK 



Abstract. Recently, Daehee polynomials and A-Daehee polynomials are in- 
troduced in [3, 4]. In this paper, we study the g-analogue of A-Dachec polyno- 
mials of first kind or second kind. In addition, we investigate their properties 
arising from the p-adic g-integral equations. 

1. Introduction 

Let d be fixed positive integer and let p be a fixed prime number. Throughout this 
paper, Z p , Q p , and C p will respectively denote the ring of p-adic rational integers, 
the field of p-adic rational numbers and the completions of algebraic closure of Q p . 
the p-adic norm is defined \p\ p = i 

We set 

X d = \imZ/dp N Z, X* = {J (a + dpZ p ) , 

^ 0<a<dp 
(a,p)=l 

a + dp Nr L p = {i£ X\x = a (mod dp N )} , 

where a G Z and 0 < a < dp n . 

When one talks of g-extension, q is various considered as an indeterminate, a 
complex q e C, or p-adic number g € C p . If q € C, one normally assumes that 
\q\ < 1. If q G C p , then we assume that \q — l\ p < p~p=i so that q x = exp(xlogg) 
for each x e 7L V . Throughout this paper, we use the notation : 

I - q x 
[*], = Y^q- 

Hence, lim g _ i . 1 = x for each x e Z p . 

Let UD(Z p ) be the space of uniformly differentiable functions on Z p . For / e 
UD(Z p ), the p-adic q-integral on Z p is defined by Kim as follows : 

P N -i 

W) = I f{xW q {x) = lim -L- Yl ( see t 5 ' 6 D- ( L1 ) 

Jz p N ^°° \P"\q ^ 

Let fi(x) — f(x + 1). Then, by (1.4), we can get the following well-known 
integral identity 

+ W) = (i - ?)/(o) + ^ /'(0), (1-2) 



where /'(0) = « x=0 



1991 Mathematics Subject Classification. 11B68, 11S40, 11S80. 

A"ey words and phrases. A-Daehee polynomials, q-Daehee polynomials, q-extension of A-Daehee 
polynomials first kind, q-extension of A-Daehee polynomials second kind. 

1 
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The Stirling number of the first kind is defined by 

n 

{x)n — x{x 1) • • • (x - n + 1) = ^ s i( n > 0^> (n > 0), (1.3) 

1=0 

and the Stirling numbers of the second kind is defined by 

( e <-l)"=n!f>(Z,n)|, 

l—n 

(see [2, 10]). 

It is well known that the q-Bernoulli polynomials of order k arc defined by the 
generating function to be 

When a; = 0, B„, 9 = £>„ jg (0) are called the n—th q-Bernoulli numbers. 
The Daehee polynomials of the first kind are defined by the generating function 
to be 

n=0 

and the Daehee polynomials of the second kind are given by 



x + - 

n=0 

(see [3, 7]), and in [1], authors defined the q-Daehee polynomials as follows. 
1 - q + log(l + t) ~ +« 

y y n=0 

Recently, Daehee numbers and polynomials are introduced by Kim et. al., and 
found interesting identities(see [1, 3, 4, 7-12]). In [4], D. S. Kim et. al. considered 
the A-Daehee polynomials and investigate their properties. In this paper, we derive 
the (/-analog of the A-Daehee polynomials and found some interesting identities and 
properties. 

2. (J- ANALOGUE OF A-DAEHEE POLYNOMIALS OF THE FIRST KIND 

In this section, we assume that teC with \t\ p < p^p^ 1 and A e Z p . 
Now, we consider the X-q-Daehee polynomials which are a generalization of Dae- 
hee polynomials as follows: 

<7- 1 + Ei A1 °g( 1 + ^ ^„ , ,t" 



(l+tr = ^D ntX , q (x)- r (2.1) 



n=0 

When x = 0, D n ^\ iq = D ni \ !q (0) are called the X-q-Daehee numbers. It is easy to 
see that D n . q (x) = D nA . q (x) and D n , q = Ai,i, 9 - 
Let us take f(x) = (1 + t) xt . From (1.2), we have 
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By (2.2), we get 

~ t n q- 1 + f^Alogfl + i) 

g 0 ^ ( *4= ^ {1+tr 

= [ (i + t) x y+*d N (x), 

and 

f (i + = £ / f Ay + x )d N (y)t n 

= S / ( A » + a; )n d ^(»)-T- 

Thus, by (2.3) and (2.4), we obtain the following theorem. 
Theorem 2.1. For n > 0, we have 

D n Xq{x)= / {\y + x) n d(J,q(y)- 

By replacing t by e* — 1 in (2.1), we get 

n — 1 4- \+ 00 i 



y n=0 



oo / m 



= H ( H D niX , q (x)S 2 (m,n) 

and 



, m! 

m— 0 \n— 0 / 



log 9 Q tx 

qe xt — 1 ge > 



Therefore, by (2.5), (2.6) and (2.7), we obtain the following theorem. 
Theorem 2.2. For n>0, we have 

n 

D n ^ q {x) = Y,Si(n,l)\ l B hq (^ 

1=0 

and 

m 

X m B m , q (J) = £ S 2 {m,n)D n ^ q {x). 

n=0 



(2.3) 



(2.4) 



(2.5) 



y n=0 

By (1.3) and Theorem 2.1, 



D n ,\,q= {\y + x) n dn q {y) 

n ,. 

= Y,Si{n,l)X l {y+^jd^iy) (2J) 

1=0 
n 
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oo / m \ 

= E E^S>)*k»> )ri 

m=0 \n=0 / 



and 



Thus, by (2.10), (2.11) and (2.12), we obtain the following theorem. 
Theorem 2.3. For n > 0, k € N, we have 



71 



m=0 

and 



1=0 

n I 

= EE^<^ 2 (Z,m)< ) A >). 



(2.9) 



Let us consider the X-q-Daehee polynomials of the first kind with order k(€ N) 
as follows: 

D n\ q ( x ) = •••/ ( Al H V\x k +x) n dn q {x 1 )---dn q (x k ). (2.8) 

From (2.8), we can derive the generating function of q (x) as follows: 

°° , 4-n 

E^ fe U*4 

= E / " / ( Xxi H l-Aa;fc+a;) n d/i,(a;i)---d/i,(a;fe)-7 

= [ ■■■/ (l + t) Aa:i+ - +Aa;fc+a; dM g (^l)---^g(^) 

_/ g -l + j£Alog(l + t) \ fc 

Note that by (2.8), 

D n ,x,q(x) X 1 I ■ ■ ■ I (xi-\ ^ Xk + j) dn q (xi) ■ ■ ■ dn q (x k ) 

n 

^s^Dx'B^d). 

1=0 

From (2.9), we have 

xt ) k W-t^toxV-V 



(2.10) 



(2.11) 



c^)=X;A"B«(|)L. (2.12) 



2=0 m=0 
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3. ANALOGUE OF A-DAEHEE POLYNOMIALS OF THE SECOND KIND 

For n > 0, the rising factorial sequence is denned by 

=x(x + 1) • • • (x + n - 1) = {-l) n {-x) n 

(3.1) 



■ J2(-^ n ~ l Si(n,l)x l . 



1=0 



Let us define the X-q-Daehee polynomials of the second kind as follows: 
q - 1 - f^Alogfl +t) 00 _ +n 

y v ' n=0 

In the special case, A = 1, D n _i_ q (x) = D nq {x) is called the q-Daehee polynomials 
of the second kind, and if x = 0, then -Dn,i j(J (0) = £> njg (0) = -D„.,j is called the 
q-Daehee numbers of the second kind. 

Let us take f(x) = (1 + t)~ Xx . Then, by (2.1), wc have 

/ (i+r Ax <w*)= ^f^T — -a+o\ (3.3) 

Jz„ 



and so 



<?-(! + *)> 



/■ , o- 1- ^— ^Alog(l+t 



= £S n>A ,,(a;)^. 

n=0 



y l°g<? JX+x)t l e J-/ 1 



o — e At ^— ' n 

H n=0 

oo / m 

X] D ni x,g(x)S 2 (m,n) 



m—0 \n— 0 



m! ' 



(3.4) 



(3.5) 



By (3.4), we get 

/ (l + t)-^d N (y)=f: [ (~ X l +X )d N (y)t n 

J1 V n =0 Jz p V n / 

=E / (-<ty+*)»rr 

By (3.3) and (3.5), we get 

£>n,\,q( X ) = / (-^V + x )nd^ q (y) 

= f>(n,0(-W (»- ^)'<Ml/) (3.6) 

n 

= 2Si(n.0(-A) , B I ,, (-|). 

0=0 

By (3.4), we get 



(3.7) 
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and 

q — e xt q — e xt 

OO J-TYh 

m=0 

Therefore, by (3.6), (3.7) and (3.8), we obtain the following theorem. 
Theorem 3.1. Form > Q, we have 

m 

D m ,X, q (x) = 5>i(m,Z)(-A)'Bj,, 

1=0 

and 

m 

(-X) m B m , q (-|) =^5„, A , 9 (x)5 2 (m,n) 

m n 

= E E n)5i(n, OC-Aj'Bi,, (~) • 

n=0 Z=0 

By the Theorem 3.1, we obtain the following corollary. 
Corollary 3.2. For n > 0, we have 

m 

D nXq = Y,Si(m,l)(-\) l B l!q , 

and 

m 

B m , g =(-A) m ^S„, A , 9 5 2 (m,n) 

n=0 

m n 

= ^(-A) m+, S 2 (m, n)^(n, l)B Lq . 
Remark 3.3. As the special case of the Corollary 3.2, A = 1, we have 

m 

A»,, = £(-l)'Si(m,Z)B,,, 
z=o 

and 



B m ,,=(-lf£5 n , ? S 2 ( m ,n) 

n-0 

m n 

= E E(- 1 )' +m,Sl ( n ' n)B liq . 



(3.8) 



n=0 Z=0 

For k e N, wc define the X-q-Daehee polynomials of the second kind with order 
Dn\, q ( x ) = \ •••/ (- Aa; i \xk+x) n d^ q {xi)---dn q {x k ). (3.9) 
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From (3.9), we can derive the generating function of 

00 , j-n 

= E / "/ (~ Aa;i Xx k +x) n d^ q {x 1 )---dn q {x k )- 

= [ ■■■ / (l+t)- x ^-- Xx " +x d f i q (x 1 )---d t x q (x k ) 



'«-l-igAIog(l + tr 



V 9-(l + t) A 
Replacing £ by e* — 1 in (3.10), we get 



fc 

(l+t) ; 



n=0 \ i 



oo 

E(-A) ro B^ (- 



m=0 



and 

l * x„ oo / m 



5 i fc L = E^(^o(-A) ; < 



j(fe) 

(=0 



(3.10) 



(3.11) 



(3.13) 



E B S. fl (»)^r- ^ E E^k^U*) (3 - 12) 

n=0 m=0 \n=0 / 

By (1.3) and (3.9), we get 

= y^5 l i(n,f) / •••/ (-Axi Ax fe + x) l d[i q {x x ) ■ ■ ■ d/j, q (x k ) 

1=0 p 
n 

=E^K0(-A)'< } (-f). 

Hence, by (3.11), (3.12) and (3.13), we obtain the following theorem. 
Theorem 3.4. For n>0, we have 

5SLw = E^(-'0(-Ay< ) (-|) 

and 

(-« (-f) = E ^m)^^) 

n m 

= E E^O^mX-A)^ (-£) . 
m =o z=o 

As the special case of Theorem 3.4, if we put x = 0, then 
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and 

n 

(-XrB^ = J2S 2 (n,m)D^ q 



m=0 
n ra 



If we put A = 1, then 



= ^^S 1 (m,i)^(n 1 m)(-A) , B(J. 

m=0 1=0 
n 



1=0 



and 

n 



m=0 
n m 



m=0 i=0 

We observe that 

X n D n,X,q _, /* (Ay + x)„ 



( =(—1)" /" 

X p ( 



Ay — x + n — 1 
n 



m=l v 7 

f n ~ 1 \Dn,\,q{-x) 



m— 1 



m — 1 



and 



'Ay — x + n — 1 



X„ ( 



n 



m=0 
n / n— 1 



m— 1 



E 



n - 1\ -Dn,A, g (-^) 

m — 1 / m! 



Therefore, by (3.14), (3.15), Theorem 2.2 and Theorem 3.1, we obtain the following 
theorem. 
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Theorem 3.5. For n > 1, we have 

, D n ,x,g(x) _ ^ (n - l\ D m ,\q{-x) 

to! 



1 ' n\ 



m— 1 
n m { n—1 



and 



(-i) 



= EE^(™.o(-A)'B«„(f) 

m=l ;=o 

„ D n ^ x ,q{x) _ /n - 1\ D m ,A, g (-a;) 



n! ^— ' \m — 1/ to! 

m— 1 

n m ( n—1 



m=l Z=0 

By the similar way to Theorem 3.5, we also obtain the following remark. 
Remark 3.6. For n > 1, we have 



n! Z—' 

and 



n\ ^— ' Vm — 1/ to! 



(-1)' 



.^S>)_^/n-l\<U- a; ) 



n! ^— ' \m — 1/ //;! 

m— 1 
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On fuzzy 5-algebras over t-norm 
Jung Mi Ko 1 and Sun Shin Ann 2 * 
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Korea 

2 Department of Mathematics Education, Dongguk University, Seoul 100-715, Korea 

Abstract. In this paper, we introduce the notion of T- fuzzy subalgebra/normal of -B-algebras using a i-norm T. 
Then some related properties of them are investigated. We discuss the direct product and T-product of T-fuzzy 
normal subalgebras of £>-algcbras. We also generalize the idea to the product of T-fuzzy normal subalgebras of 
B-algebras. 

1. Introduction 

The notion of 5-algebras was introduced by J. Neggers and H. S. Kim ([6]) as a class of 
algebras which is related to several classes of algebras of interest such as BCH/BCI /BCK- 
algebras. J. R. Cho and H. S. Kim ([2]) proved that every 5-algebra is a quasigroup, and M. 
Kondo and Y. B. Jun ([4]) showed that the class of all 5-algebras is equivalent in one sense to 
the class of groups. A. Walendziak ([8]) obtained some systems of axioms defining a B- algebra, 
and also obtained a simplified axiomatization of 0-commutative 5-algebras. Y. B. Jun et al.([3]) 
fuzzyfied (normal) £>-algebras and gave a characterization of a fuzzy 5-algebras. S. S. Ahn and 
K. Bang([l]) classified the subalgebras by their family of level subalgebras in B- algebras. 

In this paper, we introduce the notion of T-fuzzy subalgebra/normal of i?-algebras over a T- 
norm T, and then we investigate some related properties. We also discuss the direct product and 
T-product of T-fuzzy normal subalgebras of i?-algebras. 

2. Preliminaries 

A B- algebra ([6]) is a non-empty set A with a constant 0 and a binary operation "*" satisfying 
the following axioms: 
(al) x * x = 0, 
(a2) x * 0 = x, 

(a3) (x * y) * z = x * (z * (0 * y)) 
for all x, y, z in A. 

In any 5-algebra X, we define a relation " < " by putting x < y if and only if x * y = 0. 

°2010 Mathematics Subject Classification: 06F35; 03G25. 
°Keywords: £?-algebra; T-fuzzy subalgebra/normal; T-product. 
* The corresponding author. 

°E-mail: jmko@gwnu.ac.kr (J. M. Ko) ; sunshine@dongguk.edu (S. S. Ahn) 
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A 5-algebra X has the following properties (see [2,6]): 

(bl) (Vx, y, z G X)(x * (y * z) = (x * (0 * z)) * y). 
(b2) (Vx,y G X)((x*y) * (0*y) = x). 
(b3) (Vx, y,z E X){x * z = y * z ^ x = y). 
(b4) (Vx,y G X)(x * y = x * (0 * (0 * y))). 
(b5) (Vi,)/el)(i*t/ = 0^i = !/). 
(b6) (Vx, i/Gl)(0« = 0*!/i>x = i/), 
(b7) (Vx G X)(0* (0*x) =x). 

A non-empty subset X of a I?-algebra X is called a B-subalgebra of X if x * y G X for any 
x, y G X. A non-empty subset A/" of a 5-algebra X is said to be normal if (x * a) * (y * b) G N 
whenever x * y G X and a * b & N . Note that any normal subset N of a 5-algebra X is a 
5-subalgebra of X, but the converse need not be true (see [7]). A non-empty subset N of a 
-B-algebra X is called a normal B-subalgebra of X if it is both a -B-subalgebra and normal. A 
mapping / : X — > Y of 5-algebras is called a B -homomorphism if f(x * y) = f(x) * f(y) for 
any x,y G X. A mapping / : X — )■ Y of 5-algebras is called an epimorphism if it is an onto 
5-homomorphism. Note that if / is a 5-homomorphism, then /(0) = 0. 

We now review some fuzzy logic concepts. Let X be a non-empty set. A fuzzy set \i in X 
is a function /x : X — )■ [0, 1]. For any fuzzy sets a and f3 of a set X, we define a D /3(x) : = 
min{o;(x), /3(x)} for all x G X 

Definition 2.1. ([3]) Let /i be a fuzzy set in a _B-algebra. Then /x is called a /tx^y subalgebra of 
X if /x(x * y) > min{/x(x), /x(y)} for all x, y G X. 

Definition 2.2. ([5]) A binary operation T on [0, 1] is called a triangular norm (briefly, t-norm) 
if 

(Tl) boundary condition: T(x, 1) = x; 

(T2) commutativity: T(x,y) =T(y,x); 

(T3) associativity: T(x,T(y, z)) — T(T(x,y), z); 

(T4) monotonicity: T(x,y) < T(x,z) whenever y < z, for all x,y,z G [0,1]. 

Note that T(x,y) < min{x,y} for all x,y G [0, 1] and 

T(T(x, 2 /),T(z,t))=T(T(x,^),T( 2/ ,t)) 

for all x, y, £ G [0, 1]. 

Definition 2.3. Let P be a t-norm. Denote by Ap the set of elements x G [0, 1] such that 
P(x,x) = x, i.e., Ap = {x G [0,]|P(x,x) = x}. If 7m(/x) C Ap, then the fuzzy set /x is said to 
be imaginable. 
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3. T-fuzzy subalgebras/normal of 5-algebras 

In what follows, let T and X denote a t-norm and a 5-algebras respectively, unless otherwise 
specified. 

Definition 3.1. A fuzzy set /x in X is called a fuzzy subalgebra of X over T (briefly, a T-fuzzy 
subalgebra of X) if it satisfies 
(TF 0 ) fi(x*y)>T{fi(x),fi(y)} 
for all x,y G X. 

Example 3.2. Let X : = {0, 1, 2, 3,4, 5} be a £-algebra([3]) with the following table: 
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Let T m : [0, 1] x [0, 1] — > [0, 1] be a function defined by T m (x,y) = max(x + y — 1,0) for all 
x,y & [0,1]. Then T m is a t-norm. Define a fuzzy set /x in X by /i(0) = 0.8, /x(3) = 0.65 and 
fj,(x) = 0.25 for all x G X \ {0, 3}. Then /x is a T m -fuzzy subalgebra of X. 

Definition 3.3. A T-fuzzy subalgebra /x is called an imaginable T-fuzzy subalgebra of X if it 
satisfies the imaginable property with respect to T. 

Example 3.4. Let T m be a t-norm and let X = {0,1,2,3,4,5} be a 5-algebra as in Example 
3.2. Define a fuzzy set v in X by i/(rr) = 1 if x G {0,3} and z/(:r) = 0 if re G X \ {0,3}. It is 
easy to show that v{x * y) > T{v(x), v(y)} for all x,y G X. Also Jm z/ C Ay m . Hence z/ is an 
imaginable T m -fuzzy subalgebra of X. 

Proposition 3.5. If /x is an imaginable T-fuzzy subalgebra of X , then /x(0) > fx(x) for all x G X. 

Proo/. Let x G X. Then /x(0) = /x(x * x) > T{/x(x), /x(x)} = /x(x). □ 

For any element x and y of X, let us write Y[ n x * V f° r x *(•••* (x * (x * y))) where x occurs 
n times. 

Proposition 3.6. Let /x be an imaginable T-fuzzy subalgebra of X and let n G N. Tnen 

(i) /x(n™ x * x) > n(x) whenever n is odd, 

(ii) /x(n™ x * x ) — ivnenever n is even 
for aii x G X . 

Proof, (i) Let rr G X and assume that n is odd. Then n = 2k — 1 for some positive integer k. 
Observe that /i(x*x) = /x(0) > /x(x) by Proposition 3.5. Suppose that fi(Y[ 2k l x * x ) ^ M^) f° r 
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a positive integer k. Then 

2(fc+l)-l 2k+l 

fi{ | j x * x) =/i( Y\ x * x) 

2k-l 



-fi( Y[ X * (x * (x * x))) 



2k-l 



=/i( Y\ % * x) (•.• (al) and (a2)) 
>n(x). 

Hence (i) holds, (ii) is similar to (i). □ 

Proposition 3.7. If fi is an imaginable T-subalgebra of X , then 

(ffll) ^(0*3;) > u,(x), 
(ffi2) fi(x*(0*y)) >T{u.(x),u.(y)} 
for all 

Proof. (fBl) For all x G X, we have 

/i(0 * x) > T{fi(0),fi(x)} = T{fi(x * x),u,(x)} > T{T{fi(x),fi(x)}, pt(x)} = pt(x) 

since \i is imaginable. 

(fB2) Let x, y G X. Then we get 

H(x*(0*y)) >T{fr(x)^(0*y)} 

>T{^x),T{^0),rc(y)}} 

>T{fi{x),T{fi{y),fi{y)}} (v Proposition 3.5 and (T4)) 
=T{fi{x),fi{y)}. 

□ 

Using (b7), Proposition 3.5 and (T4), if /i is an imaginable T-subalgebra of X, then fi(x) = 
/i(0 * (0 * x)) > T{fi{0),fi{0 *x)}> T{/i(0 *x),fi{0*x)} = /i(0 * x), i.e., u.(x) = /i(0 * x), for any 
x G X. 

Proposition 3.8. If a fuzzy set fi in X satisfies (fBl) and (fB2), then /i is a T-fuzzy subalgebra 
ofX. 

Proof. Assume that a fuzzy set fi in X satisfies the condition (fBl) and (fB2) and let x,y G X. 
Using (b4), (fB2), (fBl) and (T4), we obtain u.(x * y) = fi{x * (0 * (0 * y))) > T{u,(x),u,(0 *y)}> 
T{/i(x), fi(y)}. Hence /i is a T-fuzzy subalgebra of X. □ 

Theorem 3.9. Let fi be an imaginable T-fuzzy subalgebra of X. If there exists a sequence in 
X such that /im n ^oo/i(a; n ) = 1, then /i(0) = 1. 

Proof. By Proposition 3.5, /i(0) > fi(x) for all x G X. Hence fi(0) > fi(x n ) for any positive 
integer n. Since 1 > fi(0) > limn^^fi^Xn) = 1, we have /z(0) = 1. □ 
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Definition 3.10. A fuzzy set fx in X is called a T -fuzzy normal of X if it satisfies the inequality 

(TFi) fi{{x *a)*{y* b)) > T{fx(x * y),fx(a * b)} 

for all a, b,x,y G X. A T-fuzzy normal fx is called an imaginable T -fuzzy normal of X if it satisfies 
the imaginable property with respect to T. 

Example 3.11. Let T m (x,y) = max(x + y — 1,0) for all x,y G [0,1] be a t-norm and let 
X = {0, 1, 2, 3, 4, 5} be a 5-algebras as in Example 3.2. If we define a fuzzy set v : X — > [0, 1] by 
i/(0) = i/(l) = i/(2) = 0.8 and i/(3) = i/(4) = u(5) = 0.3, then v is a T-fuzzy normal of X. 

Theorem 3.12. Every T-fuzzy normal set fx in X is a T-fuzzy subalgebra of X. 

Proof. For any x,y G X, since fx is a T-fuzzy normal of X, /i(x * y) = fx((x * y) * (0 * 0)) > 
T{fi(x * 0),/x(y * 0)} = T{fx(x), fi(y)}. Hence /x is a T-fuzzy subalgebra of X. □ 

Remark 3.13. The converse of Theorem 3.12 is not true. For example, the T m -fuzzy subalgebra 
fx of X in Example 3.2 is not a T m -fuzzy normal of X, since fx((2 * 5) * (4 * 1)) = fx(2) = 0.25 < 
0.3 = T m {/i(2*4),M5*l)}. 

Definition 3.14. A fuzzy set fx in X is called a T-fuzzy normal subalgebra of X if it is a T-fuzzy 
subalgebra which is a T-fuzzy normal. 

Proposition 3.15. If a fuzzy set fx in X is an imaginable T-fuzzy normal subalgebra of X, then 
fx(x * y) = fi(y * x) for all x,y G X. 

Proof. Let x, y G X. Then we have 

fx(x * y) —fi((x * y) * (x * x)) (v (al) and (a2)) 

>T{fx(x * x), fx(y * x)} (v /i : T-fuzzy normal) 
=T{n(0),n(y*x)} 

>T{fi(y * x), fx(y * x)} (v (T4) and Proposition 3.5) 

=fx(y * x) (•." /i : imaginable). 
Interchanging x with we obtain fi(y * x) > fi(x * y), which proves the proposition. □ 
Theorem 3.16. Let fx be an imaginable T-fuzzy normal subalgebra of X. Then the set 

X^.= {x e X\fx(x) = fx(0)} 

is a normal B-subalgebra of X. 

Proof. It is sufficient to show that X^ is normal. Let a,b,x,y G X be such that x *y,a*b G X^. 
Then fx(x * y) = fi(0) = fi(a * b). Since fx is a T-fuzzy normal of X, it follows that 

fx((x * a) * (y * b)) >T{fi(x * y),fi(a *b)} 
=T{/i(0),/i(0)} 
=/i(0) (y fx : imaginable). 
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Combining Proposition 3.5, we conclude that u,((x * a) * (y * b)) = /i(0) which shows that (x * 
a) * (y *b) elj,, This completes the proof. □ 

Theorem 3.17. The intersection of any set ofT-fuzzy normal subalgebras of X is also a T-fuzzy 
normal subalgebra of X. 

Proof. Let {/i Q |o G A} be a family of T-fuzzy normal subalgebras of X and let a,b,x,y G X. 
Then 

(D aeA/ u Q )((a; * a) * (y * b)) = inf u, a ((x * a) * (y * b)) 

aGA 

> inf {T{/i a (x * y),fi a (a * b)}} 

aGA 

>T{ inf {u, a (x * y) , inf {/x Q (a * b) } } 

aGA aGA 

=T{D aeA fi a (x * y), D aeA fi a (a * b)} 

which shows that n ae A/i a is a T-fuzzy normal of X. By Theorem 3.12, n aG \fi a is a T-fuzzy 
subalgebra of X. Thus it is a T-fuzzy normal subalgebra of X. □ 

The union of any set of T-fuzzy normal subalgebras of X need not be a T-fuzzy normal 
subalgebra of X. For example, if we define a fuzzy set a : X — > [0, 1] by a(0) = a(A) = 0.8 > 

0. 2 = (x(l) = cr(2) = (j(3) = <t(5) in Example 3.2, then it is also a T m -fuzzy normal subalgebra of 
X. Since (/i U a) (3 * 4) = (/i U tr)(2) = 0.25 < 0.45 = T m {(/i U cr)(3), (u, U (r)(4)}, /iUffis not a 
T m -fuzzy subalgebra. Since every T-fuzzy normal of X is a T-fuzzy subalgebra of X, the union 
of T-fuzzy normal subalgebra of X need not be a T-fuzzy normal subalgebra of X. 

4. Direct products and t-normed products of Z?-algebras 

Definition 4.1. Let fi and v be fuzzy sets of a S-algebra X and let T be a t-norm of X. Then 
the T -product of ii and v is defined by 

[/i • v\ T {x) := T(n(x),v(x)) 

for all x G X and denoted by [/i • u] T . 

Theorem 4.2. Let u., v be two T-fuzzy normal of X and let T* be a t-norm which dominates T, 

1. e., 

T*(T(a, b),T(c, d)) > T(T*(a, c), T*(6, d)) 
for all a, 6, c and d G [0, 1]. Tnen T* -product of fi and v, \pi ■ v] T * is a T-fuzzy normal of X. 

Proof. For any x, y,a,b G X, we have 

[a. ■ v\ T *((x * a) * (y * b)) =T*{fi((x * a) * (y * b)), u((x * a) * (y * b))} 

>T*{T{fi(x * y),fi(a * 6)}, T{v{x * y), v{a * b)}} 
>T{T*{^(x * y), u(x * y)},T*{fi(a * 6), u(a * b)}} 
=T{[/i • u] T *(x *y),[n- v] T *(a * b)}. 

Hence [/i • v]t* is a T-fuzzy normal of X. □ 
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Corollary 4.3. Let fi, v be two T-fuzzy subalgebra of X and let T* be a t-norm which dominates 
T, i.e., 

T*(T(a,b),T(c,d)) > T(T*(a,c),T*(b,d)) 
for all a, b, c and d G [0, 1]. Then T*-product of /i and v, [jj, ■ v} T * is a T-fuzzy subalgebra of X . 

Proof. Put a := 0, b := 0 in proof of Theorem 4.2. □ 

Let / be a mapping defined on X and let /jl be a fuzzy set in f(X). The fuzzy set in X 

defined by := fj,(f(x)) for all x G X is called the preimage of /i under /. 

Lemma 4.4. Let f : X — > Y be an epimorphism of B-algebras and let \x be a T-fuzzy subalge- 
bra(normal) of X. Then the pre-image of ji of u, under f is a T-fuzzy subalgebra(normal) 

ofX. 

Proof. Assume that /j, is a T-fuzzy subalgebra of Y . Let x, y G X. Then 

[f- 1 (fj,)](x*y)) =u,(f(x*y)) 

=M/(*) * f(v)) 

>TW(x)),VL(f(y))} 
=T{[f-\^)](x),[r\^]( y ))}. 

Hence is a T-fuzzy subalgebra of X. 

Assume that /i is a T-fuzzy normal of F. Let x, y,a,b G X. Then 

* a) * (y * 6)) =n(f((x *a)*(y* b))) 

=li((f(x)* /(a)) *(/(y) */(&))) 

>TW(x)*f(y)),iM(f(a)*f(b))} 

=T{fjL(f(x*y)),^f(a*b))} 

=T{[/- 1 ( / ,)](x*y),[/- 1 ( / ,)](a*fo)}. 

Therefore f~ l (n) is a T-fuzzy normal of X. □ 

Let / : X -> 7 be an epimorphism of 5-algebras. If /i and z/ are T-fuzzy subalgebras of V, 
then the T*-product [// • of // and v is a T-fuzzy subalgebra of Y whenever T* dominates T. 
Since every epimorphic pre-image of a T-fuzzy subalgebra is a T-fuzzy subalgebra, the pre-images 
and / _1 ([yU-z/] r *) are T-fuzzy subalgebras. The next theorem provides the relation 
between • v]t*) and the product • / _1 (^)]t* of and f~ l (v). 

Proposition 4.5. Assume that f : X — >■ Y is an epimorphism of B-algebras and T,T* are 
t-norms such that T* dominates T. For any T-fuzzy subalgebra \x and v ofY, we have 
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Proof. For any x G X, we get 

=T*W(x)),v(f(x))} 

=[rV)-r»M*), 

completing the proof. □ 

Let (Xi, *i, 0i) and (X2, *2, O2) be 5-algebras. Define a binary operation * on X\ x X2 by 

(x 1 , x 2 ) * (yi, y 2 ) ■■= (xi *i x 2 , yi * 2 y 2 ) 

for all (xi,a: 2 ), (1/1,1/2) ^ -X\ Then (X, *,0) is a 5-algebra, where 0 = (0i,0 2 ). 

Theorem 4.6. Let X = Xi x X 2 he the direct product of B -algebras X 1 and X 2 . If Hi (resp., 
H2 ) is a T '-fuzzy normal subalgebra of Xi(resp., X 2 ), then /i :— /ii x /x 2 is a T -fuzzy normal 
subalgebra of X defined by 

H(x 1 ,x 2 ) = (/ii x fi 2 )(x 1 ,x 2 ) = T(n 1 (x 1 ),H2(x 2 )) 

for all (xi,x 2 ) Gli x X 2 . 

Proof. Let x = (xi,x 2 ),y = (yi,y 2 ), a = (ai,a 2 ),6 = (61,62) £ X. Then we have 
fj,((x *a)*(y* 6)) =fi[((x 1 , x 2 ) * (a u a 2 )) * ((yi, y 2 ) * (61, 62))] 
=/i((xi * ai) * (yi * h), (x 2 * a 2 ) * (2/2 * h)) 
=(A*i x A^XOei * ai) * (j/i * 61), (z 2 * a 2 ) * (y 2 * 6 2 )) 
=T , (//i((zi * ai) * (yi * 6i)),/x 2 ((z 2 * a 2 ) * (y 2 * b 2 )) 
>T(T(/ii(xi * yi), A*i(ai * 61)), T(/i 2 (x2 * y2),^2(a 2 * 62))) 
=T(T(^i(xi * yi), a* 2 (^2 * y2)),T(ii 1 (a 1 * b 1 ),fi 2 (a 2 * b 2 )) 
=T((/ii x // 2 )(zi * yi,x 2 * y 2 ), (/ii x // 2 )(ai * 61, a 2 * b 2 )) 
=T(fi((x 1 ,x 2 ) * (yi,y 2 )),/i((ai,a 2 ) * (61,62))) 
=T(fx(x*y),[r(a*b)). 

Hence /i = /ii x /i 2 is a T-fuzzy normal of X. By Theorem 3.12, /1 = /ii x /i 2 is a T-fuzzy 
subalgebra of X. Therefore /i — /ii x /jl 2 is a T-fuzzy normal subalgebra of X. □ 

Now, we generalize the idea to the product of T-fuzzy normal subalgebra. We first need to 
generalize the domain of t-norm to niLilP' -*-] as f° nows - 

Definition 4.7. The function T n : niLilPjl] — ^ [0)1] * s defined by T n (ai,a 2 , ■ ■ ■ ,a„) : = 
T(aii, T n _i(ai, • • • , ctj-i, CKj+i, • • • , a n )) for all 1 < i < n, where T 2 = T and Ti = id. 

Using the induction on n, we have following two lemmas: 
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Lemma 4.8. For a t-norm T and every Pi, where 1 < % < n and n > 2, we have 
T n (T(«i, /3i),T(a 2 , (3 2 ), ■ ■ ■ , T(a n , /?„)) 

=T(T n (ai, a 2 , • • • , a n ), T n (f} u (3 2 ,--- , /?„)). 

Lemma 4.9. For a t-norm T and every a\, a 2 , ■ ■ ■ , cx n £ [0, 1], where n > 2, we have 
T n (a x , a 2 , ■ ■ ■ , a n ) =T(- ■ ■ , T(T(T(a 1 , a 2 ), a 3 ), a 4 ), ■ ■ ■ , a n ) 
=T(«i, T(a 2 , T(a 3 , ■■■ , T(a n - 1 , «„)•■• ))). 



Theorem 4.10. Let X := YYi=i-^i ^ e ^ ne direct product of B-algebras {Xi}™ =l . If ^ is a 
T-fuzzy normal subalgebra of X { , where 1 < i < n, then \i = Yli=i f^i defined by 

n 

H{x u --- ,x n ) = (JJ^)(a:i,--- ,x n ) = T(u.(xi), ■ ■ ■ ,n{x n )) 
i=i 

is a T-fuzzy normal subalgebra of X . 

Proof. Let x = (x x , ■ ■ ■ , x n ), y = (y u ■ ■ ■ , y n ), a = (oi, • • • ,a n ),b = (bi, ■ ■ ■ , b n ) be any elements 
of X. Using Lemmas 4.8 and 4.9, we have 
u,((x*y) * (a* b)) 

=fi((x 1 * yi) * (ai * 6i), (x 2 * y 2 ) * (a 2 * b 2 ), ■ ■ ■ , (x n * y n ) * (a n * b n )) 
=T n (/ii((a;i * yi) * (a x * fei)), • • • , fr n ((x n * y n ) * (a n * b n ))) 
>T n [T(iii(xi * ai),/ii(yi * h)), ■ ■ ■ ,T(ii n (x n * a n ),n n {y n * b n ))] 
=T[T n (fi 1 (x 1 * a 1 ),ii 2 (x 2 * a 2 ), ■ ■ ■ , n n {x n * a n )), 

T n (/ii(yi * bi),n 2 {y 2 * b 2 ), ■ ■ ■ ,n n (y n * b n ))] 
=T[//(((xi, • • • , x n ) * (ai, • • • , a n )) * {(y x , ■■■ , y n ) * (b±, ■ • ■ , b n ))] 
=T[fi((x * a) * (y * b))]. 

Hence fr = YYi=i * s a ^-fuzzy normal of X. By Theorem 3.12, fi = YYi=i ^ s a ^-fuzzy 
subalgebra of X. Therefore /i = Yli=i ls a ^-frizzy normal subalgebra of X. □ 
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Abstract 
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difference hybrid equations and inclusions. Our results are new in the given setting and rely on 
appropriate fixed point theorems. 
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1 Introduction 



In this paper, we study the existence of solutions continuous at 0 for boundary value problems of 
nonlinear g-difference hybrid equations and inclusions. First we consider the single-valued problem 
given by 



/(*,*(*)) 



g(t,x(t)), tel q , 



(1) 



_(0)=0, _(1)=0, 



where / e C(I q x R,R\ {0}) g : C(I q x R, R), are such that f(t, x(t)),g(t, x(t)) are continuous at t = 0, 
I q = {q n : n _ N} U {0, 1} , q _ (0, 1) is a fixed constant 

Next we consider the corresponding multi-valued problem 



x(t) 



f(t,x(t)) 



_(*)), 0<t<l, l<a<2 
x(0) = x(l) = 0, 
\ {0}), F : [0, 1] x R -> V(R) is a multivalued map 



(2) 

is the family of all 



where / G C([0, 1] x I 
subsets of R. 

q— difference equations are found to be quite useful in the theory of quantum groups [17]. For 
historical notes and development of the subject, we refer the reader to [14, 15, 16] while some recent 
results on q— difference equations can be found in [1, 2, 3, 4, 6, 10, 13]. 

The present paper is motivated by a recent paper of Sun et al. [18] dealing with the following 
boundary value problem: 



D 



a ( S(t) 



0+ 



\f(t,x(t)) 

x(0)=0, _(1)=0 



g(t,x{t)), 0<i<l, 



(3) 
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where 1 < a < 2 is a real number and Dq + is the standard Riemann-Liouville fractional derivative. 

Here we establish the existence results for the problems (1) and (2) by using the fixed point theorems 
due to Dhagc [8, 9] under Lipschitz and Carat heodory conditions. For some recent results on hybrid 
fractional differential equations, we refer to [5, 11, 19] and the references cited therein. 

The paper is organized as follows: in Section 2 we recall some preliminary facts that we need in 
the sequel. Section 3 contains our main result for the single- valued problem (1), while we prove the 
corresponding results for the multi-valued problem (2) in Section 4. 



2 Preliminaries 

Let us recall some basic concepts of g-calculus [7, 14, 17]. 

Let 0 < q < 1, and / a function defined on a g-geometric set A, i.e. qt e A for all t £ A. The 
q-difference operator is defined by 

f f(t)-.f(qt) 



D q f(t) = { 



(1-9)* ' 



te A\{0}, 



,. f(tq n ) - f(0) 
lim JKH ' t = 0, 



tq n 

provided that the limit exists and does not depend on t. The higher order g-derivatives are given by 

D° q f(t)=f(t), D n q f{t) = D q D n q - 1 f{t), neN. 
The Jackson ^-integration [15] is 



pa 00 pb pb pa 

/ f(t)d q t = a(l-q)Y,Q n f(aq n ), / fW q (t)= / - / 

JO n=0 Ja JO Jo 



f(t)d q (t), 



where o, b e A, provided that the series converge. Here we remark that the integral J f(t)d q (t) is 
understood as a right inverse of the g-derivative. 

For 0 <G A, f is called g-regular at zero if limbec f(tq n ) = /(0) for every t e A, t ^ 0. It is important 
to note that continuity at zero implies g-regularity at zero but the converse is not true (see an example 
on page 7 in [7]). 

Definition 2.1 Let f be a function defined on a q-geometric set A. Then f is q-integrable on A if and 
only if J Q f(n)d q ii exists for all t G A. 

The ^-integration by parts rule is 

r-b r-b 

I u(qt)D q v(t)d q t = u(b)v(b) - u(a)v(a) + / D q u(t)v(t)d q t, 

J a J a 

provided that u and v are g-regular at zero functions. 

Let / be a g-rcgular at zero function defined on a g-geometric set A containing zero. Then 



F(z) = f f(s)d q s, zeA, 

J c 



is g-regular at zero, where c is a fixed point in A. Furthermore, D q F(z) exists for every z G A and 

D q F(z) = f(z), zeA. 
Conversely, if a and b are two points in A, then 

' D q f{s)d q s = f{b)-f{a). 

In the sequel, we denote by C — C(I q ,R) the space of functions from I q — > R which are continuous 
at 0. 
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Lemma 2.2 Given y G C then the boundary value problem 



g(*) 

«\f(t,x(t))J (4) 
ie(0) = x{\) = 0, 



is equivalent to a q-integral equation 



x(t) = f(t,x(t)) (^J (t - qs)y(s)d q s -tj (1 - qs)y(s)d q ^j , t G I q . (5) 
Proof. As argued in [7], a solution continuous at zero of the equation D q x(t) — y(t) can be written as 

x(t)= / (t-qs)y(s)d q s + cot + ci, t G I q , (6) 
Jo 

where Co,c\ are constants (for functions not necessarily continuous at zero, the constants Co,c\ are 
g-periodic functions [7]). Using the boundary conditions in (6), we have 

ci = 0, c 0 = - / (1 - qs)y(s)d q s. 
Jo 

Substituting Cq,Ci in (6) we have 



./■(/) = f(t,x(t))^J(t-q8)y(8)d q s-tJ{l-(js) l /(s)(I ll s). I e I, 



qo i , c ^ j. q . 



The converse follows by applying the operator D q on (5) and using the ^-integration by parts formula. 

□ 

3 Existence result-the single-valued case 

The following fixed point theorem due to Dhage [8] is fundamental in the proof of our main result in 
this section. 

Lemma 3.1 Let S be a non-empty, closed convex and bounded subset of the Banach algebra X and 
A : X — > X, B : S — > X two operators such that (a) A is Lipschitzian with a Lipschitz constant 
k; (b) B is completely continuous; (c) x = AxBy x G S for all y G S and (d) Mk < 1, where 
M = ||S(5)|| = sup{||i?(x)| : x G S}. Then the operator equation x = AxBx has a solution. 

Theorem 3.2 Assume that: 

(Hi) The function / :/,xl4 E\ {0} is continuous and there exists a bounded function </>, with bound 
\\4>\\, such that <j)(t) > 0, for t € I q and 

\f(t,x(t)) - f(t,y(t))\ < <t>{t)\x{t) -y(t)\, for t G I q and for all x,yeR: 

(H 2 ) there exists a continuous nondecreasing function tp : [0, oo) — > (0, oo) and a function p G C(I q ,R + ) 
such that \g(t, x)\ < p(t)ip(\\x\\) for each (t,x) G I q X R; 

(H 3 ) There exists a constant r > 0 such that 

2F 0 



1 + 9 

r > 



\\p\Mr) 



^rn , where -Up||p||^( r ) < 1, and F 0 = sup |/(t,0)|. (7) 

l-*IWWr) 1 + q **W 
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Then the boundary value problem (1) has at least one solution on I q . 
Proof. Set X = C(I q ,R) and define a subset S of X denned by 

S = {xeX : \\x\\ < r}, 

where r is satisfies the inequality (7). 

Clearly S is closed, convex and bounded subset of the Banach space X. By Lemma 2.2 the boundary 
value problem (1) is equivalent to the equation 

x(t) = f{t,x{t))( ( {t-qs)g{s,x(s))d q s-t ( (1 - qs)g{s, x(s))d q s\ t e I q . (8) 



o 



Define two operators A : X — > X by 

Ax(t) = f(t,x(t)), tel q , (9) 

and B : S -> X by 



Bx(t) = / (t-qs)g(s,x(s))d q s-t (1 - qs)g(s,x(s))d q s, t e I q . 
Jo Jo 



(10) 



Then x = AxBx. We shall show that the operators A and B satisfy all the conditions of Lemma 3.1. 
For the sake of convenience, we break the proof into a sequence of steps. 

Step 1. We first show that A is a Lipschitz on X, i.e. (a) of Lemma 3.1 holds. 

Let x, y G X. Then by (Hi) we have 

\Ax(t) - Ay(t)\ = \f(t,x(t)) - f(t,y(t))\ < - V(t)\ < ll^lllk - 2/||, 

for all t e I q . Taking the supremum over t we obtain 

\\Ax-Ay\\ < ~ V\\ 

for all x,y € X. So A is a Lipschitz on X with Lipschitz constant \\<f>\\. 

Step 2. Now we show that the multi-valued operator B is completely continuous on S, i.e. (b) of Lemma 
3.1 holds. 

First we show that B is continuous on S. Let {x n } be a sequence in S coverging to a pont x e S. 
Then by Lebesque dominated convergence theorem, 

lim Bx n (t) = lim / (t - qs)g(s,x n (s))d q s - lim t / (1 - qs)g(s, x n (s))d q s 

n— >oo n— 7-oo Jq n— foo Jq 

= / (t-qs) lim g(s,x n (s))d q s - t / (1 - gs) lim g(s, x n (s))d q s 
Jo Jo ™^°° 

= / (t- qs)g(s,x(s))d q s -t / (1 - gs)£(s, a;(s))rf 9 s 

Jo Jo 
= &r(£), 

for all t e I q . This shows that £> is continuous os S. It is enough to show that B(S) is a uniformly 
bounded and equicontinuous set in X. First we note that 



t r-i 



\Bx(t)\ = i (t - qs)g(s,x(s))dgS -t (1 - qs)g(s,x(s))d g s 
Jo Jo 

< [ (t- qs)\g(s,x(s))\d q s+ [ (1 - qs)\g(s,x(s))\d q i 
Jo Jo 
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< 2 jf (1 - q S )p(s)M\\x\\)d qS < 211^(11*11^ 
for all t € I q . Taking supremum over t € I q , we get 



+ q 



\\Bx\\ < — IbllVW 



+ q 

for all i£S. This shows that B is uniformly bounded on S. 

Next we show that B is an equicontinuous set in X. Let ti,t 2 € I q with ii < t 2 . Then we have 



|ftr(t 2 ) - Bx(h)\ < 



< 



(t 2 - qs)g(s,x(s))d q s - / (h - qs)g(s,x(s))d q s 
o Jo 

+(*2-*i)/ (1 - qs)g(s,x(s))d q s 
Jo 

\\p\\i>(r) I' \t 2 - tt\d q s + \\ P U(r) [ 2 \h- qs\d q s 

Jo Jt x 

lb||V(r)(t 2 - ii) / (l-ga)d,s. 
Jo 



+ 

Obviously the right hand side of the above inequality tends to zero independently of x e S as t 2 — 1\ — > 0. 
Therefore, it follows from the Arzela-Ascoli theorem that ^ is a completely continuous operator on S. 

Step 3. Aferf we show that hypothesis (c) of Lemma 3.1 is satisfied. Let x £ X and y e 5 be arbitrary 
such that ir = AxBy. Then we have 

\x(t)\ = \Ax{t)\\By(t)\ = \f(t,x(t))\ [ (t-qs)g{s,y{s))d q s-t [ (1 - qs)g(s,y{s))d q s 

Jo Jo 

< [\f(t,x(t))-f(t,0)\ + \f(t,0)\] [\t-qs)g(s,y(s))d q s-t [ (1 - qs)g(s,y(s))d qS 

Jo Jo 

< W)x(t) + F 0 }2 [ (l-qs)p(s)^(\\y\\)d q s 

Jo 

< lU\\x(t) + Fol^lbUVdbll) < [U\\x(t) + Fol^MMr). 
Taking supremum over t G I q and solving for ||or||, we get 



\x \ < 



2F 0 



\\pU{r) 



l-*ll#(r) 



< r, 



1 + 9' 



that is, x G 5 1 . 

Step 4. Now we show that Mk < 1, i.e. (d) of Lemma 3.1 holds. 

This is obvious by (H 3 ) since wc have M = \\B(S)\\ = sup{||Ba;|| : x e S} < 2\\h\\ L i and k = \\<f>\\. 

Thus all the conditions of Lemma 3.1 arc satisfied and hence the operator equation x — AxBx has a 
solution in S. As a result, the boundary value problem (1) has a solution defined on I q . This completes 
the proof. □ 



Example 3.3 Consider the boundary value problem 

12 



D i/2 I ■ — o I = \cosx(t), 0<t<l, 
1/2 V sin x + 2 J 4 w 

a;(0) = x(l) = 0, 



(11) 
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Let f(t,x) = sinx + 2, g(t,x) = -cosx. Then {Hi) and (H 2 ) hold with <f>(t) = 1 and p{t) = -,ip{x) = 1 

respectively. Since ^ ^ IMIV'CO = ~ < 1j the boundary value problem (11) has a solution. 
1 + q 3 

4 Existence result-the multi-valued case 

Let us first outline the basic notions of multi- valued maps and fix our terminology [12, 20]. 
For a normed space {X, || • ||), we define Vb{X) = {Y G V{X) : Y is bounded} and 

V cp ^{X) = {Y G ViX) : Y is compact and convex}. 

A multi- valued map Q : X — > "P(X) is convex (closed) valued if Q{x) is convex (closed) for all x G X. 
The map Q is bounded on bounded sets if Q{M) = U^ga^a;) is bounded in X for all B G VbiX) (i.e. 
sup xeB {sup{|y| : y € ^(a;)}} < oo). Q is called upper semi-continuous (u.s.c.) on X if for each xq G X, 
the set £(xo) is a nonempty closed subset of X, and for each open set N of X containing Q{xo), there 
exists an open neighborhood Afo of a; 0 such that G{Afo) Q N. Q is said to be completely continuous if 
Q{M) is relatively compact for every B G Pb{X). If the multi- valued map Q is completely continuous with 
nonempty compact values, then Q is u.s.c. if and only if Q has a closed graph, i.e., i„ -> i,, y n ^ U*, 
Vn G Q{x n ) imply G G{x*). 

Let i 1 (/ 9 ) denote the space of all functions / defined on I q such that ||a;||ii = J Q \xit)\d q t < oo. 

Definition 4.1 ,4 multivalued map F : I q x R — > P(R) is said to &e Caratheodory (in the sense of 
q-calculus) if x i — F{t,x) is upper semicontinuous on I q . Further a Caratheodory function F is called 
L 1 — Caratheodory if there exists ip a G L 1 (J 9 ,K + ) such that \\Fit,x)\\ = sup{|w| : v G Fit,x)} < ip a {t) 
for all \\x\\ < a on I q for each a > 0. 

Definition 4.2 A function x G C is a solution of problem (2) if there exists a function v G i 1 ([0, 1],R) 
smc/i i/iat ii is continuous at t = 0 and v(i) G F{t,x{t)) on 7 9 , and 

a;(i) = f{t,x{t)) {t - qs)v{s)d q s - t (1 - gs)u(a)d,s^ , te/,. 

For each y G C, define the set of selections of F by 

Sjr iW := {t> G C : w(i) G F{t,y{t)) on JJ. 

The following lemma will be used in the sequel. 

Lemma 4.3 (/^/J Lei X &e a Banach space. Let F : J x X — > V cPlC {X) be an L 1 — Caratheodory 
multivalued map and let Q be a linear continuous mapping from L 1 (J, X) to C(J, X). T/ien i/ie operator 

6o5 F : C( J, X) V cp , c {C{J, X)), x4(6o S F )(z) = Q(S F , X ) 

is a closed graph operator in C(J, X) x C(J, X). 

The following fixed point theorem due to Dhage [9] is fundamental in the proof of our main result 
in this section. 

Lemma 4.4 Let X be a Banach algebra and let A : X — > X be a single valued and B : X — > V cp ,c{X) 
be a multi-valued operator satisfying the conditions: (a) A is single-valued Lipschitz with a Lipschitz 
constant k; (b) B is compact and upper semi- continuous; (c) 2Mk < 1, where M = \\BiX)\\. Then either 
(i) the operator inclusion x G AxBx has a solution, or (ii) the set £ = {u G X\jiu G AuBu, \i > 1} is 
unbounded. 

Theorem 4.5 Assume that {Hi) holds. In addition we suppose that 
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(Ai) F:[0,l]xl-> V(M.) is L 1 -Caratheodory and has nonempty compact and convex values; 
(A 2 ) 2||(/>||||<£ a || L i < (ip a is the function appeared in Definition 4-1). 
Then the boundary value problem (2) has at least one solution on [0, 1]. 

Proof. Set X = C([0, 1],R). Transform the problem (2) into a fixed point problem. Consider the 
operator M : C([0, 1],R) ->• V(C([0, 1],M)) defined by 



M(z) = J/ieC([0,l],R) :h(t)=f(t,x{t))lj (t - qs)v(s)d q s - t J (1 - qs)v(s)d, 



s), V e 



Now we define two operators A : C([0, 1], K) -> C([0, 1],R) by 

^ia:(t) = /(t,x(t)), te [0,1], (12) 
and Si : C([0, 1],R) -> V(C([0, 1],R)) by 



Si (a;) = j/i e C([0, 1] , K) : - /* (t - - t J* (1 - gs)w(s)d (?S , v e Sf,* | . 



(13) 



Then A/i (x) = A\xB\x. We shall show that the operators „4i and Si satisfy all the conditions of Lemma 
4.4. For better readability we break the proof into a sequence of steps. 

Step 1. We first show that A\ is a Lipschitz on X, i.e. (a) of Lemma 4-4 holds. 

The proof is similar to the one for the operator A in Step 1 of Theorem 3.2. 

Step 2. Now we show that the multi-valued operator B\ is compact and upper semi- continuous on X, 
i.e. (b) of Lemma 4-4 holds. 

First we show that Si has convex values. 

Let u\,U2 € B\x. Then there are i>i,i>2 € Sf,x such that 

Ui{t)= I (t - qs)vi(s)d q s - t (1 - qs)vi(s)d q s, t e [0, 1], i = 1, 2. 
Jo Jo 

For any 9 G [0, 1], we have 

0ui(i) + (l-0)u 2 (t) = [ (t-qs)[e Ul (s) + {l-e)u 2 {s)}-t [ {1 - qs)[6 Ul (s) + {1 - 6)u 2 {s)}d q s 

Jo Jo 

= / (i — qs)v(s)d q s — t (1 — qs)v(s)d q s, 
Jo Jo 

where = 0«i(i) + (1 - 6»)u 2 (t) € F(t,x(t)) for all i e [0, 1]. Hence 0m (i) + (1 - 0)«2(*) € Six and 
consequently Si a; is convex for each i e I. As a result Si defines a multi valued operator Si : X — > 

Next we show that Si maps bounded sets into bounded sets in X. To see this, let Q be a bounded 
set in X. Then there exists a real number r > 0 such that ||x| < r, Vx e Q. 
Now for each h € Six, there exists a»6 5^ such that 

= / (t — qs)v(s)d q s — t / (1 — qs)v(s)d q s. 
Jo Jo 

Then for each i e [0, 1], 



|Six(i)| 



/ (i - qs)v(s)d q s -t (1 - qs)v(s)d q s < (t - qs)g(s)d q s + / (1 - qs)g(s)d q 
Jo Jo Jo Jo 
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< 2 (1 - qs)ip a (s)d q s = 2\\tp a \\ L i. 
Jo 

This implies that \\h\\ < 2\\(p a \\i,i and so B\(X) is uniformly bounded. 

Next we show that B\ maps bounded sets into equicontinuous sets. Let Q be, as above, a bounded 
set and h £ B\x for some x £ Q. Then there exists a v £ Sf,x such that 

h(t) = I (t — qs)v(s)d q s — t (1 — qs)v(s)d q s. 
Jo Jo 

Then for any t\,t 2 € [0, 1] with t\ < t 2 we have 

rti pti pi 

\h(t 2 ) - < / {t 2 - qs)v(s)d q s - {h - qs)v(s)d q s + (t 2 - h) (1 - qs)(p a (s)d q s 

Jo Jo Jo 

pti pt 2 pi 

< / [(*2 - qs) - (ti - qs)]<p a (s)d q s + / (t 2 - qs)tp a (s)d q s + (t 2 - fi) / (1 - qs)ip a (s)d q s. 

Jo Jt! Jo 



Obviously the right hand side of the above inequality tends to zero independently of x € Q as 
t 2 -h -> 0. Therefore it follows by the Arzela-Ascoli theorem that Bi : C([0, 1],1R) -> 7>(C([0, 1],R)) is 
completely continuous. 

In our next step, we show that B\ has a closed graph. Let x n — > a;*, /i„ G Si(a;„) and ft,„ — > /i*. Then 
we need to show that ft* e Si. Associated with /i„ e B\(x n ), there exists w n e Sp Xn such that for each 

te[o,i], 

h n (t) = / (t - qs)v n (s)d q s - t (1 - qs)v n (s)d q s. 
Jo Jo 

Thus it suffices to show that there exists G ^f.^, such that for each i G [0, 1], 

/i*(t) = / (t - qs)v*(s)d q s — t / (1 - gs^^dqS. 
Jo Jo 

Let us consider the linear operator 6 : i 1 ([0, 1],M) — > C([0, given by 

/ i-» 6(v)(f) = / (t - qs)v(s)d q s - t (1 - qs)v(s)d q s. 
Jo Jo 



Observe that 
\h n {t)-K{t)\\ = 



/ (t - qs)(v n (s) - v*(s))d q s - t / (1 - qs)(v n (s) - v*(s))d q 
Jo Jo 



0, as n — > 00. 



Thus, it follows by Lemma 4.3 that 9 o S F is a closed graph operator. Further, we have h n (t) e 
0(5 , F,a;„)- Since x n — > a;*, therefore, we have 



= / (t - qs)v*(s)d q s - t (1 - qs)v*(s)d q 
Jo Jo 



for some € Sp, x ,- 

As a result we have that the operator #1 is compact and upper semicontinuous operator on X. 

Step 3. 7Vow we show that 2Mk < 1, i.e. (c) of Lemma 4-4 holds. 

This is obvious by (H 3 ) since we have M = \\B(X)\\ = sup{|Bia; : x e X} < 2||<p Q || £ i and k = \\4>\\. 

Thus all the conditions of Lemma 4.4 are satisfied and a direct application of it yields that either 
the conclusion (i) or the conclusion (ii) holds. We show that the conclusion (ii) is not possible. 
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Let u £ £ be arbitrary. Then we have for A > 1, Xu £ A\u{t)B\u{t) . Then there exists v £ Sf, x such 
that for any A > 1, one has 

u(t) = \- 1 [f(t,u(t)}( f (t - qs)v(s)d q s - t f (l-qs)v(s)d q s], 



o 



0 



for all t £ [0, 1]. Then we have 

|«(t)| < \- 1 \f(t 1 u(t)\(^^(t-qs)\v(s)\d q s + j^(l-qs)\v(s)\d q s^ 

[\f(t,u(t) - f(t,0)\ + \f(t,0)\] ( J\t - qs)\v(s)\d q s + j\l - qs)\v{s)\d q 



< 



< [\\<f>\\\\u\\+F 0 ]2 J {l-qa) Va (8)d q a<[\m\\u\\+F 0 ]2\\ip a \\ Ll , 
where we have used F n = sup te r 0jl i \f(t, 0)|. In consequence, we have 



u < 



J a\\Ll 



Thus the condition (ii) of Thorem 4.4 does not hold. Therefore the operator equation A\xB\X and 
consequently problem (2) has a solution on [0, 1]. This completes the preginoof. □ 

Example 4.6 Consider the problem 



D 3/2 



x(t) 



(itan- 1 a;)/8 + 2 

a;(0) = x{\) = 0 



£F(t,x(t)), 0<t<l, 



(14) 



where F : [0, 1] x R — >• V(R) is a multivalued map given by 



t -> F(t,x) 



sin a; | (i 



5(\x\ 5 +4)' 7(|sinx| + 1) 7 



For / £ F we have 



Thus 



\f \ < max 



6 



< 1, X £ 



^{\x\ b + 4)' 7(|sinx| + 1) 7, 
||F(t,a;)|| = sup{|y| : y e F(t,x)} < 1 = <p a (t), x £ 



Further, \\(f>\\ = 1/8, and 



Thus all the conditions of Theorem 4.5 are satisfied and consequently, the problem (14) has a solution 
on [0,1]. 
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Abstract 

In the paper, we present the following double inequality 



r ?2 (l/2)^[n+^ n ' q Tf{l/2)y/fr+jfe' 4' "2 

where n € N, 0 < q < 1, T q (x) is the g— gamma function and W nj g is the Wallis ratio. 

2010 Mathematics Subject Classification: 05A10, 33D05, 26D20. 

Key Words: q— numbers, q— double factorial, q— Wallis inequality, q— gamma function. 

1 Introduction. 

The double factorial is defined for n — 1, 2, 3, ... by 

n 

(2n)!! = JJ(2A;)=2 n r(n+l) 

k=i 

and 

n nil 

(2n - 1)!! = 11(2^ " 1) = ^r(n + 1/2), 
where r(x) is the ordinary gamma function. The formula 



— = lim 

2 n— >oo \ 2n + 1 



(2n)H 
(2n- 1)!! 



ll(2n-l)(2n+l) U 
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was first proved by the British mathematician John Wallis (1616 - 1703) [23] and he also showed 
that 

1 (2n- 1)!! 1 

= < —. — — — < -=; n = l,2,... , (2) 
y/n(n + 1/2) (2n)!! ^ 1 ; 

which is called Wallis inequality and the ratio 

(2n-l)!! T(n + l/2) 
(zny.l y 7r T(n + 1) 

is called also Wallis ratio. These results of Wallis have wide applications in mathematics for- 
mulae specially in graph theory, combinatorics and special functions. For more information on 
inequality and formula of Wallis, see [6], [8], [10], [12], [13], [15], [17], [18], [21], [22]. 

N. D. Kazarinoff [11] presented the following refinement of the upper bound of the Wallis 
inequality: 

1 = < W n < . 1 n = l,2,... . (4) 

>A(n+l/2) 0^71 + 1/4) 

C.-P. Chen and F. Qi [3] improved the lower bound of the inequality (4) and proved the 
sharpness of the inequality 

' < W n < —= }■ — , n = l,2,... . (5) 



^7r(n+|-l) ' " ^ ^(71 + 1/4)' 
For the same result with different handling see [4] and [5]. 

Also, C. Mortici [16] improved the estimates in [24] and [25] by presenting the following upper 
and lower estimates 

====== <W n < 



5n 



Recently, F. Qi an C. Mortici [20] improved the formulas and inequalities for the ratio W n 
presented in [9] and they deduce the following new approximation formula as n — > oo 



e 
n n 



2(n + l/3) 



n+l/3 



and the double inequality for n > 1 



e 
7r n 



2(n + l/3) 



n+l/3 



< w n < 



e 
Ti n 



2(n + l/3) 



n+l/3 



e 144n 3 . 
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In this paper, we define the q— Wallis ratio by 

\2n - ll " 

W n , q = [ J «" , n E N; 0 < q < 1 (6) 

where the q— number [n] q = and the q— double factorial is defined by 

n 

[2n] q \\ = Y[[2k] q 
k=i 

and 

n 

[2n-l] q \\ = l[[2k-l] q . 

k=i 

Using the relation lim^i- [n] q = n (see [7]), we can conclude that 

lim W ntq = W n . 

Also, by direct calculations, we have 

(1 _ q^) Wn+hq - (I - q 2n+1 )W n , q = 0 

and 

W n+hq < W n , q , 

where 1 — q 2n+1 < 1 — q 2n + 2 for n G iV and 0 < q < 1. Also, we will present some new double 
inequalities of q— Wallis ratio, which include some double inequalities of Wallis ratio as q — > 1~. 



2 Main results 

Lemma 2.1. For n E N and 0 < q < 1, we have 



Proof. 



, 1 <W nq < , 1 (7) 



_ [2n-l] g H _ [l] q [3] q [5] q ...[2n-3] q [2n-l] q 

n,q ~ 



[2n] q \\ [2] 9 [4] ff [6] 9 ...[2n-2] ff [2n 
For 0 < q < 1 and k — 1, 2, we have 

\2^2fc 



Q ^ [2fc - l] g [2fc + 1], _ 1 {l-q) 2 q 

and hence 



[2kf q ~ q(l - q^) 2 



[2fc-iy2fc + i], 
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Then 



[2k - l] q [2k] q 



[2k] q [2fc + l],' 
Now using the inequality (8), we obtain 

W n , Q < 



< iq , 0 < q < 1; k = 1,2,... . (8) 



[2], [4], [2n], 



< 



< 



[3] 9 [5] ff -[2n + l], 
1 

[l] g [3] g ...[2n-l] 9 [2n+l] g 
P],[4],...[2n], 

1 



[2n + l],W ni , 



9 



Then 

W n , q < 1 n £ N; 0 < q < 1. (9) 

For 0 < g < 1 and fc = 2, 3, we have 

Qc [2fc~l]; _ u (l-q)V k 



[2k] q [2k-2] q g2 (1 _ g 2 fc)(1 _ g2 /c- 2) 
and hence 

[2*-ii; >L 



[2Jfc],[2ifc - 2] 
Then 

[2fc - 1], [2fc - 2], 



[2fc], [2fc-l],' 
Now using the inequality (10), we obtain 



>k TT> 0 < q < 1; fc = 2, 3, ... . (10) 



W n .„ > 



1 [2], [4], [2n-2] q 



"■« " [2] ? [3],[5],-[2n-l], 
> 1 f [2],[4] 9 ...[2n], 



> 



[2] 9 [2n], U3] 9 [5],...[2n-1], 
1 



[2],[2n],W n) ,' 

Then 



^n, g > J^= , neN;0<q<l. (11) 



When q — > 1 , we get the following result [3] : 
Corollary 2.2. For n e N, we have 



□ 



— ^ <W n < - 1 . (12) 

2v^ v/^n 
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The q— gamma function T q (x) is denned by [7] 

T q (z) = - q) 1 '*; z ± 0, -1, -2, (13) 

where 0 < q < 1. Here we use the q— Pochhammer (q— shifted) symbol [14]: 
(a;q) 0 = 1, 

(a;g)fc = Yl k jZl(i ~ a<l j ); k = 1,2,... . 

This function is a q— analogue of the ordinary gamma function since we have 

\imT q (z) = T(z). 

Also, it satisfies the functional equation 

T q (z + l) = [z] q T q (z); T q (l) = l, (14) 
which is a q— extension of the well-known functional equation 

T(z + l) = zT(z); T(l) = l. 
In the next reult, we will present a q— analogue of the relation (3). 
Lemma 2.3. For n E N and 0 < q < 1, we have 

W - r «< n + 1 W (15) 
Wn ' q rv(i/2)i>(n + i) 

Proof. Using the relation (14), we have 

I _ 0 n-l/2 i _ n-3/2 i _ 1/2 

r t ( n + i/2) = JL- JL- ■■■^r.ft/q 



But 



then 



Also, 



Then 



([l/2] ff n2n-l], va r 9 (l/2). 
1 



[1/2], = 



[2], 



1/2 



T q (n + 1) (l-q n )(l-q n - 1 )...(l-q) 



([1/2],)" " {l-q^Y -l 2 <^- 



[2<!! = ([2U n I>(n + l). (17) 
Using the relations (16) and (17), we obtain our result (15). □ 

Our next result will present a general q— analogue of the inequality (4). 
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Theorem 1. For n <E N and 0 < q < 1, we have 

1 „ r 1 



I> (1/2)^71 + is} q 2 



< W n>q < 



1 1 

, 0 < u < -; v > -. 



(18) 



Proof. Let 

H n , q ,h = r q 2(l/2)W n ^[n + h] q 2. 
Alzer presented the double inequality [1] (see also [19]) 



1 — q^+a{q,s) 

i-q 



l-s 



c r g (x + i) ^ 
" r g (x + s) 



1-s 



1 — g2+/3(<?,s) 

1-9 



ln[(^- 9 )/(l-,)(l- g) ] _ A R(n A _ jjHMM^] 



, x > 0; s G (0,1); 0 < g < 1 (19) 

. Using 



with the best possible values a(q, s) = — 9 h iq — an d (3(q, s) — hw/ 
the inequality (19) at s = 1/2, x = n <E N and by replacing g by q 2 , we get 



1-g 2 



1 _ q 2n+2(3(q,l/2) 



1/2 



r, 2 (n+l/2) 
I>(n+1) 



1 _ g2n+2a( g ,l/2) 



1/2 



, 0 < q < I. (20) 



Now multiply (20) by y/\n + h] q 2 with h > 0 to obtain 



1 _ q2n+2h 
1 _ g 2n+2/3( g ,l/2) 

Then 

Hence 
Now let 



1/2 



< 



r>(n + l/2) 



^J[n + h] q 2 < 



I _ g2n+2h 
I _ q 2n+2a(q,l/2) 



1/2 



I>(ra + 1) 

M + x(f ^ + ^ =1 - h>0;0<9<l. 
lim H n ^ h = 1, h > 0; 0 < q < 1. 



, /i > 0; 0 < g < 1. 

(21) 



lim 

n-»oo 1^2 (n + 1) 



= (1 - q 2n+2h ){\ - q 2n+2 ) 2 - (1 - g2n+2/ l+ 2 )(1 _ g 2„+l )2 
= (1 - q)q 2n (q (2 - g 2 " +1 - q 2n+2 ) + q 2h (-1 - q + 2q 2n+2 )) . 
If we suppose that h — /i with 

0<l*<\, 

then we get 

M n , q ,» < (l-q)q 2n (q 2 ^ 1 / 2 (2-q 2n + 1 -q 2n+2 )+q 2 »(-l-q + 2q 2n+2 )) 

< -(1 - g)g 2n+2M+1/2 (l - v/g) 2 (l + g 2n+3/2 ) 



(22) 



< 0, 0 < n < 



Then 



n,q,/j, 



I _ g2n+2 / y — q2n+2fi 



Hn+iw 1 - Q 2n+1 V 1 - <? 2n+2M+2 



< 1 
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and hence the {H nqiJ }] 0 < ji < 1/4; is increasing sequence and its limit is 1 as n tends to oo, 
hence 

H w < 1 0 < n < 1/4. 

Then we have 

W ng < -. 0 < u <-; 0 < q < 1; n G N. 



If we suppose that h — v with 

1 

v > 



2' 



we get 



> 


(1 


- q)q 2n (q (2 


> 


(1 


-q) 2 q 2n+ \l 


> 


o, 


1 

V> -2- 



Then 

H n , q , v 1 - q 2n+2 I 1 - q 2n+2 » 



> 1 



H n+1 , q ,„ 1 - q 2n+1 V 1 - g2n +2 ,+2 
and hence the {H nqv \; v > 1/2; is decreasing sequence and its limit is 1 as n tends to oo, hence 

#w > 1 " > V2- 

Then we have 

^ > r n/oZ/r— -t= ' * ^ X / 2; 0 < g < 1; n g iV. 
r ?2 (l/2) v /[n + v\ q 2 

□ 

2.1 Special cases 

1— If we let /ii = \ and v\ = \ and take the limit as g — > 1~ for the inequality (18), we get the 
inequality (4). 

2— Let fj, 2 — \ and u 2 = p2 t, 2) — 1, then /i 2 satisfies the condition of (18) and will prove that 
u 2 also satisfies it. Using the inequality [2] 

F q (x) < 1 iff 1 < x < 2, 0 < g < 1 

we get 

[i/2] 9 r,(i/2) < i 

and 

I>(l/2) < l + q. 
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l + q 

and we obtain the following result from the inequality (18): 




Lemma 2.4. For n <E N and 0 < q < 1, we have 



1 



1 



(23) 



< W n>q < 



I>(l/2V[n + l/4]/ 



r>(i/2) 



n + 



4 



- 1 



r^(V2) 



Remark 1. The inequality (5) is a limiting case of the inequality (23) as q — > 1 . 
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ON A ^-MIXED TRIGONOMETRIC FUNCTIONAL EQUATION 

DRISS ZEGLAMI, BRAHIM FADLI, CHOONKIL PARK*, AND THEMISTOCLES M. RASSIAS 

Abstract. In this paper, we study the superstability for the /i-mixed trigonometric func- 
tional equation: 

/ f(xty)du(t) - f f(xta{y))du(t) = 2f(x)g(y), x,y £ G, 

JG JG 

where G is a locally compact group, /, g : G — > C are continuous functions, fi is a complex 
bounded measure and a is a continuous involution of G. We also give some applications. 



1. Introduction 
The stability problem for the functional equations 

f(xy) + f(xa(y)) = 2f(x)g(y), x,y G G, (W) 

f(xy) - f(xa(y)) = 2f(x)g(y), x,yeG, (T) 

where a is an involution of the group G, i.e., a(a(x)) = x and o~(xy) = o~(y)a(x), for all 
x,y G G, has been considered in [16, 21]. It has been proved in [21] that the functional 
equation (T) is superstable in the class of functions /, g defined on an arbitrary group G and 
take its values in C, i.e., every such function satisfying the inequality 

\f(xy) - f(xa(y)) - 2f(x)g(y)\ < e, x,yeG, (I) 

where e is a fixed positive real number, either is bounded or satisfies (T). The first results 
of that kind have been established in [3] for the exponential equation, in [2] for the equation 
(W) on an abelian group and in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 22, 23, 
24] for trigonmetric functional equations on any groups. For more information concerning 
superstability we refer to [4] . 

In this paper, let G be a locally compact group, e denotes its neutral element. C{G) (resp. 
Cb(G)) designates the space of continuous (resp. continuous and bounded) complex valued 
functions. Let a be a continuous involution of G, C the field of complex numbers and let fi 
be a complex bounded measure which is a -invariant, i.e., 

[ f(a(t))d^t) = [ f(t)dfi(t) for all f G C{G). 
Jg Jg 
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Key words and phrases. Hyers-Ulam stability; Superstability; d'Alembert's equation; fi- Trigonometric 
functional equation. 

* Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr). 



1003 



CHOONKIL PARKetal 1003-1011 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



D. ZEGLAMI, B. FADLI, C. PARK, AND TH. M. RASSIAS 

We recall that the convolution is the measure given by (fi * /x, /) = j G j G f(ts)dfx(t)dfj,(s) 
for all f G C b (G). 

The aim of this paper is to investigate the superstability problem for the //-mixed trigono- 
metric functional equations 

/ f(xty)alfi(t)- [ f(xto-(y)W(t) = 2f(x)f(y), x,y G G, (T(/i)) 
JG JG 

f f(xty)dfi(t) - f f(xta(y))d f i(t) = 2f(x)g(y), x,ytG, (TfM) 
JG JG 

on any locally compact group under the condition that \x is a compactly supported and 
u-invariant measure on G. We do not impose any conditions on the continuous functions 
f,9- 



2. Prelimenary results 

In this section we collect some auxiliary results on solutions of the functional equation 
(TfM)- 

Lemma 1. Assume that f,g G C^{G) are solutions of the functional equation 

[ f(xty)dfi{t) - f f(xta(y))dn(t) = 2f(x)g(y), x,y€G, 
JG JG 

such that f 7^ 0. Then 

(i) g is odd, that is, g(a(x)) = —g(x) for all x G G. 

(ii) g satisfies the identity 

[ g(xty)dn{t) - [ g(xta(y))dfi(t) - [ g(ytx)d f i(t) + f g(a{y)tx)dfi(t) = 0, (2.1) 
JG JG JG JG 

for all x,y G G. 

Proof, (i) Since /, g are solutions of (Tf : g(/j,)), we have 

/ f(xta(y))dfx(t) - [ f(xty)d^t) = 2f(x)g(a(y)), (2.2) 
JG JG 

for all x,y G G. By adding the identities (2.2) and (Tj iff (/x)), we get 

2f(x)(g(y) + g(a(y))) = 0, x,y G G. 

Therefore, g(o~(x)) = —g(x) for all x G G. 

(ii) Choosing a € X such that f(a) / 0, we get from the equation (T^ fl (/x)) that 

9{x) = (jf f(xta)dfi(t) - jf f(xta(a))d^(t)j . (2.3) 
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Using repeatedly (2.3), we get 

Vifl) | I g{xty)dn(t) - I g{xta{y))d^{t) - I g(ytx)dfi(t) + I g(a(y)tx)dfi(t) 

K. J G J G J G <j G 

/ f (atxsy)d/j,(s)dfi(t) — I / f (ata(y)sa(x))diJ,(s)d[i(t) 
G J G Jg Jg 



f (atysx)dfi(s)dfi(t) + / / f (ata(x)sa(y))dfi(s)dfi(t) 
Jg Jg 

— I I f (atxsa(y))d/j 1 (s)dfi(t) + / / f(atysa(x))dfi(s)d/j,(t) 
JgJg Jg Jg 

+ / / f(at(r(y)sx)dfj,(s)dfj,(t) — / f (ata(x)sy)dfi(s)dfi(t) 
JgJg JgJg 



2g(y) {Jj{atx)d i i{t) - J f(ata(x))dfi(t) 
M*) [~J G f(aty)dn(t) + J g f(ata(y))dfi(t) 



+ : 

= Ag(y)f{a)g{x) - Ag(x)f{a)g{y) = 0. 
Since f(a) / 0, we get that g is a solution of the functional equation (2.1). □ 

Lemma 2. Let the pair f,g £ Cb(G) be a solution of (Tf tg (p)) such that g ^ 0 and /j, is 
idempotent, i.e., fx* fj, = fi. Then f is right [i-invariant, that is, f G f(xt)dfi(t) = f(x) for 
all x G G. 

Proof. Using * /j, = /j,, we get that 

f f(xt)dfi(t)g(y) =11 f(xtsy)dn(s)d^t)- [ [ f(xtsa(y))dfi(s)d^t) 
Jg JgJg JgJg 

= [ f(xty)dn(t) - [ f(xta(y)t)dn(t) 

Jg Jg 
= 2f(x)g(y). 

Since g / 0, we obtain 

r f(xt)dn(t) = f(x) 



IG 

for all x e G. □ 

It will be convenient to solve the functional equation (T(/z)). 

Lemma 3. Assume that [i * fi = \i. Then the solution of the functional equation (T(/x)) on 
any locally compact group G is the zero function f = 0. 

Proof. Assume that / is a solution of (T(/x)). By virtue of Lemma 2, we have 

/ f(xt)dLi(t) = f(x), (2.4) 
Jg 
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for all x G G and 



/ f(tx)d»(t) = [ f{a(x)t)dn{t) 
JG JG 



' G J G 

= f(a(x)) = -f(x), (2.5) 
for all x G G. Using Lemma 1 (i), we have 

fWv)) = -m, y^G. 

Taking y = e in ((T(/x)), we obtain 

/ f(ta(y))dfi(t)- [ f(ty)d»(t) = 2f(e)f(a(y)), x,y G G. 
JG JG 

Using (2.4), (2.5) and the fact that /(e) = 0, one can obtain that the last equality implies 

-f(<r(y)) + f(v) = o, 

for all y G G. Consequently, we have 

f{<r(v)) = f(v) = -f(v), V^G, 
which shows that / = 0. □ 

3. SUPERSTABILITY OF THE EQUATION (T/ j9 (//)) 

In this section, /j, is assumed to be a compactly supported measure on G which is a- 
invariant. <p, ip : G — > M are continuous functions and e is a nonnegative real constant. We 
will study the superstability of the functional equation (Tf t g(/j,)) in the sense of Badora and 
Ger [1], by starting with Lemma 4 where the unboundeness of / is assumed. 

Lemma 4. Assume that f,g G C(G) and a continuous function ip : G — > R satisfy the 
inequality 

[ f(xty)d^t)- [ f(xta(y))d^t)-2f(x)g(y) <^(y), (3.1) 
JG JG 

for all x,y G G. Then either f is bounded or we have the following identity 

[ g(xty)dfi(t) - [ g{xta{y))dii{t) - [ g{ytx))d^{t) + f g{a(y)tx)dfi(t) = 0, (3.2) 
JG JG JG JG 

for all x,y G G. 

Proof. Assume that /, g satisfy the inequality (3.1) such that / is unbounded. For all x,y,z G 
G, we have 

2 \f(z)\ [ g(xty)dn(t) - f g(xta(y))dfi(t) - [ g{ytx))d^{t) + / g{a(y)tx)d^{t) 
JG JG JG JG 
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< 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

lG JG 

+%(y)l 



2f(z) [ g(xty)dn(t) - 2f(z) [ g(xta{y))d^t) - 2f(z) f g{ytx))d^t) + 2f(z) f g(a(y)tx)dti(t) 
J G JG JG JG 

- [ [ f{ztxsy)d l x{t)d l i{s) + [ [ f(zta(y)s<T(x))dn(t)dfi(s) + 2f(z) [ g(xty)dn(t) 
JGJG JGJG JG 

[ [ f(ztxs<T(y))dn(t)dfi(s) -ft f(ztys<r(x))dn(t)dfi(s) - 2f(z) [ g(xta(y))dfi(t) 
JGJG JGJG JG 

/ / f(ztysx)dfj,(t)dfjt(s) - f(zta(x)sa(y))d[i(t)dn(s) - 2f(z) / g(ytx)dfi(t) 

JGJG JGJG JG 



G JG 



f(zta(y)sx)dfi(t)d(i(s) + 




G JG 



f(zta(x)sy)dv(t)d(i(s) + 2f(z) / g(a(y)tx)d^t) 



G 



\ \ f(ztxsy)dfjb(t)dfj,(s) - f(ztxsa(y))dfi(t)dfj,(s) - 2g(y) / f(ztx)dfi(t) 

JG JG JG JG JG 

-ft f(zta(x)sy)dfi(t)dfi(s)+ f f f(zta(x)sa(y))d^t)d^(s) + 2g(y)[ f{zta{x))d^{t) 
JGJG JGJG JG 

-ff f(ztysx)d f i(t)dfi(s) + f f f(ztysa(x))dfi(t)dfi(s) + 2g(x) [ f(zty)dfi(t) 
JGJG JGJG JG 

[ [ f(zta(y)sx)dn(t)dfi(s) -ft f(zta(y)sa(x))dfi(t)d^s) - 2g(x) [ f(zta(y))dfi(t) 
JGJG JGJG JG 

f f(ztx)dfi(t) - f f(zta(x))dfi(t) - 2f(z)g(x) 
JG JG 

- [ f(zty)d^t) + [ f(zta(y))d»(t) + 2f(z)g(y) 
JG JG 



+2\g(x 



By virtue of the inequality (3.1), we have 



2f(z) [ g{xty)dn{t) - [ g(xta(y))dfi(t) - [ g{ytx)d^{t) + f g{a{y)tx)d^{t) 
JG JG JG JG 

< / tp{xty)d/j,(t) + / 4>(xta(y))dfj,(t) + / ^{ytx)d^{t) + / ip(a(y)tx)dfi(t) 
JG JG JG JG 

+2 My) + V(x)) + 2(\g(y)\^(x) + \g(x)\ i>(y)). 

If we fix x, y, then the right hand side of the above inequality is bounded function of z. 
So (3.2) follows immediately since / is unbounded. This ends this proof. □ 



Lemma 5. Assume that f,g€ C(G) and (p : G 



satisfy the inequality 



f(xty)dfi(t) - / f(xta(y))dfi(t) - 2f(x)g(y) 
JG 

such that / 7^ 0. If g is unbounded then so is f . 



G 



< <f{x), x,y GG, 



(3.3) 



Proof. Assume that g is an unbounded function satisfying the inequality (3.3). Let M = 
sup | f\ and choose a € G such that /(a) / 0. If the nonzero function / is bounded, then we 
get by using (3.3) the inequality 

f(aty)dii(t) - f f(ata(y))dn(t) - 2f(a)g(y) < <p(a), y € G, 
G JG 
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and so \g(y)\ < 2|/(a)| ( ( / 9 ( Q ) + ^ IImII M) for all y G G. Then g is bounded which contradicts 
our assumption. □ 

In the following theorem, the superstability of the equation (T/ )9 (/x)) will be investigated 
on any locally compact group G. We will look at the case g is unbounded. 

Theorem 1. Assume that f,g € C{G) and continuous functions ip,ip : G R. satisfy the 
inequality 



f(xty)dfi(t) - [ f(xto-(y)W(t) - 2f(x)g(y) 
G JG 



<min(^(x),V>(y)), (3.4) 



for all x,y £ G. Then: 

(i) f,g are bounded or 

(ii) f is unbounded and g satisfies the functional equation (3.2), or 

{Hi) g is unbounded and the pair (f,g) satisfies the equation (Tf tg (/j,)). (if f / 0, then g 
satisfies the identity (3.2)). 

Proof, (ii) follows from Lemma 4. 

(iii) If g is unbounded, then for / = 0 the pair (/, g) is a trivial solution of the equation 
(Tf : g(fi))and so we obtain (iii). Now assume that / / 0. For all x, y, z G G we have 

\2g(z)\ / f(xty)dfi(t) - [ f(xto-{y)W{t)-2f(x)g{y) 
JG JG 

2 f f(xty)d f i(t)g(z) - 2 [ f(xta{y))d^t)g{z) - 4f(x)g(y)g(z) 
JG JG 

- f f f{xtysz)d l x{t)d l i{s) + f [ f(xtysa(z))dn(t)dfi( S ) + 2 f f(xty)dfi(t)g(z) 
JG JG JG JG JG 

[ f f(xta(y)8z)dn(t)dfi(s) -ft f(xta(y)sa(z))dfi(t)d^(s) - 2 f f{xta{y))dyi{t)g{z 
JGJG JGJG JG 



+ 
+ 

+ 
+ 
+ 
+ 



f(xtysz)dfi(t)dfi(s) - f(xta(z)sa(y))dfi(t)dfi(s) - 2f(x) I g{ytz)d^{t) 

IGJG JGJG JG 



-ft f(xtysa(z))d^(t)dfi(s)+ f f f(xtzsa(y))d f i(t)d^s) + 2f(x) [ g{yta(z))d^(t) 
JGJG JGJG JG 

I I f(xta(z)sy)dn(t)dfi(s) - f f f{xta{y)sz)d i x{t)d l i{s) - 2f(x) f g(a(z)ty)dfi(t) 
JGJG JGJG JG 

-II f(xtzsy)dfi(t)dfi(s) +11 f(xta(y)sa(z))dfi(t)d^(s) + 2f(x) f g(zty)dfi(t) 
JGJG JGJG JG 

- I I f(xta(z)sy)dfi(t)dfi(s)+ [ f f(xta(z)sa(y))d^(t)d^s) + 2g(y) f f{xta{z))d^{t) 
JGJG JGJG JG 
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/ / f(xtzsy)dfi(t)dfi(s) - f(xtzsa(y))dfj,(t)dfj,(s) - 2g(y) / f(xtz)dfx(t) 

JGJG JGJG JG 

\ g(ytz)dfx(t) - / g(yta(z))d/j,(t) - / g(zty)dfi(t) + / g(a(z)ty)dfi(t) 

JG JG JG JG 

2 / f(xtz)d f i(t)g(y) - 2 [ f(xta(z))d^(t)g(y) - Af(x)g(y)g(z) 
JG JG 



+ 

' 'G JG 
+ |2/(z 

+ 



IG JG 
In virtue of the inequality (3.4), we obtain 



f(xty)d f i(t) - / f(xta(y))d l i(t) - 2f(x)g(y) 
G 



< [ ^{xty)d,i{t) + / <p{xta(y))dn(t) + 2\\Lt\\(2<p(x)+^{y)) + 2\g(y)\<p(x) 
JG JG 



+ |2/(x)| 



/ g(ytz)dfj,(t) - / g(yta(z))dfi(t) - / g(zty)dfi(t) + / g{a{z)ty)d^{t) 
JG JG JG JG 



' G JG JG JG 

Using Lemma 5, we obtain that the unboundedness of g implies necessarily that / is 
unbounded and hence according to Lemma 4 g is a solution of the equation (3.2). So we 
conclude that 



G 



f(xty)d/i{t) 



G 



f(xta(y))dfi(t) - 2f(x)g(y) 



(3.5) 



< 



<p(xty)dn(t) + / <p(xta(y))d»(t) + 2\\»\\(2<p(x) + il>(y)) + 2\g(y)\<p(x). 
Jg 



IG JG 

Again the right hand side of (3.5) as a function of z is bounded for every fixed x, y. Since 
g is unbounded, from (3.5), we see that the pair (/, g) satisfies (I/ jfl (/x)) and therefore, by 
using Lemma 1 (ii), we get that if / / 0, then g satisfies (3.2), which completes the proof of 
the theorem. □ 

As consequences of Theorem 1, we have the following results. 

Corollary 1. Assume that functions f,g G C{G) satisfy the inequality 

[ f(xty)d t x(t) - [ f(xta(y))dfi(t) - 2f(x)g(y) < e, 
JG JG 

for all x,y £ G. Then: 

(i) f,g are bounded or 

(ii) f is unbounded and g satisfies the functional equation (3.2), or 
(Hi) g is unbounded and the pair (f,g) satisfies the equation (Tf^(n)). 

Corollary 2. ([21]) Assume that functions /, g : G — > C satisfy the inequality 

\f(xy)-f(xa(y)-2f(x)g(y)\<s, 

for all x,y £ G. Then: 

(i) f,g are bounded or 

(ii) f is unbounded and g(xy) — g(xa(y) — g(yx) + g(a(y)x) = 0, x, y G G, or 
(Hi) g is unbounded and the pair (f,g) satisfies the equation (T). 



1009 



CHOONKIL PARKetal 1003-1011 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



D. ZEGLAMI, B. FADLI, C. PARK, AND TH. M. RASSIAS 

Corollary 3. Assume that a function f G C(G) satisfies the inequality 

[ f(xty)dn(t) - [ f(xta(y)W(t) - 2f{x)f(y) < e, 
Jg Jg 

for all x,y G G. Then: 

(i) Either f is bounded or f is a solution the functional equation (T(fi) ). 

(ii) If, additionally, fj,* fx = fx, then 

\\fi\\ + \/||H| 2 + 2e 
|/(x)|< V — , forallxGG, 

Proof, (i) Letting g = f in Theorem 1. we get the desired result. 

(ii) It is an immediate consequence of Theorem 1 and Lemma 3. □ 

Corollary 4. ([21]) Assume that a function f : G — > C satisfies the inequality 

\f(xy)-f(xa(y))-2f(x)f(y)\<e, 
for all x,y G G. Then f is bounded. 
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Abstract 

In this paper, by considering Barnes-type Narumi polynomials of the first kind 
and Barnes-type Peters polynomials of the first kind, we define and investigate the 
hybrid polynomials of these polynomials. From the properties of Sheffer sequences 
of these polynomials arising from umbral calculus, we derive new and interesting 
identities. 

1 Introduction 

In this paper, we consider the polynomials 

NS„(x) = NS n (x|a; A; /i) = NS„(x|ai, . . . , a r ; Ai, . . . , X s ; f^i, . . . , fx s ) 

1 
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called the Barnes-type Narumi of the first kind and Barnes-type Peters of the first kind 
hybrid polynomials, whose generating function is given by 



,a r ;Ai,...,A s ; //i,..., // s )— , (1) 

n\ 

where a±, . . . , a r , Ai, . . . , X s , fj,i, . . . , (J, s G C with a±, . . . ,a r , X±, . . . , X s ^ 0. When x — 0, 
NS„ = NS n (0) = NS n (0|a; A; //) = NS n (0|ai, . . . , a r ; X±, . . . , X s ; fj,±, . . . , fx s ) are called the 
Barnes-type Narumi of the first kind and Barnes-type Peters of the first kind hybrid 
numbers. 

Recall that the Barnes-type Narumi polynomials of the first kind, denoted by 
N n (x|ai, . . . , a r ), are given by the generating function as 

If x = 0, we write N n (ai, . . . , a r ) = N n (0|ai, . . . , a r ). Narumi polynomials N„(x| 1, . . . , 1) 

r 

were mentioned in [8, p. 127]. In addition, the Barnes-type Peters polynomials of the first 
kind, denoted by S^^lAi, . . . , A s ; /ii, . . . , /x s ), are given by the generating function as 

s oo n 

jj(i + (i + t) x *y H {i + ty = J2 Snixix,, ....a,://, //j ,. 

j=l n=0 

If s — 1, then S n (x\X; /x) are the Peters polynomials of the first kind. Peters polynomials 
were mentioned in [8, p. 128] and have been investigated in e.g. [5, 7]. 

In this paper, by considering Barnes-type Narumi polynomials of the first kind and 
Barnes-type Peters polynomials of the first kind, we define and investigate the hybrid 
polynomials of these polynomials. From the properties of Sheffer sequences of these 
polynomials arising from umbral calculus, we derive new and interesting identities. 



n( g j^ i )na+(»+^)- w (i+'r 

oo 

= ^NS n O|a!,... 



n=0 



2 Umbral calculus 



Let C be the complex number field and let J 7 be the set of all formal power series in the 
variable t: 



fc=0 



ak E C 



(2) 



Let P = C[x] and let P* be the vector space of all linear functional on P. (L\p(x)) is 
the action of the linear functional L on the polynomial p(x), and we recall that the vector 
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space operations on P* are defined by (L + M\p(x)) = (L\p(x)) + (M\p(x)), (cL\p(x)) = 
c(L\p(x)), where c is a complex constant in C. For f(t) G J 7 , let us define the linear 
functional on P by setting 

(f(t)\x n ) = a n , (n>0). (3) 

In particular, 

(t k \x n ) = n\5 n , k (n,k>0), (4) 
where 8 n ^ is the Kronecker's symbol. 

For f L (t) = Er=o we have (h(t)\x n ) = (L\x n ). That is, L = f L (t). The map 

L I—)- fh(t) is a vector space isomorphism from P* onto J 7 . Henceforth, J 7 denotes both 
the algebra of formal power series in t and the vector space of all linear functionals on 
P, and so an element f(t) of J 7 will be thought of as both a formal power series and a 
linear functional. We call J 7 the umbral algebra and the umbral calculus is the study of 
umbral algebra. The order 0(f(t)) of a power series f(t)(^ 0) is the smallest integer k 
for which the coefficient of t k does not vanish. If O (/(£)) = 1, then f(t) is called a delta 
series; if 0(/(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) G J 7 with 
0(/(t)) = 1 and 0(g(t)) = 0, there exists a unique sequence s n (x) (deg s n (a;) = n) such 
that ( K g(t)f(t) k \s n (x)') = n\8 n ^, for n,k > 0. Such a sequence s n (x) is called the Sheffer 
sequence for (<?(£), /(£)) which is denoted by s n (x) ~ (<?(0) 

For f(t),g(t) G J 7 and G P, we have 

</(0<?(*)b(*)> = {f(t)\g(t)p(x)) = {g(t)\f(t)p(x)) (5) 

and 

OO p. oo ^, 

/(*) = EW*)i^>jb|, ^) = E< tfc i^)>|[ ( 6 ) 

fc=0 ' fc=0 

([8, Theorem 2.2.5]). Thus, by (6), we get 



t k p ( x ) = p( k \ x ) = d -^- and e yt p(x) = p(x + y). (7) 

dx k 

Sheffer sequences are characterized in the generating function ([8, Theorem 2.3.4]). 
Lemma 1 The sequence s n (x) is Sheffer for (g(t),f(t)) if and only if 

1 e vf(t) = V ^Mt fc ( v e C) 

where f(t) is the compositional inverse of fit). 



3 



1014 



Dae San Kim et al 1012-1037 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



For s n (x) ~ (g(t), f(t)), we have the following equations ([8, Theorem 2.3.7, Theorem 
2.3.5, Theorem 2.3.9]): 

f(t)s n (x)=ns r ^ 1 (x) (ra>0), (8) 

s n (x) = Y,-i(9(mr 1 f(m* n )x J , (9) 

3=0 J ' 

8n(x + y) S A X )Pn-i(y) , (10) 

3=0 

where p n (x) = g(t)s n (x). 

Assume that p n (x) ~ (l,/(t)) and 5 n (x) ~ (l,g>(t)). Then the transfer formula ([8, 
Corollary 3.8.2]) is given by 

/ f(t)\ n 

q n (x) = x [j^jj x 1 Pn(x) (n > 1). 
For s n (x) ~ (g(t),/(t)) and r n (x) ~ (/i(t), Z(t)), assume that 

s n(^) = ^ Cn.m^mC^) > 0) . 

m=0 

Then we have ([8, p.132]) 

1 lh(f(tS\ _ ._ 

x n ) . (11) 



m! \g{f(t)) 



3 Main results 

For convenience, we introduce an Appell sequence of polynomials F n (x\ai, . . . , a r ) (ai, . . . , a r 
0), defined by 



11 ( ) ^ = 22 F n(A^ ■■■> a r)- } 

i=l ^ ' n=0 



If x = 0, we write F n (ai, . . . ,a r ) = F„(0|ai, . . . , a r ). By [8, Theorem 2.5.8] with y — 0, 
we have 



F n (x|ai,.. . ,a r ) = ^ ( U JF n _ 

rrt=0 



(ai,. . . ,a r )x r 



More precisely, one can show that 



F„(*,..., 0r )=E ii+ E rf (^y( ll+1 ,..., lr+1 j4 
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where 

% + r \ {% + r) 



ji + i,...,z r + v (h + iy. ■ ■ ■ (i r + iy. ' 

Remember that the generalized Barnes-type Euler polynomials E n (x\Xi, . . . , A s ; fXi, . . . , fx s 
are defined by the generating function 

j=l ^ ' n=0 

If /ii = • • • = /x s = 1, then E n (x\Xi, . . . , A s ) = -E n (x|Ai, . . . , A s ; 1, . . . , 1) are called 
the Barnes-type Euler polynomials. If further Ai = • • • = X s = 1, then En\x) = 
E n (x\l, . . . , 1; 1, . . . , 1) are called the Euler polynomials of order s. If x — 0, we write 
E n (Xi, . . . , X s ;ni, ■ ■ ■ ,/x s ) = E n (0\X!, . . . , X s ; fa, . . . , fx s ). By [8, Theorem 2.5.8] with y = 
0, we have 

E n (x\Xi, . . . , X s ; Hi, . . . , Us) = ^ ( J £' n _ m (Ai, . . . , X s ; fxi, . . . , fx s )x m . 

m =o 



We note that 



tF n (x\a 1: ...,a r ) = -^F n (x\ai, ...,a r )= nF n _i(x|ai, . . . , a r ) , 



tE n (x\Xi, . . . , A s ; /ii, . . . , fx s ) = —E n (x\Xi, . . . , A s ; /xi, . . . , /i s ) 

= n£; n _i(a;|Ai, . . . , A s ; fx u . . . , li s ) . 

From the definition (1), NS n (x|ai, . . . ,a r ; X±, . . . , X s ; /Xi, . . . , /x s ) is the Sheffer sequence 
for the pair 



^) = fl(j^)fl(l + e^r and 

1=1 X 7 7=1 



f(t) = e t -l. 



So, 



(xlai,...,^^!,...^,;^!,...,^) ~ (j[ ( e M_i ) n(l + e Ait ) w ,e*-lj . 

(12) 



3.1 Explicit expressions 

Let (n)j = n(n — 1) • • • (n — j + 1) (j > 1) with (n) 0 = 1. The (signed) Stirling numbers 
of the first kind Si(n, m) are defined by 



(z) n = ^ ^(n, m)x m 



m=0 
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Theorem 1 

NS„(x|ai, . . . , a r ; Xi, . . . , X s ; fj,i, . . . , fj, 



S ) 

m 



n in in / \ 

= n J2J2 S ^ n > m )J2[l) E ™-i{K ■ ■ • , \s] in, ■ ■ ■ , Hs)Fi(x\ ai , ...,a r ) (13) 

m=0 1=0 1=0 ^ ' 

n n / \ 

= ££( ?W^)NS n _^ (14) 
j=o i=j V / 

= 2"Sj=i w £ £ ( ™J Si(ra, m ) F ™-'(°i' • • • ' ar)^/(a:|Ai, . . . , A s ; m, . . . , fi a ) (15) 

m=0 1=0 ^ ' 

= £ (j) ^-'(Ai, . . . , A a ; ^i, . . . , ^ a )JVj(x|ai, . . . , a r ) , (16) 
= £ Q N n-i(ai, • • • , a r ),Si(a;|Ai, . . . , A s ; n u . . . , /i s ) . (17) 

Proof. Since 

II (^TTt) II^ 1 + e Ajt ) w NS n (x|ai, A, A,://, ^) ~ (1, e* - 1) (18) 

i=i V e / j=i 

and 

(^-(ly-l), (19) 



6 
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we have 



NS n (x|ai, . . . , a r ; Ai, . . . , A s ; //i, . . . , fi s ) 



n 

i=i 



n(l + e^*)-«(x) B 



m=0 i=l ^ ' 1=1 



rrt=0 i=l v 7 jr=l v 



= 2- E ^ ^ ^(n, m) J] ( < —^- J S m (x|A!, . . . , A s ; ^, . . . , /x fl ) 

m=0 i=l ^ 7 

n r / a,* j \ m f \ 

= 2" E ^ ^ Si(n, m) J] ( < —^- )j2l™)E m -i(Xi,...,\ s ;Vi,...,V s )x l 

rn=0 i=l ^ ' 1=0 ^ ' 



m=0 1=0 ^ ' i=l ^ 

n m m / \ 

2-EJ=iW y^foro) ^ ( JS m _j(Ai,...,A a ;^i,...,^ a )Fj(x|ai,...,a r ) 

rrt=0 «=0 Z=0 ^ 7 



So, we get (13). 
By (12), we have 



= ( n CmI+o 1 ) n(i + (i + + *»' 



n 

ii=i 



(i + fr - 1 

ln(l + t) 



\ s 1 00 \ 



(n( 



(1 + fr - 1 

ln(l +t) 



n(i+(i+o A o' 



3=1 



X 



n—l 



i=0 



I-/ 



By (9), we get the identity (14) 
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From the proof in (13), 

NS„(x|ai, . . . , a r ; Ai, . . . , A s ; //i, . . . , /i s ) 

n r / at -\\ s 

= e s ^ m ) n ri( i + ^ 

m=0 i=l ^ ' j=l 

n s 

= J2 S i( n i m ) II^ 1 + e Xjt )-^ j F m (x\ ai , ...,ar) 

m=0 j=l 



x l 



n s m / n 

= E 5i(n, m) + e A ") _w £ (7) Fm - /(ai ' ' ' ' ' ^ 

m=0 3=1 1=0 ^ ' 

n m s \ s 

= £ ^(n,m) £ f ™ Ji^fa, . . . , a r ) H(l + e x ^x l 

m=0 1=0 ^ ' 3=1 

= ra.»f%.)^jw«, ^n(^) 

m=0 1-1) V< / j = l Vt ' ' 

= 2 _E i=i^ ^^(n.m)^ ( JF m _i(ai,...,a r ) J B / (a;|Ai,...,A s ; / ui,..., / u s ) 

m=0 Z=0 ^ ' 

n m / % 

= 2 _E i=i^ y^y^ ( JS'i(n,m)F m _j(ai,...,a r )Si(x|Ai,...,A a ;^i,...,^ s ). 

m=0 «=0 ^ ' 

which is the identity (15). 
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Next, 



NS n (y|ai, . . . , a r ; X u . . . , X s ; fj, u . . . , (i 9 ) 

' °* i 
^2 NSi(j/|ai, . . . , a r ; X ± , . . . , X s ; p u . . . , fi s )- 

\ i=0 

= (n ( ^nd+o 1 ) n (i + (1 + ()J ^'" (1 + t], \ x ") 

= (u(i + a + n (n^r) (i + t)v 

= ( rK 1 + a + *) A 0" W | E N ^ ■ ■ ■ » <o ^ n 

\i=i z=o ' ' 

= E(")jV«(y|ai,---,a r )(n(l + (l + t) A 0" W 
;=o ^ ' \j=l 

n / °° i 

= E ( i ) N i(y\ a i>---> a r) \ y2s i (Xi,...,X 3 ;fi 1 ,...,n 3 )j 

1=0 ^ ' \ i=0 

= E [ l ) N l(y\ a l,---, a r)Sn-l(Xl,...,X s ; //!,...,//,). 
2=0 ^ ' 



Thus, we obtain (16). 
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Finally, we obtain that 

NS n (y|ai, . . . , a r ; X u . . . , A s ; (i u . . . , /i s ) 

I oo 

^2 N Sj(y|ai, • • • , a r ; Ai, . . . , A s ; n u . . . , fi s 



i=0 

r 



11 



X 



n 



(i + t) ai - i 



l V K1+i) ; n(i+(i+«)^)- w (i+«)' 



n 



(i + fr - 1 



X ' 



y x n 



xjv i n(1+ ^J|n( 1+ a + ^)-(i + o 
= (n ( ^a+t) 1 ) I § Si(y|Ai ' • • • ' A * ; ^ ■ ■ ■ ' 

= ^S,(y|Ai,...,A s ;//i,...,// s )rM /jj 

Z=0 ^ 7 \i=l 



ln(l + 1) 



^Si(j/|Ai,...,A s ;A*L,---,AO(?) ( X^^( a i> • • • , a r)\ 



X 



1=0 



i=0 



X 



n—l 



(^fj S i(y\*i> • • • , . . . ,/x s )iV n _j(ai, . . . , a r ) . 



Thus, we get the identity (17). I 

3.2 Sheffer identity 
Theorem 2 

NS n (x + y\ai, . . . , a r ; Ai, . . . , A s ; . . . , /jl s ) 

(x\ai, . . . , a r ; Ai, . . . , A s ; //i, . . . , fx s )(y) n -i . (20) 



z=o v 7 



Proo/. By (12) with 

^ = II ( a J_ i ) + e Ai *) w NS n (x|ai, . . . , a r ; Ai, . . . , A s ; , // s ) 

i=l V e 1 / ,=1 



= (x) n ~(l,e t -l), 
using (10), we have (20). 
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3.3 Difference relations 
Theorem 3 

NS n (:r + l\a ± , . . . , a r ; X u . . . , X s ; n u . . . , /x s ) - NS n (x| Ai, . . . , X s ; fii, ...,n s ) 

= nNS„_i(x|ai, . . . , a r ; Ai, . . . , X s ; /xi, . . . , fx s ) . (21) 

Proof. By (8) with (12), we get 

(e* - l)NS n (x|ai, . . . , a r ; Ai, . . . , A s ; . . . , fj, 8 ) 

= nNS n _i(x|ai, . . . , a r ; A x , . . . , X s ; . . . ,/j s ) . 

By (7), we have (21). I 

3.4 Recurrence 
Theorem 4 

NS n+ i(x| Ai, . . . , X s ; //i,... ,/i s ) 

= xNS n (:r - l|ai, . . . , a r ; X u . . . , X s ; fi ± , . . . , fi s ) 

n m / m \ 

+ 2 - EJ=i W ££ SlLsi(n, m)E m _ l (X 1 , ....A,://, //,) 

m=0 Z=0 



r 



X 



^OjF i+1 (a; + Oj - l|a 1? . . . , aj_i,a m , . . . , a r ) - rF l+1 (x - l\a ± , . . . , a, 

i=i 

s n m / \ 

_ 2- 1 -^ s =i w ^ ^ (7) s 'i( n ." l ) F m-i( a i. • • • ' a r)Ei(x + Aj — 1 1 A; // + e*) . 

i=l m=0 «=0 ^ ' 

(22) 

Proo/. By applying 

s n +i(x) =(x- -j^s n (x) (23) 

([8, Corollary 3.7.2]) with (12), we get 

NS n+1 (x) = xNS n {x - 1) - e-'^NSnix) . 
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Observe that 



git) 



(WO)' 



rlnt - ^ln(e M - 1) + E^M 1 + e A ^) 
i=i j=i 



J'=l 



_ \r^r ai te a i l s . 



where 



t ^ 1 + e A i* ' 



i=l \i=l 



has the order at least one. Since from the proofs of (13) and (15) 

n m / \ r 

NS n (x) = 2" £5=1"' E 5x(n, m) E (™ ) ^(A^ ....A,://, /i s ) J] 



-.art, 



m=0 1=0 x 7 i=l 

2" E - w E * (». »o E 7 (ai ' • • • ' ar) n ^ > 

m=0 Z=0 ^ 7 7=1 ^ ' 



x l 



we have 

g'(t) 



9(t) NS„ W 



fi>i, ■ ■ ■ , A*s) 



= 2" ^ « E%™)E j S — «( A i' • • • > A - 

m=0 1=0 ^ 7 

r 

><n 

i=i 

+ n*-* E *».-> E (7)^(«.. ■ ■ ■ .« r )E rriS n (r 

rrt=0 Z=0 ^ ' i=l 7=1 ^ 



1=1 



The second term is equal to 



n m ( \ s A' 

2 -EJ=i w E E (7) ' Sl(n ' m ) Fm "'( ai ' • • • ' a -) E ^^(^ + A 4 |A; /i + e,) , 

m=0 «=0 ^ 7 i=l 



12 



1023 



Dae San Kim et al 1012-1037 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



where A = (Ai, . . . , A s ), /x = (/ii, . . . , fj, s ) and = (0, . . . , 0, 1, 0, . . . , 0). The first term is 

i-l 



n m / \ 
m=0 1=0 ^ ' 

1=1 x ' \ 1=1 / 

™ m ( m ) T /pdit _ 1 \ 

= r2 -E? =1 « ^ rrrS 1 (n 1 m)E m _ l (X 1 , . . . , A s ; /i!, . . . , /i s ) n — -— 
m =o *=o 4 + 1 i=i V 1 / 

_ 2 - EJ=i w ^ ^ A±LSi(n, m)E m _ l (X 1 , ....A„:// : /i s ) 

m=0 Z=0 

r / 0 <M _ 1 \ 

J+l 



i— 1 i— 1 \ / 



X 



1=1 1=1 

n m 



= r 2-Si=i w _J_Si(n, m)E rn _i(\ 1 , . . . , A s ; (jl u . . . , fi s )F l+1 (x\ai, ...,a r ) 



m=0 1=0 

n m /m\ 



2 - 22j=i N Y^ S ^ ™)E m -i(\i, -...A,://; /i s ) 



m=0 £=0 

r 

X 



0"iFi + \{x + ai\ai, . . . , Oj + i, . . . , a r ) 



i=i 



2 -EJ=i w £ £ ^^(n, m)f? m _,(A 1 , ....A.,:// ; /i s ) 



m=0 Z=0 



X 



rF J+ i(x|ai, . . . , a r ) - aiF l+1 (x + a^ai, . . . , Oj_i, a i+1 , ...,a r ) 



i=i 



Therefore, we obtain the identity (22). 

3.5 Differentiation 

Theorem 5 

— NS n (x|ai, . . . , a r ; Ai, . . . , A s ; /ii, . . . , /i s ) 



(— l) r 

n! /|7 _n NS; ( x l Ql ' • • • , «r; Ai, . . . , A s ; /ii, . . . , /i s ) . (24) 



^ Z!(n-Z) 
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Proof. We shall use 



z=o ^ ' 

((7/. [8, Theorem 2.3.12]). Since 

(m\x n - l ) = (\n(l+t)\x n ~ l ) 



^ (_l)m-l t 



m—l+m 

n—l 



m 

\m=l 



X 



m 

m=l 



m=l 

= (-l)™-'- 1 ^-/- 1)! 



with (12), we have 
d 



^NS„(x|ai, . . . , a r ; Ai, . . . , A s ; //i, . . . , /x s ) 



n-l / \ 

= £(?) (- 1 ) n "'" 1 (" " 1 ~ l)!NS,(x|ai, ....r/ r :A, A,:/,, //,) 

= n! /i? _n NS <( g l fl i» • • • > Ai, . . . , A s ; ^i, . . . , n a ) , 

i=o ^ ' 

which is the identity (24). 
3.6 A more relation 

The classical Cauchy numbers of the first kind c n are defined by 

\n(l + t) ~ ^ Cn n\ 

v ' n=0 

(see e.g. [2, 6]). 
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Theorem 6 



NS„( x|ai, . . . , a r ; Ai, . . . , A s ; /ii, . . . , /i s ) 
= xNS n _i(a; - l|ai, . . . , a r ; Ai, . . . ,X s ;^i, • • • ,aO 



- ^/ijAiNS„_i(a; + Ai - l|ai, . . . , a r ; Ai, . . . , A s ; \i + e*) 
i=i 

A;//) 

~ r ^ ( / ) CjNS n _j(x - l|ai, . . . , a r ; Ai, • • • , A s ; /ii, . . . , n s 



Proof. For n > 1, we have 

NS„(y|ai, . . . , a r ; X u . . . , X s ; fj, u . . . , /i s ) 



^2 NS ; (y|ai, . . . , a r ; X u . . . , X s ; fi u . . . , fi 8 ) - 

i 1=0 

n( Va+ f i 1 )n( i+ ' i+< » >, )" w ( i+t )'k) 
=(*(n( fi ^ 1 )n(i+a+'M- w (i + «)' 



-n-l 



n— 1 



n-l 



X 



rt— 1 



The third term is 



Since 



(n ( (1 in ( i+^ 1 ) ft 1 + a +«)*)-"& +*r , |*- 1 ) 

yNS n _i(y - l|ai, . . . , a r ; X u . . . , X s ; fj, u . . . , fj, s ) . 



(25) 



(26) 



1=1 



r ( a v t(l+t) a » t 



(l+t) a " — 1 ln(l+t) / 
t 
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with 



E 



a v t(l+t) a » t 



^>\(l + t)«>-l ln(l + f) 
having order > 1, the first term is 



n 

ii=i 



(l + t)* - i 

ln(l + t) 



n(n-(i+t) A o _ ^(i+t)^ 1 



a„t(l+t) 0 " t \ 

37 



i /fr/ q + ^-i 

AH ln(l + t) 



vi=l 
r 

E 



' 1=1 



a„f(l + t) f 



= 1 / ln(l + t) 



x 



^^ (1+() ._ 1 n( (I i ^)n( 1+ a + ^T 



— r 



(]_ +t )j,+a„-l 
/ r 



ln(l + 1) 

(l+t) a * - 1 



x 



ln(l + f) 



N m(i + (i+0 A o~ w (i+*) J/_1 

' 7 = 1 



ln(l + t) 



^(^n(^)n<"a + o*>- 



(i +t) y+a »- i \ 



1=0 



- ( y^y^ K j a I/ QNS n _j(y + a v - l|ai, . . . , a„_i, a u+1 , . . . , a r ; A; //) 

72 \„=1 i=0 ^ ' 

«=0 ^ ' 



Since 



ftn( i+ ( i+ w 

s s 

= - + o Ai_1 (i + (i + IK 1 + ( x + *) Aj T 



1=1 
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the second term is 

- x>a^(i + (i + n ( ^f+t") 1 ) n (l + (l + t)A3) " J(l + 



s 



-^//iAiNS„_i(y + Aj - l|a; A;/x + ei) . 



i=l 



Therefore, we obtain 
NS n (x|a; A;/i) 

s 

= xNS„_i(x - l|a; A;/i) - ^ /iiA;NS n „i(x + A; - l|a; A; /x + e*) 



i=i 



n-l( x + — . . . , dj— 1, • • • , Cl r ] A; /i) 

n \i=i i=o V / 
-r 5^ QcjNS n _,(x - l|a;A;/i)j , 

which is the identity (26). 

3.7 A relation including the Stirling numbers of the first kind 

Theorem 7 For n — 1 > m > 1, we have 

^2 ( j J S i( n - m)NSj(ai, . . . , a r ; Ai, . . . , A s ; /ii, . . . , /i s ) 
z=o ^ 7 

fc=0 /=fc v 7 v 7 

r 

^ajNS fc (ai - l|ai, . . . Ai, . . . , X s ; Hi,... ,n s ) 



-rNS fc (-l|ai, . . . , a r ; Ai, . . . , A s ; /ii, . . . , (i s )) 

j=i i=o v f 7 

x NS/(Aj - l|ai,...,a r .;Ai,...,A s ;/j + e J ) 

+ ^ j5'i(n-Z-l,m-l)NSi(-l|ai,...,a J .;Ai,...,A s ;/Ji,...,/j s ). (27) 
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Proof. We shall compute 



n(n^^)n( i +( i +<> A r w (Ki+<))' 



ii V Ki + t) , 

in two different ways. On the one hand, it is equal to 



x 



= (n (^^ttt) n<i + (i+i) if )-"h ! E s '( , ."')f" 

= m! $Z I / )' S 'i(^ m ) ( 5^NS*(ai, .. . ,a r ; Ai,. . . , \ a ;\i\,. ■ • ,/^)t 

l=m ^ ' \ i=0 

= to! ( ™ JSi(Z, m)NS n _j(ai, . . . , a r ; Ai, . . . , A s ; . . . , // s ) 

l=m ^ ' 

n—m s \ 

= m\^2 [i) Sl ( n ~ ^ m ) NS K a i ; • • • ,a r ; Ai, . . . , A s ;/ii, ...,(i s ). 



n—l 



X 



n—l 



On the other hand, it is equal to 



« (n (^^ttt) nt 1 + f 1 + ^r"' ni + *» 

=((^n(^^))n(^a+^Ni + «)) 
n(^^)(*n(i + a + ^r)(m + «))- 

+ (ij P'hd+o 1 ) nt 1 + f 1 + '> A ')"' (* w 1 + «»") 



„n-l 



n-1 



X 



X 



n—l 



(28) 
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The third term of (28) is equal to 
'(1 + t) ai - 1 



m 



n 

li=l 



ln(l + 1) 



) n(i + (i+t) A o" w (i+o- i |Ni+*)) m_i ^ Ti -^ 



m 



(n( e i ^)n(i + ( 1+ ^r"(i + r 1 



[m 



1)! S^m-1) 



n-1 



l=m—l 



l=m—l 

n — 1 

/ 



X 



= m\ 

n( fl ^ i )n(i+(i+o^)- w (i + *)-' 



m — 1) 

(i + fr - r 



m 



m! 



i=i 

71-1 

' E 

l=m—l 
n—m 

E 



n-l-Z 



n — 1 



n — 1 



Si{l,m- l)NS n _i_j(-l|ai, . . . ,a r ; Ai,. . . , X s ;ni,.. . , fi s 



Si(n -I - l,m - l)NSj(-l|ai, . . . ,a r ; Ai, . . .,X s ;/ii, . . .,/i s ) . 



Since 



i=i 



(i + fr - i 

ln(l + t) 



1 TT Al + r- ^ ^=l( 



r ( a v t(l+t) a » _ t 

(l+t) a "-l ln(l+t) 



t 
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the first term of (28) is equal to 



1 ' / (l+^-l 

n(i + (i + 0 A 0" w Ni + 0) 

n\l\\ ln(l + f) 

f a u t(l + t) a » t 



(l+t) a "-l ln(l+t) 



^ V(l + ^-l ln(l + t) 



)n(i+(i+o A o" w ( i +*r i 

' 7 = 1 

(ln(l + t))"V 



4(n( fl E^)n(i+a+o^r(i + *r 1 



iV Mi + 

y> / a„t(l + t) a » 

^Ui + 0 o "-i 



ln(l + 1) 



=^e(3^)(e-( 

i=m N ' \v=\ \ 



\m 



l=m 



m)—x 



ln(l + t) ^-f f (I + t) ai - 1 
ln(l + i) 



(i + ty 



ill 



JJ(1 + (1 + + 1)^- 1 



3=1 



ln(l + t) 



- n(^)r> + a^)- 



+ 0 



-1 



ln(l + 1) 



x 



n—l 



n—l 



i=m v 7 fc=0 v 



A; /i) - rNS n _i_jk(-l|a; A; //) 



m! 



,i/=i 

n—m n—m 



EE ("I ([ )£i(ra-Z,m)c,_ji. 



n 14 — ' A — ' \ l J \k 

k=0 l=k 



X 



^2a u NS k (a u - l\a u . . . ,a l/ _ 1 ,a l/+1 , . . . , a r ; A; //) - rNS fe (-l|a; A;//) J . 
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Since 



dtH(l + (l + t) x i)- 



3=1 



= - + + (i + *) a o nc 1 + ( x + w 

the second term of (28) is equal to 

=-E<^n(n££r L> ) (i +( i+^)- 



■Hi 



\i=l 



ln(l + 1) 



Q(l + (1 + t)*')"^ 1 + t)^- 1 (ln(l + 0) 



3=1 
s I r 



\ m x n-l 



Q(l + (1 + f) A ')" W (l + f)*" -1 m! ^ 5i(Z, m)-^" 1 



l=m 



Si{l,m) 



S 71—1 ✓ 

i/=l i=m ^ 

n CmI+o 1 ) (1 + (1 + t)A " r " n (1 + (1 + t)X ' r ' {l + t)A "" 



X 



n-l-1 



n-1 



= —m 



v=\ l=m 
s n—m—1 

v=l 1=0 



-m\J2^»J2( n I 1 } S l(l, m )^„-i-i(\„ - ![(/: A:// - r„) 



n — 1 



Si(n - I - l,m)NSj(A„ - l|a; A; /x + e^) . 
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Therefore, we get, for n — 1 > m > 1, 

n—m , \ 

m\J2 ^j5 , i(n-Z,m)NS,(a;A;Ai) 

1,—n ;— i- \ / \ / 



fc=0 l=k 
r 



k=0 l=k 
r 



^ aiNS fe (ai - l|a l5 . . . , aj_i, a m , . . . , a r ; A; /i) - rNS fc (-l|a; A; //) 

m\ //jAj I J — Z — 1, m)NS/(Aj — l|a; A; /i + e 3 ) 

j=i i=o ^ 1 ^ 

n—m , 1 x 

+ m! E I 7 )Si(n-l-l,m- l)NS,(-l|a;A;Ai). 
Dividing both sides by ml, we obtain for n — 1 > m > 1 
J2 i^ l jS 1 (n-l,m)NS l (a;X; f i) 

j n—m n—m , \ ( \\ 
i—n /=fc \ / \ / 

^ ajNS fe (ai - l|ai, . . . , a,_i, a m , . . . , a r ; A; /i) - rNS fc (-l|a; A; //) 
v i=i , 

"E^ E ( / )Si(ri-Z-l,m)NS i (A j -l|a;A;// + e j ) 
i=i ;=o v 1 ' 

n—m , 1 x 

+ E ("7 J^n-Z-^m-ljNSK-lkA;//). 
Thus, we get (27). I 

3.8 A relation with the falling factorials 

Theorem 8 

NS n (x| Ai, . . . , A s ; /ii, . . . ,/i s ) 

= E ( U ) NS n-m(ai,---,ar;Ai,...,A s ;/ii,...,/i s )(a;) m . (29) 

m=0 
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Proof. For (12) and (19), assume that NS n (x|ai, . . . , a r ; Ai, . . . , A s ; /ii, . . . , fj, s ) 
= YZi=o C n,m{x)m- By (11), we have 



c 

^ n m. 



rn 



^(n(^)n( 1+(1 -)- 



n(^)n(-a +w 



NS n _ 



Thus, we get the identity (29). 



3.9 A relation with higher-order Frobenius-Euler polynomials 

For aGC with the Frobenius-Euler polynomials of order r, i?^(x|a:) are defined 

by the generating function 

1 rv \ T °° i n 



e* — a 



n=0 



(see e.g. [4]). 
Theorem 9 



n I n—m n—m—j 



a\ n - j 



NS„(x|ai,...,a r ;Ai,...,A fl ;/xi,...,/x fl ) = I ^ I'/Hz^^ 
x(l - a) -J 'Si(n - j - Z,m)NSj) if^fcla) • 



(30) 



Proo/. For (12) and 



H%\x\a) 



~ i i I ./ ) . 



1 — a 



(31) 



assume that NS„(x|ai, . . . , a r ; Ai, . . . , A s ; /ii, . . . , /j s ) = YJL=o C n, m Hm ) {x\a). By (11), 
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similarly to the proof of (27), we have 

1 / {-^^) 



Cn,r, 



ml 



(J££h) n- =1 ( 1 +^ In(1+t) ) w 

i 



(ln(l+t))' 



x 



m!(l - a)°~ 

n { ^(ilt) 1 ) f\( i+ ( i+ ^y" wi + *»-<i -<•+«)■ 



min{cr,n} 



x 



(in(i+t)) m | i;j(i-«r^ 

(n(^^)na + a+^(Mi + o) 

n— m /■ \ n— m — 



m!(l — a) a ' \ i/ 



n—m n—m—v 

E E 



(7 \ ln — v 



1=0 



I " ^ I/ )S'i(n-i/-Z,m)NS, 



W V Z 



(n)„(l - - 1/ - Z,m)NS 



i/=0 z=o 
Thus, we get the identity (30). 

3.10 A relation with higher-order Bernoulli polynomials 

Bernoulli polynomials *Bn\x) of order r are defined by 



e* - 1 



xt 



E 

n=0 



(see e.g. [8, Section 2.2]). In addition, Cauchy numbers of the first kind <£^ of order r 
are defined by 



x r oo (r) 

* ] =V— r 

+ 



(see e.g. [1, (2.1)], [3, (6)]). 



24 



1035 



Dae San Kim et al 1012-1037 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Theorem 10 

NS„(a;|oi, . . . , a r ; X±, . . . , \ s ; H\, . . . , /i s ) 



ii i ii— ■in it, in t / \ / *\ \ 

E EE (")( n 7 , )ei ff) 5 1 (n-i-Z,m)NS l (32) 

m=0 \ j=0 1=0 ^ ' ^ ' I 



Proof. For (12) and 

((^)',*) , (33) 

assume that NS„(x|ai, . . . , a r ; Ai, . . . , X s ; Hi, . . . , fx s ) = Y!L=o Cn, m ^m (x). By (11), simi- 
larly to the proof of (27), we have 



G„ „ = A < 7 1 ;°" + " > (ln(l + ())' 



X 



j=l i=0 

^E^tI)<n(^)n(-(-^)-N-'))' 

,_n V / ;— n \ / 



i=0 x ' 1=0 

n—m n—m—i 



ji— in u—iii—t / \ / -\ 

= E E (")('';>< < ' ) 5 1 («->-/,m)NS,. 



i=0 Z=0 

Thus, we get the identity (32). I 
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A New Algorithm Based on Lagrangian Relaxation for 
Solving Indefinite Quadratic Integer Programming* 



Jianling Li^ 



Peng Wang- 



4 



Jinbao Jian§ 



Abstract: In this paper we propose a new algorithm for finding a global solution of indefinite 
quadratic integer programming. We first derive Lagrangian dual bounds by D.C. decomposition and 
Lagrangian relaxation. And then a new branch-and-bound based on Lagrangian dual bounds and 
integral hyper-rectangular bisection is presented. Finally, preliminary numerical results are reported. 

Key words, indefinite quadratic integer programming, branch-and-bound, Lagrangian relax- 
ation, Lagrangian dual bound 

AMS subject classification 90C, 49M. 

1 Introduction 

Consider the following indefinite quadratic integer programming problem: 



where Z n is the set of integer vectors in W l , Q is an indefinite symmetric n x n matrix, 
c G W 1 , A is an m x n matrix, b G W 71 . Let Sqjp denote the feasible set of (QIP) and 
S = {x e R n | Ax < b, x > 0}. We assume that S is bounded and S QIP C Xj = {x G Z n | 
/ < x < u}, where / and u are integer vectors. 

Quadratic integer programming plays an important role both in optimization and in 
the real world. Several other important optimization models either can be formulated as 
quadratic integer programs or are special cases of (QIP). These include the quadratic 
0-1 problem( [1, 2, 3, 4]), the quadratic assignment problem [5], the quadratic knapsack 
problem ([6, 7, 8, 9]), and the discrete version of the bilinear programming problem ([10]). 
And many practical problems can be solved as quadratic integer programs. For example, 
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(QIP) 



min f{x) = x T Qx + c T x 
s.t. Ax < b, 



x > 0, x 6 Z n , 
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portfolio selection problems ([11, 12]), computer-aided layout design [13], site selection for 
electric message systems [14]. 

The indefiniteness of any global optimization leads to difficulty in solving it. Tawar- 
malani and Sahinidis [15] proposed a polyhedral branch- and-cut approach to nonconvex 
global optimization. Saxena et. al. [16] address the problem of generating strong convex 
relaxations of mixed integer quadratically constrained programming problems. Problem 
(QIP) is NP-hard. Some special cases of (QIP), for example, 0-1 quadratic problems 
and quadratic knapsack problems, have widely been investigated by many authors (see 
[17, 18, 3, 4, 8, 9]). But only a few algorithms, to our knowledge, have been developed 
in the literature for problem (QIP). Erenguc and Benson [19] proposed a branch-and- 
bound method which lower bounds were derived by orthogonal transformation and convex 
envelope. Thoai [20] proposed a branch-and-bound method with the help of concave pro- 
gramming for lower bounding and integral hyper-rectangular partition. Sun et al. [21] 
derived several kinds of lower bounds and their relationship. 

Motivated from the ideas of [21] and partition methods of region, in this paper we 
further investigate problem (QIP) and propose a new branch-and-bound method for solving 
problem (QIP). We, first, convert equivalently problem (QIP) into a separable form by 
means of D.C. decomposition and Cholesky factorization of a positive definite matrix. We 
then construct a separable convex relaxation of problem (QIP) and Lagrangian bounds are 
derived by applying Lagrangian decomposition schemes to the separable convex relaxation. 
We incorporate our algorithm with integral hyper-rectangular bisection. 

The rest of this paper is organizaed as follows. In the next section, we describe an 
equivalent reformulation of problem (QIP). In Section 3, we derive Lagrangian dual bounds. 
In Section 4, we present a new branch and bound method based on Lagrangian dual bounds 
and integral hyper-rectangular bisection. An illustrative example is given to demonstrate 
how the new algorithm works in Section 5. Finally, preliminary computational results are 
reported and some concluding remarks are given in Section 6. 

2 Reformulation 

The indefiniteness of f(x) leads to the difficulty in solving (QIP). In this section, we convert 
f(x) into a separable form by D. C. decomposition. 

Let Ai,...,A n be the real eigenvalues of the symmetric matrix Q. Without loss of 
generality, we assume that Ai, . . . , A n are ranked in nondecr easing order. Obviously, we 
have Ai < 0, A„ > 0 due to the indefiniteness of Q. 

Let £ = (£i, . . . ,in) T > 0 be such that diag(^) — Q is positive definite, where diag(^) 
denotes the diagonal matrix with diagonal elements £i, . . . , £ n . For example, we can choose 
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£j > A n , j = 1, . . . ,n. Then f(x) has the following D.C. decomposition: 

x T Qx + c T x = x T diag(£)x — x T [diag(^) — Q]x + c T x, (1) 



where diag{£) — Q is positive definite. 

We have the Cholesky factorization for the positive definite matrix diag{^) — Q: 

diag(0 -Q = U T U, (2) 

where U is an upper triangular matrix. Substituting (2) into (1), we obtain 

x T Qx + (Fx = —x T U T Ux + x T diag(^)x + c T x (3) 

Let y = Ux, then 

x Qx + c x = — y y + x diag(£)x + c x, (4) 

So problem (QIP) is transformed equivalently into the following problem 

(P) min — y T y + x T diag(£)x + c T x 

s.t. y = Ux, Ax < b, 

I < x < u, I < y <u, 
Xj integer, j = 1, 2, ■ • • , n, 

where I = . . . , l n ) T , u = (u\, . . . , u n ) T , lj and Uj (j = 1,2, ■ ■ ■ , n) are the optimal value 
of the following linear program, respectively: 

lj := min UjX (5) 
s.t. Ax < b, 

I < x < u, 



and 



uj := max UjX (6) 
s.t. Ax < b, 

I < x < u, 



where Uj is the jih row of matrix U, j = 1, . . . , n. 
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3 Lagrangian Relaxation 

Lagrangian dual method has been a powerful methodology in integer programming. It can 
often provide tight bounds by exploiting the separable structures of the problem. 

Problem (P) is a mixed integer quadratic programming problem. Let Lj(yj) = oijUj + fij 
be the linear underestimation of the concave function — yj on [lj,Uj], (j = 1,2, • • • ,n) 
satisfying the following conditions: 

Lj(lj) = ctjlj + Pj = -Ij , Lj(uj) = a jUj + 0j = - Uj , j = 1, 2, • • • , n. 

So we obtain 

a 3 = -(h + f3j = ljUj, j = l,2, ■■■,n. 

Hence 

l-jiU,' '-'j ■ "jUIj ■ 'j'';,- i = 1 , 2 > (7) 

Replacing — y 2 - by Lj(yj) in problem (P), we can get a convex integer relaxation of problem 
(P), i.e., 



T 

X 



{CI Pi) min Lj(yj) + x T diag{^)x + c 

3=1 

s.t. y = Ux, 
Ax < b, 

I < x < u, I < y <u, 
Xj integer, j = 1, 2, ■ ■ ■ ,n. 

For reducing computation, we eliminate y by y = Ux in [CIP\) and obtain 

(C7P 2 ) min p + (C/ T 0 + c) T x + x T diag(£)x 

s.t. < 6, 

I < x < u, , 

Xj integer, j = 1, 2, • • • , n, 

where p = Y^=i h^j an d 4> = ( — h —ui,---, —l n — u n ) T . Obviously, problem (CIP2) is also 
a convex integer relaxation of problem (QIP). 

Problem {CIP2) is separable and we can consider the Lagrangian dual scheme. For 
v G Rip, the dual function of {CIP2) is defined as follows: 

d{v) = min {p+ {U T 4> + c) T x + x T diag(^)x + v T (Ax - b)} 
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= p — v T b + min {£jX 2 + Tj{v)xj \ lj < Xj < Uj, Xj integer} , 



= p- v T b + 



where t(u) = (U T <p + c + A T v) T and 



ij>j{y) = < 



&j+Tj(v)lj, tj<lj 

mm{& L^'J 2 + Tj[y) \tj\ , ^([tj\ + l) 2 + Tj(v)(\tj\ + 1)}, lj < tj < u, 

. s/'' 2 • ~j^>' tj > "./ 

with tj = — 1 -i^r- and [tj\ being the maximum integer less than or equal to tj. 

From the weak duality, d(u) is always a lower bound of (CIP2), further, (QIP). The 
dual problem of (CIP2) is then to search for the maximum lower bound yielded by d(v): 

(D) max d(u). 

From the above discussion, we obtain the following conclusion 

Theorem 1 v{D) < v(CIP2) < v(QIP), where v(-) denotes the optimal value of problem 
(■)■ 

4 Branch-and-Bound Algorithm 

In this section we will give a new branch-and-bound algorithm. The algorithm consists 
of two key procedures, i.e., partition of region and lower bounding. Lower bounding is 
discussed in the previous section, so in this section we first restate briefly the method of 
region partition given by Thoai in [20] , and then describe the new algorithm in detail. 

4.1 Integral hyper-rectangular bisection 

Let P = (a, b) C W 1 be a hyper-rectangle, which has integral bound vectors, that is 

P = {x G R n I a < x < b} = {x G M n | aj < xj < bj, j = 1, 2, ■ ■ ■ , n}, 

where cij and bj are integers satisfying aj < bj (j = 1,2, ••• ,n). We assume that i is the 
branch index at the current iteration. We define two subregions P 1 and P 2 of P as: 

p 1 = { x e P I aq < x 7 < n}, P 2 = {x G P I 77 + 1 < ajj < 6j}, 

where rj = [(aq+ k-)/2\. It is obviously 

p 1 u P 2 c P, P 1 n P 2 = 0, 



1042 



Jianling Li et al 1038-1048 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



(p 1 n z n ) u (P 2 n z n ) = Pnz n . 

Remark 1 For convenience, we call a, b a lower corner vertex and an upper corner vertex 
of box (a, b), respectively. 

4.2 The Algorithm 

We are now in a position to present a new branch-and-bound algorithm for solving problem 
(QIP) based on Lagrangian dual bounds and integral hyper-rectangle bisection. 

The proposed method is a branch-and-bound method. Each subproblem (subbox) cor- 
responds to a node in the search tree. The lower bound on each node is computed by using 
the Lagrangian dual search scheme. The new subproblems are branched by integral hyper- 
rectangle bisection. The algorithm starts by computing a lower bound on the initial box 
(I, u). The initial upper bound is set to be infinity if any initial feasible point is not found. 
At the k-th iteration, the algorithm maintains a list of subboxes. The subbox with the 
minimum lower bound is chosen from the list and partitioned into two new subboxes. For 
each new subbox, a lower bound is calculated by the Lagrangian dual search scheme. If the 
lower bound is greater than or equal to the upper bound of the optimal value of problem 
(QIP), then the new subbox is fathomed. All the subboxes in the list with lower bound 
greater than or equal to the upper bound are fathomed. The process repeats until the list 
is empty. 

Algorithm A 

Step 0. (Initialization). Compute the eigenvalues Ai,. .. ,A n of the matrix Q. Set I 1 = 
l,u x = u,P\ = (Z 1 ,^ 1 ). Let S* 0 be a set containing some feasible points of problem 
(QIP). Let the initial lower bound £i be the optimal value of problem (D) on P\. If 
S° 7^ 0, then set the initial upper bound 71 = mm{f(x) \ x G S 0 } and choose x l G S° 
such that f(x 1 ) = 71; otherwise, set 71 = +00. Set O = {Pi}, k := 1. 

Step 1. (Partition). Partition P& into two subboxes P k , P| by integral hyper- rectangular 
bisection. Set i = 1,0 := 0\P&. 

Step 2. (Bounding). Solve dual problem (D) on P % k and obtain the optimal value d k% . 
Set ((Pi) = d ki . If ((Pi) < 7*, then 0 := O U {P l k }, i := i + 1. If i = 2, goto Step 3, 
otherwise, repeat Step 2. 

Step 3. (Fathoming). Update S° by means of the feasible points yielded by the procedure. 
Set 7fc + i = min {f(x) \ x G S 0 } and choose x k+1 G S° such that jk+i = f(x k+1 ). Set 
0 := 0\{P I ((P) > 7k+i}- If 0 = 0, stop, x k+l is the optimal solution of problem 
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(QIP). Otherwise, set Cfc+i = min {C(P) I P e Choose P (denote by Pfc+i) from 
Q such that C(Pfe+i) = Cfc+i- Set k := k + 1, go back to Step 1. 

Remark 2 We choose the index i of the edge with the maximum length to branch in 
implementing integral hyper-rectangular bisection. 

The following conclusion holds true clearly due to the boundedness of the feasible region 
and partition method. 

Theorem 2 Algorithm A terminates after a finite number of iterations. 

5 An Illustrative Example 

In this section we demonstrate Algorithm A by a small example. 
Example 1 

min f(x) = x\ — X\X2 
s.t. x\ + 2x2 < 6, 

0 < xi < 5, 

0 < x 2 < 3, 

x = (xi,X2) T G Z 2 . 

The optimal solution of this example is x* = (4, 1) T with f(x*) = -3. The feasible region of 
the example is shown in Figure 1 and the iterations of the algorithm are described as follows. 

Iteration 1 

Step 0. The eigenvalue Ai = -0.207, A 2 = 1.207. / = (0, 0) T , u = (5, 3) T . S° = {(3, Pi = 
(I, u). Ci = -10.229, x 1 = (3, 1) T , 7i = fix 1 ) = -2, fi = {Pi}. 

Step 1. The edge of the box Pi paralleling xi-axis is the maximum length edge(its length 
is 5). By the integral midpoint [r]\ = L^pJ = 2, we partition Pi into two new subboxes: 

Pi = <(0,0) T ,(2,3) T >, Pi = <(3,0) T ,(5,3f>, 

and remove Pi from $7: 

n : = fA{Pi} = 0- 

Step 2. Compute the lower bound C(Pi) = -2.307, ((P?) = -8.893. The new subboxes 
Pi 1 , Pi 2 are added into Q due to C(Pi) < 7i, ((P?) < Ji- 

Sl:=Sl\J{P}, Pi 2 } = {Pi 1 , Pi 2 } = {((0,0) T ,(2,3f),((3,0) T ,(5,3) T )}. 

7 
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Figure 1: Feasible region of Example 1. 



Step 3. The upper bound 71 is not updated in this process, i.e., 72 = 71 = —2. The new 
lower bound C2 = CCi) = -8.893. Take P 2 = Pf = ((3, 0) T , (5, 3) T ) from n with the 
minimum lower bound. 

The process of Iteration 1 is illustrated in Figure 2. 

Iteration 2 

Step 1. The edge of the box P2 paralleling X2-axis is the maximum length edge(its length 
is 3). By the integral midpoint [r]\ = [^^J = 1, we partition P2 into two new subboxes: 



The subbox P| is deleted directly since it does not contain any feasible solutions of this 
example. And remove P2 from Q: 



Step 2. Compute the lower bound ((P 2 l ) = -2.4. Add P\ into O due to ((P%) < 72: 



The new upper bound 73 = min{/(x) | x G S 0 } = —3. Choose x 3 = (4, \) T G S° such that 
f(x 3 ) = 73 = —3. In view of CCi) > 73 > CCP2 ) > 73' we remove P/, P 2 X from Q. Hence,we 
obtain 



Pi = ((3, 0) r , (5, if), P| = ((3, 2) T , (5, 3) T ). 



n:= fi\{P 2 } = {P 1 1 } = {((0,0) T ,(2,3) T )}. 




0 = 0 



Therefore the algorithm stops and x 3 
Iteration 2 is illustrated in Figure 3. 



(4,1) T 



is the optimal solution. The process of 
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6 Numerical results and Concluding Remarks 

Algorithm A was coded by Fortran 90 and run on a Pentium IV PC with 2.0 GHz and LOG 
RAM. The test problems are generated randomly and the indefinite matrix is generated by 
the way in [22]. We take 1 = 1, u = 50. In order to test the efficiency of Algorithm A, we 
compare Algorithm A with the algorithm in [20] (denoted by Algorithm B). The numerical 
results are summarized in Table 1 , where the average CPU time and the average number 
of iterations are obtained by testing 10 problems. The "fail" means that the corresponding 
algorithm doesn't find the solution of the test problem in reasonable time. 



Table 1: Numerical results 


n 


m 


AverageC PU 


Time (Seconds) 


AverageNumberof Iterations 


Algorithm A 


Algorithm B 


Algorithm A 


Algorithm B 


10 


4 


0.094 


0.087 


77 


52 


20 


10 


11.856 


13.221 


283 


326 


30 


10 


60.894 


33.733 


1879 


413 


40 


10 


61.991 


fail 


1515 


fail 


50 


10 


615.463 


fail 


3254 


fail 


60 


9 


44.731 


fail 


275 


fail 


70 


10 


80.331 


fail 


874 


fail 


80 


9 


137.225 


fail 


1135 


fail 



The numerical results show that Algorithm A is capable of finding an optimal solution 
to medium-scale indefinite integer quadratic programming in reasonable time. Algorithm 
A is more efficient than Algorithm B: the scale of problem (QIP) solved by Algorithm A is 
larger than Algorithm B. Algorithm A can solve test problems with n up to 80, while the 
largest size of test problems solved by Algorithm B is 30. The outstanding performance of 
Algorithm A is largely due to the tightness and efficiency of the Lagrangian bounds. 
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Abstract. Markova-Stupnanova (1999) investigated the idempotcnt with respect to a 
pseudo-convolution. Jang (2013) defined the interval-valued generalized fuzzy integral and 
investigate their properties. 

In this paper, we define the interval-valued pseudo-integral and an interval-valued 
pseudo-convolution of interval-valued functions. We also investigate an interval-valued 
idempotent function with respect to an interval-valued pseudo-convolution. Furthermore, 
we define the interval-valued pseudo-Laplace transform and discuss its characterizations. 



1. Introduction 

Many researchers [1,2,4,9-15,20,22,23] have studied various integrals of measurable multi- 
valued functions which are used for representing uncertain functions, for examples, the Au- 
mann integral, the fuzzy integral, and the Choquct integral of measurable interval-valued 
functions in many different mathematical theories and their applications. Bcnvenuti-Mesiar 
[3], Dcschrijver [4], Fang [6,7], Grbic-Stajner and Papuga-Strboja [8], Mesiar et al. [18], and 
Wu et al. [24, 25] have studied pseudo-multiplications and the pseudo-integrals. 

Markova-Stupnanova [16] introduced the pseudo-convolution of functions based on pseudo- 
mathematical operations and investigated the idempotent with respect to a pseudo-convolution. 
Recently, Jang [14] defined the interval-valued generalized fuzzy integral and discuss some 
properties of them. The purpose of this study is to define the interval-valued pseudo- 
integral and to investigate interval- valued pseudo-convolution of the interval- valued functions 
and the interval-valued idempotent functions with respect to an the interval-valued pseudo- 
convolution. 

The paper is organized in six sections. In section 2, we list definitions and some properties of 
the pscudo- integral, and a pseudo-convolution of functions. In section 3, we define an interval- 
valued pseudo- addition, an interval-valued pseudo-multiplication, the interval-valued pseudo- 
integral, and an interval- valued pseudo-convolution of interval- valued functions. In section 
4, we define an interval-valued idempotent function with respect to interval-valued pseudo- 
integrals and investigate some properties of them. In section 5, we define the interval-valued 
pseudo-Laplace transform and investigate the interval-valued pseudo-exchange formula. In 
section 6, we give a brief summary results and some conclusions. 

1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68. 

Key words and phrases, pseudo-integral, pseudo-addition, pseudo-multiplication, interval- valued function, 
pseudo-convolution, pseudo-Laplace transform. 
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2. Definitions and Preliminaries 



In this section, we introduce a pseudo-addition and a pseudo-multiplication as follows. 

Definition 2.1. ([4,6,16-19]) (1) A binary operation ffi : [0, oo] 2 — > [0, oo] is called a pseudo- 
addition if it satisfies the following axioms: 

(1) x ffi y = y ffi x for all x, y £ [0, oo] , 

(ii) x < y x ffi z < y ffi z for all x, y, z £ [0, oo], 

(iii) (x ffi y) ffi z = x ffi (y ffi z) for all x,y,z £ [0, oo] , 

(iv) 30 e [0, oo] such that x ffi 0 = x for all a; e [0, oo], 

(v) x„ — > x, y n — > y => x n ffi y n — > x ffi y. 

(2) A binary operation © : [0, oo] 2 — > [0, oo] is called a pseudo-multiplication with respect 
to ffi if it satisfies the following axioms: 

(i) x 0 y = y 0 x for all x, y £ [0, oo] , 

(ii) (i0j/)0z = i0(i;0z) for all x,y,z e [0, oo], 

(iii) 31 e [0, oo] such that x 0 1 = a; for all x e [0, oo], 

(iv) x 0 (j/ © z) = (x 0 y) 0 (x 0 z) for all x,y,z £ [0, oo], 

(v) x 0 0 = 0 for all x £ [0, oo] , 

(vi) x < y =>■ x0z<y0zifz>O and x 0 z > y 0 z if z < 0 for all x, y , z £ [0, oo] . 

Let ^([0, oo)) be the set of all functions / : [0, oo) — ► [0, oo) and ([0, oo], 0) be a continuous 
semiring, and A be a cr-algebra of [0, oo). 

Definition 2.2. ([4, 17, 19]) (1) Let / e ?([0, oo)). The pseudo-integral of / with respect to 
a sup-measure m^, is defined by 



where A £ A and a function i/> defines sup-measure m^, that is, m^,(A) = sup u€A ip(u). 
(2) / is said to be integrable if J A f 0 dm^, is finite. 

Let ([0, oo)) be the set of all integrable functions. We also consider the pseudo-convolution 
of functions in 3t[0, oo))(see[4,17,19]). 

Definition 2.3. Let /, h £ #([0, oo)). The pseudo-convolution of / and h is defined by 



Theorem 2.1. (1) If x 0 y = max{x,y} and x © y — x A y for all x,y £ [0, oo), and 
f, h £ 5([0, oo)), £/ien /or all t £ [0, oo), 




(1) 



J[0,t] 

where rrih(A) = sup^g^ h(x) for all A £ A. 




By Definition 2.3, we directly obtain the following basic characterizations. 



f*h= sup f(t — u)Ah(u). 
ue[o,t] 



(3) 



1050 



LEE-CHAE JANG 1049-1059 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO. 6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



(2) If x@y = max{x, y} and x 0 y = x + y for all i,t/6 [0, oo), and f, h € 3t[0, oo)), then 
for all t G [0, oo), 

f*h= sup (f(t-u) + h(u)). (4) 

u£[0,t] 

Proof. (1) If x®y = maxfi, y} and xQy = xAy for all [0, oo), and /, h e 3"([0, oo)), 

and t € [0, oo), by Definition 2.2 and Definition 2.3, then we have 



/•max 

f*h= / /(i - u) A cZm/j 
i[o,t] 

= sup {f(t - u) A h(u)}. 
ue[o,t] 

(2) The proof is similar to the proof of (1). 

Now, we easily obtain commutativity and associativity of a pseudo-convolution. 



(5) 



= sup f(t — w) A 

w£[0,t] 

= sup f(t — w)/\(h*k)(w) 
we[o.t] 

= (f*(h*k))(u). 

(2) By Theorem 2.1 (2) and changing w = t — u, 

(f*h)(t) = sup f( t -u) + h(u) 
ue[o,t] 



sup (h(w — u) A k(u)) 



(6) 
(7) 
(8) 
(9) 



Theorem 2.2. (1) If x®y = max{x, y} and x Qy — x A y for all x, y e [0, oo), then we have 

f * h = h* f 

and 

(/ * h) * k — f * (h * k) . 
(2) If x@y = max{x, y} and x 0 y — x + y for all [0, oo), then we have 

f *h = h* f 

and 

(f * h) * k — f * (h * k). 

Proof. (1) By Theorem 2.1 (1) and changing w = t — u, 

(f*h)(t) = sup f(t - u) A h(u) 
«e[o,t] 

= sup f(w) A h(t — w) 
we[o.t] 

= (h*f)(t) 

By Theorem 2.1 (1) and changing w — u — z, 

((f*h)*k)(t) = sup [(f*h)(t-u) Ak(u)] 
ue[o,t] 

= sup sup (f(t — u—z)Ah(z))Ak(u) 

u€[0,t] ze[0,t-u] 

= sup sup [(f(t — w) A h(w — u)) A k(u)] 

ue[0,t] w€[u,t] 

= sup sup [f(t — w) A (h(w — u) A k(u))] 
«e[o,t] we[u,t] 



(10) 



(11) 
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= sup f(w) + h(t — w) 
w£[0,t] 

= (h*f)(t) 



By Theorem 2.1 (2) and changing w = u — z, 

((f*h)*k)(t) = sup [(f*h)(t-u) + k{u)\ 
ue[o,t] 

= sup sup (f(t — u — z) + h(z)) + k(u) 
ue[o,t] ze[o,t-«] 

= sup sup [(f(t — w)+h(w — u)) + k(u)] 

u£[0,t] w£[u,t] 

= sup sup [f(t — w) + (h(w — u) + k(u))] 

u£[0,t] iue[u,t] 



= sup f{t — w) + 

w£[0,t] 

= sup fit — w) + ih * k)iw) 

w£[0,t] 
- (/* (ft */!))(«). 



sup (h(w — u) + k{u)) 
ue[o,w] 



(12) 



(13) 



3. The interval-representable pseudo-convolutions 

Let IiY) be the set of all closed intervals (for short, intervals) in Y as follows: 

IiY) = {a = [a ; , a r ]|a;, a r € Y and a ; < a r }, (14) 

where Y is [0, oo) or [0, oo]. For any a e Y, we define a = [a, a]. Obviously, a e IiY) (see 
[1,2,9-15, 22, 23]). 



Definition 3.1. ([13-15]) If a = [ai,a r ],b= [bi,b r ],a n = [a nU a nr \,a a = [a ah a ar ] e I(Y) for 
all n e N and a G [0, oo), and fc e [0, oo), then we define arithmetic, maximum, minimum, 
order, inclusion, superior, inferior operations as follows: 

(1) a + b = [ai + b l} a r + b r ], 

(2) ka — [kai, ka r ], 

(3) ab = [aibi, a r b r ], 

(4) a V b = [at V b\ , a r V b r ] , 

(5) a A 6 = [a ( A 6 ; , a r A 6 r ] , 

(6) a < 6 if and only if ai < 6; and a r <b r , 

(7) a < 6 if and only if a < 6 and a ^b, 

(8) 5 C b if and only if bi < ai and a r < b r , 

(9) sup„a n = [sup„a„;,sup„ a nr ], 

(10) inf„a„ = [inf„ a„;,inf„ 

(11) sup Q a Q = [sup a o a j,sup a o ar ], and 

(12) inf Q a a = [inf Q o al , inf« o ar ]. 



We also consider an interval- valued pseudo-addition and an interval- valued pseudo-multiplication 
as follows. 
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Definition 3.2. ([15])(1) A binary operation 0 : J([0,oo]) 2 — ► J([0,oo]) is called an 
interval- valued pseudo-addition if there exist pseudo-additions ffi; and © r such that x ®iy < 
x(B r y for all i,y£ [0, oo], and such that for all a = [ai,a r ],b= [bi,b r ] £ 7([0, oo]), 

a^b=[a l ® l b l ,a r ® r b r ]. (15) 

Then ©; and ® r are called the represents of ® 7 . 

(2) A binary operation © : J([0,oo]) 2 — > 7([0,oo]) is called an interval- valued pseudo- 
multiplication if there exist pseudo-multiplications 0/ and Q r such that x ©; y < x Q r y for 
all x,y £ [0, oo], and such that for all a = [ai,a r ],b= [bi,b r ] £ 7([0,oo]), 

aQb=[ai®ibi,a r Q r b r ]. (16) 

Then 0; and 0 r are called the representants of ©. 



Let 3#([0, oo)) be the set of all interval- valued functions. By using an interval- valued addi- 
tion and an interval-valued multiplication, we can define the interval-valued pseudo-integral. 



Definition 3.3. (1) An interval-valued function / : [0,oo) — ► J([0,oo) \ {0} is said to be 
measurable if for any open set O C [0, oo), 

T\0) = {x£ [0,oo) I f{x) nO ? 0} £ A. (17) 

(2) Let x © y = max{x, y} for all x,y £ [0, oo) and Q be an interval-representable pseudo- 
multiplication and / £ 3$(X). The interval- valued pseudo-integral with respect to an interval- 
valued sup-measure m^j is defined by 

rjQdm^^sup{J(x)Q^(x)} (18) 

J A xeA 

where A £ A, ip = [ipi, ip r ], and %p s defines a sup- measure m^ 3 for s = l,r. 

(3) / is said to be integrable on A £ A if 

/•© _ 

/ fQdm^£A\m. (19) 

J A 

Let 33* ([0, oo)) be the set of all integrable interval- valued functions. By Definition 3.3, we 
directly obtain the following basic characterizations. 



Theorem 3.1. Let 0; and Q r be pseudo-multiplications on [0, oo] corresponding to a pseudo- 
addition © = max. If O * s a standard interval-valued pseudo-multiplication, A £ A, and 
f £ 3$* ({0, oo)), then we have 



/■© 



dm^ = 



■ r® /■© 

/ fi 0/ dm i , 1 , / f r Q r dm^ r , 

J A J A 

where tp = [ipi, ip r ] and ip s defines a sup-measure m^ s for s = l,r. 

Proof. By Definition 3.2 (2) , Theorem 2.1 (1), and Definition 3.1 (11), 
/•© _ 

/ f(x)Qdm-r = snp{f(x)Q^(x)} 

J A xeA 

= Sup [fi (x) , f r (x)] Q [tpl (x),i> r (x)} 



(20) 



1053 



LEE-CHAE JANG 1049-1059 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 19, NO. 6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



LEE-CHAE JANG 



SUp[/;(x) 0; 1pl(x),f r (x) Q r 1p r (x)} 

xeA 

[sup fl(x) 0; lpl(x), Sup f r (x) Q r VvO)] 
x£A x£A 
" /■© /■© 
/ /; 0; dm^ , f r Q r dm^ r . 
J A J A 



(21) 



By using the interval- valued pseudo-integral with respect to an interval- valued sup- measure, 
we define the interval- valued pseudo-convolutions of interval- valued functions as follows. 



Definition 3.4. Let © be a pseudo-addition, © be an interval-valued pseudo- multiplication, 
and / = [fi,f r ],h= [hi, h r ] e 3#*([0, oo)). The interval- valued pseudo-convolution of / and 
h is defined by 

(f*h((t)= ^ J(t-u)Qdm ri (u), Vte[0,oo) (22) 
J[o,t] w 

where h s defines a sup-measure m/j s for s = l,r. 



From Definition 3.4, we can obtain some characterizations of interval-valued pseudo-convolutions 
of interval- valued functions. 



Theorem 3.2. If x ® y — ma,x{x,y} for all x, y e [0, oo), / = [ft,f r ],h — [hi,h r ] e 
3$*i[0, oo)), and if 0/ and Q r are the represents of an interval-valued pseudo-multiplication 
Q, then we have 

f*h=[f l * l h l ,f r * r h r ], (23) 
where (f s * s h s )(t) = Jj® t , f s (t - u) 0 S dm s for s = l,r. 
Proof. By Theorem 3.2(1) and Definition 3.1 (11), 



f*h = I fit-^Qdm^u) 
J[o,t] 



sup f(t - u)Qh(u) 

ue[o,t] 

Sup [fi(t - U), f r {t - U)]Q)[hliu), Kiu)] 
u£[0,t] 

SUp [flit - u) Q l hiiu),frit - u) Q r Kill)} 

[sup fiit - u) Qi hi(u), sup frit - u) Q r h r {u)] 

u€[0,t] u£[0,t] 

[fl*lhl,fr*rh r ]. (24) 



Now, we investigate commutativity and associativity of interval- valued pseudo-convolution. 



Theorem 3.3. (1) If xQy = max{x, y} and xQiy = xQ r y = xf\y for all x,t E [0, oo) are 
the represents of Q, then we have 

J*h=h*J (25) 
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and 

(J*fy*k = f*(h)*k). (26) 

(2) If x © y = max{x, y} and xQiy = xQ r y = x + y for all x,t e [0, oo) are the represents 
ofQ, then we have 

J*h=h*7 (27) 

and 

(f*h)*k = J*(h)-kk). (28) 

Proof. (1) Let/= [fi,f r ],h= [h u h r ),k = [k u k r ] £ 3#*([0, oo)). By Theorem 2.2(1) with 

*i = * r = #, 

/; *hi = hi* fi and / r * h r = h r * f r (29) 

and 

(/; * /i ; ) * fc ; = fi * (hi * ki) and (f r * h r ) * k r = f r * (h r * k r ). (30) 
By Theorem 3.3(1) and (29), 

7 * h = [fi*hi,f r * h r ] 
= [hi*_fi,h r * f r ] 

= h*f. (31) 

By Theorem 3.3(1) and (30), 

(f*h)*k = [(fi*hi)*ki,(f r *h r )*k r ] 

= [fl *{hl * k),f r * (h r * k r )] 

= f*(h*k). (32) 
(2) By Theorem 2.2(2) and the same method of the proof of (1), we can obtain the result. 

4. An interval- valued idempotent FUNCTION WITH RESPECT TO AN 

INTERVAL- VALUED PSEUDO-CONVOLUTION 

In this section, we consider an idempotent function with respect to a pseudo-convolution 
* and define an interval-valued idempotent function with respect to an interval-representable 
pseudo-convolution * and investigate some properties of an interval-valued idempotent func- 
tion. 

Definition 4.1. (1) A function / : [0,oo) — > [0,oo) is called an idempotent function with 
respect to a pseudo-convolution * if / * / = /. 

(2) An interval-valued function / : [0,oo) — > 7([0,oo)) is called an interval-valued idem- 
potent function with respect to an interval-valued pseudo-convolution * if / * / = /. 

Theorem 4.1. ([16]) If x 0 y = max{a;,j/} for all x,y G [0, oo), and 0 is a pseudo- 
multiplication, then there exists a neutral element e of the pseudo-convolution * based on 
([0, oo], V, 0) and e(0) = 1, e(x) = 0 for all x > 0, where x 0 1 = x and 100 = 0 for all 
x € [0, oo). 
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Theorem 4.2. If x © y = max{i , y} for all x , y G [0,oo), andQi,Q r are the represents of Q 
then there exists an interval-valued neutral element e of the a extended interval-valued pseudo- 
convolution ★ based on (I([0, oo]), V, ©) and e(0) = [1;, l r ], e(x) = [0;, 0 r ] for all x > 0, where 
x Q s l s = x and x 0 S 0 S = 0 S for all x G [0, oo) and for s = l,r. 

Proof. By Theorem 4.1, there exists a neutral element e s of the pseudo-convolution * s 
based on ([0, oo], V, © s ) and e(0) = l s ,e(x) = 0 S for all x > 0, where x Q s l s — x and 
I0 S O S = 0 S for all x G [0, oo) and for s = l,r. Thus, by Theorem 3.2, for any t G [0, oo), 

(7*e)(t) = sup [f(t-u)Qe(u)} 

u£{0,t] 

= sup [fi(t - u) 0 ( et(u),f r (t - u) Q r e r (u)] 
ue[o,t] 

= [sup fi(t-u)&iei(u), sup f r (t - u) Q r e r (u)] 

u£[0.t] u£[0,t] 

= [(/i*eO(t),(/r_*e r )(t)] 

= [/l(*),/rW] = /(*)• (33) 

Theorem 4.3. ([21]) Lei x Q> y — max{a;, y} and x Q y = min{.x, y} for all x,y E [0, oo]. If 
f is an idempotent function with respect to a pseudo-convolution *, then for each c <G [0, oo], 
f(c) + f(c) c f(c) > where J(c) = { x e [ 0) 00)1/(3;) > C } is so called c-cut of f . Conversely, 
if for each c e [0,oo], / (c) + / (c) = f (c) , then f is an idempotent function with respect to a 
pseudo-convolution *. 

Theorem 4.4. Let x © y — max{i, y} and x 0; y = x 0 r y = min{x, y} for all x, y e [0, oo] 
are the represents of Q. If f — [fi,f r ] is an interval-valued idempotent with respect to 
an interval-valued pseudo-convolution then for each c G [0, oo], /i^ + fs^ C fs C \ where 
fs°^ = {x G [0, oo)|/ s (x) > c} is so called c-cut of f s for s = l,r. 

Conversely, if for each c G [0, oo], fs^ + fs^ = fs^ for s — l,r, then f is an interval-valued 
idempotent function with respect to an interval-valued pseudo-convolution *. 

Proof. (=>) Since (f*e)(t) = ~f(t) for all t G [0,oo), by Theorem 3.3(1), 

(fl *i ei)(t) - fi(t) and (/ r e r )(t) = / r (t). (34) 

By Theorem 4.3, for each c G [0, oo], we obtain / s (c) + /i c) C /i c) for s = I, r. 

(<=) Suppose that for each c G [0, oo], /i^ + = /i c ' 1 for s = /,r. By Theorem 4.3, f s 
is an idempotent function with respect to a pseudo-convolution * s induced by Q s for s = l,r. 
Therefore, by Theorem 3.3(1), 

(7*l7)W - M*lfl)(t),(f r _*rfr)(t)} 

= [fl(t),f r (t)] = f(t). (35) 

That is, / is an interval-valued idempotent function with respect to an interval- valued pseudo- 
convolution * induced by ©. 

5. The interval- valued pseudo-Laplace transform 

In this section, we introduce the pseudo-Laplace transform and the pseudo-exchange for- 
mula as follows. 
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Definition 5.1. ([19]) Let 0 be a pseudo-multiplication on [0, oo] corresponding to a pseudo- 
addition © = max. 

(1) The pseudo-character of the group ([0, oo), +) is a continuous map £ : [0, oo) — ► [0, oo) 
of the group [0, oo), +) into the semigroup ([0, oo), ffi, 0) with property 

Z{x + y) = Z{x)QZ{y), for x, y G [0, oo). (36) 

(2) The pseudo-Laplace transform £®(/) of a function / <E 5'*([0, oo) is defined by 

(£® /)(£)(*)= r Z(x,z)Qdm f (x), (37) 

J[0,oo) 

where £ is the pseudo-character. 



Theorem 5.1. ([19]) Let 0 = + be a pseudo-multiplication on [0, oo] corresponding to a 
pseudo-addition © = max. If functions /i,/2 G #*([0,oo)), t/ien we Ziawe 

£ ffi (/i*/ 2 ) = £®(/i)0£ ffi (/ 2 ). (38) 

Now, we define an interval- valued pseudo-character and the interval- valued pseudo-Laplace 
transform of interval-valued functions in 3#*([0, oo)) as follows. 

Definition 5.2. (1) Let 0; and 0 r be the represents of 0. The interval-valued pseudo- 
character £ of the group ([0, oo),+) is a continuous map £ : [0, oo) — ► [0,oo) of the group 
([0, oo), +) into the semigroup ([0, oo), 0, ©) with property 

Z(x + v) = Z(x)OS(v), forz,ye[0,oo). (39) 

(2) Let Qi and 0 r be pseudo-multiplications on [0,oo] corresponding to a pseudo-addition 
© = max. If Q is a standard interval-valued pseudo-multiplication and / G 3$*([0, oo)), then 
the interval- valued pseudo-Laplace transform £®(/) of a function / G 3#*([0,oo)) is defined 

by 

CC®7)(0(*)= / ax lZ )Qdmj ( (40) 
where £ = [ipi,tp r ] is the interval- valued pseudo-character. 



We discuss the pseudo-exchange formula for the interval- valued pseudo-Laplace transform, 
as follows: 



Theorem 5.2. Let 0; and Q r be pseudo-multiplications on [0, oo] corresponding to a pseudo- 
addition © = max. If O * s an interval-valued pseudo-multiplication and f G 3#*([0, oo)), 
i/ien we ftaue 

CC®7)®(*) = [£f(/0. £?(/r)], (4i) 

where £f(f s ) = ^ s (x,z) 0 S dm,f e (x) for s = l,r. 
Proof. By Theorem 3.2(1), we have 

(£®/)(?)(z) = J e ax,z)Qdmj(x) 
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' /■© /■© 

/ £i(x,z)®idmf,(x), £r(x,z) 0 r dm fr (x) 
£f (/*),£*(/,)], 



(42) 



Theorem 5.3. Let 0; and 0 r be pseudo-multiplications on [0, oo] corresponding to a pseudo- 
addition © = max. If O * s an interval-valued pseudo-multiplication a nd fi = [fu, f\ r ], fi = 
[f2uf2r\ € 3#*([0, oo)), i/ien we have 

£ ffi (/i*/ 2 ) = £ e (7i)0 £e (72) ; (43) 

w/iere * is an interval-valued pseudo-convolution. 
Proof. By Theorem 3.3(1), we have 

A * A = [fu *i fa, fir *r Ar]- (44) 
By (44), Theorem 5.2, and Theorem 5.1 , we have 

£ ffi (A*.A) = [£f(/lJ*J / 2i ),£®(Ar*r/2r)] 

= [£f (AO £f (/ 21 ),£®(/lr) ©, £®(/2r)] 
= [£?(/l,),£?(/lr)]0[ £ P(/»),£?(/2r)] 

= fi®(7i)O £0 (72)' ( 45 ) 



6. Conclusions 

In this paper, we introduced four general notions of an interval-valued pseudo-addition 
and an interval- valued pseudo- multiplication (see Definition 3.2), an interval- valued pseudo- 
intcgral(scc Definition 3.3(2)), an interval-valued pseudo-convolution (sec Definition 3.4), an 
interval- valued idempotent function(see Definition 4.1(2)), and the interval- valued pseudo- 
Laplace transform(see Definition 5.1(2)). From Definitions 2.1, 2.2, 2.3, and Theorems 2.1, 
2.2, we defined an interval-valued pseudo-convolution of interval-valued functions by means 
of the interval- valued pseudo- integral and obtained some characterizations of them including 
commutativity and associativity of an interval- valued convolution (see Theorems 3.1, 3.2). 

In particular, we defined an interval- valued idempotent function with respect to an interval- 
valued pseudo-convolution * induced by Q (see Definition 4.1 (2)) and investigated an equiva- 
lence relation between the existence of an interval- valued idempotent function and an interval- 
valued pseudo-convolution (see Theorem 4.4). We also obtain the pseudo-exchange formula 
for the standard interval- valued pseudo-Laplace transform(see Theorem 5.3). 

In the future, we can expect that the interval- valued pseudo-convolutions are used (i) 
to generalize pseudo-Laplace transform, Hamilton-Jacobi equation on the space of functions, 
such as in nonlinearity and optimization(see [20]) (ii) to generalize the Skolasky type inequality 
for the pseudo-integral of functions such as in economics, finance, decision making(see [4]), 
etc. 
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